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Abstract / Kurzdarstellung

Abstract

The present work deals with the investigation of flow phenomena of non-Newtonian, viscoelas-
tic fluids and particularly with the emergence of elastic flow instabilities and their underlying
mechanism. It is mainly focused on the experimental and theoretical investigation of the
viscoelastic Taylor-Couette flow for which previous approaches exhibited some unanswered
questions and apparent discrepancies to theoretical predictions. The present study is based
on experiments in different Taylor-Couette cells using various polymer solutions with diverse
rheological properties. Here, the various cells differ from each other just by their characteristic
curvature. The objective is the experimental verification of the universal criterion which
predicts the onset of elastic instability of a viscoelastic flow with curved streamlines. Based on
a customized, constitutive model which is able to describe the explicit shear rheology of the
used polymer solutions, linear stability analysis is performed with aiming at an interpretation
of the experimental findings. A supplementary study is presented which addresses the possible
degradation of the polymer solutions during the Taylor-Couette measurements. Its results are
essential to provide a consistent interpretation of the Taylor-Couette measurements. The
findings of further studies on elastic flow phenomena are summarized by means of appended
reprints of recently published or submitted papers.

Kurzdarstellung

Die vorliegende Arbeit befasst sich mit verschiedenen Strömungsphänomenen nicht-Newton-
scher, viskoelastischer Flüssigkeiten, insbesondere mit elastischen Strömungsinstabilitäten
und deren zugrundeliegendem Mechanismus. Der Fokus liegt hierbei auf der experimentellen
wie theoretischen Untersuchung des viskoelastischen Taylor-Couette-Flusses, dessen bis-
herige Behandlung offene Fragen und Unstimmigkeiten gegenüber theoretischen Vorhersagen
aufweist. Grundlage unserer Studie bilden Experimente mit mehreren Polymerflüssigkeiten
unterschiedlicher rheologischer Eigenschaften in verschiedenen Taylor-Couette-Geometrien,
die sich in ihrem Krümmungsparameter unterscheiden. Zielsetzung ist insbesondere die
experimentelle Verifizierung eines universellen Kriteriums, das die lineare elastische Instabilität
einer viskoelastischen Strömung mit gekrümmten Stromlinien vorhersagt. Basierend auf einem
angepassten, konstitutiven Flüssigkeitsmodell, welches die Scherrheologie der verwendeten
Flüssigkeiten zu erfassen vermag, wird mit Hilfe einer linearen Stabilitätsanalyse versucht, die
experimentellen Ergebnisse nachzuvollziehen. Ergänzend dazu werden die Ergebnisse einer
Studie vorgestellt, die die Degradation der Polymerflüssigkeiten im Verlauf der Taylor-Couette
Messungen zum Gegenstand hat. Erst diese lassen eine stimmige Interpretation der vorherigen
Resultate zu. Die Ergebnisse weiterer Studien elastischer Strömungsphänomene sind in Form
angefügter Publikationen zusammengefasst.
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Nomenclature

GM,J relaxation modulus of the Maxwell/Jeffreys model
[η] intrinsic viscosity
α parameter of the PTT model
β viscosity ratio ηs/η
βr ratio βU/βP

χ minimum positive, real-valued solution of the cubic equation K(S)

∆E activation energy
δ delta-distribution
γ̇ shear rate, rate-of-shear tensor
ε cone angle of the cone-and-plate geometry
η (total) viscosity
η∗ complex viscosity
ηP polymer contribution of the sPTT component to the viscosity
ηU polymer contribution of the UCM component to the viscosity
ηsp specific viscosity = (η − ηs)/ηs
ηp polymer contribution to the viscosity
ηs solvent viscosity
D
Dt material derivative = ∂

∂t + v ·∇
Γ aspect ratio (height/gap) of a Taylor-Couette cell
=(µ) imaginary part of a complex number µ
κ thermal conductivity
λ relaxation time
λP relaxation time of sPTT-component
λU relaxation time of UCM-component
λL Lamé’s first parameter
λr ratio of relaxation times λU/λP〈
R2
〉

mean-square end-to-end length of polymer molecules
H Heaviside function
L characteristic length
M torque
R characteristic radius of curvature
T characteristic stress
U characteristic velocity
µ (complex) eigenvalue
∇v velocity gradient tensor
∇ Nabla, vector differential operator



x Nomenclature

∇v† transposed velocity gradient tensor
ν normalized (dimensionless) activation energy
Ω rotational velocity
ω angular frequency
φ polar angle
Ψ temperature perturbation field
Ψ1 first normal stress coefficient
< real part of a complex number
ρ mass density
∇
� upper convected time derivative of �
τi j components of the stress tensor
tr(�) trace of a tensor �
Θ normalized (dimensionless) temperature
θ azimuthal angle
T stress tensor of Taylor-Couette base flow
δ unity tensor
σ stress perturbation tensor
τ stress tensor
ε relative (dimensionless) gap width of the Taylor-Couette geometry
ϑ temperature
F spring force vector
Q polymer end-to-end vector
u velocity perturbation vector
w eigenvectors of generalized eigenvalue problem
f force field vector (per unity mass)
r position vector
v velocity vector
ξ drag coefficient
ζ parameter of the PTT model
Br Brinkman number
c polymer concentration
c∗ overlap concentration
c∗∗∗ corrected overlap concentration according to the approach by Solomon-Ciuta
c∗∗ corrected overlap concentration
cp specific heat capacity
d gap width of the Taylor-Couette or plane Couette cell
De Deborah number
F force
Fz normal force in the cone-and-plate rheometer
G elastic (shear) modulus
G′ storage modulus
G′′ loss modulus
H spring constant
h CaBER filament width
K cubic equation giving the rheometric scaling of elastic instability of an Oldroyd-B fluid
kB Boltzmann’s constant
kH Huggins coefficient
kz axial wavenumber
L effective height of the inner cylinders of the Taylor-Couette cells



Nomenclature xi

L′ space between the end face of the inner cylinder and the bottom of the outer beaker
of the Taylor-Couette cells

M critical Pakdel-McKinley (in)stability threshold
m azimuthal wavenumber
Mw weight-averaded molecular weight
n number density of polymer chains or index
NA Avogadro constant
N1,2 first/second normal stress differences
Na Nahme number
P pressure field of Taylor-Couette base flow
Pe Péclet number
P r Prandtl number
q pressure perturbation field
R radius
r radial coordinate
R2 coefficient of determination
Re Reynolds number
S ratio of solvent to polymer viscosity
t time
Tn Chebyshev polynomial of the first kind of order n
Vθ azimuthal velocity field of Taylor-Couette base flow
Vx upper plate velocity in simple unidirectional shear experiment
Wi Weissenberg number
xGLk Gauss-Lobatto points
Z rescaled (dimensionless) temperature at the inner cylinder of the Taylor-Couette cell
z relative axial position in the annular gap of the Taylor-Couette cell





Chapter1
Preface

“Everything is in a state of flux” - p 'anta re~i (panta rhei). This is the famous aphorism of the
greek philosopher Simplicius (∼ 490-560) which inspired the designation “Rheology” coined
by Eugene C. Bingham and Marcus Reiner in 1928 in the course of the re-establishment of
the branch of physics dealing with the mechanics of continua [Pet67, Rei64]. Even if the
originally underlying notion is philosophical rather than physical, it grasps the fundamental
idea of rheology as the study of flow of any kind of matter and, in particular, without the
restriction to “simple” fluids. Of course, the term “simple fluid” requires an explicit definition
and it will be given in the scope of this work. At this point, we make do with a rather cursory
and phenomenological distinction between a fluid that behaves water-like, called Newtonian,
and a fluid that behaves in a different manner, i.e. non-Newtonian. But what is “different” in
this context?

Indeed, non-Newtonian fluids exhibit multifaceted flow phenomena and they are literally
omnipresent. We are surrounded by them in our everyday life: the ketchup, toothpaste or hair
gel which all do not flow out of their bottles when just tilted until they are forced to do so by
gently shaking or squeezing. The yeast dough in the stirrer which climbs up the stirring rod
counter-intuitively and in contrast to how water would behave in the same situation, namely
partially depleting the rod. The wet paint at the wall which remains there in a thin layer
unlike pure water even if it behaves water-like when processed with the brush. Or even the
versatile blood in our veins which “adapts” to the various conditions in the tiniest or biggest
blood vessels, maintaining the life-sustaining transport of oxygen and plenty of biological
compounds. This listing could be continued ad infinitum, in particular, when adding those
fluids which appear to behave Newtonian but which reveal non-Newtonian flow properties
when being thoroughly examined such as blood plasma [Bru13]. In this context, it strongly
depends on “how” the fluids are handled, i.e. deformed (squeezed, shaken, stretched). It may
be even crucial to know the complete history of the treatment in order to suggest the present
state of a non-Newtonian fluid at hand.

In most of the commercial products listed above, the individual non-Newtonian flow char-
acteristics are particularly desired and they are often tailor-made by the addition of small
amounts of additives such as polymers or beads. As a consequence, the need for an extensive
knowledge about how to establish the desired non-Newtonian fluid properties opened up a
huge commercial market which stimulated thorough, fundamental research on non-Newtonian
fluid dynamics. Today, looking back at more than sixty years of extensive research, the
knowledge about the features of a non-Newtonian fluid flow is broad. Nevertheless, there are
still unanswered questions which have to be addressed and which will engage scientists in the
future.

The present work comprises the investigation of diverse flow phenomena of non-Newtonian
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fluids with the focus on flow instabilities induced or influenced by elasticity, i.e. the transition
from a state of laminar flow to the regime of more complex, non-laminar or even turbulent
flow.

Outline

Part I provides the mathematical framework for the investigations presented subsequently.
It involves the modeling of Newtonian and non-Newtonian fluid flow, starting with the
most simple relations in simple shear flow and extending to the formulation of the constitutive
equations for arbitrary flow conditions. In doing so, the rheological terminology is introduced
and non-Newtonian fluids are categorized. In the context of elastic flow instabilities, whose
fundamental mechanism is elucidated, the conception of linear stability analysis is presented.
Furthermore, the extensive rheometric toolkit is described from an experimental as well as
a theoretical point of view and its handling is exemplified by means of a viscoelastic sample fluid.

Part II is the most extensive and outstanding part of the present work and deals with the
study of various non-Newtonian, viscoelastic flow problems. The non-inertial, viscoelastic
Taylor-Couette flow, i.e. the annular flow in the gap between two concentric, rotating
cylinders, makes the main contribution. The focus is on the elastic instability of its laminar
base flow and it is investigated in great detail by means of experimental, theoretical and
numerical methods. Its experimental treatment is based on various polymer solutions which
were thoroughly characterized prior to the main measurements in a set of various customized
Taylor-Couette cells. The onset of elastic instability is analyzed with explicit focus on the
scaling with the characteristic (radius of) curvature of the system. Based on an ade-
quate constitutive model, extensive linear stability analysis supplements the experimental
approach and the results are contrasted to the theoretical predictions of a simple stability
criterion by Pakdel and McKinley. An additional study focuses on the impact of polymer
degradation which has to be incorporated in a consistent interpretation of the overall findings.

Part III appends a collection of the explicit rheometric measurements of all polymer
solutions investigated in the scope of the Taylor-Couette study. Furthermore, the mathematical
framework is complemented by the introduction of the Chebyshev collocation method which
underlays the numerical treatment of the linear stability analysis.

By reference of three appended publications, the author’s contribution to the investigation
of further viscoelastic flow problems is highlighted. It comprises the viscoelastic flow in a
serpentine channel, the elasto-inertial turbulence in pipe flow as well as the viscoelastic
flow of human blood plasma and it involves the thorough rheological characterization of
the respective working fluids by steady shear and normal stress as well as extensional rheometry.
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Chapter2
Fundamental physics of (non-)Newtonian

fluid flow

2.1 Newtonian vs. non-Newtonian fluid flow

“To be or not to be: That is the question!” Alluding to Hamlet’s famous question, we want
to give an answer of what is called a Newtonian fluid flow, and what is not and therefore is a
non-Newtonian instead. Thereby, we will introduce all the terminology which is referred to in
the presented study and which allows to classify different fluid flows. While in a first step,
fluids can be classified as “compressible” and “incompressible”, in a second step an investigation
of the fluid’s response to an applied stress or shear rate is due [Par11, Chh10]. To keep it
simple at this point, we restrict to incompressible fluids, which is a good approximation for all
the subsonic velocities we consider in the following.

We start with the most simple shear experiment, i.e. the unidirectional shear movement
of two parallel plates with a fluid in between, where one plate is moved with a velocity
Vx = vx(y = d) relative to another plate at rest (cf. figure 2.1). In the case of a Newtonian
fluid, the constituted flow problem is solved by a linear flow profile vx(y) = Vxy/d . This
provides a constant shear rate γ̇xy := dvx(y)/dy = Vx/d which is further proportional to the
shear stress τxy = F/A, being the force F that is needed to keep the upper plate at velocity
Vx divided by the area A of the plate. The constant of proportionality is the shear viscosity η,
i.e.

τxy =
F

A
= ηγ̇xy . (2.1)

In the most general case of a three dimensional flow, there are more than one non-zero

Figure 2.1: Unidirectional (plane-Couette) shear experiment, giving a linear velocity
profile and constant shear rate in the case of a Newtonian fluid.
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stress components τi j . In total, there are six shearing and three normal stress components,
which build up the (deviatoric) stress tensor τ = (τi j). From simple considerations of the
stress components acting on a fluid element (cf. figure 2.1, right), τ has to be symmetric, i.e.
τ = τ†, and for incompressible fluids τ is also tracefree, i.e.

∑
i τi i = 0. This finally gives

only three independent off-diagonal shear components and two normal stress differences of
the diagonal elements

τxy = τyx , (2.2)

τxz = τzx , (2.3)

τyz = τzy , (2.4)

N1 = τxx − τyy , (2.5)

N2 = τzz − τyy . (2.6)

For a simple Newtonian flow, the stress tensor τ is linearly related to the rate-of-strain tensor

γ̇ = ∇v +∇v† (2.7)

and the constant of proportionality is the shear viscosity η, i.e.

τ = η
(
∇v +∇v†

)
= ηγ̇ . (2.8)

Furthermore, in simple shear flow, the normal stress components τi i of a Newtonian fluid all
equal zero, and so do the normal stress differences. The deviation from this for non-Newtonian
fluid, i.e. a non-zero (elastic) first normal-stress difference N1 6= 0, will be of fundamental
importance in the further elaboration of non-Newtonian flow phenomena and we will revisit
this point later on.

The most simple way to think of a deviation from the Newtonian characteristics of simple
shear flow is a non-linear relation between the shear stress τ = τxy and the shear rate γ̇ = γ̇xy ,
i.e. their ratio at the observation time t may be a function of the current shear rate at time t
and the shear stress history τ(t ′), t ′ ≤ t,

τ

γ̇
(γ̇, t) = f (γ̇, τ(t ′)) . (2.9)

According to the properties of f , which is also known as the apparent shear viscosity, a
categorization of non-Newtonian materials into three categories can be performed [Chh10]:
For purely viscous (or generalized Newtonian) fluids, only the current value of the shear stress
at the time of observation determines the shear rate. The respective flow is time-independent
and the fluid may e.g. show a shear-thinning (∂γ̇f < 0), shear-thickening (∂γ̇f > 0) or
yield-stress behavior (γ̇ ≡ 0 for 0 < τ < τyield). If the relation between shear stress and shear
rate depends also on the stress history or the duration of the shear process, the fluids are
called time-dependent. A prominent example is the thixotropic fluid, whose apparent viscosity
drops when kept shearing at a constant shear rate. Everday representatives are, e.g., tooth
paste, ketchup or paints, where thixotropy contributes to the demanded specific functionality.
Finally, viscoelastic systems combine fluid-like (viscous) and solid-like (elastic) properties. For
example, a so called Boger fluid [Bog85] shows a constant shear viscosity, but the normal
stress components are no longer zero and differ from each other, giving a first normal-stress
difference, which depends on the shear rate.

The last point clearly shows that it is by far not sufficient to solely focus on single derived
quantities such as the apparent viscosity in order to properly characterize a fluid at hand.
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Figure 2.2: Sketch of a Maxwell element, a serial connection of an elastic spring
and a viscous dashpot, characterized by the elastic modulus G and viscosity η,

respectively.

A thorough description of a fluid has to take into account a complete investigation of the
stress tensor by means of the measurement of viscous and potential elastic flow properties.
In chapter 3 we will present different experimental methods which allow to extract the
respective information. But first, we have to get a deeper understanding in the modeling of
non-Newtonian fluid flow, which is essential to relate macroscopic quantities (as the flow
curve τ/γ̇) to the explicit properties of the flow. In the following, we will particularly focus
on polymer solutions, which are well-known to exhibit viscoelastic flow behavior and which we
thoroughly investigated in our experiments.

2.2 Linear viscoelasticity

In simple (unidirectional) shear flow, the shear stress in a Newtonian fluid is proportional
to the shear rate, i.e. τxy = ηγ̇xy . In contrast, when replacing the Newtonian fluid by an
elastic (Hookean) solid, for small displacements the shear stress is proportional to the shear
component of the strain tensor, i.e. τxy = Gγxy with the elastic (shear) modulus G. With the
objective of combining the ideas of viscosity and elasticity into a single constitutive equation,
that describes the various effects of viscoelastic materials, early attempts were based on
the use of mechanical analogues which involve combinations of two mechanical components:
elastic (Hookean) springs and viscous dashpots [Bir84, Par11].

2.2.1 The Maxwell model

Accordingly, the most simple mechanical “spring-and-dashpot” model is given by a serial
connection of a single spring and a single dashpot (cf. figure 2.2). The total strain rate
according to this so-called Maxwell element is given by the summation of the contributions
of the single components, i.e.

γ̇xy =
τ̇xy
G

+
τxy
η

. (2.10)

It yields a linear relation between the shear stress and shear rate and it can be transformed to
the form

τxy + λτ̇xy = ηγ̇xy (2.11)

with a characteristic time constant λ = η/G. For steady-state motions, the shear is time-
independent and the model reduces to the Newtonian shear flow equation. For sudden changes
of the stress, its temporal derivative dominates the equation and the equation simplifies to
Hooke’s law. In the generalized tensorial form, the Maxwell model is given by

τ + λτ̇ = ηγ̇ . (2.12)

Equation (2.12) can be transformed to an explicit equation for the stress. It is [Bir84]

τ(t) =

∫ t

−∞

(η
λ
e−

t−t′
λ

)
γ̇(t ′)dt ′ =

∫ t

−∞
GM(t − t ′)γ̇(t ′)dt ′ . (2.13)
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Figure 2.3: Sketch of a Jeffreys element, a parallel connection of a Maxwell element
and a dashpot. It is characterized by an elastic modulus G and viscosities η1, η2.

Obviously, the stress at time t not only depends on the rate of strain at that time t, but on
its complete history before. The contribution of γ̇(t ′) is weighted by the so called relaxation
modulus of the Maxwell model GM(t − t ′) which exponentially decays with the time constant
λ. Accordingly, λ has got the meaning of a relaxation time. Virtually, the system remembers
what it has experienced in the past, but with kind of a “fading memory”.

2.2.2 The Jeffreys model

By adding a second dashpot in parallel to the Maxwell element, one gets a slightly more
complicated, but still linear viscoelastic model. In the parallel connection, the stresses of each
element add up to make the total stress. Thus, we have the relations

τ = τ1 + τ2 , (2.14)

τ1 + λτ̇1 = η1γ̇ , (2.15)

τ2 = η2γ̇ , (2.16)

and one easily finds the constitutive equation of the Jeffreys model

τ + λτ̇ = ηγ̇ + η2λγ̈ (2.17)

with the relaxation time λ = η1/G and the total viscosity η = η1 + η2. According to (2.14)
and with the relaxation modulus of the Maxwell model (2.13), the stress functions adds up to

τ(t) =

∫ t

−∞

(η1

λ
e−

t−t′
λ + δ(t − t ′)η2

)
γ̇(t ′)dt ′ =

∫ t

−∞
GJ(t − t ′)γ̇(t ′)dt ′ (2.18)

with the Dirac delta δ(t − t ′)1. The Jeffreys model combines stresses of a Newtonian and
Maxwellian component and we will show in the following, that this is the basis for well-estab-
lished, nonlinear viscoelastic models.

2.3 Constitutive modeling

The simplicity of the previous modeling of a viscoelastic fluid in terms of the material function
G(t− t ′), associated with a linear relationship between the stress tensor and the rate-of-strain
tensor, stems from the restriction to small displacements which leads to a linear velocity
profile in the associated (unidirectional shear) experiment. Though, in the most general case
where only the boundary conditions of the flow problem are predefined, the fundamental
equations of motion and continuity have to be involved in the calculation of the explicit
velocity profile which finally has to be mapped to the stress tensor. For Newtonian fluids, this
leads to the so called Navier-Stokes equations which are introduced first in this section. They

1Here we use the definition of the Dirac delta according to
∫ b
a
f (x)δ(x − x0)dx = f (x0) for a < x0 < b.
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are the basis for the following constitutive modeling of a viscoelastic fluid which involves the
supplementation of a quasi-linear constitutive equation for the polymer stress tensor which
adds up to the viscous stress tensor. For the quasi-linear Oldroyd-B model, this constitutive
equation turns out to emerge from the linear viscoelastic Jeffreys model by replacing the time
derivatives by the so-called upper convected (Oldroyd) derivative. The latter is required to
provide invariance of the constitutive equations with respect to a rigid body rotation. Finally,
the PTT model is presented as an extension of the Oldroyd-B model.

2.3.1 The Navier-Stokes equations

In the first half of the 19th century, the physicists Claude L. M. H. Navier and George G.
Stokes independently developed the fundamental equation of momentum that constitutes the
flow of a viscous, generally compressible fluid exposed to external forces. It can be derived
from Newton’s law of motion applied to a fluid element [Lor94]. With the fluid’s mass density
ρ, pressure gradient ∇p and external force field ρf (which in general are all dependent of time
and space), it is given by2

∂(ρv)

∂t
+∇ · (ρv ⊗ v) = −∇p +∇ · τ + ρf . (2.19)

The viscous stress tensor

τ = λL (∇ · v) δ + η
(
∇v +∇v†

)
(2.20)

is assumed to be composed of two contributions: the first one is given by the product of
Lamé’s first parameter λL and the divergence of the velocity field ∇ · v (δ is the unity tensor)
while the second contribution is the product of the rate-of-strain tensor ∇v +∇v† and the
dynamic viscosity η (Lamé’s second parameter); cf. equation (2.8). Using the identities

∇ ·
(
∇v +∇v†

)
= (∇ ·∇)v +∇(∇ · v) , (2.21)

∂(ρv)

∂t
+∇ · (ρv ⊗ v) =

(
∂ρ

∂t
+∇ · (ρv)

)
v + ρ

(
∂v

∂t
+ v ·∇v

)
(2.22)

with the Laplacian ∇ ·∇ =
∑
i
∂2

∂xi 2
, the momentum equation can be written in the form(

∂ρ

∂t
+∇ · (ρv)

)
v+ρ

(
∂v

∂t
+ v ·∇v

)
= −∇p+η(∇ ·∇)v+(λL + η)∇ (∇ · v)+ρf . (2.23)

The first bracket on the left hand side is zero as it reflects the formulation of the continuity
equation

∂ρ

∂t
+∇ · (ρv) =

∂ρ

∂t
+∇ρ · v + ρ(∇ · v) = 0 (2.24)

which supplements the equation of momentum. Based on the reasonable approximation of
incompressibility, it further simplifies to the common relation of vanishing divergence of the
velocity field

∇ · v = 0 . (2.25)

Consequently, the Navier-Stokes equations

ρ

(
∂v

∂t
+ v ·∇v

)
= −∇p + η(∇ ·∇)v , (2.26)

∇ · v = 0 (2.27)

2The dyadic product a⊗b ∈ Rn×n, n ∈ N of vectors a, b ∈ Rn is defined as (a⊗b)i j = aibj , i , j = 1, 2, . . . , n.
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give a set of nonlinear partial differential equations for the velocity field v(r, t) of an incom-
pressible, isothermal, viscous fluid in the absence of outer forces, supplemented by boundary
conditions. As it gives a more transparent view to the basic assumption (2.20), we prefer the
formulation

ρ

(
∂v

∂t
+ v ·∇v

)
= −∇p +∇ · τ , (2.28)

τ = η
(
∇v +∇v†

)
, (2.29)

∇ · v = 0 (2.30)

and we will refer to these equations as the (dimensional) Navier-Stokes equations in the
following.

Non-dimensionalization of constitutive equations

For a deeper insight into the system’s intrinsic properties, it is useful to remove all the physical
units from the constitutive equations. This can be achieved by introducing dimensionless
quantities which give a measure of the original variables relative to respective quantities that
are characteristic for the system. Therefore, we introduce a minimum set consisting of a
characteristic length L and velocity U and we substitute all the variables by the product of
the corresponding dimensionless variable (symbolized with a tilde) and some combination of
the characteristic numbers and system parameters (η and ρ) via

r = Lr̃ , v = U ṽ , t =
L
U t̃ , p = η

U
L p̃ , τ = η

U
L τ̃ . (2.31)

Hence the Navier-Stokes equations (2.28)–(2.30) can be rewritten in the dimensionless form
(tildes are omitted)

Re

(
∂v

∂t
+ v ·∇v

)
= −∇p +∇ · τ , (2.32)

τ = ∇v +∇v† , (2.33)

∇ · v = 0 (2.34)

with the dimensionless Reynolds number

Re =
ρUL
η

. (2.35)

It is the ratio of inertial forces to viscous forces or the ratio of convection to diffusion rates
of momentum, respectively. The use of dimensionless numbers as motivated above allows to
compare the flow of different fluids in different flow situations. As long as the dimensionless
Reynolds number is the same for the different situations, the solution of the Navier-Stokes
equation by means of the dimensionless variables are identical. And so are all the respective
features which are embedded in the mathematical characteristics of the constitutive equations.

It should be emphasized that the practical way of non-dimensionalization is arbitrary with
respect to the choice of characteristic quantities. Of course, as long as the derived non-
dimensional equations are exactly (analytically) solved, the results translated to real coordinates
are identical regardless of the (arbitrary) set of characteristic quantities. However, this does
not hold when the calculus is simplified by dropping single terms, e.g., in the approximation
of negligible inertia Re = 0. And even if the calculus is solely limited by its numerical
accuracy, the choice of characteristic quantities has to be appropriate in order to guarantee
the convergence of numerical methods (ideally all the non-dimensional variables should be of
order O(1)).
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2.3.2 The elastic dumbbell (Oldroyd-B) model

As already illustrated in section 2.1, simple and complex fluids differ from each other funda-
mentally. It is the fundamental assumption of proportionality between the rate-of-strain tensor
and the (viscous) stress tensor (cf. (2.20)) that leads to the formulation of the Navier-Stokes
equations (2.32)–(2.34) and that governs the flow of any simple Newtonian fluid which is
characterized by a constant viscosity. For polymer solutions, this simple relation between
internal stresses and the local strain rate does not hold. Viscous stresses are superposed by
elastic stresses which do not vanish instantly when the load ceases but which decay on a
given time scale, defining a characteristic relaxation time. Hence the actual state of internal
stresses directly depends on the past flow history, which gives rise to strongly non-Newtonian
rheology and flow phenomena.

In order to understand these specific features, one has to find an expression for the polymer
contribution to the total stress tensor by means of appropriate models of the fluids elasticity
and its coupling to the surrounding fluid.

A rather simple mechanical approach which maps microscopic properties of a polymer (or
its model) to macroscopic flow properties and which highlights the essential ingredients of
effective model building, is given by the so-called dumbbell models (in the following we refer to
explanations given in [Bir87]). They are based on the idea of interpreting the flexible polymer
chains as entropic springs which tend to maintain a state of highest entropy by coiling up
instead of being elongated. In this picture, a linear polymer is idealized by an elastic dumbbell,
which is solely build up of two point masses connected by an elastic spring.

In the following, we assume the spring to be Hookean, i.e. the relation between the bead
separation, given by the end-to-end vector Q and the connector force F(c) is proportional

F(c) = HQ (2.36)

giving a characteristic spring constant H. The stretching of the spring is not restricted by
any maximum separation of the beads. Furthermore each bead i only interacts with the
surrounding fluid by a hydrodynamic drag force according to the Stokes’ law

F
(h)
i = −ξ(vi − vs(ri)) (2.37)

with drag coefficient ξ and velocity of the respective bead vi relative to the velocity of the
surrounding solvent vs(ri) at position ri . No direct or hydrodynamic interaction among the
dumbbells themselves is considered. Consequently, this most simple dumbbell models is only
applicable to describe very low concentrated (dilute) polymeric solutions. Finally, Brownian
motion of the beads is considered.

Accounting for the superposed forces acting on the beads, combined with appropriate aver-
aging3 over all the dumbbells of number density n leads to two alternative relations for the
polymer stress tensor

−τ = −nH 〈Q ·Q〉+ nkBϑ δ , (2.38)

−τ =
nξ

4

∇
〈Q ·Q〉 . (2.39)

The use of the upper convected time derivative

∇
�=

∂�
∂t

+ v ·∇�−
(
∇v† ·�+� ·∇v

)
=
D�
Dt
−
(
∇v† ·�+� ·∇v

)
(2.40)

3The phase-space average 〈f (Q)〉 is calculated with respect to the configuration-space distribution of the
dumbbells Ξ(Q, t) via 〈f (Q)〉 =

∫
f (Q)Ξ(Q, t)dQ.
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Figure 2.4: In the elastic dumbbell model, the polymer is represented by an elastic
spring connecting two massless beads. The length of the elastic spring (with spring
constant H) is equal to the end-to-end vector Q = rN− r1 of the polymer backbone.

Loading the spring means changing the conformation of the polymer.

allows for the independence of the equations of any coordinate system, which is convected
and deformed with the fluid. In particular, the coordinate system is invariant with respect to
a rigid body rotation that does not lead to any deformation. The convected time derivative
includes the material derivative

D

Dt
=
∂

∂t
+ v ·∇ . (2.41)

The stress equations (2.38) and (2.39) can be combined to

− τ =
ξ

4H

(
∇
τ +nkBϑ

∇
δ

)
, (2.42)

and with the convected derivative of the unity tensor
∇
δ= −

(
∇v +∇v†

)
and the time constant

for the Hookean dumbbells

λ =
ξ

4H
(2.43)

the constitutive equation for the polymeric stress tensor is given by

τ + λ
∇
τ= nkBϑλ

(
∇v +∇v†

)
. (2.44)

It is worth mentioning that this corresponds to the respective stress equation (2.15) of
the Jeffreys model by replacing the time derivative by the upper convected derivative and
identifying the polymer viscosity

ηp = nkBϑλ . (2.45)

Again, we can eliminate the units by using a set of characteristic quantities. In contrast to the
previous choice for the rescaling of the Navier-Stokes equation, we now use a characteristic
stress proportional to the polymer viscosity T = ηpU/L and together with the numbers in
(2.31) we obtain the dimensionless constitutive equation for the polymer stress tensor τ based
on the linear elastic dumbbell model

τ +Wi
∇
τ= ∇v +∇v† . (2.46)

This equation for the polymer stress tensor supplements the Navier-Stokes equations. The
stress tensor in (2.32) has to be replaced by the sum of the viscous and polymer stress tensor.
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With that we finally end up with the prominent Oldroyd-B model in dimensionless form

Re

(
∂v

∂t
+ v ·∇v

)
= −∇p + (1− β)∇ · (τ s + τ) , (2.47)

τ s =
β

1− β
(
∇v +∇v†

)
, (2.48)

τ +Wi
∇
τ = ∇v +∇v† , (2.49)

∇ · v = 0 . (2.50)

Aside from the Reynolds number Re another two parameters appear in the set of equations:
the relative viscosity β = ηs/η = ηs/(ηs + ηp) as well as the so-called Weissenberg number

Wi = λ
U
L . (2.51)

It is the product of the characteristic time constant λ associated with the properties of the
Hookean dumbbell and a characteristic rate of deformation U/L. The Weissenberg number
Wi plays a fundamental role in the scope of this work and we will go into more detail with it
later on (see section 2.4).

2.3.3 The Phan-Thien/Tanner (PTT) model

As will be presented later, the Oldroyd-B model suffers from the essential disability to describe
the feature of shear thinning, which is a fundamental rheological property of many polymer
solutions and melts. The so-called PTT-model overcomes this shortcoming. It has been
derived by Nhan Phan-Thien and Roger I. Tanner from a network theory for polymeric
fluids and considers the movement of junctions of polymer molecules which are created
and destroyed by given rates and which can slip relative to the total motion of the fluid
[Pha77, Pal05, Bir87]. Thus, in contrast to the Oldroyd-B model for dilute solutions, it is
based on the explicit interaction of polymer chains. Accounting for a single polymeric fluid
component with a single characteristic time constant λ and (zero-shear) viscosity ηp, which
is diluted in a Newtonian solvent ηs , the governing equations are given in dimensionless form
(using the same characteristic quantities as before, tildes are omitted) by

Re

(
∂v

∂t
+ v ·∇v

)
= −∇p + (1− β)∇ · (τ s + τ) , (2.52)

τ s =
β

1− β γ̇ , (2.53)

Wi

(
∇
τ +

ζ

2
[γ̇ · τ + τ · γ̇]

)
+ f (α; τ)τ = γ̇ , (2.54)

∇ · v = 0 , (2.55)

with constant parameters α, ζ, the dimensionless rate-of-strain tensor γ̇ = ∇v +∇v† and
f (α; τ) being a function of the trace of the polymeric stress tensor τ , i.e. tr(τ) =

∑
i τi i . It

can take either a linear or exponential form [Pal05, Bir87]

f (α; τ) = 1 + αWi tr(τ) , (2.56)

f (α; τ) = eαWi tr(τ) . (2.57)

We will use the linear form throughout the presented work and with the special choice ξ = 0

we refer to it as the simple PTT-model (sPTT). This model has been analytically analyzed
in detail elsewhere (cf., e.g., [Mir05]), however without including a solvent contribution to
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the stress tensor. With the inclusion of the latter, the analytical study is much more difficult
even for the most simple flow situations. The sPTT-model incorporates all the features of
the Oldroyd-B model which is included in the special case α = 0, i.e. neglecting any (slipping)
interaction of the dumbbells.

2.3.4 A non-isothermal two-component hybrid model

So far, we have presented two models based on rather simple interpretations of the polymer
chains diluted in a Newtonian solvent. Despite their simplicity they turn out to reproduce
fairly well most of the main rheological features of polymer solutions. The simplicity of
these models originates in some approximations. One of them is the reduction to a single
characteristic time constant given by a single spring constant in the modeling of Hookean
dumbbells. This is a rather strong limitation as literally every polymer solution has to be
described by some distribution of relaxation times which can be experimentally shown by
chromatographic methods [Che70, Gra67]. But even though the theoretical analysis of
respective models gives a more exact description of real fluids, their practical application with
regard to the interpretation of experimental rheometry is limited.

Nevertheless, as they provide different rheological features, a linear combination of two single
components, one of them Oldroyd-B (UCM) and the other one sPTT, with respective sets
of parameters (λU , ηU) and (λP , ηP , α), gives a very useful hybrid model which allows to
describe the rheology of our investigated solutions while both individual models fail to do it
properly when applied separately. In dimensionless formulation, the constitutive equations for
our hybrid model are given by

Re

(
∂v

∂t
+ v ·∇v

)
= −∇p + βP∇ ·

(
τ s + τP + τU

)
, (2.58)

τ s =
β

βP
(
∇v +∇v†

)
, (2.59)

τP
[
1 + αWi tr

(
τP
)]

+Wi
∇
τP = ∇v +∇v† , (2.60)

τU +
λU

λP
Wi

∇
τU =

βU

βP
(
∇v +∇v†

)
. (2.61)

Here, all the stresses are non-dimensionalized by the characteristic stress T = ηPU/L and
the Weissenberg number is defined via the characteristic time of the sPTT component
Wi = λPU/L. The Reynolds number Re = ρVL/η is calculated using the total (zero-shear)
viscosity η = ηs + ηP + ηU .

As a second extension, we cancel the limitation of constant temperature and allow for
non-isothermal fluid properties. The temperature function4 ϑ(r, t) is constituted by the
(dimensional) energy equation5

ρcp
∂ϑ

∂t
= κ∆ϑ+ η

(
∇v +∇v†

)
: ∇v (2.62)

which supplements the constitutive equations of our hybrid model. The heat capacity cp
and the thermal conductivity κ add to the set of fluid parameters. They are assumed to be
constant and not a function of the temperature itself. The coupling of the energy equation

4For the rest of this section, all temperatures are given in Kelvins (K).
5For A,B ∈ Rn×n we defined the double sum A : B =

∑n
i,j=1 ai jbj i .
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to the flow field is established by the temperature dependence of the fluid parameters, namely
the viscosities η = η(ϑ) and the relaxation times λ = λ(ϑ) (the density is assumed to be
constant). Thereby, we make two basic assumptions, which we then interpret by means of
the dumbbell model: the first one is that the fluid’s viscosity obeys the Arrhenius equation

η(ϑ) = η(ϑ0)e
ν
(
ϑ0
ϑ
−1
)

(2.63)

with a reference temperature ϑ0 and the normalized activation energy ν = ∆E/kBϑ0 > 0.
The above is a well-established model to describe the mobility of molecules as a process
which is activated by temperature. In section 9.6, we will show that equation (2.63) describes
fairly well the viscosity of our investigated fluids within a temperature range relevant for our
measurements. The second assumption concerns the dynamics of the polymer chains in
terms of their entropic harmonic potential: the Hookean spring constant H is assumed to be
proportional to the temperature, i.e. H ∝ ϑ. This can be motivated as follows: increasing
the temperature increases the kinetic energy of the atoms of the polymer chains which
consequently cover a larger region of the configuration space. Stretching the polymer chains
from this state of increased entropy corresponds to a higher loss in entropy and thus in a
higher value of the spring constant. Naturally, this affects the relaxation time according to
equation (2.43).

When incorporating all these assumptions in the derivation of the non-isothermal constitutive
model, we finally end up with the following set of dimensionless equations for the non-
isothermal flow of a dilute, 2-component polymer solution

Re

(
∂v

∂t
+ v ·∇v

)
= −∇p + f (Θ)

[
β
(

∆v −
ν

Θ2
∇Θ

{
∇v +∇v†

})
+ βP∇ · τP+U

]
,

(2.64)

τP
[

1 + α
Wi

Θ
tr
(
τP
)]

+ f (Θ)
Wi

Θ

(
∇
τP −

1

Θ

DΘ

Dt
τP

)
= f (Θ)

(
∇v +∇v†

)
, (2.65)

τU + f (Θ)
λU

λP
Wi

Θ

(
∇
τU −

1

Θ

DΘ

Dt
τU

)
= f (Θ)

βU

βP
(
∇v +∇v†

)
, (2.66)

∇ · v = 0 , (2.67)

Pe
DΘ

Dt
= ∇ ·∇Θ + βNa

(
∇v +∇v†

)
: ∇v + βPNa τP+U : ∇v (2.68)

with
f (Θ) = eν( 1

Θ
−1) . (2.69)

Aside from the continuity equation, all the equations depend on the dimensionless temperature
Θ := ϑ/ϑ0. Thus, the energy equation is coupled to the momentum equation and the
constitutive equations of the Oldroyd-B and sPTT component. Two more dimensionless
groups appear in the energy equation, namely the Péclet number Pe and the Nahme number
Na. The former

Pe =
cpρUL
κ

(2.70)

compares the rate of advection to the rate of diffusion of heat. It is related to the Prandtl
number

P r =
Pe

Re
=
cpη

κ
(2.71)

which is the ratio of viscous to thermal diffusion rates and consequently is governed by the
fluid properties only. The Nahme number

Na =
ηU2

κϑ0
(2.72)
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Figure 2.5: Sketch of the simplified flow scenario of a Newtonian and viscoelastic
fluid. Adopted from Morozov et al. [Mor07].

gives a measure of the importance of viscous heating. It is related to the more prominent
Brinkman number Br which gives the ratio of heat dissipated by viscous friction ηU2 and the
heat conducted through the fluid due to a temperature difference κ∆ϑ.

2.4 Hydrodynamic flow instabilities

“When the state of things is such that an infinitely small variation of the present state will alter
only by an infinitely small quantity the state at some future time, the condition of the system,
whether at rest or in motion, is said to be stable; but when an infinitely small variation in the
present state may bring about a finite difference in the state of the system in a finite time,
the condition of the system is said to be unstable.” [Cam82, Dra02].

This is how James Clerk Maxwell formulated the concept of stability of a state of a physical
system in his essay on determinism and free will in 1872. As we will see in this section, this
concept of “small variations” is strongly related to the concept of a linear stability analysis,
which is rather a mathematical than a physical approach. In the following a more physical
description of hydrodynamic (in)stability based on the constitutive models of (non-)Newtonian
fluids is presented. Here, the Weissenberg number Wi will play a fundamental role.

2.4.1 Inertial vs. elastic flow instabilities and the physical meaning of the
Weissenberg number

In section 2.3 we presented different constitutive models, which describe the flow of a simple
or viscoelastic fluid. We have chosen the dimensionless form as it provides the possibility
to compare different flow situations by simply asking for the dimensionless numbers. In the
isothermal case, it is the Reynolds number Re and the Weissenberg number Wi that control
the flow state of Newtonian and viscoelastic fluids. Figure 2.5 sketches the typical flow
scenarios [Mor07].

At low Reynolds numbers, i.e. when viscous forces are dominant compared to inertial forces,
the (non-inertial) Newtonian flow (top axis) is laminar and stable. This is related to the fact
that the Reynolds number in (2.32) gives the weight of the non-linear term v ·∇v of the
velocity field. With increasing Re, inertial forces become more and more important and so
does the contribution of the non-linear term in the Navier-Stokes equation. At some critical
value Rec , the initially stable flow becomes unstable and more complicated flow patterns
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Figure 2.6: Sketch of the conformation of polymer chains under the influence of
shear gradients of different strength. In the style of Morozov et al. [Mor07].

appear, which finally develop to turbulence when increasing the Reynolds number further.
The exact value of Rec , giving the onset of inertial instability, as well as the specific features
of the nontrivial flow depend on the flow problem at hand that is characterized, e.g., by the
explicit flow geometry and associated boundary conditions.

From a general point of view, this simplified Newtonian flow map can be adopted to the
flow of a viscoelastic fluid (bottom axis in figure 2.5). While it is inertia which renders the
flow of a Newtonian flow unstable, it is the impact of elasticity which maps to the different
viscoelastic flow states. This impact is captured by the Weissenberg number. In analogy to
the Reynolds number, it weights the nonlinear convected time derivative of the polymer stress
tensor in the constitutive equations, e.g., (2.60) or (2.61).

The meaning of the Weissenberg number Wi = λU/L (or sometimes Wi = λγ̇) as the
indicator of elasticity becomes obvious when recalling its original definition by K. Weissenberg
as the so-called “recoverable strain” which is the amount of strain that recovers after the
release of the forces applied to a fluid at ground-state, bringing it to some energized state
[Wei47]. White [Whi64] analyzed the steady shear flow of a second-order fluid and identified
the recoverable strain with the dimensionless group λU/L which he consequently called the
Weissenberg number. In the context of this analysis, the Weissenberg number can further
be written as the ratio of the difference of normal stresses N1 = τxx − τyy (called the first
normal stress difference) and the shear stress τxy associated with the polymers, i.e.

Wi =
τp,xx − τp,yy

2τp,xy
. (2.73)

Here, the flow is oriented in x-direction while the y -direction corresponds to the direction of
the velocity variation (perpendicular to x). The interplay between normal and shear stresses
can be illustrated by figure 2.6, which sketches the conformation of polymer chains affected
by a shear flow. At low shear rates (figure 2.6(a)), the polymer chains are hardly affected
by the shear flow and the normal stresses are essentially isotropic, as there is no effective
stretching of the polymers. When increasing the shear rate, the polymer chains are gradually
stretched in the shear flow and the fluid becomes anisotropic, as the normal stress pointing
along the streamlines is higher than in the direction perpendicular to the flow direction (figure
2.6(b)). Thus, the recoverable strain Wi “coordinates (...) the rheological states with respect
to similitude in anisotropy in the sheared states” in an analogous way as does “the Reynolds
number (...) with respect to similitude in the relative proportions of the forces of inertia and
of internal friction” (citation of K. Weissenberg’s talk at the First International Rheological
Congress in 1948, reprinted in [Whi64]).

The so-called Weissenberg effect - also known as rod climbing effect - impressively illustrates
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Figure 2.7: Sketch of the rod climbing effect of a viscoelastic (polymeric) fluid
(right), contrasted by the partial depletion by a Newtonian fluid (left). In the style

of Bird et al. [Bir84].

Figure 2.8: (a) Sketch of a polymer chain which is affected by shear forces and
consequently pulled towards the rotating cylinder. (b) Linear instability: above the
critical Weissenberg number, small perturbations to the flow will be amplified.

the impact of a non-zero normal stress difference [Bir84] (cf. figure 2.7) on the flow state
of a viscoelastic fluid on a macroscopic scale. It describes the ascent of a viscoelastic fluid
along an axially rotating cylindrical rod which is immerged into the fluid. This phenomenon
is even observable at vanishing angular velocities far below the onset of inertially driven
secondary flow. Obviously, the purely azimuthal, laminar shear flow at small shear rates
is superposed by secondary flow, which is oriented towards the inner cylinder and which
forces the fluid to climb up the rotating rod. In view of the scenario described before, this is
obviously a manifestation of the elastic normal stress effect which couples to the curvilinear
flow geometry at hand. Figure 2.8(a) sketches an explanation for the observation by means
of a dumbbell representation of a polymer chain [Pak96]: when the Weissenberg number
exceeds some critical Weissenberg number Wic , the shearing motion stretches the polymer
chain non-uniformly and the normal stress acting along the streamlines τθθ (“hoop stress”) is
amplified. This additional hoop stress translates to a radial force, which couples to the flow
field by generating a radial velocity field towards the center of the system, that has to be
compensated according to the continuity equation: the flow is pushed upwards. When Wi
is slightly below the critical number Wic , any tiny perturbation of the flow lines (cf. figure
2.8(b)) will trigger the stress effect and causes secondary flow: the system is linearly unstable.
Of course, the presented scenario is a very simplified approach and as the dependency on the
given flow problem is crucial, it can only give a taste of the underlying mechanisms, which
govern the flow of a viscoelastic fluid. Nevertheless, the presented normal stress effect in
combination with a curvature of streamlines seems to be the main ingredient in the general
recipe of elastic instability [Mor07].
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2.4.2 Stability criterion by P. Pakdel and G. H. McKinley

In agreement with our final remark about the main ingredients of elastic instability in the
previous section, P. Pakdel and G. H. McKinley were able to show that many of the explicit
criteria for the onset of purely elastic instability in various curvilinear flow problems which
are based on an interplay between curvature of streamlines and normal stress effect can be
consistently formulated by a single, dimensionless criterion [McK96, Pak96, Mor07] of the
form [

λU
R
τ11

ηγ̇

]0.5

≥ M . (2.74)

Accordingly, this so-called Pakdel-McKinley criterion incorporates a characteristic radius of
curvature R and elastic normal stress τ11 in the streamwise direction. They compete with
the characteristic polymer relaxation length λU and the shear stress τ12 = ηγ̇, respectively.
The ratio λU/R can be interpreted as a dimensionless measure of the (relative) distance over
which disturbances to the base stress and velocity fields are advected compared to the local
radius of curvature of the flow [McK96]. In other words, the ratio gives a measure of how
much the stretched polymers can “feel” the curvature. This first geometrical term couples to
the second rheological term which gives a measure of how much the elastic normal stress is
extenuated by viscous drag. If the criterion is met at any point in the flow, i.e. when the left
hand side of (2.74) exceeds the characteristic positive constant M, then tiny perturbations
superposed to flow will be amplified and advected to other, initially stable regions in the flow
which are consequently affected and which act as new sources of perturbations.

2.4.3 Linear stability analysis

In the previous sections, we motivated the onset of elastic instability by a rather cursory, but
physical consideration of the nonlinear terms in the constitutive equations, which contribute
to the equations via the Weissenberg number Wi . It can be reduced to a relation of the
dynamical influence of viscoelastic normal stresses (taking into account the normal and the
shear stress components τ11, τ22 and τ12) which couple to the kinematic curvature of the
streamlines [McK96]. Evaluating this procedure by facing the complexity of the strongly
nonlinear constitutive equations presented above exhibiting a nonlinear coupling between the
stress tensor τ and the velocity field v, one can hardly imagine (or expect) to end up with
a reasonable estimate of the exact transition point to elastic instability. However, from a
mathematical point of view, one can approach the problem of the stability of a given flow
state by applying well-established methods from stability theory by analyzing the explicit
set of the constitutive, differential equations. This section gives only a short introduction
to the topic of linear stability analysis, focusing on the aspects which are relevant for our study.

A given set of all incorporated flow variables

xB(r, t) =
(
τBij (r, t), vB(r, t), pB(r, t)

)
(2.75)

which solve the complete mathematical set of constitutive equations including the correspond-
ing boundary conditions, represents a physical flow state of the given fluid at any time t and
position r based on the underlying model. Let’s identify this given solution of our constitutive
model as the flow state, whose stability we want to analyze, and let’s call it the base flow.
Adapting to Maxwell’s formulation of the stability of a physical state [Cam82, Dra02], we ask
about the future impact of a small variation to this flow state given by a set of perturbation
functions

δx(r, t) =
(
δτi j(r, t), δv(r, t), δp(r, t)

)
(2.76)
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Figure 2.9: Schematic of the spectrum of eigenvalues {<(µmax(kz , m))} (real
parts), which depends on all the parameters of the system such as the Reynolds
number Re, shear thinning parameter α or viscosity ratios β, and in particular on
the Weissenberg number Wi and the characteristics of the perturbation (e.g., in
Taylor-Couette flow the axial and azimuthal wavenumber kz and m, respectively).

which superposes on the flow state xB(r, t). Thus, we have to analyze the temporal evolution
of the perturbed state

x(r, t) = xB(r, t) + δx(r, t) . (2.77)

With the assumption of particularly small variation δx, it is reasonable to simplify the nonlinear
constitutive model by a linearization in the neighborhood of the base flow at hand. This is
the general idea of a linear stability analysis. Let’s representatively face a nonlinear system of
differential equations in the explicit form

ẋ(r, t) = F{x(r, t)} (2.78)

with a nonlinear operator F . With x(r, t) being the perturbed state according to (2.77),
(2.78) can be linearized:

ẋB(r, t) + δ̇x(r, t) = F{xB(r, t) + δx(r, t)} = F{xB(r, t)}+ Aδx(r, t) +O(δx2) (2.79)

with the linear map A representing the linearization of F in the neighborhood of the base
flow xB(r, t). The latter solves the nonlinear system, i.e. ẋB(r, t) = F{xB(r, t)}, and thus,
in first order approximation, the perturbed flow state is governed by the equation

δ̇x(r, t) =̇ Aδx(r, t) . (2.80)

With the common separation ansatz δx(r, t) = δx(r) · y(t) = δx(r)eµt , this leads to a simple
eigenvalue problem

µδx(r) = Aδx(r) (2.81)

for A. The corresponding eigenvectors give the different perturbation modes that the system
is prone to and the respective eigenvalues µi provide information on their stability. The
base flow δx(r, t) is (linearly) stable, if all the eigenvalues µi are smaller than zero in which
case any perturbation mode exponentially decays. In contrast, if any eigenvalue µi is greater
than zero, the respective eigenvector (which refers to a special perturbation mode) will grow
exponentially, and the flow is (linearly) unstable.

As we will demonstrate in the explicit analysis of the viscoelastic Taylor-Couette flow (cf.
section 9), the starting point of the analysis is more complicated than assumed in (2.78).
Namely, not only the perturbation functions δx and their temporal derivatives but also
their partial derivatives with respect to the spatial coordinates enter into the calculation.
Furthermore, the system of differential equations becomes a coupled one and in general
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an explicit analytical solution cannot be formulated. To cope with this additional degree
of difficulty, one has to switch to numerical methods which provide an approximated and
discretized solution of the problem leading to a generalized eigenvalue problem

µBδx̃(ri) = Aδx̃(ri) (2.82)

associated with a special set of discrete positions ri within the flow. It is obvious that the
eigenvalues µj and eigenvectors δx̃j depend on all the system’s parameters incorporated
in A and B. It involves the Reynolds number Re, shear thinning parameter α or viscosity
ratios β. Referring to our viscoelastic flow problems, e.g., in the case of Taylor-Couette
flow, and addressing the question of elastic instability, we are particularly interested in the
impact of the Weissenberg number Wi (control parameter) on the spectrum of eigenvalues
µ(kz , m) associated with predefined perturbation modes characterized by the azimuthal and
axial wave numbers m and kz , respectively. More precisely, when searching for the critical
onset Wic of elastic linear Taylor-Couette instability, we have to increase Wi and to find the
value Wic where the real part (in general, the eigenvalues are complex) of the spectrum of
maximum eigenvalues <(µmax(kz , m)) involves a positive value for the first time (cf. figure
2.9). Accordingly, we refer to the associated eigenvector as the first (or most) unstable
perturbation mode. A more detailed description of the explicit numerical toolkit is presented
in appendix B.1.





Chapter3
Rheometric toolkit

From a theoretical point of view, we are now able to predict the rheology of a viscoelastic
fluid by means of either linear or nonlinear constitutive equations. Depending on the explicit
choice of the model, different fluid parameters are involved.

In principle, the analysis can be done for arbitrary flow situations and by supplementing the
respective boundary conditions to the constitutive equations, the explicit flow field adapts
to the problem. For special implementations of fluid flow which make use of symmetries,
the given set of constitutive equations reduces to rather simple expressions for the stress
components as functions of the incorporated flow parameters and the corresponding flow
profiles turn out to be trivial. Consequently, these flows allow us to extract the fluid parameters
in a rather convenient and simple way and such type of flows are called rheometric.

In this chapter, we present a selection of simple flow experiments which allow us to easily
extract the characteristic fluid parameters of a set of polymer solutions that have been
examined in our experiments. In doing so, we have to adapt the constitutive models to the
given flow experiments and to fit the models to the experimental data. As a representative
example for the different experiments, the corresponding data of a viscoelastic polymer
solution (P600G80, cf. table 5.1 for a listing of the investigated solutions) are presented and
discussed.

3.1 Rotational steady shear rheometry

3.1.1 Methodology

One of the most simple and well-established flow experiments, which is commonly used to
extract the fluid parameters of Newtonian as well as non-Newtonian fluids, is the rotational
steady shear experiment. Figure 3.1 sketches a common realization of it, using a combination
of a circular bottom plate and a coaxially arranged upper cone. We refer to it as the cone-
and-plate setup. A sample of the test fluid is placed in the gap between the two geometries
and the upper cone is axially rotated with a steady angular velocity. In order to minimize
additional stress contributions, the amount of fluid has to be properly dimensioned so that the
liquid-air interface is neither convex nor concave but flat. In our experiments, we commonly
use a cone with an angle of ε = 1◦ or 2◦ and radius R = 30 mm, while the radius of the
bottom plate is R′ = 30.5 mm. The cone-and-plate geometry is embedded in a commercial
rotational rheometer Haake MARS II (Thermo Fisher Scientific, Karlsruhe, Germany). While
the bottom plate is fixed, the angular motion Ω of the cone is performed by a DC motor
mounted on a vertical positioning stage. Different operation modes are available, including a
control of angular velocity (constant rate, CR) or torque (constant stress, CS). The applied
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Figure 3.1: Left: Sketch of the cone-and-plate setup. Right: Photography of a
commercial Haake MARS rotational shear rheometer (courtesy of Thermo Fisher

Scientific, Karlsruhe, Germany).

motor current is translated to the equivalent of the torque M while inertial contributions
due to the momentum of inertia of the rotating geometry and the motor as well as bearing
forces are automatically accounted for. Reliable data can be acquired above a minimum
torque of Mmin ≈ 2µNm. A strain gauge simultaneously measures the axial force Fz on
the rotating cone down to values of Fz,min ≈ 10 mN. Above this limit, the instrumental
resolution is given with 1 mN. The mount of the bottom plate can be tempered by use of a
closed-cycle thermostat and the desired temperature can be sustained during the operation
with a precision of ±0.05 ◦C (as observed during the measurements). Allowing for potential
temperature offsets of the sensors, the total accuracy of the temperature is supposed to be
±0.5 ◦C.

3.1.2 Rheometric output

In the case of small cone angles ε (or φ close to π/2), the shear component of the rate-
of-strain tensor (φθ-component) in spherical coordinates is approximately constant in the
laminar fluid flow in the gap [Bir84]

γ̇φθ(r) =
sinφ

r

∂

∂φ

(
vθ

sinφ

)
=̇

Ω

ε
= γ̇ . (3.1)

Hence, it is a good approximation of the unidirectional shear or plane-Couette experiment (cf.
figure 2.1) with the favorable realization of a virtually infinite (closed-cycle) flow. Consequently,
the respective shear stress component is constant and it can be easily calculated from the
integral torqueM which acts on the cone at a constant rate of rotation. It is

τφθ =
3M

2πR3
. (3.2)

Additionally, the axial normal force Fz can be translated to the first normal stress difference
N1 by

N1 =
2
(
Fz − F in

z

)
πR2

. (3.3)

Here, one has to correct for inertial effects which cause an additional contribution to the
axial force F in

z which is directed in the opposite direction to Fz . It can be approximated
by measuring the normal force data of the Newtonian solvent of the respective polymer solution.
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Figure 3.2: Top: Representative flow curve η(γ̇) of a polymer solution (P600G80,
cf. table 5.1; open circles) and the corresponding solvent (filled dots), measured at
ϑ = 10 ◦C. Bottom: Corresponding data of first normal stress difference N1(γ̇)

(triangles). A cone-and-plate C60/2◦ setup has been used. Different models
(colored lines) have been adapted to the data.

To conclude, the rotational rheometer equipped with a cone-and-plate setup and operated
in steady shear mode provides steady shear stress and normal stress data, both depending
on the shear rate γ̇ under control. In a standard scanning protocol, also called shear rate
sweep measurement, in which the shear rate is stepwise increased according to a predefined
schedule, the acquired data can be summarized by a presentation of the apparent viscosity
τφθ(γ̇)/γ̇ (also called the flow curve) and the first normal stress difference N1(γ̇). In case
of laminar (viscometric) flow, the first gives the apparent viscosity η(γ̇) = τφθ(γ̇)/γ̇ (cf.
equation (2.9)).

3.1.3 Representative data

Figure 3.2 shows representative data of a viscoelastic P600G80 solution (circles and triangles).
The sample consists of 600 ppm (parts per million, w/w) of polyacrylamide (molecular weight
Mw = (5–6) × 106 Da) dissolved in an aqueous 80% glycerol solution. More information
about the synthesis of the sample can be found in section 6. The viscosity data for the
corresponding solvent (filled dots) are added. The measurements were performed in the
C60/2◦ cone-and-plate setup at temperature ϑ = 10 ◦C and the shear rate was increased
stepwise, ranging from 0.1 s−1 up to 100 s−1 by waiting for 15 s at each step. The region
beyond the working range of the rheometer (as outlined above) is highlighted in gray and
consequently, data points within this region are not reliable. As expected, the viscosity of the
Newtonian fluid is constant and gives ηs = (119± 2) mPa s. In contrast, the flow curve of
the polymer solution exhibits a non-Newtonian behavior in terms of shear thinning, i.e. the
apparent viscosity η(γ̇) decreases with increasing shear rate. Furthermore, the first normal
stress data shows an approximately quadratic growth with the shear rate.
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3.1.4 Evaluation of rheometric data

In order to interpret the results of the steady shear experiment by means of the apparent
viscosity and normal stress data in terms of the viscoelastic fluid properties, we adapt our
2-component Oldroyd-B/sPTT hybrid model to the explicit flow geometry. As motivated
above, for small cone angles, the circular cone-and-plate flow exhibits a homogeneous shear
rate. Thus, the flow can approximately be described by the plane-Couette flow, thereby
simplifying the analytical calculus. After some straightforward calculus, we can extract the
expressions for the steady state shear and normal stress components as functions of the shear
rate γ̇xy =: γ̇

τ sxy = ηs γ̇ , τPxy + 2α

(
λP

ηP

)2 (
τPxy
)3

= ηP γ̇ , τUxy = ηU γ̇ (3.4)

τPyy = 2
λP

ηP
(
τPxy
)2

, τUyy = 2ηUλU γ̇2 , (3.5)

τPxx = τUxx = 0 . (3.6)

After solving the cubic equation (3.4) for the stress component τPxy we end up with the
following expressions for the apparent viscosity and first normal stress difference:

η(γ̇) =

∑
τxy (γ̇)

γ̇
= ηs + ηU +

τPxy
(
γ̇;λP , ηP , α

)
γ̇

, (3.7)

N1(γ̇) =
∑

τyy (γ̇) = 2ηUλU γ̇2 + 2
λP

ηP
(
τPxy
(
γ̇;λP , ηP , α

))2
. (3.8)

In figure 3.2, adaptions of both the hybrid model (red curves) and the Oldroyd-B (τP =

0, green curves) model are shown. Here, the data of the apparent viscosity and first
normal stress difference are simultaneously fitted with a joint set of rheological parameters
(ηs , η

U , λU , ηP , λP , α). As the Oldroyd-B model lacks the feature of shear thinning, it fails
to reproduce the shape of the flow curve while the normal stress data is matched. In contrast,
our hybrid model describes fairly well not only the normal stress data, but also the apparent
viscosity. Table 3.1 lists the respective parameters of the best model fit. The data correspond
to the evaluation of multiple independent measurements, giving values x̄±δx of the respective
parameters by means of the arithmetic mean values x̄ = N−1

∑N
i=1 xi and the unbiased sample

variance δx2 = (N − 1)−1
∑N
i=1(xi − x̄)2. In fitting the model to the set of data, we use

an iterative least-squares fitting method, performed by a commercial data analysis software
(Origin 8.6 by OriginLab). We do not use absolute but relative errors, accounting for the fact
that in the relevant region, the absolute values of the normal stresses are several magnitudes
larger than the viscosity data and consequently, the latter would be neglected in the sum
of absolute quadratic errors (the corresponding weighting method is proposed elsewhere
[Mac94, Bir87]). The fitting routine turns out to be rather fragile, i.e. an initialization
with reasonable starting parameters is important to obtain reliable fitting results in terms
of minimum standard errors of the fitting parameters. We assume the viscosity ηs of the
Newtonian contribution to be represented by the viscosity of the solvent, in the present case
ηs = 119 mPa s. Even if it is not fixed, ηs is not changed during the iterations. This is due
to the additional contribution of the UCM component which gives another constant offset
to the viscosity. While the parameters ηP and ηU are reproducibly estimated, giving small
standard deviations, the uncertainty in the estimation of λP is rather high. This can be
explained as follows: The additional sPTT component only significantly contributes to the
shear stress component in order to account for the shear thinning of the viscosity data. Hereby,
the zero-shear viscosity ηP as well as the thinning parameter α are adjusted independently.
As the normal stress data is already described by the UCM component (the normal stress
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ηs ηU ηP λU λP α(λP )2

(mPa s) (mPa s) (mPa s) (ms) (ms) (s2)

119± 2 57± 1 40± 1 99± 5 23± 39 0.066± 0.014

Table 3.1: Fit parameters of the P600G80 solution based on the 2-component
hybrid model. The values x̄ ± δx are given by the mean x̄ = N−1

∑N
i=1 xi and

corresponding variance δx2 = (N − 1)−1
∑N

i=1(xi − x̄)2 calculated from sets of
independent measurements.

basically scales quadratically with the shear rate), there is only a very weak contribution of
the sPTT component in terms of the relaxation time λP (at given parameters α and ηP from
the viscosity data). Thus, it is the product α(λP )2 which is adjusted predominantly via the
adaption of the model to the viscosity data, giving reasonable error margins.

3.2 Relaxation after cessation of steady shear stress

3.2.1 Methodology

A different way to extract quantitative informations about the properties of viscoelastic fluid
flow has been presented by Baravian et al. [Bar98]. In their experiments they made use of the
instrumental inertia of the rheometric device (involving a coaxial cylindrical geometry) and its
coupling to the fluid’s elasticity to analyze the nonlinear behavior of a yield stress fluid. The
system’s response to a sudden cessation of the applied steady shear stress resulted in free
oscillations of the cylinder and the oscillating movement has been analyzed based on a linear
Kelvin-Voigt model. It turned out to be governed by one particular relaxation time of the
fluid’s relaxation spectrum.

Adapting to this method, we analyzed our polymer solutions by use of our rotational shear setup
in stress-controlled mode (CS) as presented in section 3.1. First, we applied a constant shear
stress τ0 to the system, waiting for steady state, i.e. a constant shear rate γ̇. Subsequently,
the system’s response to the sudden cessation of the shear stress τ0(1−H(t − t0)) has been
recorded in terms of the shear movement γ̇(t) of the cone (ε = 2◦, R = 30 mm). The initial
shear stress τ0 has been varied in the range of two order of magnitudes. Figure 3.3 shows a
sketch of the experiment.

3.2.2 Representative data

Figure 3.4 shows representative data for the P600G80 solution. The shear rate γ̇(t), normalized
by the initial shear rate in the steady state γ̇0 = γ̇(τ0), is plotted against the time t after
cessation of shear stress. The relaxation curves are shown for five different initial stresses
ranging from τ0 = 0.1 Pa to τ0 = 10 Pa which correspond to initial shear rates between
γ̇0 = 0.47 s−1 and γ̇0 = 55.25 s−1. Thus, all initial flow states γ̇(τ0) can be found in the
steady shear flow curves (cf. section 3.1).

All curves show a common behavior: after switching off the shear stress, the rotation of the
cone slows down, i.e. the shear rate decreases. The higher the initial shear stress τ0, the longer
takes it for the cone to slow down. After about 0.3 s to 0.4 s, the curves show a kink which
is followed by a single oscillation which finally relaxes to the state of rest (γ̇(t →∞) = 0).
This oscillation is connected to a reversal of the direction of rotation and it suggests the
picture of an damped, elastic recoil.
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Figure 3.3: Schematic representation of the Jeffreys model adapted to the experi-
mental setup.

3.2.3 Evaluation of rheometric data

Following the approach in [Bar98], we now want to analyze the stress relaxation data by
means of a linear viscoelastic model, namely the Jeffreys model introduced in section 2.2.2.
When accelerating the cone, the rheometer has to compensate for the inertia of the rotating
device. Here, the stress τa applied to the cone depends on the shear stress exerted to the
fluid via

τa(t)− τ(t)

a
= γ̈(t) (3.9)

with a = 3αJ/2πR3 giving a measure of the momentum of inertia J. Vice versa, if the fluid
exerts a stress on the cone, its movement is governed by its momentum of inertia. Combining
(3.9) with the constitutive equation (2.17) and applying the special form of the applied stress

τa(t) = τ0(1−H(t − t0)) , τ̇a(t) = −τ0δ(t − t0) (3.10)

leads to

...
γ (t) +

a + λη2

λa︸ ︷︷ ︸
=:2A

γ̈(t) +
η1 + η2

λa︸ ︷︷ ︸
=:B2

γ̇(t) =
τ0

λa︸︷︷︸
=:C

[
1−H(t − t0)− λδ(t − t0)

]
. (3.11)

Equation (3.11) corresponds to the differential equation of the forced damped harmonic
oscillator. Its general response x(t) := γ̇(t) is known to be either overdamped (A > B),
underdamped (A < B) or critically damped (A = B), depending on the system’s parameters.
The experimental data suggest an underdamped situation but close to the critical damping
as only one oscillation can be observed. The general solution of the underdamped, forced
harmonic oscillator can be derived via Laplace transform and one gets

γ̇(t) =
C

B2
+
e−Ax(γ̇0B

2 − C)

B2
√
D

[
A sin

(√
Dt
)

+
√
D cos

(√
Dt
)]

+H(t − t0)
Ce−A(t−t0)

B2
√
D

[(
A− λB2

)
sin
(√

D(t − t0)
)

+
√
D cos

(√
D(t − t0)

)]
−H(t − t0)

C

B2
(3.12)
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Figure 3.4: Representative data of the shear rate γ̇(t) during the stress relaxation
after the cessation of steady shear. The data is normalized for the initial shear rate,
given by γ̇0 = γ̇(τ0). Different curves correspond to different initial shear stresses

τ0.

with the substitutions A,B, C as highlighted above, D = B2 − A2 and the implemented
boundary conditions γ̇(0) = γ̇0, γ̈(0) = 0. Here we accounted for an arbitrary instant of
time t0 ≥ 0 at which the stress is switched off. In the steady state (t < t0), the shear rate
is constant γ̇0 and the shear stress is accordingly given by τ(t < t0) = τa(t < t0) = τ0 =

(η1 + η2)γ̇0. This last relation corresponds to C = γ̇0B
2 and equation (3.12) simplifies to

γ̇(t) =

{
γ̇0 , t < t0

γ̇0e
−A(t−t0)

[
A−λB2
√
D

sin
(√
D(t − t0)

)
+ cos

(√
D(t − t0)

)]
, t ≥ t0

(3.13)

In order to extract the relaxation time from an adaption of (3.13) to the experimental
data, we have to estimate the rescaled momentum of inertia a as well as the viscosity η2.
According to the results of the steady shear measurements, we assume η2 to be the solvent
viscosity η2 = ηs = 119 mPa s. The parameter a can be extracted by additional relaxation
measurements with three different Newtonian fluids. The results are presented in figure 3.5
in terms of the averaged data of multiple independent measurements. Clearly, the different
fluids describe the same exponential law as the rescaled curves collapse to a master curve
(apart from deviations at very low shear rates which are assumed to be due to a resolution
problem). This is consistent with the theoretical prediction obtained from the solution of the
differential equation (3.11) for Newtonian fluids

γ̇(t) = γ̇0

[
1−

(
1− e−

η2
a

(t−t0)
)
H(t − t0)

]
. (3.14)

Accordingly, the rescaled momentum of inertia a of the rotating device can be estimated by
a = (16.4± 0.1) mPa s2. Even if this value is somewhat higher than estimated from simple
geometrical considerations (ageom ≈ 9.6 mPa s2) involving the inertia of the cone as well as
the inertia of the revolving fluid, the extracted value seems to be a reasonable measure of the
system’s momentum of inertia. Finally, with the estimates of a and η2, we can extract the
relaxation time λ as well as the viscosity η1 from an adaption of (3.13) to the experimental
relaxation data. In figure 3.4, the respective curves are added (solid lines). Here, we have
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Figure 3.6: Characteristic relaxation time λ and viscosity η1 of the P600G80 polymer
solution, extracted from the shear rate relaxation experiment as a function of the
initially applied shear stress according to equation 3.13. Both the data can be fitted
by an exponential: y(τ0) = y∞ + (y0 − y∞)e−Cτ0 . The shear modulus is rather

constant G = η1/λ ≈ 94 mPa (cf. inset).

to account for the reproducible kink which gives a little shift for the extrapolated instant of
time t0 > 0 when the stress is shut off. Before the kink, the shear rate exponentially drops
(cf. dashed line). We suppose some delay in the proper stress control or data acquisition of
the rheometer that causes this systematic deviation from the expected curve. However, the
further behavior beyond the kink is in good agreement with the theoretical model. Here, we
allowed for some offset lim γ̇(t →∞) 6= 0 which is likely to be due to a resolution problem
at very low shear rates. The extracted values for the relaxation time λ and viscosity η1 are
shown in figure 3.6. Both parameters exhibit some exponential converging behavior. The



3.3 Small amplitude oscillatory rheometry (SAOR) 31

extrapolated zero-shear values are

η1 = (34± 3) mPa s , (3.15)

λ = (401± 24) ms . (3.16)

Consistent with our linear viscoelastic model which characterizes the elasticity by means of a
Hookean spring with an elastic modulus G = η1/λ, the ratio of our viscosity and relaxation
time data appears to be constant independent of the initial shear stress τ0. Its value is given
by

G = (94± 4) mPa . (3.17)

Hence, for the presented polymer solution the linear Jeffreys model seems to provide a
reasonable description of the viscoelastic behavior in our stress-controlled experiment. An
evaluation of respective measurements of other polymer solutions is presented later.

3.3 Small amplitude oscillatory rheometry (SAOR)

3.3.1 Methodology

In the previous relaxation experiment we analyzed the system’s oscillatory response to a
sudden change in the shear stress which has been applied by the sensor of a rheometer.
With the stress being the control parameter, we refer to this method as a stress experiment.
In contrast, in a strain experiment the system’s stress response to a forced deformation is
analyzed. In this context, a small-amplitude sinusoidal excitation is commonly used and the
frequency-dependent response is investigated. Here, the amplitudes are explicitly limited in
magnitude in order to guarantee for the validity of linear modeling.

For small deformation frequencies ω and high viscosities, the instantaneous velocity profile
produced by small amplitude oscillations is almost linear [Bir87], i.e. the accumulated shear
strain γ can be calculated from the past shear rate γ̇ by simple integration over the respective
time period, i.e.

γ(t) =

∫ t

0

γ̇(t ′)dt ′ = γ0 sin(ωt) , (3.18)

γ̇(t) = γ0ω cos(ωt) . (3.19)

While for Newtonian fluids, the shear stress response is in phase with the applied shear rate
(giving the Newtonian shear viscosity), for non-Newtonian (viscoelastic) materials, the stress
response is out of phase, i.e.

τ(t) = τ0 sin(ωt + ϕ) = G′(ω)γ0 sin(ωt) + G′′(ω)γ0 cos(ωt) . (3.20)

This is equivalent with the complex formulation1

τ∗(t) = G∗(ω)γ∗(t) = [G′(ω) + iG′′(ω)]γ∗(t) (3.21)

From the storage modulus G′(ω) (giving the stress contribution which is stored in terms
of elastic energy) and the loss modulus G′′(ω) (which gives the stress contribution that is
lost by viscous dissipation), one can derive the fluid properties by applying a respective linear
viscoelastic model.

In this small strain experiment, we used again the cone-and-plate setup as presented in the
previous sections. The cone is forced by the rheometer to oscillate at given frequencies ωi

1A star denotes a complex variable.
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Figure 3.7: Results from small amplitude oscillatory rheometry of the P600G80

solution. The storage modulus G ′(ω) (circles) and loss modulus G ′′(ω) (squares)
are shown for two independent measurements. Best fit approximations of a one-
(dotted), two- (dashed) and three-component (solid) Jeffreys model are added.
The corresponding model curves of G ′′(ω) collapse as η2 is almost constant for all

the fitted curves (cf. table 3.2).

and fixed amplitude γ0 and the in-phase and out-of-phase component of the stress response
is recorded. This provides the material functions G′(ω) and G′′(ω) which are characteristic of
the given viscoelastic fluid. In order to guarantee for the applicability of the linear viscoelastic
models, the deformation amplitude γ0 has to be appropriately chosen. To find its upper limit,
the material functions are analyzed at a fixed frequency but increasing deformation amplitude.
In this preliminary so-called strain-test, exceeding the linear regime is highlighted by a drop in
the material functions.

3.3.2 Representative data

Figure 3.7 shows the result of oscillatory shear measurements of the P600G80 polymer solution.
The storage and loss modulus G′(ω) and G′′(ω) are presented as functions of the oscillation
frequency ω ranging from 0.05 rad s−1 to 10 rad s−1. The data is taken from two different
independent measurements, using different incrementation in frequency. The deformation
amplitude is set to γ0 = 1 which is at the upper limit of the linear response regime. While
the storage modulus G′(ω) ranges from 10−4 Pa to 10−1 Pa in the investigated frequency
range, the loss modulus G′′(ω) is significantly higher between 10−2 Pa and 2 Pa. Thus the
stress response of the P600G80 solution appears to be mostly Newtonian. Next, we want to
quantify this finding.

3.3.3 Evaluation of rheometric data

When inserting the applied deformation (3.18) into the constitutive equation for the Jeffreys
model (2.17), we find for the stress response

τ(t) =
η + η2λ

2ω2

1 + λ2ω2
γ0ω sin(ωt) +

η1λω

1 + λ2ω2
γ0ω cos(ωt) (3.22)
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model
η2 η1 λ1 η3 λ3 η4 λ4

(mPa s) (mPa s) (ms) (mPa s) (s) (mPa s) (s)

1 comp 174± 5 44± 1 550± 23 - - - -

2 comp 172± 2 32± 1 274± 13 14± 1 1.9± 0.1 - -

3 comp 172± 1 26± 1 223± 13 19± 1 1.1± 0.1 2.6± 0.3 12± 4

3 comp 119 56± 2 5± 2 31± 1 0.35± 0.03 11± 1 2.3± 0.2

Table 3.2: Parameters of the (generalized) Jeffreys model adapted to the oscillatory
data G ′(ω) and G ′′(ω) of the P600G80 solution. The bold entry is fixed within the
fit. The dashpot element is given by η2 (λ2 = 0). The corresponding fitting curves

are shown in figure 3.7 and 3.8.

with η = η1 + η2 and the components of the elastic modulus are respectively

G′(ω) =
η1λω

2

1 + λ2ω2
, (3.23)

G′′(ω) = η2ω +
η1ω

1 + λ2ω2
. (3.24)

The additivity of stresses according to (2.14) reflects the additive structure in (3.24) and it
reveals how to account for more than one relaxation time. When different Maxwell elements
(λk , ηk) are arranged in parallel, the respective material functions G′k(ω) and G′′k (ω) just sum
up to the total storage and loss moduli

G′(ω) =
∑
k

G′(ω) =
∑
k

ηkλkω
2

1 + λ2
kω

2
, (3.25)

G′′(ω) =
∑
k

G′′(ω) =
∑
k

ηkω

1 + λ2
kω

2
. (3.26)

This gives the so-called Generalized Maxwell model [Bir87]. Keeping the notation in our
(generalized) Jeffreys model, the relaxation time of the second (dashpot) element equals zero,
i.e. λ2 = 0. In figure 3.7, best model fits are presented for one, two and three (Maxwell)
components in parallel with a single dashpot (η2). Again, a weighting method is used to
find the optimal model parameters via the minimization of the sum of relative quadratic
errors. The moduli are adapted simultaneously to the accumulated data set gathered from
the different measurements. In table 3.2, the corresponding set of best fit parameters is listed.
Clearly, the dominating stress response is Newtonian. The viscosity of the single dashpot
element ηs ≈ 172 mPa s is significantly higher than the viscosities included in the Maxwell
elements which add up to only about 20% of the total viscosity η =

∑
i ηi . This becomes

obvious when we define a complex viscosity via

τ∗(t) = η∗(ω)γ̇∗(t) (3.27)

with

η∗(ω) := η′(ω)− iη′′(ω) =
G∗(ω)

iω
(3.28)

which gives the identities

η′′(ω) =
G′(ω)

ω
=
∑
k

ηkλkω

1 + λ2
kω

2
, (3.29)

η′(ω) =
G′′(ω)

ω
=
∑
k

ηk

1 + λ2
kω

2
. (3.30)
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Figure 3.8: Absolute value of the complex viscosity |η∗| as a function of the
oscillation frequency ω. The best fit functions from figure 3.7 have been transfered.
The flow curve from steady shear rheometry are added for comparison (η, triangles).

The so-called dynamic viscosity η′(ω) can be interpreted as the equivalent to the apparent
viscosity η(γ̇) in the steady shear experiment. However, it is well known, that η′ decreases
more rapidly with ω than η does with γ̇ [Bir87]. Cox and Merz [Cox58] empirically found
out, that for many viscoelastic fluids the values of the shear viscosity η(γ̇) equal the absolute
values of the complex viscosity |η∗(ω)|, evaluated at ω = γ̇, i.e.

η(γ̇) = |η∗(ω)|
∣∣∣
ω=γ̇

=
√

(η′(ω))2 + (η′′(ω))2
∣∣∣
ω=γ̇

=
|G∗(ω)|
ω

∣∣∣
ω=γ̇

(3.31)

Figure 3.8 provides a comparison of the viscosity data. In our case, the viscometric flow
curve η(γ̇) is still above the oscillatory data. However, the values in the limit of zero shear
and zero frequency, respectively, are identical within the variation of the data. The model-
based expressions for the storage and loss moduli (3.29) and (3.30) can be combined to
compare the model with the viscosity data. The respective curves according to the parameters
extracted from fitting the experimental moduli are shown (red curves). Clearly, all the models
overestimate the oscillatory data at high shear rates which is due to an overestimation of
η2. As there is a lack of reliable oscillatory data for higher frequencies ω & 10 rad s−1, the
extrapolation to the high frequency regime fails. Even if one fixes η2 to the solvent viscosity as
measured in steady shear rheometry and allows for three Maxwell elements in the linear model
(cf. green curve), the model fails to reproduce the trend which emerges at high frequencies
(as indicated by the arrow).

3.4 Capillary breakup extensional rheometry (CaBER)

3.4.1 Methodology & experimental setup

So far, we have presented different experimental methods aiming to extract characteristic
properties of a polymeric fluid from its viscoelastic response to a steady or dynamic stimulus
in simple shear flows in which the polymers are necessarily stretched. However, in terms
of efficiency, the simple shear is not the most reasonable one to provide a pronounced
conformational response of the polymers [Sch05]. This is due to the fact that any simple
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Figure 3.9: Sketch of the CaBER setup at different steps during the constriction
process of the capillary bridge.

shear flow can be decomposed into a pure rotational and a pure extensional contribution,
where only the latter yields a stretching of the fluid elements. In contrast, the rotational
part just re-orients the fluid elements and does not contribute to the stretching and it may
even weaken the average stretching when the stretched polymers are rotated while partially
relaxing. This tumbling motion has been observed in experiments and it has been shown that
polymers (in this case: DNA) in shear flow never reach a steady extension [Hur01].

Hence, in order to optimize the efficiency in stretching the polymers and in addressing the
elastic properties of, in particular, very low concentrated polymer solutions which possibly do
not show any significant elastic response in simple shear flow, it is reasonable to add a pure
extensional experiment to our rheometric toolkit, namely the capillary break-up extensional
rheometer (CaBER). Its setup is rather simple (cf. figure 3.9): a small amount of the sample
fluid is placed between two small, coaxial plates which face each other in short distance, such
that a capillary fluid thread is formed. Subsequently, the two plates are pulled apart from each
other in a predefined way. In doing so, the fluid thread deforms due to the liquid/air surface
tension which tends to minimize the surface area. Consequently, the minimal width of the
fluid thread h decreases. At a critical separation length, the capillary bridge becomes unstable
according to the linear Rayleigh-Plateau instability which is based on an interplay between
surface and volume forces depending on the local curvature ∝ h−1. As a consequence, the
liquid filament thins exponentially [Sat09]. Right before the virtual breakup at t = t0, which is
commonly observed for Newtonian fluids, the width of the fluid thread follows a characteristic
power law [Bre97, Day98]

h(t) ∝

{
(t0 − t)

2
3 : inertio-capillary

t0 − t : viscous-capillary
(3.32)

Depending on the importance of viscosity, one discriminates between inertio-capillary (negligible
or low viscosity) or viscous-capillary (non-negligible viscosity) thinning [Gie10, Cla10]. Here,
the capillary forces (Laplace pressure) balance with inertial or viscous forces in the filament.
While this initial thinning process is basically the same for both a Newtonian and a non-
Newtonian (polymer) fluid, in the latter case the final breakup of the fluid thread at t = t0 is
postponed by the formation of a stable, straight filament. In this regime, the surface pressure
is balanced by the elastic stresses of the polymer chains and the filament thins exponentially
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Figure 3.10: Minimal width h(t) of the capillary thread of the P600G80 solution
during the constriction process in the CaBER experiment. Three independent
measurements are shown (gray) together with their average (black circles). Clearly,
the curves can be divided into the three regions described in the text. The raw
images from individual points, numbered from 1 to 6, are represented in figure 3.11.
The inset shows how the contour of the filament develops in terms of its deviation

from a perfect parabola (R2 = 1).

with time [Bou86, Rod05, Cla10, McK05],

h(t) ∝ e−
t

λC , (3.33)

associated with a specific CaBER relaxation time λC. According to an explicit theoretical
analysis of the pure extensional flow of a multi-mode FENE (finitely extensible nonlinear
elastic) fluid [Ent97], the characteristic time scale λC can be related to the spectrum of
relaxation times of the nonlinear dumbbells. The result can be simplified to approximate
the single-mode Oldroyd-B fluid (see section 2.3), and according to this model the CaBER
relaxation time is three times the relaxation time of the Hookean dumbbell, i.e. λC = 3λ.

During the exponential thinning process, the polymers within the filament are increasingly
stretched and oriented, and depending on the viscous timescale, they can take a stationary
orientation. The surrounding liquid phase is drained into the remaining liquid caps at the
withdrawing plates. In a later stage of the thinning process, the formation of small beads on
a remaining string may be observed. This so-called “blistering” is triggered by a linear capillary
instability at some critical filament width. With further draining into the end caps and/or the
beads, the remaining filament increasingly behaves like a suspension of extended (rigid) rods
with some effective viscosity [Ent97]. Thus, a final transition from the exponential to the
linear viscous behavior h(t) ∝ (tf − t) can be observed which guides to the final rupture of
the filament at t = tf .

In our standard protocol, the upper plate raises from the lower one by a constant, low velocity
V0 (cf. figure 3.9).This method is favorable when investigating low viscous, diluted polymer
solutions since a rapid stretching of the fluid causes oscillations on the surface of the fluid
which may hinder a proper examination of the filament. A projection of the silhouette of
the fluid thread is recorded using a high-speed camera, equipped with a magnification lens
(a more detailed description of the standard experimental setup can be found elsewhere
[Zel10, Gie10]). The lateral profile is evaluated subsequently by means of a customized image
analysis software.
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Figure 3.11: Images of the fluid thread of a P600G80 solution at individual points
during the CaBER experiment. The width of each image is 320 pixels which
corresponds to 1.1 mm. The images can be related to the respective numbering in

figure 3.10.

3.4.2 Representative data

Figure 3.10 shows experimental CaBER data of the P600G80 solution in terms of the minimal
filament width h(t) as a function of time. The data of three independent measurements
(gray) are shown with the curves being horizontally shifted with respect to the resolution
limit of one pixel or the final breakup. Additionally, the averaged data are shown (black
circles). The constriction process has been recorded with a frame rate of 1 kHz using a
4-fold magnification which maps a physical length of 3.36µm to one pixel of the camera chip.
Each image displays a region of w × h = 320× 776 pixels which gives physical dimensions
of w × h ≈ 1.1 mm× 2.6 mm. The upper plate was moved with V0 = 0.44 mm/s. In figure
3.11, six raw images of the filament are shown as acquired by the high-speed camera. They
illustrate different steps during the constriction process (cf. the numbering in figure 3.10).

3.4.3 Evaluation of data

The evaluation of the raw images (as represented in figure 3.11) has been carried out by means
of a Matlab (by MathWorks) script. For each image j of the whole sequence (e.g., image no.
2), the contours of the filament yi(xi) has been extracted on both sides (red-blue-dashed
lines) within a predefined region of interest (ROI, 200 pixels in width, yellow frame) centered
at its axial centerline (yellow chain line). A threshold method was used to generate binary
images which easily allowed to find the boundary line of the filament. The minimum width h
of the filament has been extracted subsequently (cf. figure 3.10). The data clearly reflects the
three different regimes described above: the viscous-capillary (green line), the highly-viscous
(blue line) and the viscoelastic regime (red line). The latter is clearly characterized by an
exponential law h(t) ∝ e−t/λC , and the respective CaBER relaxation time λC can be extracted
correspondingly. Here, it gives

λC = (492± 1) ms . (3.34)

Additionally, the shape of the filament has been characterized. Within the region of interest,
one contour line of the filament has been approximated by a parabola (p2(x), red line). The
coefficient of determination

R2 = 1−
∑N
i=1[yi(xi)− pj2(xi)]2∑N
i=1[yi(xi)− ȳ ]2

(3.35)

with the mean ȳ =
∑N
i=1 yi(xi) of the N = Nj contour points yi(xi) of image no. j gives a

statistic of the goodness of the fit. It is one for a perfectly parabolic contour and it decays
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with increasing mismatch. The inset in figure 3.10 gives the progress of R2 during the breakup
experiment. It is obvious, that the transition from the Newtonian, inertio-capillary to the
viscoelastic thinning process is featured by a significant change in the shape of the capillary
thread. While it is almost perfectly parabolic in the beginning2 (R2 ≈ 1, cf. image no. 1, 2
and 3) the shape changes due to the formation of the straight filament (cf. images no. 4 and
5). In doing so, R2(t) exponentially decays during the further thinning process (cf. orange
line in the inset).

Obviously, R2 is appropriate to resolve even the smallest deviation from the Newtonian
thinning process (image no. 4) which is highlighted by a deviation from a perfect parabolic
filament shape by the formation of a straight filament which postpones the breakup of the
capillary bridge. Furthermore it will turn out to be an adequate variable to quantify the
different extensional rheology of similar viscoelastic fluids.

2The initial noise in R2 is due to a poor statistics as the number of contour points within the region of
interest is initially very low.



Part II

Study of viscoelastic Taylor-Couette
flow [Sch13]





Chapter4
Introduction

The Taylor-Couette flow is the flow of a fluid confined in the annular gap between concentric
cylinders which in general co- or counter-rotate with independent velocities. It has been
extensively investigated in the past for simple (Newtonian) fluids and to some extent for
viscoelastic polymer solutions, and for both it is known to be featured with a rich flow diagram
when changing the control parameters of the flow. For the Newtonian Taylor-Couette problem,
the control parameters are the Reynolds numbers Re1 and Re2 of the inner and outer cylinder,
respectively, which depend on the angular velocities Ω1,Ω2 and radii R1, R2 of inner and
outer cylinder as well as on the density ρ and viscosity η of the revolving fluid. As long as
the Reynolds numbers are small, for any combination of them, the only stable base state is
a purely azimuthal, laminar flow. However, when increasing the control parameters beyond
some critical values, this laminar base flow becomes linearly unstable and a rich sequence of
non-trivial flow patterns appears. The critical condition for the primary transition depends
on the combination of Reynolds numbers in a non-trivial manner and thus on the explicit
trajectory through the stability diagram. Remarkably, flow instability is absent when restricting
to a system where only the outer beaker is rotating. This impressively reflects the fact that
the fundamental mechanism for the instability is governed by inertia.

The Taylor-Couette flow of a viscoelastic fluid features a completely contrary scenario. Even
at vanishing Reynolds numbers far below the critical condition for primary inertial instability,
i.e. in the absence of inertia, the initially laminar flow of a viscoelastic fluid may become
linearly unstable. This transition is non-inertial by nature and it originates from the elastic
instability mechanisms described in section 2.4: elastic normal stresses are amplified in the
presence of small perturbations of the radial velocity field and couple to the curvature of
streamlines. They build up a so-called “hoop stress” which actuates a secondary flow in the
radial direction towards the center of the Taylor-Couette cell when the elastic forces are big
enough (Weissenberg effect). The critical condition is given by a critical Weissenberg number
Wic = λγ̇c which can be interpreted as the product of a characteristic polymer relaxation
time λ and a critical shear rate γ̇c . As the latter is proportional to the difference of the
rotation rates of inner and outer cylinder, the same scenario is observed at outer cylinder
rotation with the inner cylinder being at rest. This clearly hints at the fundamental differences
between Newtonian and viscoelastic Taylor-Couette flow.

Next, a short introductory abstract of the fundamental story line of elastic instability in the
Taylor-Couette flow is given, including experimental as well as theoretical and numerical
approaches from the last fifty years.
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4.1 Basic literature and milestones

Ever since M. Couette’s very first experimental investigations on the flow of a simple liquid
between two concentric cylinders [Cou87] in the late 19th century and G. I. Taylor’s first
theoretical description of its linear stability [Tay23] in 1923, the accordingly called Taylor-
Couette flow has been extensively investigated in experiments as well as in theory. Apart from
its first transition from the azimuthal, laminar base flow (called circular Couette flow) to
stationary Taylor Vortex Flow (TVF) which has been theoretically quantified [Gan64, Yu164,
Ess96, Dut07] in agreement with numerous experiments (e.g., [And86]), many more flow
patterns and structures appear in the rich stability diagram of Newtonian Taylor-Couette
flow. An instructive overview of the various flow patterns can be found in [And86] and
a comprehensive review on the Newtonian Taylor-Couette flow is given by Tagg [Tag94].
And even nowadays, after more than a century of vivid research on Taylor-Couette flow,
there are still open questions and more profound aspects such as, e.g., the explicit transition
mechanisms between neighboring flow regimes (cf., e.g., [Alt10, Hof09]). This is also owed to
the fact that the Taylor-Couette flow occurs not only in the context of fundamental physics
(here, also the spherical Taylor-Couette flow is of great interest in geo- and astrophysics) but
also of manifold industrial applications such as mixing or phase separation devices.

With the extension to the physics of complex (non-Newtonian) materials such as ferro-
[Alt11], bio- [Mus13], magnetic [Wil02] or viscoelastic (polymer) fluids, the Taylor-Couette
problem exhibited even more fascinating features and the list of available relevant literature
is presumably even larger than for the Newtonian problem. In the following, we focus here
on some fundamental publications which embed our own study within the understanding of
viscoelastic instability. Most of them are discussed in a recent review by Susan Muller [Mul08].

Based on a profound understanding of the Newtonian flow problem, early studies were focusing
on the influence of elasticity on the onset of the inertial Taylor-Couette instability observed
at high Reynolds numbers. Respective experimental studies were operated by Ginn et al.
[Gin69], Denn et al. [Den69], and others. They found a stabilizing effect of elasticity on
the laminar flow against Taylor vortices [Lar90]. However, other studies appeared to yield
contradictory results, i.e. experiments on higher concentrated solutions showed a decrease in
the critical numbers and oscillatory secondary flow was observed before stationary vortices
were established. Theoretical studies on the effect of weak elasticity in small gap systems
[Gin69, Sun72, Pet76] predicted stabilization or destabilization depending on two dimensionless
groups, (Ψ1/2ρd2) and (Ψ2/2ρd2)(R1/d) which are consequently governed by the first and
second normal stress differences, N1 = Ψ1γ̇

2 and N2 = Ψ2γ̇
2, respectively (ρ is the mass

density). Thereby, positive values of both groups tend to destabilize the flow, whereas a
negative value of Ψ2 stabilized the flow for small gaps d = R2 − R1 where the second group
becomes dominant.

After Giesekus [Gie66] first reported in 1966 the existence of a non-inertial Taylor-Couette
instability, particular attention has been paid to this new kind of purely elastic instability,
and during the last almost fifty years numerous studies have been contributing to a deeper
understanding of the fundamentals of this phenomenon. Based on sophisticated constitutive
viscoelastic models such as the Oldroyd-B model, linear stability analysis has been used to
theoretically investigate the stability of viscoelastic Taylor-Couette flow and to predict the
onset and characteristics of purely elastic instability, depending on the fluid’s explicit rheology
(shear-thinning, spectrum of relaxation times) and the system’s geometrical parameters (small
gap, finite gap, eccentricity). Here, one has to cite some of the fundamental investigations
by Muller et al. [Mul89], Larson et al. [Lar90, Lar94], Shaqfeh et al. [Sha92], Avgousti et al.
[Avg93a, Avg93b], Joo et al. [Joo94] and Dris et al. [Dri95]. With the ongoing improvement
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of image acquisition and processing techniques, more and more experiments were conducted
by means of flow visualization and with focusing on a quantitative examination of the diverse
flow patterns which appear in the course of the elasticity-induced transition to non-trivial
coherent flow states. Here, explicit pattern selection (Groisman et al. [Gro96, Gro97, Gro98a],
Baumert et al. [Bau95]) and the analysis of the spatial and temporal characteristics of the
flow (Muller et al. [Mul93], Baumert et al. [Bau99]) were addressed amongst other aspects.

In view of the proposition of a universal criterion for the onset of elastic instability of curvilinear
viscoelastic flow by Pakdel and McKinley [Pak96, McK96] (cf. section 2.4), the viscoelastic
Taylor-Couette flow problem appeared as a paradigm in the story of elastic instability since
its circular base flow naturally provides a simple identification of a characteristic radius of
curvature which is one of the main ingredients of the underlying instability mechanism. In
total agreement with linear stability analysis, a formulation of the criterion for an upper
convected Maxwell fluid (UCM) reproduces the instability criterion in terms of the geometrical
scaling prediction, i.e. Wi ∝ (R1/d)0.5. Whereas the authors showed consistency between
the geometrical scaling prediction and experimental results for the lid-driven cavity flow as
well as for the flow in the wake of a cylinder [McK96, Pak98], moderate discrepancies for
the viscoelastic cone-and-plate flow appeared. For the Taylor-Couette flow, Groisman et al.
[Gro96, Gro98b, Gro98a] experimentally validated the scaling prediction for the dependency
on the rheology Wic ∝ (η/ηp)0.5 based on the Oldroyd-B model and accounting for the
explicit shear-thinning properties of the investigated fluids. Being a conceptional proof of the
non-linear nature of the instability, the authors further showed that the transition of elastic
instability is subcritical as it yields a hysteretic behavior. However, the authors did not address
the geometrical scaling prediction.

Beside the consistencies which could be revealed between the theoretical considerations and
experimental observations, there still existed a significant discrepancy: the onset of elastic
instability in Taylor-Couette flow experiments showed up at critical Weissenberg numbers
which were commonly about one magnitude smaller then the predictions given by linear
stability analysis. However, by taking into account the energetics of the investigated system,
i.e. temperature-depend viscosity as well as viscous heating and a temperature difference of the
boundaries, Al-Mubaiyedh et al. [Al-99, Al-00] theoretically predicted a transition to instability
at significantly lower critical Weissenberg number than in the isothermal case. It is associated
with a new kind of stationary, axisymmetric instability mode which is driven by viscous heating
as the latter leads to a stratification of the hoop stress which further drives a radial secondary
flow. By accounting for the long time scale on which the temperature profile fully develops
and accurate temperature control of the boundaries, White et al. [Whi00, Whi03] were able
to experimentally validate the theoretical prediction.

4.2 Scientific relevance and perspective of the present study

On the first sight, the short overview from above about elastic instability in the Taylor-Couette
flow may appear fully coherent when carefully accounting for all the relevant parameters such
as viscous heating or shear-thinning. However, a closer look exhibits some open questions
and inconsistencies which motivated to elaborate the following study. First, we have to
point out that there exist to our knowledge no other experimental data about the onset
of elastic instability in the Taylor-Couette flow with an explicit focus on the scaling on the
geometrical parameters of the system than those by Muller et al. [Mul89] (dealing with a
Boger fluid). However, their data show some clear inconsistency when comparing it with the
geometrical scaling coming along with the linear stability analysis (accounting for axisym-
metric disturbances) and the prediction of the instability criterion by Pakdel and McKinley,
both based on the Oldroyd-B model (which is known to reproduce the rheological shear
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properties of Boger fluids). The authors proposed to account for a spectrum of relaxation
times to improve the agreement. Second, the data by Muller et al. give the onset of elastic
instability based on different Taylor-Couette geometries that differ not only in the radius of
curvature but also in the gap width. As it is the parameter which defines the length scale
of the system and of the secondary flow in the gap, it should be kept constant in order to
investigate the pure influence of the curvature on the onset of instability. Additionally, the
numerical data by Joo et al. [Joo94] showed some lack of integrity, i.e. when extracting the
data of critical Weissenberg number Wi and modified Weissenberg number (d/R1)0.5Wi for
the non-axisymmetric (m = 1) perturbation mode in the finite gap system, the data can-
not be transformed to each other by rescaling with the root of the relative gap width (d/R1)0.5.

Facing these remaining discrepancies in the elaboration of viscoelastic Taylor-Couette flow, the
objective of the present study is to supplement to the extensive understanding of viscoelastic
Taylor-Couette flow instability gained over the last decades as presented above and to provide
an even more consistent picture of the story. In doing so, we first have to introduce the
Oldroyd-B model in more detail, featuring its linear stability analysis for small and finite gaps
and its adaption to the Pakdel-McKinley criterion in the small gap formulation. This will
be found in section 4.3 where the aforementioned discrepancies to the experimental data
by Muller et al. are specified. In the main part of the study, we subsequently present the
results of our extensive investigations on the viscoelastic Taylor-Couette flow, combining
experimental data with theoretical and numerical considerations. Here, we start with an
in-depth characterization of the set of various polymer solutions by means of steady rotational
shear, small amplitude oscillatory, relaxation and capillary breakup measurements (section 5)
and involving an interpretation by means of appropriate rheological models with the aim to
extract the characteristic rheometric properties. Equipped with a thorough characterization
of the working fluids, we continue in section 6 with a presentation of the experimental setup
which involves a set of customized Taylor-Couette cells with a joint width of the annular
gap (d = 1 mm) as suggested above. The evaluation of the systematic Taylor-Couette
measurements with regard to the Pakdel-McKinley criterion based on its formulation for
finite gap widths is the subject of the sections 7 and 8. Here, we explicitly focus on its
geometrical as well as its rheological scaling prediction. The results are contrasted with a
comprehensive linear stability analysis (section 9) based on the standard Oldroyd-B model
as well as on a customized hybrid model that describes fairly well the rheometry of our
investigated polymer solutions. Here, we also address the observed discrepancy in the data by
Joo et al. [Joo94] and we provide a widespread set of accurate critical Weissenberg numbers
for the onset of purely elastic instability of various Oldroyd-B fluids. Facing the hybrid model,
the effect of non-isothermal flow properties on the geometrical scaling of instability are
additionally considered. Section 10 addresses the problem of polymer degradation which
appears to be omnipresent in our experiments. Its impact is investigated within the scope of
a supplementary experimental study in an individual Taylor-Couette cell. Finally, the overall
findings are summarized and discussed in section 11.
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4.3 The Taylor-Couette flow of an Oldroyd-B fluid... reloaded

4.3.1 The base flow

The Oldroyd-B model (cf. section 2.3.2) is known to describe fairly well the rheology of dilute
solutions of highly elastic polymers with constant shear viscosity (so-called Boger fluids). It
is a paradigm for the investigation of viscoelastic Taylor-Couette flow instabilities, as the
underlying constitutive equations can be easily solved for the base flow. Starting with the set
of constitutive equations (2.47)–(2.50), the time-independent purely azimuthal, axisymmetric
Taylor-Couette base flow of an Oldroyd-B fluid(

v(r), p(r), τ(r)
)

Base
=
(
Vθ(r)eθ(r), P (r), T s(r) + T p(r)

)
(4.1)

is governed by the equations
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Vθ(r) = −ηpγ̇(r) , (4.5)
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)
Vθ(r) = 2ληpγ̇(r)2 . (4.6)

With the common ansatz Vθ(r) = rα and by forcing the most general boundary conditions

Vθ(r = R1) = Ω1R1 , Vθ(r = R2) = Ω2R2 , (4.7)

equation (4.3) gives the radial velocity profile
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Ω2R

2
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2
1

R2
2 − R2

1
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1R
2
2

(R2
2 − R2

1)r
. (4.8)

Obviously, in the Oldroyd-B model the base velocity profile is not influenced by the polymeric
contribution in the stress tensor. Furthermore the only non-zero component of the rate-of-
deformation tensor γ̇ is given by the shear component (shear rate)

∣∣(∇v +∇v†
)
rθ

∣∣ =

∣∣∣∣( ∂∂r − 1

r

)
Vθ(r)

∣∣∣∣ =
|Ω1 −Ω2|

ε

2(ε+ 1)2

ε+ 2

R2
1

r2
=: γ̇(r) (4.9)

with the relative gap width ε = d/R1 = (R2 −R1)/R1. Hence, the Taylor-Couette base flow
is a pure shear flow and the total shear stress is proportional to the shear rate

Trθ(r) = (ηs + ηp)γ̇(r) = ηγ̇(r) (4.10)

with the total shear viscosity η = ηs + ηp. Thus, in terms of the velocity profile and the shear
component of the stress tensor, the polymer contribution in the Oldroyd-B model does not
give rise to any non-Newtonian flow property. However, in contrast to the pure Newtonian
case, the first normal stress (difference) is no longer zero but scales quadratically with the
shear rate and linearly with the polymer relaxation time λ as well as with the viscosity ηp, i.e.

N1(r) = Tp,θθ(r) = 2ληpγ̇(r)2 = Ψ1γ̇(r)2 . (4.11)
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Ψ1 is called the first normal stress coefficient. This additional normal stress component
couples to the pressure field P (r) via (4.2) and counteracts the inertial forces ∝ ρV 2

θ . This is
the physical manifestation of the “hoop” stress which finally gives rise to the elastic instability
mechanism presented in section 2.4.1. As expected and already emphasized in the introductory
section of this chapter, this non-linear effect on the normal (hoop) stress depends only on the
difference of the angular rotation rates Ω1 −Ω2, and it does not make a difference between
inner or outer cylinder rotation which is contrary to the inertial instability mechanism.

Thus, without loss of generality, we can simplify to the case of a rotating inner cylinder
(Ω1 = Ω) and an outer cylinder at rest (Ω2 = 0), and in the following we will focus on this
standard Taylor-Couette flow throughout the presented work.

4.3.2 The Pakdel-McKinley criterion for the Taylor-Couette flow in the
small gap approximation

The viscoelastic Taylor-Couette flow of an Oldroyd-B fluid is a paradigm of a flow that provides
the essential conditions needed to actuate the elasticity-induced instability mechanism proposed
by Pakdel and McKinley (cf. section 2.4.2): one can easily identify a well-defined characteristic
curvature of streamlines and the components of the polymer stress tensor take simple forms
(cf. (4.10), (4.11)). In the common approximation of small gap

0 < d � R1 <∞ ⇔ 0 < ε� 1 (4.12)

the shear rate (4.9) is constant across the gap,

γ̇sg =̇
Ω

ε
, (4.13)

and with the definitions of a characteristic velocity U = ΩR1, radius of curvature R = R1

and the stress components (4.10) and (4.11), the instability condition (2.74) is given by

√
DeWi =

√
εW i ≥

M√
2(1− β)

(4.14)

with the dimensionless Deborah number De = λΩ and the dimensionless Weissenberg number

Wi =
τp,θθ(γ̇)

2τp,rθ(γ̇)
= λγ̇ = λ

U
L (4.15)

which are interrelated by (4.13). The definition of the Weissenberg number according to (2.51)
corresponds to the formulation via the non-dimensionalization of the constitutive equations
of the Oldroyd-B model (cf. equation (2.73)) with the definition of the characteristic length
L = d = εR1. Aside from ε and Wi , the relative viscosity β = ηs/η appears in the criterion
(4.14).

The term
√
εW i is denoted as the modified Weissenberg number [Lar92]. For the most simple

case of an upper convected Maxwell (UCM) fluid (i.e. β = 0), equation (4.14) simplifies
to 2εW i2 ≥ M2 which gives a criterion analogous to the inertial Taylor-Couette instability
[Tay23, Cha61, Lar92, Gan64]

Ta = 2εRe2 & 3400 (4.16)

by replacing the Reynolds number

Re =
ρUL
η

=
ρΩR1d

η
(4.17)

with the Weissenberg number. Thus, in the elastic Taylor-Couette instability, the modified
Weissenberg number plays an analogous role as the Taylor number Ta in the description of
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the inertial instability. However, we have to keep in mind that the critical Taylor number
(4.16) exclusively gives the onset of inertial instability for inner cylinder rotation at fixed outer
cylinder. It takes a much more complicated form when outer cylinder rotation is accounted
for (cf. [Ess96, Dut07]).

Equation (4.14) predicts the onset of elastic instability in terms of a critical modified Weis-
senberg number being a function of the relative viscosity β = ηs/η only and proportional to
some constant M. In particular, in the small gap approximation of the Taylor-Couette flow of
an Oldroyd-B fluid, the modified Weissenberg number is predicted to be independent of the
explicit geometrical parameter ε at hand.

4.3.3 Review on Linear Stability Analysis

Small gap (sg) approximation. Apart from the explicit dependence on the relative viscosity
β, the prediction given by the Pakdel-McKinley criterion is consistent with a linear stability
analysis of the Taylor-Couette base flow of an Oldroyd-B model assuming small axisymmetric
(m = 0) perturbations. In the small gap approximation, the analysis predicts [Lar90] the
criterion for instability to be

small gap (ε� 1) →
√
εW i ≥

5.92± 0.02√
K(S)

(4.18)

with the definition of the Weissenberg number according to (4.15) and an analytic function1

K(S) =
4
√
χ
[
S2χ2 + 4S2(S + 1)χ+ (4S3 + 7S2 + 4S + 1)

]
(1 + χ)2 [(S + 1)2 + χS2]2 , (4.19)

where χ is the minimum positive solution of the cubic equation

S3χ3 + S(7S2 + S − 1)χ2 + (3S2 + 2S2 + 2S + 1)χ− (3S2 + 7S2 + 5S + 1) = 0 (4.20)

and S = ηs/ηp = β/(1 − β). K is unity in the UCM limit (β = S = 0), it raises to a
maximum of Kmax ≈ 1.73 at S ≈ 0.24 (β ≈ 0.19) and monotonically decreases towards
zero when further increasing S → ∞ (or β → 1, respectively). Figure 4.1 represents this
rheometric scaling in terms of the modified Weissenberg number, comparing the results of the
linear stability analysis (small gap (sg), axisymmetric (m = 0), black line) and the small gap
prediction of the Pakdel-McKinley criterion (red line). Here, the parameter M is arbitrarily set
to M = 8.37 ≈ 5.92

√
2 in order to meet the result of the linear stability analysis for β = 0.

For both limits β → 0 and β → 1 (dashed and chain line, respectively), i.e. for Maxwell-like
and Newtonian-like fluids, the asymptotical scalings are strikingly similar. Figure 4.2 shows the
numerical data for β = 0.79 (S ≈ 3.8) and different gap widths ε (open triangles). It predicts
the critical modified Weissenberg number to be

√
εW ic ≈ 5.92/

√
K(3.8) ≈ 7.58. The

Pakdel-McKinley criterion reproduces this geometric scaling, but significantly overestimates
the absolute value

√
εW ic(β = 0.79) ≈ 12.92 when (arbitrarily) fixing M = 8.37 to obtain

the same value at β = 0.

1In the original formula for K(S) in the publication by Larson et al. [Lar90], a misprint is found in the
first term of the bracket in the numerator: there, it reads Sχ2 which is incorrect. Furthermore, a discrepancy
is found in the limit χ∞ := limS→∞ χ(S) ≈ 0.475. We calculate a value of χ∞ ≈ 0.464. Consequently, as
limS→∞K(S) = 16

√
χ∞/(1 +χ∞)3/S, the asymptote is given by limS→∞K(S) ≈ 3.473/S (and not 3.436/S).
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Figure 4.1: Pakdel-McKinley criterion (4.14) versus linear stability analysis (axi-
symmetric (m = 0), Larson et al. [Lar90]) within the limits of small gap ε� 1.

Finite gap (fg). Both, equation (4.14) and (4.18) are based on the assumption of small
gap ε� 1 and the corresponding approximation (4.13), respectively. If this assumption does
not hold, the equations (4.13)–(4.18) lose their validity. Joo and Shaqfeh [Joo94, Sha92]
expanded the linear stability analysis by accounting for the exact value of the shear rate
in the gap, given by equation (4.9). Figure 4.2 shows the respective numerical results2

for an Oldroyd-B fluid (β = 0.79, m = 0, open squares). Obviously, finite-gap effects are
monotonically stabilizing and generally increasing the critical value of the modified Weissenberg
number at which the flow becomes unstable. This finding is consistent with the inertial
instability of Newtonian Taylor-Couette flow which is equally stabilized by finite gap effects
[Ess96, Dut07]. While the previous results of linear stability analysis only consider the
axisymmetric mode of perturbation, non-axisymmetric modes m ≥ 1 are well known to be
more unstable [Joo94, Avg93a]. In figure 4.2 the analysis for the first non-axisymmetric mode
(m = 1) for β = 0.79 and finite gap is shown (filled squares). Obviously, the m = 1 neutral
curve shows a different geometric scaling on ε compared to the axisymmetric (m = 0) mode.

4.3.4 Experimental data

To our knowledge, the only experimental study focusing on the explicit geometric scaling
of elastic instability in the Taylor-Couette system can be found in the work of Muller et al.
[Mul89, Lar90]. It refers to the investigation of a Boger fluid with β ≈ 0.79 and thus can
be directly related to the above presented findings of the linear stability analysis (actually,
the results of the experimental study and the already presented linear stability analysis were
released in joint publications by Muller and Larson). The respective critical modified Weis-
senberg numbers are also presented in figure 4.2. They are calculated from the critical shear
rates extracted from rheometric stress data by using the relaxation time provided by steady
shear normal stress data and calculated according to equation (4.11). Both, the small gap
(blue filled triangles) as well as the finite gap formulation (calculated at the inner cylinder

2Extracted from the original publication by Shaqfeh et al. [Sha92].
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Figure 4.2: Results from various linear stability analyses (small gap (sg): m = 0

[Lar90]; finite gap (fg): m = 0 [Sha92], m = 1 [Joo94]), theoretical considerations
and experiments [Mul89] concerning the onset of purely elastic instability for an

Oldroyd-B fluid with β = 0.79.

γ̇(R1), blue open squares) of the shear rate according to (4.13) and (4.9), respectively, give
significant deviations from the results of the linear stability analysis, not only with respect
to the absolute magnitude of the critical values but also with respect to their dependence
on the geometrical parameter ε. Even when following the authors’ proposition to use of an
alternative relaxation time from transient normal stress relaxation (cf. blue half-filled squares),
the mismatch could not satisfactorily be resolved.

Aiming to contribute to a more consistent picture of elastic instability by answering the still
open question presented above, we present in the following sections the results of a vast
Taylor-Couette study, in which we investigated various, initially thoroughly characterized
viscoelastic polymer solution, with regard to their elastic flow behavior in different customized
Taylor-Couette geometries. The experimental results are subsequently analyzed by means
of both explicit linear stability analyses and based on the instability criterion by Pakdel and
McKinley.





Chapter5
Fluid samples

5.1 Preparation of polymer solutions

In our experimental study, we used commercial batches of highly elastic, long-chained polyacry-
lamide (PAAm, [C3H5NO]n) which was dissolved in different Newtonian solvents. Table 5.1
gives an overview of the investigated solutions. By varying the (weight-averaged) molecular
weight Mw of the polymers ((5–6) × 106 Da or 18 × 106 Da, in the following referred to
as “lightweight” and “heavyweight”, respectively), their concentrations cPAAm (ranging from
150 ppm to 1200 ppm) as well as the Newtonian solvents (aqueous glycerol or sucrose mixture),
we get viscoelastic solutions with different rheological properties. Without proof, we assume
the polymers to exhibit a Gaussian molar mass distribution centered at the nominal values
mentioned above and characterized by a rather broad width for the “lightweight” compared to
the “heavyweight” batch.

The glycerol-based solutions (P150G80, P600G80 and P1200G80) were prepared in the following
way: The polymer powder (Mw = (5–6)×106 Da, polyacrylamide by Sigma-Aldrich No. 92560)
was first dissolved in distilled water at moderate shaking and stirring for 24 hours at ambient
temperature (≈ 23 ◦C). Subsequently, the appropriate amount of glycerol was added and the
whole solution was gently stirred for another period of 24 hours. The resulting solutions turned
out to be very robust against chemical degradation and they could be used even months after
the preparation without any change in their rheometric properties. The sucrose-based P500S58
solution was prepared in the same way just by replacing the glycerol with sucrose. However,
all the measurements with this solution had to be performed shortly after their preparation
in order to avoid infestation of mold (the sucrose solution is a perfect culture medium for
bacteria). The synthesis of the P80S64 and P150S65.6 solutions were performed according to
a different procedure following the publications by Steinberg et al. [Gro00, Gro01, Bur07].
A polymer master solution contained 3000 ppm or 5000 ppm (for the 80 ppm and 150 ppm
solution, respectively) of polyacrylamide (Mw = 18× 106 Da, by Polysciences, no. 18522)
which was dissolved in an aqueous solution of 1% sodium chloride under moderate stirring
(∼250 rpm) for 3 hours in order to put the solution under mechanical degradation and cut
the upper tail of the molecular weight distribution. Subsequently, isopropanol and sodium
azide were added to reach concentrations of 1% and 250 ppm, respectively, and after one
hour of mixing, the solution was stored at 4 ◦C. Appropriate amounts of the polymer master
solution were mixed with respective amounts of a sugar master solution (an aqueous solution
of 65.6% saccharose, 1% sodium chloride, 250 ppm sodium azide) and a buffer solution (an
aqueous solution of 1% sodium chloride, 250 ppm sodium azide) to obtain the demanded
concentrations of polymer and sugar. The use of small amounts of sodium azide which is
a strong toxin for organic compounds, allowed to keep the solutions over a longer period



52 Fluid samples

without chemical degradation.

No. Name
Polymer conc. Mol. weight Solvent (X+H2O) Temp.

cPAAm (ppm) Mw (106 Da) X % ϑ (◦C)

1 P150G80 150

5–6*

glycerol 80 10

2 P600G80 600 glycerol 80 10

3 P1200G80 1200 glycerol 80 10

4 P500S58 500 sucrose 58 10

5 P80S64 80
18**

sucrose 64 22

6 P150S65.6 150 sucrose 65.6 23

Table 5.1: Listing of the analyzed PAAm solutions (Sigma-Aldrich No. 92560
(*), Polysciences No. 18522 (**)). The high-molecular weight solutions (**)

additionally contain small amounts of sodium chloride and sodium azide.

5.2 Rheometric properties of polymer solutions

The polymer solutions were characterized by means of different rheometric experiments, namely
steady shear, shear rate relaxation, small amplitude oscillatory and extensional rheometry.
The respective methods are described in detail in section 3. For each solution, the particular
operation temperature was fixed for all the measurements according to table 5.1 within the
accuracy and precision of the respective setup. Multiple independent measurements of fresh
samples were performed in order to quantify the quality of the data. A summary of the
averaged rheometric parameters with respective standard deviations is given in table 5.3 and
the corresponding raw data can be found in the appendix A.

5.2.1 Steady shear rheometry

Based on a two-component hybrid model according to the relations (3.7) and (3.8), both the
apparent shear viscosity as well as the normal stress data of each polymer solution can be
reasonably reproduced by means of a combination of an Oldroyd-B and an sPTT component
with associated parameters (ηs , ηU , λU) and (α, ηP , λP ), respectively. While the first primarily
reproduces the quadratic scaling of the normal stress data, the latter accounts for the shear
thinning of the apparent viscosity as well as the slight non-quadratic corrections to the normal
stress. The extracted parameters are reliable, i.e. independent measurements give best fit
parameters within a rather small range and the associated standard deviations are rather
small, accordingly. This is true for the Oldroyd-B parameters and also for the viscosity ηP .
However, the relaxation time λP and the parameter α cannot be reliably determined, as the
standard errors of the parameters from a single fit are large and in the order of the fitted value
itself. Thus, we cannot rely on this fitting parameter. However, when evaluating the product
α(λP )2 for each fit, one obtains reasonable results. We already discussed this problem above
(cf. section 3.1).

An evaluation of the UCM relaxation times of the glycerol-based solutions exhibits a power
law dependency on the polymer number density n ∝ cPAAm, i.e. λU ∝ n0.46±0.01 with
n = cPAAmρNA/Mw (cf. figure 5.1). cPAAm, ρ, NA and Mw are the polymer concentration,
mass density, Avogadro constant and molecular weight, respectively. Furthermore, the
corresponding viscosity component also scales via a power law with ηU ∝ n1.12±0.01. This
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Figure 5.1: Relaxation times λrheo (red), λU (green), viscosities ηU (blue), ηP

(pale blue) and product α(λP )2 (magenta) from the steady shear rheometry in
dependence of the polymer number density n = cPAAmρNA/Mw . The data of the
glycerol-based solution (circles) obey power laws in dependence of n (dashed lines).
The same scaling laws (dash-dotted lines) are adapted to the high-molecular weight

solutions (triangles, stars).

gives a first normal stress coefficient Ψ1 ∝ ηUλU ∝ n1.58±0.02 which is in notable agreement
with the findings of Zell et al. [Zel10], who measured an exponent of 1.5 by evaluating a
series of normal stress data according to the Oldroyd-B model (4.11). It is worth mentioning
that the data by Zell et al. were acquired at room temperature and not at 10 ◦C as in the
present case. Obviously, a change in temperature only affects the polymer number density via
changing the mass density and not the scaling itself. However, by using η ∝ λn (cf. (2.45))
the authors concluded a relaxation time λ ∝

√
Ψ1/n ≈ n0.25. Obviously, the discrepancy

in the scaling for the relaxation time λU is due to the different scalings for the viscosity
ηU . Here, one has to recall that we cannot explicitly separate between the different number
densities nU and nP associated with the UCM and the sPTT component, which does not
allow for a consistent evaluation based on nU . Thus, it is not surprising, that in our case
the ratio ηU/λU is not proportional to n but gives ηUλU ∝ n0.66. The sPTT component of
the glycerol-based solutions obeys power laws for the viscosity and the parameter α(λP )2

according to ηP ∝ n1.32±0.08 and α(λP )2 ∝ n0.56±0.04, respectively.

The sucrose-based P500S58 solution which involves the same polymer (Mw = (5–6)×106 Da)
as the glycerol-based solutions exhibits a systematic difference when comparing the respective
model parameters from the steady shear experiment. All the values are lower than the
interpolation from the glycerol-based solution suggests. This hints to the different quality of
the sucrose solvent compared to the glycerol solvent, which affects the rheometric quantities.
The scaling of the high-molecular weight solutions (Mw = 18× 106 Da) cannot be quantita-
tively evaluated as the sucrose concentrations differ in the P80S64 and P150S65.6 solution.
Furthermore, the respective measurements were conducted at slightly different temperatures.
However, when neglecting these error sources (at least for the viscosity one can suggest a
partially compensating effect of a slightly increased concentration and temperature) the data
suggest a more pronounced dependency on the number density. This indicates a bigger size
of the polymer chains, which affect the hydrodynamic interaction with the surrounding solvent.
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The data are extracted from several independent steady shear measurements in

the cone-and-plate setup.

The definition of the Weissenberg number Wi as a function of the shear rate γ̇ according
to (2.51) is straightforward for the Oldroyd-B model, as the model only provides a single
relaxation time λ which scales the normal stress according to N1 = 2ληpγ̇

2. With the
knowledge of ηp, it can be simply extracted by fitting the normal stress data. This is
consistent with the more natural definition of Wi via equation (2.73), i.e. the first normal
stress difference to the (polymeric) shear stress. In our hybrid model, the situation is more
complex as it incorporates two relaxation times λU , λP of the two polymer components of
viscosity ηU , ηP . Consequently, there is no a priori definition of Wi according to (2.51) and we
have to modify it. Instead, we will make use of the definition via the stress components and,
as we don’t need to care about consistency to (2.51), we additionally include the Newtonian
stress component in the formulation. Thus, the most intuitive definition of the Weissenberg
number for our hybrid model is

Wi rheo(γ̇) =
Στ11(γ̇)

2Στ12(γ̇)
=

Σ N1(γ̇)

2Στ12(γ̇)
=

2ηUλU γ̇2 + τP11(γ̇)

2 (ηs + ηU) γ̇ + 2τP12(γ̇)
. (5.1)

Here, the first normal stress data N1 equals the normal stress τ11 as τ22 equals zero for
both Oldroyd-B and sPTT fluids (cf. chapter 9). We call (5.1) the rheological Weissenberg
number, as it allows us to directly translate the shear rheology, i.e. the steady shear and
normal stress data as a function of the shear rate, to the dimensionless parameter. Figure
5.2 represents the rheological Weissenberg number for the P600G80 solution as calculated
from the rheometry data (cf. figure 3.2). Within the range of reliable normal stress data
γ̇ & 25 s−1, the data follow a power law, i.e.

Wi rheo(γ̇) = (λrheoγ̇)n
rheo

. (5.2)

with parameters

λrheo = (33± 2) ms , (5.3)

nrheo = 0.96± 0.03 . (5.4)
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The deviation from the linear dependence on the shear rate as given by the Oldroyd-B model is
rather weak for this solution since the shear thinning of the viscosity as well as the deviations
of the normal stress from the quadratic scaling with the shear rate are minor, i.e. the power
law exponent nrheo approximately equals unity for most of the investigated polymer solutions
(cf. the appendix for the other corresponding data plots). Furthermore, we can define a
rheometric Weissenberg number λrheo which is characteristic for the solutions. Table 5.3
summarizes the best fit parameters. Again, for the glycerol-based solutions one can extract
a power law dependence on the number density n according to λrheo ∝ n1.1±0.1 (cf. figure 5.2).

The derivation of the Oldroyd-B model is based on the assumption of non-interacting Hookean
dumbbells and thus it is in fact only valid for dilute polymer solutions and small elongations
(i.e. low shear rates), where the molecules have minimal overlap [Lar92]. Even if it is reported
in literature (e.g., [Ann01]) that semidilute solution may show in viscometric experiments
a behavior consistent with that of a dilute solution, an estimate of the so-called overlap
concentration c∗ is important to interpret our rheometry. For this purpose, we further evaluate
our viscosity data.

As a rule of thumb, for polymer solutions of high molecular weight, the concentrations
must not be higher than a few tens of a weight percent. Otherwise, above some overlap
concentration c∗, the polymer molecule begin to “touch” each other and interactions cannot
be neglected any longer. A reasonable estimate of the overlap concentration has to account
for all properties of the molecules (molecular weight, chemical composition) as well as the
quality of the solvent (poor or good solvent, cf. section 10.1) which further depends on
the temperature. All these intrinsic properties influence the initial conformation of a single
polymer chain (i.e. an infinite dilute solution) and thus its size, but their explicit effect and
interplay is hard to quantify. However, it can be motivated, that the dimension of an isolated
polymer chain in solution, i.e. the occupied volume ∝

〈
R2
〉3/2 of a single polymer molecule,

depending on some estimate of the mean-square end-to-end length
〈
R2
〉
, is related to the

so-called intrinsic viscosity [η] which is defined as the ratio of the increase in the specific
viscosity ηsp to the concentration c of the solute (polymer) in the limit of zero concentration
[Flo74], i.e.

[η] = lim
c→0

ηsp(c)

c
= lim
c→0

ηrel(c)− 1

c
, (5.5)

with the relative viscosity ηrel = 1 + ηsp = η/ηs . Graessley [Gra74] suggested the range
1 < c [η] < 10 to separate the regimes of low and high concentration for random (unloaded)
coils in a good solvent [Yin87] which makes the critical concentration for the transition from
the dilute to the semi-dilute regime to be c∗ = 1/[η]. Later on [Gra80], the authors suggested
a concentration of c∗∗ ≈ 0.77c∗ to give a more rigorous overlap condition. There are many
suggested methods to extract the intrinsic viscosity from the viscosity data ηrel(c) [Koz96]
which typically involve the extrapolation of the rescaled viscosities to zero concentration
according to 5.5, and they are associated with different formulations of the relative/specific
viscosity in the concentration. One possible established formulation is the Huggins equation

ηrel(c) = 1 + [η]c + kH[η]2c2 (5.6)

which satisfies equation (5.5). The Huggins coefficient kH measures the inter-particle
interaction of the solute (polymers) at appreciably concentrations. In the accordingly called
Huggins plots, the rescaled viscosity ηsp(c)/c is plotted versus the concentration, and the
intrinsic viscosity is the extrapolated intercept at c = 0. However, this method requires
highly accurate viscosity data for the small concentrations as errors in the measurements
of the viscosities magnify the error in ηrel/sp(c)/c when c is small. Furthermore, by means
of this evaluation method, the data at c = 0 (which is the solvent viscosity ηs) cannot be
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Figure 5.3: Specific viscosities of the investigated polymer solutions. The overlap
concentrations are estimated based on different approaches (cf. the text).

accounted for. Alternatively [Koz96], it is more reasonable to fit the specific viscosity data to
a function that satisfies ηsp(0) = 0 and to extract the slope [η] = dηsp/dc |c=0. In doing so,
the data at zero concentration is added to the set of evaluable data. Figure 5.3 presents the
specific zero-shear viscosities according to the steady shear rheometry. For the glycerol-based
solutions, further data points were added for concentrations c = 50 ppm, 300 ppm and
900 ppm (green circles). A quadratic fit according to equation (5.6) estimates the intrinsic
viscosity [η] = (1.11 ± 0.05) · 10−3 ppm−1 and the Huggins coefficient kH = 0.37 ± 0.07.
Accordingly, the overlap concentration for polyacrylamide (Mw = (5–6)× 106 Da) dissolved
in an aqueous 80% glycerol solvent at ϑ = 10 ◦C is c∗ = 1/[η] = (901 ± 37) ppm or
c∗∗ = (694± 28) ppm. c∗ is the concentration where the linear approximation of the specific
viscosity is unity. Interestingly, the more rigorous estimate c∗∗ ≈ 0.77c∗ gives the point
where the Huggins interpolation of the specific viscosity equals unity, i.e. the additional
contribution of the polymer of concentration c∗ to the viscosity approximates the solvent
viscosity ηp(c∗) = η(c∗)−ηs ≈ ηs . This finding corroborates the choice of c∗∗ as a reasonable
estimate for the overlap concentration and it agrees with the approach by Larson et al. , who
evaluated the relation 0 < ηsp(c) . 1 for a dilute polymer solution [Lar92]. According to this
criterion, we have to consider our P1200G80 solution as a semi-dilute polymer solution.

For each of the sucrose-based solutions, only one concentration data point is available and
an evaluation based on a dilution series is not possible. However, as the concentration
c∗∗ appears to be a coherent estimate of the overlap concentration in terms of the virtual
intersection of the ηsp(c)-curve and the horizontal (ηp(c) = ηs)-line, i.e. ηsp(c∗∗), we can
give a qualitative answer to the question, whether the solution is to be considered as dilute or
semi-dilute. As the data of the P500S58 and the P80S64 solution are definitely smaller than 1
(ηp(c) < ηs), they can be considered as dilute whereas the P150S65.6 appears to be already
in the semi-dilute regime. Nonetheless, for the sake of a complete quantitative determination
of the overlap concentration, we emphasize the use of the so-called Solomon-Ciuta equation
[Pam08]

[η]SC =

√
2

c

√
ηsp(c)− ln ηrel(c) =

√
2

c

√
ηsp(c)− ln[ηsp(c) + 1] (5.7)

which allows for a quantitative approximation of the intrinsic viscosity from just a single
concentration measurement. It is based on the combination of the Huggins equation and
the so-called Kraemer equation which gives an alternative second order expansion of the
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Method Parameter G80 S58 S64 S65.6

Dilution series
[η] (10−3ppm−1) 1.11± 0.05 − − −
c∗∗ (ppm) 694± 28 − − −
kH (−) 0.37± 0.07 − − −

Solomon-Ciuta
[η]SC (10−3ppm−1) 1.12± 0.05† 1.3± 0.3 3.1± 5.6 5.8± 1.1

c∗∗∗ (ppm) 691± 29† 595± 117 252± 462 134± 26

kH (−) 0.36± 0.40† 0.35± 0.57 0.34± 9.8 0.35± 0.50

Table 5.2: Intrinsic viscosities and overlap concentrations at zero shear rate,
estimated by different approaches. Values denoted with a dagger (†) correspond to
the statistics of the single-point evaluations for the various concentrations of the

glycerol solutions.

logarithm of the relative viscosity in the concentration c according to

ln ηrel(c) = [η]c +
2kH − 1

2
[η]2c2 (5.8)

which is also compatible with the required condition (5.5).

Table 5.2 summarizes the estimates of the intrinsic viscosities, overlap concentrations and
Huggins coefficients, evaluated according to the Huggins equation (5.6) for the dilution series
of the glycerol solutions and calculated via the Solomon-Ciuta equation (5.7). Even if the
single-point evaluation gives large errors based on a worst-case error propagation according
to the errors in the specific viscosities, the accuracy of the mean values is remarkable.
The calculated overlap concentrations c∗∗∗ = 0.77/[η]SC give excellent estimates for the
inter- or extrapolated intersection points ηsc(c∗∗∗) = 1 (cf. red points in figure 5.3). One
has to emphasize that these points are calculated by the specific viscosity of just a single
concentration which may be far below the overlap concentration. This finding is corroborated
by the evaluation of the dilution series according to Solomon-Ciuta: when calculating [η]SC

according to (5.7) for the various concentrations of the glycerol solutions, the associated
mean value perfectly agrees with the Huggins estimate. And so does the derived values of
c∗∗∗ and kH, even if the standard error in kH is large.

Pamies et al. [Pam08] showed that if the viscosity data is adequately represented in quadratic
form due to the Huggins equation, the evaluation of the intrinsic viscosity according to the
single point Solomon-Ciuta formalism is exact (i.e. independent of the chosen concentration
c), when kH = 1/3. This is very close to the (mean) values of kH extracted for the different
solutions and it explains why the data turns out to be robust when evaluating the glycerol
data of different concentrations. Vice versa, we can trust the overlap concentrations for the
sucrose solutions regardless of the concentration used in the calculus. As mentioned above,
the Huggins coefficient kH characterizes the direct interaction between the polymers and it is
strongly correlated to the shape of the polymers in the solution. In [Pam08], a comprehensive
list of kH-values is given for several systems. For flexible polymer chains, it ranges between
0.2 to 0.8 and it takes most frequently a value of about 0.3 in good solvents. Recently
[Hua10], the Huggins coefficient has been estimated by mesoscale simulations to be 0.35 for
a flexible polymer in a good solvent. This finding is highly convenient for the applicability of
the Solomon-Ciuta method which is corroborated by our rheometric results.

In the above discussion, the intrinsic viscosity and the Huggins coefficient correspond to the
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Figure 5.4: Specific viscosity of the PG80 solutions. The data were extracted from
the viscometric flow curves of the steady shear rheometry at different shear rates.
The curves correspond to fits of the Huggins formula (5.6) to the data, and the
respective values of [η] and kH are plotted versus the shear rate in the inset. The

red curve is according to (5.9).

zero-shear limit, i.e. in the situation where the polymers are not affected by external shear
stresses. In the following we refer to these values as [η]0 and kH0, respectively. When exposed
to an external shear flow, the polymer chains change their conformation, they are stretched
and align within the flow. This is reflected in a shear thinning flow curve, i.e. the apparent
shear viscosity η(γ̇) decreases with increasing shear rate. In analogy to the above evaluation
of the zero-shear viscosity, one can map the effect of shear thinning to [η] and kH. For any
given shear rate γ̇ ≥ 0, one can calculate the specific viscosity as a function of polymer
concentration and one finds that the expansion coefficients [η](γ̇) and kH(γ̇) according to
(5.6) change with γ̇. This is illustrated in figure 5.4 for the PG80 solutions. It is obvious that
the influence of the polymer concentration c on the specific viscosity weakens with increasing
shear rate and both, the intrinsic viscosity and the Huggins coefficient decrease in this case
(cf. inset graph).

These results are consistently found in literature as presented by Moore [Moo67] in a recent
review on the influence of the various factors on the values of [η] and kH. Accordingly, it is
experimentally found that the intrinsic viscosity [η] may be well approximated by a function

[η](γ̇) = [η]∞ +
(

[η]0 − [η]∞

) b

b + γ̇
(5.9)

with the values of the intrinsic viscosities [η]0 > [η]∞ at zero and infinite shear rate, respectively,
and a positive parameter b. The inset in figure 5.4 shows an adaption of this relation (red
line) to the data. It can be attributed to the deformation and orientation of the (initially
coiled) polymer chains in parallel to the flow. This shear effect is commonly observed for
flexible chain polymers with a molecular weight higher than Mw = 1× 106 Da. Similarly, a
dependence of the Huggins-coefficient on the shear rate is observed only for high molecular
weight polymer solutions. Here, a decrease of kH with increasing shear rate is attributed to
the disentanglement of long, entangled polymer chains and the value is commonly observed
to decrease to zero at sufficiently high shear rates which is in agreement with our results.



5.2 Rheometric properties of polymer solutions 59

0 . 1 10 . 2

0 . 3

0 . 4
0 . 5
0 . 6
0 . 7
0 . 8

λ 0  (
s)

n   ( 1 0 1 7  m - 3 )
1 E - 4

1 E - 3

0 . 0 1

0 . 1

λ0  ~  n  0 . 9 5  

η 1 , 0  ~  n  0 . 3 2  
η1,0   (Pa s) P . . . G 8 0

 P 5 0 0 S 5 8
 P 8 0 S 6 4
 P 1 5 0 S 6 5 . 6

1 8  x  1 0 6  D a ( 5 - 6 )  x  1 0 6  D a

Figure 5.5: Relaxation time λ0 (green) and viscosity η1,0 (blue) from the shear
rate relaxation measurements. For the glycerol-based solutions, both quantities
scale according to power laws with the number density n. The same scaling laws
(dash-dotted lines) are adapted to the high-molecular weight solutions (triangles,

stars)

5.2.2 Oscillatory rheometry

The linear viscoelastic Jeffreys model is able to reproduce the results from the small amplitude
oscillatory experiment in terms of the complex modulus G(ω) within the reliable frequency
range. A two-mode formulation of the Jeffreys model is sufficient to provide reasonable
fits. The two-mode Jeffreys model gives a significant higher solvent contribution to the
viscosity compared with the hybrid model. This is due to the limitation of our data to high
frequencies which does not allow to extrapolate the polymer contributions to the viscosity for
large frequencies. This becomes obvious when comparing the dynamic viscosity |η∗(ω)| with
the steady shear viscosity η(γ̇) according to the Cox-Merz rule: the Jeffrey model strongly
overestimates the shear viscosity at high shear rates, even though |η∗(ω)| is above η(γ̇) in
most of the cases (this is consistently observed in literature [Bir87]). However, the Jeffreys
parameters qualitatively reflect the different magnitudes of the parameters extracted from the
steady shear rheometry. Remarkably, the oscillatory data perfectly match the steady shear
data for the high-molecular weight P80S64 solution.

5.2.3 Shear rate relaxation

All the shear rate relaxation measurements show a common recoil behavior: When the applied
steady shear stress is stopped instantly, the sensor of the rheometer decelerates from its
initial angular velocity and switches to counter-rotation which reaches a maximum velocity
before relaxing to halt. The amplitude of the respective recoil as well as the time scale
of its proceeding strongly depends on the properties of the polymer solution. The linear
single-mode Jeffreys model is able to qualitatively reproduce the recoil by involving simple
Newtonian mechanics for the inertial movement of the sensor. The model leads to the
differential equation of a driven harmonic, damped oscillator with the common different cases
of movement, depending on the system’s parameters.

In [Bar98], the authors used the existence of a series of complete oscillations to extract
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Figure 5.6: CaBER relaxation time λC in dependence of the polymer number density
n. The glycerol-based solutions exhibit a power law λC ∝ n0.78±0.12 which is in good
agreement with data by Zell et al. [Zel10]. The same scaling law (dash-dotted line)

is adapted to the high-molecular weight solutions (triangles, stars)

the viscoelastic properties of a yield stress fluid. Thereby, they benefited from a huge shear
modulus of their solution. In our case, full oscillations are absent which is in agreement with
the rather small values of G extracted from the model fits. These turn out to be worse for
the Mw = 18× 106 Da solutions, i.e. the experimental relaxation to halt is definitely longer
than the model estimate and the global recoil is superposed by slight oscillations. Obviously,
the process is governed by more than one characteristic time constant, and our simple model
fails at a reasonable description. Furthermore, the values of the (zero-shear) Maxwellian
viscosity η1,0 (i.e. the viscosity component within the Maxwell element of the Jeffrey model)
are too low for all solutions by at least a factor of about two. Here, we allowed for it to be
freely fitted although the constitutive model fixes its value according to the values of the
initial shear stress τ0 and the viscosity η1 according to τ0 = (η1 + η2)γ̇. Assuming the proper
value for η1 makes the fits even worse. In the end, we cannot rely on the predictions of the
applied model. However, both the relaxation time λ0 and the viscosity η1,0 (zero-stress limits
τ0 → 0) of the glycerol-based solutions obey power laws, i.e. λ0 ∝ n0.95 and η1,0 ∝ n0.32.

5.2.4 Extensional rheometry

The results of the CaBER measurements turn out to be described fairly well by the Oldroyd-
B model, i.e. the filament thins exponentially associated with a single relaxation time λC

which is characteristic for the respective solution. Zell et al. found the universal relationship
λC ∝ naCηbCs ≈ n0.8η1

s [Zel10] for the Mw = (5–6) × 106 Da polyacrylamide solutions
and for dilute solutions of polyethylenoxide (PEO, Aldrich) with Mw = 4 × 106 Da at
constant temperature (RT). For our glycerol-based solutions (which were all measured at
10 ◦C), we find λC ∝ n0.78±0.12 (cf. figure 5.6) in notable agreement with Zell et al. .
When rescaling the time axis with the relaxation time λC associated with the respective
measurement, all curves h(t/λC)/h(t0) for the low molecular weight solutions with the
inflection point t0 of h(t) collapse to a single exponential master curve, i.e. h′(t ′) ∝ e−t ′ with
t ′ = t/λC , h′(t ′) = h(t ′)/h0 (cf. figure 5.8). Thus, on the dimensionless time scale t/λC,



5.2 Rheometric properties of polymer solutions 61

Figure 5.7: Sequence of contour images during the capillary thinning at specific
rescaled time stamps for the different solutions presented in figure 5.9.

the dynamics of the thinning process appears to be universal and the relaxation time λC fully
determines the dynamics of the thinning process. Furthermore, λC affects not only the width
h(t) of the filament but also its shape. The inset in figure 5.8 represents the coefficient of
determination R2 provided by the parabolic fit of the filament contour. Even after rescaling
the time by λC, R2 is still dependent on λC: the higher λC, the longer the filament can be
described by a parabola-like shape, i.e. the slower decreases R2(t).

The capillary thinning of the solutions with high molecular weight (Mw = 18 × 106 Da)

differs from the behavior of the “lightweights“. Figure 5.9 shows both the rescaled filament
width and the coefficient of determination R2 from the parabola fit (cf. inset) plotted versus
the rescaled time. Data are shown for the low molecular weight P600G80 solution and the
“heavyweights”. Clearly, the curves do not collapse to a master curve as observed for the
“lightweights”. The heavyweight solutions lack in the characteristic sharp decline of R2 at
the transition point and in contrast, the drop is smoothed out which becomes increasingly
pronounced with increasing polymer concentration. Figure 5.7 presents contour images of the
different solutions at specific rescaled instants of time associated with the highlighted points
in figure 5.9. Obviously, due to the higher relaxation time, the dynamics of the thinning
process is significantly slower and the associated higher elasticity of the heavyweight solution
leads to a smoother contour of the filament which lets the filament appear more parabola-like.
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5.3 Summing up the rheometry

Let’s condense the results of our comprehensive rheometry. In view of the hereafter presented
steady shear measurements in the Taylor-Couette setup which deserve an interpretation based
on reliable information about the explicit rheology of the respective fluid, we consider the
steady shear rheometry to provide the most reasonable assessment of the rheology in the
Taylor-Couette flow. It is remarkable that all our polymer solutions which evidently differ
from each other with respect to the type of solvent, molecular weight and/or concentration
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of the added polymer can be described by a constitutive hybrid model, involving an Oldroyd-
B and an sPTT component. Based on this model, both the shear-thinning viscosity and
the normal stress data can be fitted fairly well with sets of appropriate model parameters
ηs , η

U , ηP , λU , λP and α. It turns out that the shear-thinning viscosity data are basically
governed by the sPTT component whereas the normal stress data basically obey a quadratic
dependency with the shear rate as given by the Oldroyd-B model.

Our model involves two relaxation times which may differ in magnitude. In the common
definition of a Weissenberg number we would have to decide for a single relaxation time
at the expense of a loss of rheological information. To avoid this, we prefer an alternative
definition of a rheological Weissenberg number Wi rheo. It involves full information about the
shear and normal stress rheometry. Based on this combined data, every polymer solution can
be characterized by a rheological relaxation time according to Wi rheo = (λrheoγ̇)n

rheo
with

characteristic exponents nrheo. As expected, this characteristic rheological Weissenberg number
takes different values for the various polymer solutions. Remarkably, it systematically depends
on the polymer number density n ∝ cPAAm. Based on the data given by the low-molecular
weight solutions, one can suggest a power law dependency according to λrheo ∝ n1.1±0.1.
This also applies to the individual viscosities and relaxation times but with different exponents
whereas agreement with the viscosity data by Zell et al. [Zel10] is revealed. This gives us a
proof of concept for the evaluation of our steady shear rheometry. The data further show that
the high-molecular weight solutions exhibit not only higher absolute values of the parameters
(even at lower polymer number densities) but also higher power law exponents compared to
those of low molecular weight can be suggested.

Power law scalings also show up in literally all of the parameters associated with the evaluation
of the CaBER and shear rate relaxation data according to the respective models. Even if
the exponents are different with no systematic relationship, this is remarkable. The data
of the CaBER relaxation time of the glycerol-based solutions reveal again consistency with
data by Zell et al. [Zel10] and the respective scaling is reproduced. Of course, it is not
surprising at all that the absolute values of the parameters from CaBER and shear relaxation
do not agree with the steady shear data. Their evaluation is based on different models with
a different number of parameters. Moreover, the various viscometric experiments operate
on the polymers in a totally different manner and the individual relaxation modes have to be
considered as the result of a weighted superposition of many modes owing to the distribution
of polymer chain-lengths.

Regardless of the molecular weight, all polymer solutions with the exception of P150S65.6
which is slightly above the limit can reliably be considered to be dilute it terms of an estimation
of their respective overlap concentration.
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Mw = (5–6)× 106 Da Mw = 18× 106 Da

Parameter P150G80 P600G80 P1200G80 P500S58 P80S64 P150S65.6

↓ Reference → app. A.1 chap. 3 app. A.2 app. A.3.1 app. A.4 app. A.5
st
ea
dy

sh
ea
r
rh
eo
m
et
ry

ηs (mPa s) 119± 2 119± 2 119± 2 83.1± 0.2 140± 2 105.6± 0.5

ηU (mPa s) 11.8± 0.1 57± 1 123± 1 38± 3 15± 3 50± 5

ηP (mPa s) 7.6± 0.2 40± 1 114± 1 28± 1 22± 1 69± 4

λU (ms) 51± 3 99± 5 134± 8 67± 6 242± 49 447± 46

λP (ms) (0.9± 1.5) · 103 23± 39 229± 323 126± 204 (3.1± 4.8) · 103 (4.2± 7.4) · 103

α(λP )2 (10−3s2) 28± 13 66± 14 94± 2 43± 6 (0.7± 0.2) · 103 (1.3± 0.5) · 103

β (-) 0.86± 0.03 0.55± 0.02 0.33± 0.01 0.56± 0.02 0.79± 0.04 0.47± 0.02

nrheo (-) 0.91± 0.06 0.96± 0.03 0.97± 0.03 0.91± 0.02 0.56± 0.06 0.94± 0.06

λrheo (ms) 4.8± 0.4 33± 2 68± 4 22± 1 64± 15 153± 11

os
ci
lla
to
ry

η2 (mPa s) 137± 2 172± 2 218± 3 83∗ 153± 2 -

η1 (mPa s) 3.2± 0.1 32± 1 87± 3 54± 4 12± 1 -

η3 (mPa s) 4± 1 14± 1 47± 3 16± 2 21± 1 -

λ1 (ms) 698± 45 274± 13 269± 14 28± 8 243± 21 -

λ3 (s) 31± 8 1.9± 0.1 1.8± 0.1 0.8± 0.1 2.4± 0.1 -

re
la
xa
ti
on η1,0 (mPa s) 9± 1 34± 3 65± 4 25± 1 52± 10 78± 3

λ0 (ms) 257± 20 401± 24 502± 82 343± 12 369± 43 729± 21

Ḡ (Pa) 40± 3 94± 4 99± 6 121± 8 98± 7 87± 5

C
aB

E
R

λC (ms) 124± 6 492± 1 779± 14 343± 10 (2.68± 0.03) · 103 (3.3± 0.1) · 103

Table 5.3: Rheometric properties of the different polymer solutions. *The value
had to be fixed in order to force convergence of the fit.



Chapter6
The Taylor-Couette setup

Figure 6.1 (top) shows a photography of our experimental realization of nine different Taylor-
Couette cells. Each cell consists of an inner cylinder with radius R1 ranging from 2.5 mm to
22 mm and a hollow cylinder with appropriate (inner) radius R2 = R1 + d . For all setups, the
gap is kept constant at d = 1 mm. Consequently, the relative gap width ε = d/R1 ranges
from 0.045 to 0.4. In the operation mode, the inner (rotating) cylinder immerges into the
fluid down to a distance of L′ = 10 mm to the bottom end of the outer beaker (cf. figure
6.1, bottom). The effective contact height of the fluid is adjusted to L = 73 mm, giving
a constant aspect ratio of Γ = L/d = 73 for all the setups. The Taylor-Couette cells are

Figure 6.1: Top: Photography of the different Taylor-Couette geometries used in
the experiments. Bottom: Sketch of the setup in side and top view.
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No. TC-...
R1 R2

κ = R1
R2

κ2 ε = d
R1(mm) (mm)

1 5-7 2.5 3.5 0.714 0.51 0.400

2 7.5-9.5 3.75 4.75 0.789 0.62 0.267

3 10-12 5 6 0.833 0.69 0.200

4 15-17 7.5 8.5 0.882 0.78 0.133

5 20-22 10 11 0.909 0.83 0.100

6 30-32 15 16 0.938 0.88 0.067

7 35-37 17.5 18.5 0.946 0.89 0.057

8 40-42 20 21 0.952 0.91 0.050

9 44-46 22 23 0.956 0.91 0.045

Table 6.1: Parameters of the used Taylor-Couette cells. The gap width d =

R2 − R1 = 1 mm is the same for the different setups.
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Figure 6.2: Relative torque contribution (6.3) of the fluid layer on the bottom of
the beaker to the total torque exerted on the rotating inner cylinder as a function of
height h. The curves represent different geometries (ε, d = 1 mm, L = 73 mm) for
a power law fluid τ ∝ γ̇0.96. The inset depicts the relative torque contribution on
the power law exponent n for the largest inner cylinder ε = 0.045 for L′ = 10 mm

which is the working distance in our experiments.

attached to our rotational shear rheometer presented in section 3.1. The inner cylinders can
be mounted to the motor shaft and the outer beakers are embedded into the temperature
bath of the refrigerator. Thus, the experiments can be carried out at well-defined stable
thermal conditions.

Great care has been taken of a highly precise fabrication of the cylinders to minimize the
errors by a misalignment or eccentricity. The run of the inner cylinders is precise in terms
of a maximum precession amplitude (of the free end of the mounted rods) of about 20µm

which is 5% of the gap witdh. We estimate the deviation from a perfect coaxial alignment to
be in the same order. Thus, the effective precision in the measured torque during a rotation
cycle turns out to be below 5% of the averaged signal.
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Figure 6.3: Sketch of the visualization setup. The front view of the transparent
Taylor-Couette cell is captured by a commercial CCD camera and the relevant pixel

column is extracted for further evaluation.

The rotation of the inner cylinder is controlled in CR mode, i.e. the instrument forces the
desired angular velocity of the inner cylinder Ω by adjusting the applied torqueM(Ω). In the
case of a simple drag flow, the shear rate γ̇ and total shear stress τrθ at the inner cylinder
can be calculated via

γ̇ = γ̇(r = R1) =
Ω

ε

2(ε+ 1)2

ε+ 2
, (6.1)

τrθ = τrθ(r = R1) =
M(Ω)

2πR2
i L

. (6.2)

The total torqueM is made up of two contributions: the torqueMTC, that is exerted by
the fluid in the annular gap between the cylinder walls, andMpp by the fluid layer of width h
between the bottom face of the inner cylinder and the bottom of the beaker. Only the first
one is related to the proper Taylor-Couette flow. The latter can be estimated for a power law
fluid τrθ ∝ γ̇n [Mac94] by

Mpp(Ω) =M(Ω)

[
1 + (3 + n)

L

R1

(
2

n(1− κ2/n)

L′

R1

)n]−1

(6.3)

with κ = R1/R2 = (1 + ε)−1. In figure 6.2, the ratioMpp/M is plotted as a function of
the height L′ for our different geometries (0.045 ≤ εi ≤ 0.04, d = 1 mm, L = 73 mm) and
fixed exponent n = 0.96 (as representatively determined for the P600G80 solution, cf. table
5.1). The relative torque is the highest for the smallest relative gap width ε = 0.045, i.e.
the largest cylinders, and for our working distance L′ = 10 mm it does not exceed 1%. The
inset shows the maximum valueMpp/M(ε = 0.045, L′ = 10 mm) as a function of the power
law exponent n. Even down to n = 0.5 it does not exceed 2.5%. In view of the minor shear
thinning properties of our polymer solutions, the extra torque contribution can be ignored
within the limits of the precision of the torque measurement. Alike, by the choice of the
large distance L′ of the inner cylinders to the bottom of the cup, the onset of plate-and-plate
instabilities (inertial as well as elastic) can be expected to be much higher [Lar92] than those
associated with the Taylor-Couette flow. Consequently, any effects originating from the flow
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between the end face of the inner cylinder and the bottom of the cup are likely to be negligible
in the present case.

For the purpose of a simultaneous flow visualization, the standard setup could be modified by
replacing the outer steel beaker of the TC-20-22 setup by a freestanding, equally-sized cup
fabricated out of transparent acrylic glass (cf. figure 6.3). Water-bearing cavities within the
acrylic block which were connected to the temperature bath of the refrigerated circulator,
sustained the temperature control of the system. A tiny amount of kalliroscope, an aqueous
emulsion of micron-sized anisotropic, reflective metal flakes, were seeded to the fluid sample
without significantly changing the rheology of the fluid. These metal flakes align within the
flow due to their anisotropy and reflect the light of a light source according to their orientation.
Thus, different flow patterns are represented by discriminable zones of light and dark. By
blackening the surface of the inner cylinder, the contrast of the light/dark imaging could
be enhanced. The resulting intensity images of the rotating fluid along the whole cylinder
axis were captured by a commercial CCD camera and further post-processed for appropriate
presentation and evaluation.



Chapter7
Taylor-Couette measurements

7.1 Integral stress measurements

The polymer solutions which had been characterized prior to this, were investigated with respect
to their transition to elastic instability in the customized Taylor-Couette cells of different
relative gap widths ε. For every single polymer solution (cf. table 5.1), we performed transient
scanning measurements in the various Taylor-Couette cells (cf. table 6.1) at predefined
temperatures identical to the thermal conditions in the rheometric experiments. The standard
scanning protocol is defined as follows: The given Taylor-Couette cell is filled with a predefined
amount of a fresh fluid sample and we wait about 10 min to let the system reach thermal
equilibrium with the thermal bath of a preset temperature. The rheometer automatically
increases the angular velocities Ωi of the inner cylinder according to a predefined set of shear
rates γ̇i : starting with the lowest setpoint γ̇min = 1 s−1, the shear rate is increased by steps
of 1 s−1 until the maximum setpoint at γ̇max = 200 s−1 is reached. In doing so, each single
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Figure 7.1: Taylor-Couette data of the P600G80 solution. The curves, which are
shifted vertically for the sake of a better illustration, correspond to the various
geometries of different relative gap width ε. For ε = 0.1, the flow has been

additionally visualized as presented in figure 7.3.
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Figure 7.2: Representative visualization of the fluid flow (face view) during a
standard shear rate sweep measurement of P600G80 for ε = 0.1. Between γ̇c =

54 s−1 ≤ γ̇ ≤ 60 s−1, non-trivial flow patterns spread across the whole cylinder axis.

shear rate is kept constant for ∆t = 10 s in total, whereas the data from the last ∆tmeas = 5 s

are averaged to give an (integral) value of the applied shear stress τrθ(γ̇i) (calculated from
the torque M(Ωi) according to equation (6.2)) at the corresponding shear rate γ̇i = γ̇(Ωi).
The resulting data are presented in terms of the normalized shear stress τrθ(γ̇i)/γ̇i . Figure
7.1 shows representative data of the P600G80 solution, measured at ϑ = 10 ◦C. Every single
flow curve corresponds to the measurement in a particular Taylor-Couette cell, characterized
by the value of the relative gap width ε. Since the stress signal is proportional the effective
filling height, possible errors in the proper filling level of the geometries which manifest in
small mismatches of the curves proportional to the missing filling height, are corrected by
appropriate rescaling. For the sake of a better illustration, the curves are vertically shifted
upwards in proportion to the respective radius of the inner cylinder relative to the biggest one
in use, here it is ∆(ε) = 10 mPa s · (20−ε−1). The flow curves of the analogous measurements
of the other solutions can be found in appendix A.

7.2 Flow visualization

In order to relate the observed characteristics of the integral stress measurements to potential
changes in the flow field, we visualized the annular flow of the polymer fluid (P600G80) during
the standard integral stress measurement described before. For every single shear rate initiated
during the scanning measurement, one image of the Taylor-Couette cell in front view was
captured at the end of the ∆t = 10 s time slot. Figure 7.2 shows a sequence of images,
captured from a front view perspective as illustrated above at selected shear rates during
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Figure 7.3: Space-time plot of the flow patterns during the standard shear rate
sweep measurement of P600G80 for ε = 0.1 (cf. representative raw images in fig.

7.2. Transition points and characteristic patterns are highlighted.

the integral stress measurement of the P600G80 solution. It relates to the (ε = 0.1)-curve
presented in figure 7.1. The images were subsequently processed and the relevant pixel
columns which yield the best information, were extracted and stacked in chronological order
to finally provide a space-time representation (cf. figure 7.3) of the axially distributed flow
patterns as a function of time (and shear rate, respectively).

7.3 Interpretation of Taylor-Couette data

The flow curves exhibit a uniform shape associated with characteristic features. At low
shear rates, the data reflect the viscometric, purely azimuthal Couette flow and the rescaled
shear stress τrθ/γ̇ gives the slightly shear thinning apparent viscosity η(γ̇) of the solution as
measured in the steady shear cone-and-plate experiment (cf. for ε = 0.1 the dashed blue line
in figure 7.1). Occasionally, slight deviations appear at very low shear rates which are due
to small errors in the coaxial alignment and rotation of the inner cylinder but which are not
visible and do not manifest in any explicit pattern in the space-time plot of figure 7.3.

When increasing the shear rate above some value, the stress data start to lift above the
viscometric flow curve. For the P600G80 solution in the ε = 0.1 cell, this happens at a
shear rate of γ̇ ≈ 34 s−1. In the space-time plot, this shear rate is highlighted by particular
flow patterns localized at the top end of the inner cylinder (relative axial position z = 1)
and which slowly spread towards the center down to z ≈ 0.9 when further increasing the
shear rate (cf. red frame “1”). We identify this event as the emergence of the so-called
Ekman-vortices which are formed at the unsteady boundaries of the system and which are
well known in Newtonian Taylor-Couette flow [And86], too. These Ekman-vortices exert an
increasing additional torque to the inner cylinder on top of the viscometric value which has to
be compensated by the rheometer in order to maintain the desired rotation speed and the
stress signal from the integral measurement increases, consequently. Above γ̇ ≈ 42 s−1 one
can observe further Ekman-vortices emerging at the bottom end of the cylinder (z . 0.1, cf.
figure 7.3, red frame “2”) which is associated with a second, upward kink in the flow curve. In
addition, faint transient patterns appear in the middle of the cylinder at position z ≈ 0.4 (red
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Figure 7.4: Critical shear rates γ̇c(ε) mapping the onset of elastic instability in the

Taylor-Couette setups of different gap widths ε.

ring, “3”). We think of localized non-trivial solutions of the Taylor-Couette problem.

When exceeding a critical shear rate γ̇c ≈ 54 s−1 (Re = 0.31), vortices which are initially
located at the system’s boundaries quickly spread across the whole z-axis of the cylinder
(cf. yellow frame) and at γ̇ ≈ 60 s−1, they are located across the whole annular gap. This
region corresponds to a sharp, pronounced increase in the flow curves. We refer to the
highly characteristic point γ̇c as the onset of elastic Taylor-Couette instability, triggered by
perturbations which drive the laminar base flow (which is now linearly unstable) to some
non-trivial, more complex flow state. The associated flow patterns are not stationary but
transient in space and time, as the time evolution of the space-time plot (cf. figure 7.3) shows,
i.e. the flow patterns are not stable when further increasing the shear rate. Even at fixed
shear rate (not shown), the patterns are not conserved. This is a matter of strong chaotic
oscillatory vortex motion, called disordered oscillations (DO) which are reported by Groisman
and Steinberg and which lead to suggest the development of elasticity-driven turbulence
[Gro98a].

Figure 7.4 summarizes the transition points for all our polymer solutions and various geometries
in terms of the critical shear rates γ̇c as listed in table 7.1. It systematically depends on
the relative gap width ε and the corresponding curves γ̇c(ε) shift for the different polymer
solutions. We will evaluate this findings in the following sections.

When the instability has spread across the whole gap, the sharp incline in the flow curves
fades to a moderate rising up to some maximum before exponentially decaying (cf. solid gray
lines in figure 7.1) down to a level close to the viscometric flow curves. Figure 7.6 depicts the
situation at selected points A–D during and after the decay. In A, the chaotic flow is fully
developed and the secondary flows are strongest in terms of the additional torque exerted
to the rotating cylinder. With increasing shear rate (B), the flow curve significantly decays
but the visualization of the flow does not show any obvious difference to A. However, at
some point, the flow patterns start to vanish and in C they cover only a small fraction of the
whole gap. Finally, no patterns can be observed (D) when further increasing the shear rate
associated to the values where the flow curves are totally flat again.

This scenario indicates a possible degradation of the polymer solutions which occurs under
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Figure 7.5: Hysteresis of the flow curves in the Taylor-Couette experiment. The
experimental result (red) significantly differs from what is expected from a proper

hysteresis loop (green).

Figure 7.6: Representative images of the flow patterns at selected instants during
the decaying part of the flow curve.

the influence of strong shearing (shear degradation). This notion is corroborated by the
results of a shear rate loop measurement (cf. figure 7.5): It is well known, that the elastic
Taylor-Couette instability is subcritical, i.e. there is an intermediate region γ̇sn < γ̇ < γ̇c
where the laminar Couette base flow is unstable to finite perturbations which drive the flow to
non-trivial flow states even before the onset of linear instability at γ̇c [Mor07]. Consequently,
the transition to elastic instability is hysteretic, i.e. the flow curve associated with decreasing
the shear rate is not on top of the increasing branch but it touches the stable, viscometric
branch not until a critical shear rate γ̇sn is reached (here, it is about 67% of the critical onset
γ̇c) which corresponds to the so called saddle-node point. The green dash-dotted line in
figure 7.5 sketches the expected form of the return path of the flow curve. However, the
observed behavior deviates from this ideal picture: the flow curve immediately falls below
the curve of the forward run and it even drops below the apparent viscosity given by the
viscometric flow curve of the fresh sample at moderate shear rates γ̇ < 0.6γ̇c (the difference
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ε Parameter P150G80 P600G80 P1200G80 P500S58 P80S64 P150S65.6

0.4

γ̇c (s−1) 73 33 31 54 − −
Re 0.45 0.13 0.09 0.34 − −

Wi rheo
c 0.39± 0.02 1.09± 0.16 2.06± 0.36 1.17± 0.11 − −

√
εW i rheo

c 0.24± 0.01 0.60± 0.10 1.30± 0.22 0.74± 0.07 − −

0.267

γ̇c (s−1) 83 36 35 64 19 14
Re 0.59 0.17 0.12 0.47 0.11 0.08

Wi rheo
c 0.43± 0.02 1.18± 0.17 2.32± 0.39 1.37± 0.12 1.12± 0.26 2.05± 0.64

√
εW i rheo

c 0.22± 0.01 0.61± 0.09 1.20± 0.20 0.71± 0.06 0.58± 0.13 1.06± 0.33

0.2

γ̇c (s−1) 110 40 40 69 23 14
Re 0.84 0.20 0.15 0.55 0.15 0.09

Wi rheo
c 0.56± 0.03 1.31± 0.18 2.64± 0.42 1.46± 0.13 1.24± 0.28 2.05± 0.64

√
εW i rheo

c 0.25± 0.02 0.58± 0.08 1.18± 0.19 0.65± 0.06 0.56± 0.13 0.92± 0.29

0.133

γ̇c (s−1) − 50 43 95 25 17
Re − 0.27 0.17 0.83 0.17 0.12

Wi rheo
c − 1.62± 0.21 2.83± 0.44 1.96± 0.16 1.30± 0.29 2.46± 0.71

√
εW i rheo

c − 0.59± 0.08 1.03± 0.16 0.71± 0.06 0.48± 0.11 0.90± 0.26

0.1

γ̇c (s−1) − 54 48 103 30 19
Re − 0.31 0.20 0.94 0.22 0.14

Wi rheo
c − 1.74± 0.22 3.15± 0.48 2.11± 0.17 1.44± 0.33 2.73± 0.76

√
εW i rheo

c − 0.55± 0.07 1.00± 0.15 0.67± 0.05 0.46± 0.10 0.86± 0.24

0.067

γ̇c (s−1) − 68 58 136 40 24
Re − 0.40 0.26 1.31 0.31 0.18

Wi rheo
c − 2.17± 0.27 3.78± 0.56 2.71± 0.22 1.69± 0.39 3.40± 0.89

√
εW i rheo

c − 0.56± 0.07 0.98± 0.15 0.70± 0.06 0.44± 0.10 0.88± 0.23

0.057

γ̇c (s−1) − 98 77 − 47 28
Re − 0.59 0.36 − 0.37 0.22

Wi rheo
c − 3.09± 0.38 4.98± 0.72 − 1.85± 0.43 3.93± 1.00

√
εW i rheo

c − 0.74± 0.09 1.19± 0.17 − 0.44± 0.10 0.94± 0.24

0.05

γ̇c (s−1) − − − − − 33

Re − − − − − 0.26
Wi rheo

c − − − − − 4.58± 1.15
√
εW i rheo

c − − − − − 1.02± 0.26

0.045

γ̇c (s−1) − − − − − 35
Re − − − − − 0.28

Wi rheo
c − − − − − 4.84± 1.20

√
εW i rheo

c − − − − − 1.03± 0.26

Table 7.1: Summary of critical shear rates γ̇c , corresponding Reynolds numbers Re
and rheological (modified) Weissenberg numbers (

√
ε)Wi rheo

c mapping the onset of
elastic instability for the different polymer solutions in the various Taylor-Couette
cells. In all the cases, the onset of elastic instability occurs at negligible Reynolds

numbers Re . 1� Rec ∼ O(100) (cf. equation (4.16)).

is about 2%). Together with the finding that a subsequent run of the same (pre-sheared)
sample exhibits a less pronounced instability emerging at an increased critical shear rate (not
shown here), this strongly hints to some degradation that happens during the shear process.
We will focus on the problem of degradation in more detail by means of an extensive series of
measurements which are presented in section 10.
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Figure 7.7: Evaluation of the flow curves of the P600G80 sample (cf. figure 7.1).
The stress signal in excess to the laminar flow ∆ = (τ/γ̇) − (τ/γ̇)lam reaches a
maximum ∆max involving the integrated area Amax

int (cf. inset) and both, ∆max and
Amax

int depend on the relative gap width ε.

Figure 7.8: Geometrical interpretation of the minimum gap width εmin which limits
the occurrence of linear elastic Taylor-Couette instability. Adapted from Faisst et

al. [Fai00].

Comparing the flow curves of the different polymer solutions for the various relative gap
widths ε reveals another interesting, systematic finding: the smaller ε is chosen, the weaker
the instability impacts in the stress measurements until it completely disappears (at least to
the extent that we cannot reliably evaluate the excess stress signal anymore). This qualitative
finding can be quantified by means of an analysis of the measured stress signal in excess
to the viscometric flow curve, i.e. ∆ = (τ/γ̇) − (τ/γ̇)lam, as shown in figure 7.7 for the
P600G80 solution (cf. the inset). Each curve ∆(γ̇; ε) can be characterized by a respective
maximum ∆max(ε) and corresponding integrated excess area Amax

int (ε) =
∫

∆(γ̇; ε)dγ̇. Both
quantities represent equivalent measures of the occurrence of instability and they decrease
in a similar manner when lowering ε. Remarkably, at a minimum value εmin ≈ 0.05, the
instability completely disappears, i.e. no signal in excess to the viscometric flow curve can be
measured for ε < εmin. Thus, the linear elastic Taylor-Couette instability is suppressed for
large radii R > Rmax = d/εmin.

This observation can be related to a simple geometrical consideration following the approach
by Faisst et al. [Fai99, Fai00], who investigated the geometrical transition from the Taylor-
Couette to the (linearly stable) plane Couette system (finite gap d , R→∞). Imagine a unity
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Figure 7.9: Maximum amplitude ∆max(ε) of the instability signal for the different
polymer solutions. The model (7.3) is fitted to the data points with a joint

parameter B = 0.45± 0.11.

cell of width d and (arc) length1 2πd which represents a section of the (annular) gap of the
plane (Taylor-) Couette system (cf. figure 7.8). Starting with the plane Couette system (no
curvature, ε = 0), increasing ε leads to a bending of the cell with an associated deflection
length h. At a value εmin, the deflection equals the width d of the cell and from this point,
further increasing ε results in a cell which is curved so much that one “cannot look” in a
straight line (following the direction of the arrow in figure 7.8) through the cell anymore.
This gives a very simple, qualitative criterion for the annular flow to “feel” the curvature of
the cell. Vice versa, a Taylor-Couette “loses” its curvature (needed for the elastic instability)
at this minimal relative gap width εmin. A simple geometrical calculus gives the equation

h(ε)− d
d

=
(

1 + ε−1
) [

1− cos

(
2πε

1 + ε

)]
− 1 =̇ 2π2 ε

1 + ε
− 1

!
= 0 (7.1)

with the solution
εmin ≈

1

2π2 − 1
= 0.053 . (7.2)

Strikingly, this simple qualitative estimate εmin ≈ 0.053 agrees well with the experimental
finding as seen above (with the exception of the P150G80 solution). Let’s now assume that
the impact of the elastic instability scales with the geometrical deflection of the unit cell
according to

EI ∝
(
h(ε)− Cd

d

)B
, 0 < B < 1 , C > 0 , (7.3)

where we additionally allow for the critical deflection to vary according to hmin = Cd

(accounting for the qualitative nature of the criterion). This heuristic model can be reasonably
fitted to the experimental data ∆max(ε) as illustrated in figure 7.7 (dashed red curve). Figure
7.9 presents the respective evaluation for the different polymer solutions. The results exhibit
a scaling given by

∆max(ε) ∝
(
h(ε)− Cd

d

)0.45±0.11

. (7.4)

1This is the characteristic length of coherent structures in the plane Couette flow [Fai99, Fai00].
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In section 9.7, we will compare this finding with a thorough linear stability analysis of the
Taylor-Couette base flow.





Chapter8
Pakdel-McKinley criterion for finite gap

As seen above, the critical onset of the elastic Taylor-Couette instability systematically
depends on the gap width ε and the corresponding curves shift with changing the polymer
solution, i.e. changing the rheometry. In the investigated cases, the elastic instability oc-
curs at Reynolds numbers Re . 1 (cf. table 7.1) far below the onset of inertial instability
Rec =

√
1700/ε ∼ O(100). Even though, strictly spoken, the Reynolds number is not

zero, we will allude to purely elastic instability. This will be legitimated in section 9 by
the results of our linear stability analysis which accounts for non-zero Reynolds numbers
(whose effect will turn out to be negligible within the relevant range of Re). First, we
want to evaluate the experimental data with regard to the (purely elastic) instability crite-
rion by Pakdel and McKinley focusing on both, the geometric as well as the rheometric scaling.

In view of the explicit dimensions of our Taylor-Couette cells listed in table 8.1, the approxi-
mation of small gap as demonstrated in section 4.3.2 is not reasonable. This shortcoming is
represented in figure 8.1 in terms of the shear rate relative to the maximum one at the inner
cylinder as a function of the relative distance from the latter r ′ = (r − R1)/d ∈ [0, 1] in the
case of laminar (Couette) flow. According to (4.9) it is given by

γ̇(r ; ε)

γ̇(r = R1; ε)
=

1

(1 + r ′ε)2
. (8.1)

The curves converge rather slowly to the small gap limit ε→ 0 represented by a horizontal
line, and even at the smallest gap ε = 0.045, the shear rate at the outer boundary is only
about 90% of the maximum value at the inner cylinder. The relative accuracy of the small
gap approximation given by

γ̇sg(ε)

γ̇(r, ε)
=

(ε+ 2)(r ′ε+ 1)2

2(ε+ 1)2
=: rel(ε; r ′) (8.2)

is represented in figure 8.2 for different positions r ′. The mismatch of the approximation is
most pronounced for the shear rates at the inner cylinder (r ′ = 0) and it only estimates about
61% of the exact value for ε = 0.4. Increasing r ′ improves the quality of the approximation
and at r ′ ≈ 0.63 it turns to an overestimation of the local shear rates. For r ′ & 0.75 the shear
rate is overestimated for any gap width ε. This clearly shows, that for the Taylor-Couette
geometries used in our experiments (cf. red circles in figure 8.2) and also for those used
by Muller et al. [Mul89, Lar90] (blue squares) deviations from the actual situation in the
gap are significant and not only the absolute values of the shear rates but also the global
dependence on the given geometry are falsified. Thus, one cannot expect to find consistency
within the small gap approximation between experimental results, linear stability analysis and
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Figure 8.1: Relative drop of the local shear rate γ̇(r) compared to the maximum
shear rate at the inner cylinder γ̇(R1) as a function of the relative position r ′ =

(r − R1)/d in the gap for the different values of ε as realized in the experiments
(see table 6.1).

the Pakdel-McKinley criterion, neither in terms of absolute values nor in terms of scaling.

The adaption of the Pakdel-McKinley criterion to the general case of finite gap width is
straightforward. The only question to answer is where to locate the onset of elastic instability.
Taking the criterion seriously, one has to find the point within the gap where the criterion is
met first, giving the locus where perturbations superposed to the base flow are amplified and
convected to other spots in the gap where the criterion is not initially met [Pak96]. The most
intuitive choice is the fluid layer at the inner cylinder r = R1 (r ′ = 0), as at this location, the
shear rate is maximum

γ̇max := |γ̇(R1)| =
Ω

ε

2(ε+ 1)2

ε+ 2
. (8.3)

Esser and Grossman [Ess96] argued that this is not the proper choice for the inertial Taylor-
Couette instability but they found best agreement with the results of linear stability analyses
for r ′ ≈ 0.5. However, for a first estimate, we keep the choice r = R1 and we keep in mind
that the dependence of the correction rel(r ′; ε) on ε vanishes with increasing r ′.

Equation (8.3) interrelates the Deborah number λΩ and the Weissenberg number λγ̇ and
according to (4.14), the instability criterion for the finite gap Taylor-Couette flow of an
Oldroyd-B fluid yields

√
εW i ≥

M√
2(1− β)

√
2(ε+ 1)2

ε+ 2
=

M√
2(1− β)

√
1 +

3

2
ε+

ε2

2(ε+ 2)
. (8.4)

Here, the discriminant of the square root has been transformed via partial fraction decom-
position to relate it directly to the case of small gap (given as the zero order O(ε0)). It is
worth mentioning that Esser and Grossman [Ess96] deduced a similar finite gap formulation
for the primary inertial Taylor-Couette instability

√
εRe in

c ∝
(ε+ 2)2

2
√

3ε+ 4
∝

√
1 +

5

4
ε+

ε4 + 8ε3 + 9ε2

4(3ε+ 4)
(8.5)
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Figure 8.2: Ratio of the shear rate given by the small gap approximation compared
to the exact value according to equation (8.2) at different positions in the gap.
For the Taylor-Couette cells used in the experiments (red circles), at the inner
cylinder (r ′ = 0, red curve) the ratio drops down to rel(0.4; 0) ≈ 0.61 for the
biggest relative gap width ε = 0.4. Squares refere to the geometries used in the

experiments by Muller et al. [Mul89, Lar90]

by expanding the fundamental Rayleigh criterion1 by the energy loss due to viscosity and
assuming r ′ = 0.5. It has been fine-tuned by Dutcher and Muller [Dut07] and excellent
agreement with various experimental data could be achieved.

In order to compare the prediction of the finite gap Pakdel-McKinley criterion (8.4) with our
experimental results, we convert the Weissenberg number (associated with the Oldroyd-B
model) to the rheological (modified) Weissenberg number according to

Wi =

∣∣∣∣ τ11

2τ12

∣∣∣∣ =

∣∣∣∣ τ11

2Στ12

Στ12

τ12

∣∣∣∣ =
Wi rheo

1− β (8.6)

which leads to
√
εW i rheo ≥

M√
2

√
1− β

√
2(ε+ 1)2

ε+ 2
(8.7)

or
√
εW i rheo

c (ε;β) = f (β)

√
1 +

3

2
ε+

ε2

2(ε+ 2)
(8.8)

with f (β) = M
√

1− β/
√

2. In figure 8.3 an adaption of the criterion to the experimental
data is shown (solid lines). Here, our experimental findings of the critical shear rates γ̇c
(cf. table 7.1 and figure 7.4) are converted to the modified Weissenberg numbers

√
εW i rheo

1An early derivation of the critical condition for the inertial Taylor-Couette instability was performed by
Lord Rayleigh [Ray17] for an inviscid fluid by balancing pressure and centrifugal forces. It leads to the simple
instability criterion

d

dr
[rvθ(r)]2

< 0 .

While the laminar Couette flow is unstable for all Reynolds numbers for an inviscid fluid, viscosity tends to
delay the instability: Viscous drag reduces the effective centrifugal force on a fluid element and at the same
time viscosity causes angular momentum to be exchanged with adjacent fluid elements so that the imbalance
is diffused away [Tag94].
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Figure 8.3: Experimental onsets of (purely) elastic instability in terms of the
modified rheological Weissenberg number

√
εW i rheo

c (ε), calculated according to the
respective rheometric results via (5.2). The solid lines reflect the prediction of the
finite gap Pakdel-McKinley criterion (8.8). Here, the rheometric scaling function
f (M,β) is fitted to the data. The dash-dotted lines are generated by additionally
allowing for an “optimal” locus r ′, where the criterion has to be fulfilled first.

according to equation (5.2). The error bars δ
√
εW i rheo

c =
√
ε δW i rheo

c give a worst-case error
estimate based on simple error propagation, i.e.

δW i rheo
c =

∑
i

∣∣∣∣∂W i rheo

∂xi

∣∣∣∣
= nrheo (λrheoγ̇c

)nrheo−1 (
δλrheo + δγ̇c

)
+ ln(λrheoγ̇c)

(
λrheoγ̇c

)nrheo

δnrheo , (8.9)

accounting for the errors in the rheometric relaxation time λrheo as well as for the uncertainty
in the localization of the critical shear rate γ̇c which is assumed to be δγ̇c = 3s−1. When
fitting the criterion to the data, the scaling factor f (β) is adapted for each solution by
accounting for

√
ε δW i rheo

c as an instrumental error.

With regard to the scaling on ε, the Pakdel-McKinley criterion reproduces fairly well the
experimental results for all polymer solutions in the range ε & 0.06. For ε < 0.06, deviations
from the prediction are found. By allowing for an arbitrary locus R1 ≤ r = R1 + r ′ε ≤ R2

for which the instability criterion is formulated, i.e. an arbitrary value 0 ≤ r ′ ≤ 1, one can
enhance the agreement with the experiments for two solutions (cf. dash-dotted lines, r ′ ≈ 0.5)
showing a less important dependence on the gap width. However, as these corrected curves
are within the error bars of the data points, we don’t put a value on it.

Concerning the dependency on β, the experimental data are only roughly compatible with the
prediction associated with the Pakdel-McKinley criterion. Figure 8.4 shows the fit parameter
f (β) as a function of the zero-shear ratio β = ηs/η0 according to the parameters from the
hybrid model (4). The data can be approximated by a function f (β) = A

√
B − β with

parameters A = 1.2±0.1 and B = 0.89±0.03 which differs from the prediction f (β) ∝
√

1− β.
A better agreement can be accomplished by accounting for the explicit rheology of the solutions
by means of the shear thinning viscosity ratio β+ = ηs/η

+ = ηs/η(γ̇). For a given solution, it
only slightly changes within the respective range of critical shear rates and it can be reasonably
assumed to be a constant. Accordingly, applying the function f (β+) = A+

√
B+ − β+ to the
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Figure 8.4: Experimental evaluation of the rheometric scaling of elastic instability.
When accounting for the shear thinning properties of the solutions (respective
quantities are denoted with a plus sign), the experimental data can reproduce the
prediction according to the Pakdel-McKinley criterion from the Oldroyd-B model.

experimental data M(β+) (�) gives the parameters A+ = 1.3± 0.2 and B+ = 0.96± 0.05.
With that, in view of the Pakdel-McKinley criterion (8.4), the critical number M which
characterizes the onset of elastic instability in the viscoelastic Taylor-Couette flow, takes the
value

M = 1.8± 0.3 . (8.10)

In terms of the overall rheological scaling, this is in agreement with experiments of Groisman
and Steinberg [Gro98b] who measured the onset of disordered oscillations (DO) at a fixed
value of ε = 0.255 for different polymer solution (and thus different values of β) at different
temperatures. However, they extracted a higher value of M = 3.58.

At this point, we have to recall that the criterion (8.4) is deduced based on the simple
relations of the Oldroyd-B model, namely a first normal stress quadratically scaling with the
shear rate and a constant shear viscosity which leads to the formulation of the Weissenberg
number as the product of the (Oldroyd-B) relaxation time and shear rate. In view of this, it
is not surprising that our criterion cannot fully reproduce the experimental rheometry, even
though better agreement can be accomplished by accounting for the shear thinning viscosity
(β → β+) and global rheometric scaling is reproduced. The remaining discrepancies are
contrasted by the striking agreement in terms of the geometric scaling which is provided
by accounting for the proper value of the shear rate in a finite gap situation. Again, the
respective formulation of the shear rate is based on the velocity profile of simple laminar
Couette flow of an Oldroyd-B fluid, and this can only be an approximation to the real situation
of a fluid described by the hybrid model.

Anyway, a more detailed analysis of our hybrid model seems to be reasonable, aiming to
gain a deeper understanding of its features in comparison with the Oldroyd-B model. In
the following, we will pursue this goal by means of a profound linear stability analysis of the
Oldroyd-B and our hybrid model.





Chapter9
Linear stability analysis

The stability criterion by Pakdel and McKinley (2.74) is motivated by considering the linearized
disturbance equations [McK96] which govern the evolution of arbitrary infinitesimal distur-
bances imposed on the base flow of the investigated system at hand. Thus, it is reasonable
to expect consistency between the predictions of the instability criterion and the results of a
linear stability analysis.

In the following, we first present the mathematical toolkit for the analysis of linear stability
in the Taylor-Couette geometry. This includes solving the Taylor-Couette base problem in
three dimensions, the derivation of the (linearized) perturbation functions and solving the
associated generalized eigenvalue problem. Here, we base our analysis on the most general
viscoelastic, non-isothermal hybrid model which can be easily reduced to the isothermal case
and, in particular, the isothermal Oldroyd-B fluid. The results of our stability analysis will be
contrasted with approaches found in the literature and we will compare it to our experimental
results as well as to the Pakdel-McKinley predictions.

9.1 Solving the Taylor-Couette base problem for the
non-isothermal hybrid model

We recall the dimensionless constitutive equations (2.64)–(2.68) of the non-isothermal hybrid
model. Analogous to the ansatz for the base flow of the isothermal circular Couette flow of
an Oldroyd-B fluid (4.1), we ask for the steady state, time independent, purely azimuthal,
axisymmetric solution(

v(r), p(r), τ(r)
)hybrid

base
=
(
Vθ(r)eθ(r), P (r),Θ(r), T s(r), TU(r), T P (r)

)
. (9.1)

The constitutive equations translate to the following set of differential equations for the
(non-zero) base functions:

βP

r

(
T Pθθ(r) + TUθθ(r)

)
= −

∂P (r)

∂r
+ Re

Vθ(r)2

r
, (9.2)

βP
(
∂

∂r
+

2

r

)(
T Prθ(r) + TUrθ(r)

)
= βe

ν
(

1
Θ(r)
−1
)

ν

Θ(r)2

∂Θ(r)

∂r

(
∂

∂r
−

1

r

)
Vθ(r) ,

− βeν
(

1
Θ(r)
−1
)(

∂2

∂r2
+

1

r

∂

∂r
−

1

r2

)
Vθ(r) , (9.3)

T srθ(r) =
β

βP

(
∂

∂r
−

1

r

)
Vθ(r) (9.4)
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T Prθ(r) + 2α

(
Wi

Θ(r)

)2

T Prθ(r)3 = e
ν
(

1
Θ(r)
−1
)(

∂

∂r
−

1

r

)
Vθ(r) , (9.5)

T Pθθ(r) = 2
Wi

Θ(r)
T Prθ(r)2 , (9.6)

TUrθ(r) = βre
ν
(

1
Θ(r)
−1
)(

∂

∂r
−

1

r

)
Vθ(r) , (9.7)

TUθθ(r) = 2
λr
βr

Wi

Θ(r)
TUrθ(r)2 , (9.8)

∂2Θ(r)

∂r2
+

1

r

∂Θ(r)

∂r
+ βPNa

(
∂

∂r
−

1

r

)
Vθ(r)

(
T Prθ(r) + TUrθ(r)

)
= −βNa eν

(
1

Θ(r)
−1
) [(

∂

∂r
−

1

r

)
Vθ(r)

]2

.

(9.9)

It is supplemented by the boundary conditions for the dimensionless velocity Vθ(r) and
temperature Θ(r) via(

∂Vθ
∂r
−
Vθ
r

)∣∣∣∣
r= 1

ε

= −1 , Vθ

(
r = 1 +

1

ε

)
= 0 , (9.10)

Θ

(
r =

1

ε

)
= Z , Θ

(
r = 1 +

1

ε

)
= 1 (9.11)

which fixes the temperature at the inner cylinder to ϑ(r = R2) ≡ Zϑ0 which may differ from
the one at the outer beaker ϑ(r = R1) ≡ ϑ0 given by the preset temperature of the outer
thermal bath.

We already used the dimensional form of the stress equations (9.4)–(9.8) in the isothermal
formulation to describe the steady shear rheometry of our polymer solutions. Here, we
approximated the flow in the cone-and-plate geometry by the more simple plane Couette flow
which naturally gives the base flow (in Cartesian coordinates) analogous to the Taylor-Couette
flow. We further derived the explicit analytical expressions for the shear and the normal stress
as a function of the shear rate γ̇ = ∂rVθ(r) − Vθ(r)/r . However, within the scope of the
stability analysis, we require the explicit formulation of all the system’s variables in dependence
on the radial position r which are coupled according to the nonlinear differential equations of
the base state (9.2)–(9.9). Therefore, there is no explicit analytic formulation of the base
flow and we have to use a numerical method to approximate the base flow at a given set of
discrete positions {rk} in the gap which constitute the discrete working grid for the further
analysis.

Based on a pseudospectral Chebyshev collocation method which is presented in detail in
appendix B.1, the set of discrete Gauss-Lobatto points

xGLk = cos

(
kπ

N

)
, k = 0, 1, . . . , N (9.12)

is an optimal grid to provide a fast converging approximation of the problem at hand. The
points can be directly mapped to the dimensionless radial coordinate in the gap according to

rk =
1

ε
+
xGLk + 1

2
∈
[

1

ε
; 1 +

1

ε

]
(9.13)

with the relative gap width ε = d/R1. This method involves a discretization of the spacial
derivate according to

∂f (r)

∂r

∣∣∣∣
r=rk

−→
∑
j

D
(1)
kj f (xj) (9.14)
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with the collocation derivative matrix D(1)
kj and a function f representative for any variable

of the system. Accordingly, the set of differential equations transforms to a set of algebraic
equations for the base functions approximated at discrete collocation points which converge
to the exact base solution with increasing number of collocation points N. Finally, the set of
algebraic equations is solved by use of a well-established iterative Newton-Raphson method
[Deu11].

9.2 Perturbation functions

In the special case of an idealized, infinitely long Taylor-Couette cell, any arbitrary perturbation
superposed to the base flow can be represented in terms of a spectrum of Fourier modes
involving an azimuthal and an axial wave number m and kz , respectively. The circularity of
the system imposes a periodic boundary condition to the flow and forces m to be an integer
value, whereas kz can be arbitrarily chosen. As motivated before, we address the question of
exponential stability, i.e. we assume an exponential time evolution of the perturbation modes.
All this leads to the formulation of the discrete perturbation modes in the form

δv(t, r, θ, z) = u(r)e i(kzz+mθ)+µt , (9.15)

δτ(t, r, θ, z) = σ(r)e i(kzz+mθ)+µt , (9.16)

δp(t, r, θ, z) = q(r)e i(kzz+mθ)+µt , (9.17)

δΘ(t, r, θ, z) = Ψ(r)e i(kzz+mθ)+µt (9.18)

which we impose to the respective components of the base flow. Addressing linear stability,
we assume the perturbation functions u(r), σ(r), q(r) and Ψ(r) to be small in magnitude
and when applying the perturbed base flow functions to the constitutive equations we only
account for linear contributions of the perturbation functions and neglect terms of order
greater than one. This gives the following linearized equations for the set of perturbation
functions (the indication of their dependency on the radial coordinate r has been omitted):

1. r -component of the Navier-Stokes equation

(
βeν( 1

Θ
−1)

{
∂2
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(9.19)
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2. θ-component of the Navier-Stokes equation(
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3. z-component of the Navier-Stokes equation(
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(9.21)

4. incompressibility condition(
∂
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+

1
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)
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im

r
uθ + ikz uz = 0 (9.22)

5. (r r)-component of PTT equation
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6. (rθ)-component of PTT equation
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9. (θz)-component of PTT equation

eν( 1
Θ
−1)ikz uθ + eν( 1

Θ
−1)

(
im

r
+
Wi

Θ

{
im

r
T Pθθ + T Prθ

∂

∂r

})
uz

+eν( 1
Θ
−1)Wi

Θ

(
∂

∂r
−

1

r

)
Vθ σ

P
rz −

(
1 +

Wi

Θ

{
eν( 1

Θ
−1) im

r
Vθ + αT Pθθ

})
σPθz

= µeν( 1
Θ
−1)Wi

Θ
σPθz

(9.27)

10. (zz)-component of PTT equation
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11. (r r)-component of UCM equation
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13. (rz)-component of UCM equation
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14. (θθ)-component of UCM equation
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15. (θz)-component of UCM equation

eν( 1
Θ
−1)ikzβr uθ + eν( 1

Θ
−1)

(
βr
im

r
+
λrWi

Θ

{
im

r
TUθθ + TUrθ

∂

∂r

})
uz

+eν( 1
Θ
−1)λrWi

Θ

(
∂

∂r
−

1

r

)
Vθ σ

U
rz −

(
1 + eν( 1

Θ
−1)λrWi

Θ

im

r
Vθ

)
σUθz

= µeν( 1
Θ
−1)λrWi

Θ
σUθz

(9.33)

16. (zz)-component of UCM equation
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Here, we used the abbreviations σP+U
ij := σPij + σUij , T

P+U
ij := T Pij + TUij and λr = λU/λP ,

βr = βU/βP . We further assume that the perturbation functions are zero at the boundaries
of the system, i.e.

w(r) :=
(
u(r), q(r), σP,Uij (r),Ψ(r)

)
= 0 at r =

1

ε
, 1 +

1

ε
. (9.36)

Now, we have to ask for the solution of the boundary problem (9.19)–(9.36) which provides
the desired information about the temporal development of a small perturbation superposed
to the base flow.

9.3 Generalized eigenvalue problem & instability criterion

Analogous to the base flow, the set of perturbation equations (9.19)–(9.35) cannot be
solved analytically and we have to numerically approximate the problem by means of the
pseudospectral Chebyshev collocation method on the discrete grid of Gauss-Lobatto points.
Consequently, we can write it in the form

Aw = µBw (9.37)

which constitutes an algebraic generalized eigenvalue problem of the matrices A,B with asso-
ciated eigenvalues µ and eigenvectors w = (u(r0),u(r1), . . . ,u(rN), q(r0), q(r1), . . . ,Ψ(rN)).
The matrices A and B, and hence also the eigenvectors wi and the eigenvalues µi , depend on
the global system parameters {ε, β, βP , Z} which reflect a special choice of the Taylor-Couette
geometry and viscoelastic fluid, the solution of the base problem at the collocation points
{Vθ(r), P (r),Θ(r), T P,Uij (r)}r=rk , the parameters of the perturbation mode {m, kz}, as well
as the hydro- and thermodynamic control parameters Re,W i and Pe,Na, respectively.

Addressing the question of stability of the base flow we have to focus on the eigenvalues µi
which are complex numbers in general (cf. figure 9.1 for an illustration of a representative
spectrum of eigenvalues in the complex plane). The algebraic sign of the real part of an
eigenvalue µi governs the evolution of the associated vector of perturbation functions wi :
for <(µi) < 0, the perturbation exponentially decays with time and the base flow is linearly
stable, whereas the perturbation exponentially grows for <(µi) > 0 which corresponds to a
linearly unstable base flow. Neutral stability is given at <(µi) = 0. The imaginary part of
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Figure 9.1: Convergence behavior of the spectrum of eigenvalues. The eigenvalue
of the most unstable perturbation mode (i.e. the one with the biggest real part)
quickly converges when increasing the number of collocation points N (see inset).
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Figure 9.2: Representative spectrum of maximum eigenvalues maxi{µi}(kz) for
non-axisymmetric perturbations (m = 1) of an Oldroyd-B fluid (β = 0.79, βU =

0.21, βP = 0, α = 0) in the isothermal, purely elastic case (Re = Pe = Na =

0, Z = 1). It is the perturbation mode kz = 5.05, that first becomes linearly
unstable at a critical Weissenberg number Wi = Wic = 21.72. The number of

collocation points is N = 30.

an eigenvalue addresses the question whether the respective perturbation mode is stationary
(=(µi) = 0) or oscillatory (=(µi) 6= 0). In general, for a given set of parameters the real
parts of the eigenvalues are not positive or negative altogether. Here we have to focus on the
largest of them which gives the most unstable perturbation mode.

Accordingly, in order to find the onset of elastic instability in terms of the critical Weissenberg
number Wic , we have to proceed according to the following protocol: for a given choice of
system parameters {ε, β, βP , Z}, Reynolds number Re, Péclet number Pe, Nahme number
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Figure 9.3: Results of the linear stability analysis of the isothermal (Pe = Na =

0, Z = 1), purely elastic (Re = 0) Taylor-Couette flow of a Maxwell (β = 0)
and Oldroyd-B fluid (β = 0.79) with respect to small axisymmetric (m = 0)

perturbations.

Na and perturbation mode m, we increase the Weissenberg number Wi starting with a value
at which the base flow is linearly stable for all wave numbers kz ≥ 0, i.e. µi(kz) < 0 ∨ {i , kz},
until the largest eigenvalue (in terms of its real part) µmax(kz) := max1≤i≤n{<(µi(kz))}
changes to a positive value at a critical wave number kz,c and Weissenberg number Wic .
A representative spectrum µmax(kz) is shown in figure 9.2 for the first non-axisymmetric
perturbation mode (m = 1) of an Oldroyd-B fluid (β = 0.79, βU = 0.21, βP = 0, α = 0)
in the purely elastic, isothermal case (Re = Pe = Na = 0, Z = 1). In this case, it is the
perturbation mode kz = 5.05 that first becomes linearly unstable at a critical Weissenberg
number Wic = 21.72. The number of collocation points is preset to N = 30 which is large
enough to provide convergence of the maximum eigenvalue (cf. figure 9.1). The number of
collocation points has to be adapted to the each explicit set of parameters, i.e. N has to be
varied to check for numerical convergence of the largest eigenvalue.

The generalized eigenvalue problem was solved by use of standard numerical routines from an
open source library (SciPy) for python™.

9.4 LSA of the Maxwell and Oldroyd-B fluid - Consistency
check

In a first step, we check for errors of our code. Therefore, we recalculate the critical
Weissenberg numbers Wic(ε) for the isothermal, purely elastic (Re = Pe = Na = 0, Z = 1)
Taylor-Couette flow of a simple UCM fluid (α = β = βU = 0, βP = 1)1 and an Oldroyd-B
fluid with β = 0.79 (βP = 0.21, α = λU = 0) by accounting for axisymmetric (m = 0) as well
as for the first non-axisymmetric (m = 1) perturbation modes. For m = 0, our results are
consistent with the data by Shaqfeh et al. [Sha92] (�) and Joo et al. [Joo94] (�) (cf. figure
9.3). The result by Larson et al. [Lar90] in the small gap approximation (4.18) is reproduced

1Since we normalized the stresses with ηP γ̇max, in order to obtain the UCM fluid we cannot set βP = 0

but we have to reduce the PTT-component by α = 0 and remove the virtual UCM component
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Figure 9.4: Critical modified Weissenberg number as a function of the relative gap
width. The referenced data are extracted from the linear stability analysis (published
in [Sha92, Joo94]) of an Oldroyd-B fluid (β = 0.79) for both, axisymmetric (m = 0)
as well as first non-axisymmetric perturbation mode (m = 1). The data are

overlapped by the results of our analysis for m = 0, 1, 2, 3 (dashed lines).

as well, i.e.
√
εW iLSA

c
ε→0−→ ∼ 5.93. In contrast, our m = 1 data significantly differ from the

preliminary results (cf. figure 9.4). However, this is not due to an error in the code but we
have to assume that the data by Joo et al. is incorrect as it is not possible to convert their
data of the critical Weissenberg number (•) into their modified Weissenberg numbers (�).
Figure 9.4 shows another result: the m = 1 mode is the most unstable one only for a limited
range of gap widths ε & 0.07. For ε . 0.07, higher modes are more unstable and the value
m of the first unstable mode steadily increases when decreasing ε more and more. Table
9.1 summarizes all the critical Weissenberg numbers calculated for different values of β, ε
and m. In the following, when talking about the critical onset of elastic instability, we will
refer to the most unstable mode, i.e. Wic(ε) = minm≥0{Wic(ε;m)}. The respective values
are highlighted in boldface in table 9.1 and presented in figure 9.5. Clearly, for all values
of β, the critical modified Weissenberg numbers of the first unstable perturbation modes,
rescaled by

√
1− β as motivated by the Pakdel-McKinley criterion, obey a heuristic quadratic

dependence on the gap widths within 0 < ε . 0.3, i.e.√
1− β

√
εW iLSA

c = a(β)
(

1 + b(β)ε+ c(β)ε2
)

(9.38)

with functions a(β), b(β), c(β) > 0 presented alongside with figure 9.5. This is contrasted
with a Fourier expansion of the modified Weissenberg number according to the Pakdel-
McKinley criterion (8.4) which predicts in second order√

1− β
√
εW ic =

M√
2

(
1 +

3

4
ε−

5

32
ε2

)
+O(ε3) . (9.39)

It is obvious that the Pakdel-McKinley criterion (expanded in second order in ε, cf. (9.39))
and the linear stability analysis (9.38) provide significantly different results. According to the
former of the two, the rescaled, critical modified Weissenberg number

√
1− β

√
εW iLSA

c is
independent of β and in the limit of small gap it equals a constant M/

√
2. Our experiments
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heuristic quadratic functions (lines, cf. equation (9.38)). The right panel shows
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Figure 9.6: Comparison of the different approaches for the rheological scaling of
the onset of elastic instability in the small gap limit.

provide a value of M = 1.8 ± 0.3, cf. (8.10). In the linear stability analysis of the most
unstable modes, this number is dependent on β and the associated function a(β) in (9.38) is
monotonically decreasing (cf. the open black circles in the upper right panel in the figures
9.5 and 9.6). Consistently, as the analysis takes into account all perturbation modes m ≥ 0

including the most unstable one, the curve a(β) is below the curve associated with the
axisymmetric mode m = 0 according to equation (4.19). Our analysis for ε = 10−4, i.e. a
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close approximation of ε→ 0, can reproduce this function fairly well. In total, the Pakdel-
McKinley criterion, in agreement with our experimental data, predicts a much less pronounced
dependency on the gap width compared to the linear stability analysis. Accordingly, the
coefficients of the correction terms O(ε) and O(ε2) are much smaller than the stability
analysis predicts for any β, cf. the panels in figure 9.6.
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ε m β = 0.00 0.01 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.55 0.65 0.79 0.90 0.95

0 25.57 26.15 33.09 36.09 34.39 30.44 27.07 24.67 23.02 21.93 20.91 21.17 24.20 32.53 44.65
0.4 1 Wic = 27.17 27.30 29.25 31.24 33.80 33.59 30.64 27.08 23.92 21.04 18.14 16.91 18.27 25.29 39.13

2 30.85 30.87 31.40 31.88 32.37 32.56 31.73 29.89 27.81 25.96 23.47 22.77 26.43 42.92 77.69

0 25.57 26.15 33.09 36.09 34.39 30.44 27.07 24.67 23.02 21.93 20.91 21.18 24.23 32.60 44.78
0.35 1 Wic = 25.26 25.39 27.20 29.05 31.42 31.24 28.49 25.18 22.26 19.96 17.19 16.32 17.88 24.71 37.87

2 28.67 28.70 29.19 29.64 30.10 30.28 29.50 27.79 25.86 24.14 21.83 21.24 24.81 40.18 72.35

0 25.57 26.15 33.09 36.09 34.39 30.44 27.07 24.67 23.03 21.93 20.94 21.23 24.35 32.81 45.09
0.3 1 Wic = 23.43 23.54 25.22 26.94 29.14 28.96 26.42 23.35 20.69 18.68 16.47 15.94 17.67 24.34 36.87

2 26.60 26.62 27.07 27.49 27.91 28.08 27.36 25.77 23.98 22.39 20.29 19.87 23.39 37.65 67.28

0 25.59 26.16 33.09 36.09 34.39 30.44 27.07 24.68 23.05 21.98 21.04 21.41 24.64 33.28 45.78
0.25 1 Wic = 21.66 21.77 23.32 24.91 26.95 26.77 24.41 21.61 19.30 17.67 16.04 15.80 17.71 24.27 36.23

2 24.60 24.61 25.03 25.41 25.81 25.96 25.29 23.83 22.17 20.72 18.90 18.73 22.22 35.42 62.53

0 25.68 26.24 33.09 36.09 34.39 30.44 27.09 24.75 23.18 22.17 21.36 21.84 25.28 34.26 47.18
0.2 1 Wic = 19.96 20.06 21.51 22.92 24.79 24.63 22.48 20.09 18.30 17.12 16.02 16.03 18.12 24.65 36.18

2 22.67 22.68 23.07 23.42 23.78 23.92 23.30 21.95 20.46 19.19 17.83 17.95 21.43 33.61 58.25

0 25.88 26.42 33.10 36.09 34.39 30.46 27.18 24.92 23.44 22.51 21.82 22.41 26.05 35.39 48.78
0.167 1 Wic = 18.97 19.09 20.50 21.68 23.30 23.20 21.33 19.41 18.03 17.13 16.32 16.49 18.72 25.33 36.67

2 21.44 21.45 21.82 22.15 22.48 22.60 22.01 20.77 19.45 18.41 17.43 17.75 21.22 32.79 55.85

0 26.24 26.76 33.16 36.10 34.41 30.55 27.40 25.27 23.88 23.03 22.46 23.17 27.04 36.81 50.78
0.14 1 Wic = 18.54 18.67 20.04 20.99 22.09 22.11 20.68 19.23 18.17 17.47 16.86 17.16 19.54 26.28 37.58

2 20.45 20.47 20.83 21.14 21.44 21.51 20.98 19.91 18.85 18.06 17.40 17.87 21.34 32.46 54.28

0 26.47 26.98 33.23 36.11 34.44 30.64 27.57 25.49 24.16 23.34 22.83 23.59 27.58 37.58 51.87
0.129 1 Wic = 18.52 18.65 20.00 20.87 21.77 21.78 20.57 19.30 18.35 17.72 17.19 17.54 19.99 26.83 38.15

2 20.06 20.07 20.44 20.75 21.03 21.08 20.59 19.64 18.71 18.03 17.49 18.02 21.50 32.45 53.79

0 27.45 27.94 33.66 36.29 34.69 31.18 28.39 26.52 25.32 24.60 24.25 25.19 29.59 40.42 55.83
0.1 1 Wic = 19.04 19.18 20.48 21.21 21.76 21.70 20.93 20.04 19.33 18.84 18.50 18.99 21.71 28.93 40.49

2 19.11 19.17 19.74 20.07 20.32 20.36 20.04 19.45 18.86 18.42 18.16 18.83 22.38 33.01 53.18
3 24.07 24.07 24.33 24.54 24.66 24.54 24.01 23.11 22.16 21.41 20.84 21.68 26.85 43.71

0 30.04 30.50 35.48 37.53 36.16 33.25 30.90 29.27 28.23 27.64 27.53 28.78 34.00 46.58 64.41
0.066 1 Wic = 21.32 21.47 22.82 23.49 23.90 23.81 23.27 22.62 22.08 21.71 21.57 22.29 25.55 33.76 46.25

2 19.63 19.72 20.56 20.97 21.28 21.39 21.25 20.94 20.61 20.37 20.38 21.23 25.03 35.67 54.86
3 22.59 22.61 23.01 23.26 23.41 23.37 23.07 22.57 22.06 21.70 21.64 22.71 27.76 43.20

0 33.61 34.07 38.68 40.30 39.14 36.68 34.58 33.08 32.12 31.60 31.68 33.25 39.42 54.11 74.87
0.045 1 Wic = 24.73 24.90 26.43 27.14 27.52 27.41 26.91 26.31 25.81 25.49 25.49 26.44 30.38 39.93 53.92

2 22.05 22.17 23.16 23.65 24.01 24.17 24.10 23.87 23.63 23.46 23.61 24.63 28.84 40.03 59.23
3 22.69 22.78 23.61 24.01 24.30 24.43 24.35 24.13 23.88 23.71 23.91 25.14 30.31 45.25 73.52

0 38.79 39.28 43.82 45.23 44.22 42.01 40.01 38.55 37.61 37.13 37.39 39.36 46.78 64.30 89.01
1 29.72 29.93 31.75 32.56 32.96 32.80 32.25 31.61 31.11 30.80 30.92 32.17 37.07 48.58 64.92

0.03 2 Wic = 26.19 26.33 27.54 28.13 28.57 28.76 28.70 28.47 28.25 28.11 28.36 29.61 34.46 46.82 66.92
3 25.42 25.54 26.60 27.12 27.52 27.76 27.79 27.68 27.54 27.46 27.83 29.24 34.78 49.99 77.42
4 27.03 27.14 28.06 28.50 28.82 28.97 28.92 28.72 28.49 28.37 28.75 30.38 37.07 56.60

0 61.89 62.55 68.39 69.97 69.00 66.60 64.25 62.45 61.32 60.81 61.62 65.11 77.64 106.92 148.10
1 52.09 52.49 55.88 57.22 57.64 57.09 56.04 55.00 54.23 53.84 54.35 56.88 66.07 86.91 115.00
2 46.40 46.68 49.11 50.20 50.89 51.02 50.70 50.19 49.75 49.53 50.07 52.31 60.52 79.75 107.61

0.01 3 Wic = 43.15 43.38 45.36 46.32 47.03 47.40 47.41 47.21 47.00 46.92 47.57 49.80 57.94 77.95 109.35
4 41.46 41.66 43.44 44.33 45.03 45.48 45.64 45.60 45.51 45.53 46.31 48.64 57.19 79.22
5 40.94 41.13 42.84 43.69 44.38 44.84 45.06 45.08 45.05 45.11 45.99 48.49 57.78 82.75
6 41.52 41.71 43.40 44.22 44.88 45.32 45.51 45.51 45.47 45.53 46.12 49.19 59.45 88.29

Table 9.1: Results of linear stability analysis of purely elastic (Re = 0) Taylor-
Couette base flow of an Oldroyd-B fluid. The table lists the critical Weissenberg
numbers for the onset of elastic instability triggered by different perturbation modes
m in dependence of different gap widths ε and viscosity ratios β = ηs/η. In each
case (ε, β), the smallest critical Weissenberg number (giving the most unstable

perturbation mode) is highlighted in boldface.
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9.5 LSA of the isothermal hybrid model

Since the rheology of our solutions is not consistently described by a simple Oldroyd-B model,
a stability analysis based on the more appropriate hybrid model is compulsory in order to
make it comparable with our experimental results. In doing so, we have to take care of a
consistent calculation of the critical Weissenberg numbers. As already discussed in section
5.1, the rheological (modified) Weissenberg number is an appropriate choice. However, taking
the hybrid model seriously, the experimental (critical) rheological Weissenberg numbers as
calculated according to (5.2) from the shear rates given by the rheometer are inaccurate:
The rheometer gives the shear rates based on equation (5.2), i.e. under the assumption of a
Newtonian circular Couette velocity profile (4.8). While this is also correct for an Oldroyd-B
fluid, it is incorrect for the hybrid model fluid: since the velocity profile differs from the
Newtonian profile (this is not explicitly presented here, but it can be anticipated by the more
complex structure of the differential equations constituting the base flow), the shear rate (at
the inner cylinder) deviates from equation (5.2). For a given angular velocity Ω of the inner
cylinder, the respective dimensional azimuthal velocity (tildes denote dimensionless quantities
and a “h” denotes a quantity based on the hybrid model) is given by

Vθ(r = R1) = ΩR1 = Ṽ hθ

(
r̃ =

1

ε

)
γ̇hd (9.40)

with the dimensionless velocity at the inner cylinder Ṽ hθ (ε−1) which meets

∂Ṽ hθ
∂r̃
−
Ṽ hθ
r̃

∣∣∣∣∣
r̃= 1

ε

= −1 (9.41)

and the actual (maximum) shear rate at the inner cylinder

γ̇h =
∂Vθ
∂r
−
Vθ
r

∣∣∣∣
r=R1

(9.42)

(the shear rate is still maximum at the inner cylinder). Thus, we can transform (9.40) to

Ṽ hθ

(
1

ε

)
γ̇h =

Ω

ε
=

ε+ 2

2(ε+ 1)2
γ̇O-B (9.43)

which gives a conversion of a shear rate γ̇h based on the hybrid model (at the corresponding
rotation rate Ω) to the associated shear rate γ̇O-B in an Oldroyd-B fluid (at the same rotation
rate, cf. (8.3)). Consequently, if we want to compare our experimental Oldroyd-B-like shear
rates with the actual shear rates of a fluid described by the hybrid model, we have to correct
the latter by

γ̇O-B =
2(ε+ 1)2

ε+ 2
Ṽ hθ

(
1

ε

)
γ̇h . (9.44)

According to the power law relation (5.2) between the shear rate and the Weissenberg number,
the correction for the Weissenberg number takes the form

WiO-B =

[
2(ε+ 1)2

ε+ 2
Ṽ hθ

(
1

ε

)]nrheo

Wih (9.45)

with the exponents nrheo according to table 5.3.

A comparison between the linear stability analysis of the Oldroyd-B and the hybrid model is
presented in figure 9.7. The critical modified rheological Weissenberg numbers

√
εW i rheo

c



9.5 LSA of the isothermal hybrid model 99

0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 0
0
2
4
60
1
2
30
1
2
3

0 . 0 0 . 1 0 . 2 0 . 3 0 . 40
1
2
3
4
5
6
7
8
9

1 0

R e  =  0 . 0

  a ( 1 + b ε+ c ε2 )  

ε0.5
 W

irhe
o

c

ε

  β       O - B   h y b r i d
0 . 3 5      
0 . 4 5     
0 . 5 5     
0 . 7 9     
0 . 9 0     

P - M c K

 c

β

 b

P - M c K

 a

P - M c K

Figure 9.7: Linear stability analysis of the hybrid model as compared to the results
from the analysis of the Oldroyd-B model with the same respective parameter β.
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Figure 9.8: Comparison of the different models giving the onset of elastic instability
for a polymer solution with β = 0.55 which corresponds to the P600G80 solution
according to its rheology based an the hybrid model. A significant discrepancy
is obvious between the linear stability analysis and the experimental data whose
scaling is reproduced fairly well by the finite gap Pakdel-McKinley criterion. We

refer to the dotted lines in section 9.7.

of the most unstable mode in dependence on the gap width ε are shown for several values
of β = ηs/η0 which are close to the estimates of the parameters from the steady shear
rheometry of our polymer solutions according to the evaluation based on the hybrid model
(see table 5.3).

Strikingly, the hybrid model predicts a notable lower onset as compared to the Oldroyd-B
model. Again, the stability data of the hybrid model can be approximated by quadratic
polynomials a(β)(1 + b(β)ε+ c(β)ε2) and the associated coefficients are shown in the panels
in figure 9.7. Compared to figure 9.5, we can assess a better agreement with the coefficients
associated with the Pakdel-McKinley criterion. Here, one has to pay attention to the fact
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that we have evaluated the rheological modified Weissenberg number instead of the rescaled
Weissenberg number from the Oldroyd-B model. For the latter, the rheological Weissenberg
number takes the form

Wi rheo,O-B =
Στ11

2Στ12
=

2ηUλU γ̇2

2(ηs + ηU)γ̇
=

ηU

ηs + ηU
λU γ̇ = (1− β)WiO-B . (9.46)

However, a significant discrepancy to the experimental data is left as representatively illustrated
in figure 9.8 for β = 0.55 which we relate to the P600G80 solution and the linear stability
analysis of the hybrid model still overestimates the critical Weissenberg numbers. Even when
accounting for inertia in terms of an upper estimate of the experimentally relevant Reynolds
numbers Re = 1 in the linear stability analysis of the hybrid model (green data points in
figure 9.8), the base flow is only marginally destabilized. By far, this additional effect of
inertia cannot reproduce the experimental findings, neither in the magnitude nor in the global
scaling of the critical Weissenberg numbers as reflected by an adaption of the finite gap
Pakdel-McKinley criterion to the experimental data, cf. solid red line. The dash-dotted line
refers to the Pakdel-McKinley criterion with a forced matching to the data of the linear
stability analysis for small gaps ε→ 0.

9.6 LSA of the non-isothermal hybrid model

With the intention to obtain a better agreement with our experimental data and hence with
the prediction of the Pakdel-McKinley criterion, we additionally allowed for non-isothermal
boundary conditions and the effect of viscous heating in the stability analysis. This involves
values of the (normalized) temperature at the inner cylinder Z = ϑ(R1)/ϑ0 different from
unity and non-zero values of the Nahme and the Péclet number as well as of the activation
energy ν. As the inner cylinder of our Taylor-Couette setup is mounted to the driving
motor which is at ambient temperature (≈ 23 ◦C) and since the upper part of the cylinder
is not immersed into the fluid (cf. figure 6.1), it is reasonable to assume that there is a
temperature different to the one of the outer beaker (which is in contact with the surrounding
thermal bath fixed at ϑ = ϑ0). Especially for the measurements at ϑ0 = 10 ◦C, we have
to assume ϑ(R1) > ϑ(R2) = ϑ0. We verified this initial guess by measuring the steady
state temperature difference between the thermal bath (ϑ0 = 10 ◦C) and the temperature
of the inner cylinder (ϑ(R1), measured via a temperature sensor mounted in an bore hole
close to the surface of the cylinder) which exhibited a difference (at thermal equilibrium) of
approximately ∆ϑ = ϑ(R1)− ϑ0 . 0.2 ◦C.

According to the definitions of the Nahme and Péclet number (cf. the equations (2.72),
(2.70)), we have to determine the thermal conductivity κ and the specific heat capacity cp
of our polymer solutions. Furthermore, an estimate of the activation energy ν is required.
Broniarz-Press and Pralat [Bro09] investigated the thermal conductivity of Newtonian and
non-Newtonian liquids (amongst them they measured high molecular weight polyacrylamide
solutions (Separan)) and found an empirical formula relating the apparent viscosity and the
thermal conductivity according to

η

κ
= 2.095G0.95γ̇0.881n−1.021 (9.47)

with the shear stress described by a power law τ = ηγ̇ = Gγ̇n. Consequently, we can explicitly
write

κ(γ̇) = 0.477

(
G

Pa sn

)0.05( γ̇

s−1

)0.119n+0.021 W

m K
. (9.48)

In the relevant range of critical shear rates γ̇ = γ̇c , the thermal conductivity does not
change much for the polymer solutions and according to the different values of G, γ̇c and
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Figure 9.9: Specific heat capacities cp of the polymer solutions. Whereas the
glycerol-based solutions were measured in a differential scanning calorimeter (DSC
Q2000, TA Instruments), the values for the sucrose solvents (sucrose concentration
csuc) at the relevant temperatures ϑ0 were calculated according to cp = [1 −

csuc(0.6− 0.0018ϑ/◦C)] · 4.18 kJ kg−1 K−1 [Asa05].

n for the various solutions, the thermal conductivity is in the range 0.60 W m−1 K−1 .
κ . 0.84 W m−1 K−1. The specific heat capacity cp also does not change much within a
reasonable temperature range. It was measured for the glycerol-based solutions by means
of a differential scanning calorimeter DSC Q2000 (TA Instruments) (cf. figure 9.9) and
no systematic change in cp could be observed upon variation of the polymer concentration.
Additionally, it is reasonable to assume that there is no effect of the dissolved polymers in
view of the particularly small concentrations. Besides, the heat capacities of the sucrose
solvents were calculated following the approach by Asadi et al. [Asa05] via

csucrose
p =

[
1− csuc

(
0.6− 0.0018

ϑ
◦C

)]
· 4.18

kJ

kg K
(9.49)

∈ (2.65, 2.77)
kJ

kg K
(9.50)

and for the concentrations csuc of our aqueous sucrose solutions the heat capacities are close
to the ones of the glycerol solutions. The activation energies ν of the polymer solutions were
approximated by the temperature dependence of the viscosities of the respective solvents
according to an Arrhenius law (2.63)

η(ϑ)

η(ϑ0)
≈
ηs(ϑ)

ηs(ϑ0)
= e

ν
(
ϑ0
ϑ
−1
)
. (9.51)

Here, we had to assume a negligible variation of the intrinsic viscosity and Huggins coefficient
within the small temperature range. Figure 9.10 shows the viscosity functions η(ϑ/ϑ0) of the
aqueous glycerol and sucrose solvents. The sucrose data were taken from the literature [Asa05]
and in the relevant temperature range, they can be interpolated satisfactorily by exponential
functions (dashed lines). The viscosities of the glycerol solvents were calculated according to
a pseudo-empirical formula by Cheng et al. [Che08]. By rescaling the data with the reference
viscosity η(ϑ0) within the relevant range, the curves collapse fairly well to a master curve (cf.
inset graph). This implies a small range of activation energies 18.6 . ν . 20.6.
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Figure 9.10: Estimation of the (rescaled) activation energies ν = ∆E/kBϑ0 for the
different polymer solutions based on an Arrhenius-type viscosity law. The viscosity
data of aqueous sucrose solutions were taken from [Asa05] whereas the data of
the 80% aqueous glycerol solution were calculated according to a pseudo-empirical

formula by Cheng et al. [Che08].

Representatively, we analyzed the change in the critical (modified) Weissenberg number based
on the hybrid model parameters of the P600G80 solution. The thermal properties ν ≈ 20.27,
cp ≈ 2.7 kJ kg−1 K−1, κmin ≈ 0.7 W m−1 K−1 and density ρ ≈ 1214 kg m−3 provide upper
limit estimates of the Péclet and Nahme number,

Pemax ≈ 400 , (9.52)

Namax ≈ 1 · 10−5 . (9.53)

It turned out that with these values (due to a slightly different estimate, we have even
chosen a slightly higher value of the activation energy ν = 1.4 · 10−5) in combination with a
temperature difference of ∆ϑ = 2K (which is about ten times the experimental estimate), the
critical onset of the linear elastic instability is only negligibly affected and the discrepancy to the
experimental data remains significant. A more detailed analysis of the interplay between the
thermodynamic parameters reveals a much stronger impact of the Péclet number compared
to the Nahme number. When forcing the estimate of the critical modified (rheological)
Weissenberg number from the linear stability analysis to agree with the experimental value at
ε = 0.4, i.e.

√
εW i rheo

c (ε = 0.4, P e, Na) != 0.65, the Péclet number has to be significantly
increased above our estimate, depending on the choice of the Nahme number and the
temperature difference ∆ϑ. This is illustrated in figure 9.11. Starting without a temperature
difference, i.e. ∆ϑ = 0 K(Z = 1), the required Péclet number is in the order of 105 . . . 1010,
depending on the Nahme number. At ∆ϑ = 2 K(Z = 1.007), the Péclet number has to
be about Pe ≈ 21550 for values of Na in the range of 10−6 ≤ Na ≤ 10−3. Pe does not
significantly change when increasing Na even further. Analogously, at ∆ϑ = 4 K(Z = 1.014),
the Péclet number has to be Pe ≈ 10150 and does not change importantly over many
orders of magnitude of Na. Even if the values of Pe = 10150 and ∆ϑ = 4 K are not
reasonable assumptions for our experiments according to our estimates of the involved
parameters, we investigated the corresponding non-isothermal effect on the geometric scaling
of the elastic instability onset. Figure 9.12 illustrates the effect of the interplay between
the temperature difference ∆ϑ and viscous heating associated with Na = 1.4 · 10−5 and
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Figure 9.12: Effect of viscous heating in combination with a fixed temperature
difference between the inner and outer wall ϑ1 − ϑ0 = ∆ϑ = (Z − 1)ϑ0 based on
the hybrid model. While the activation energy ν as well as the Nahme number Na
are assumed to be in reasonable agreement with the estimates, the Péclet number
Pe is more than one magnitude higher than estimated. Representatively, the value

ε = 0.3 (yellow) is analyzed in more detail in figure 9.13.

Pe = 10150. Remarkably, the geometric scaling dramatically changes and the experimental
data, i.e. the scaling predicted by the Pakdel-McKinley criterion, can now be reproduced
by the non-isothermal linear stability analysis for ε & 0.05! Obviously, as illustrated above
for values ∆ϑ = 0 K, 2 K, 2.5 K, the scaling is very sensitive to the temperature difference.
Furthermore, starting at large gap widths, the axisymmetric (m = 0) perturbation mode
becomes the first (most) unstable mode when increasing the temperature difference more
and more.

This agrees well with the theoretical findings by Al-Mubaiyedh et al. [Al-99, Al-00] who
investigated the effect of energetics on the linear stability of various constitutive models.
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Figure 9.13: Eigenvalues of the most unstable perturbation mode for ε = 0.3

in different situations with or without incorporating viscous heating and a fixed
difference of temperature ∆ϑ = (Z − 1)ϑ0 at the system’s boundaries. Viscous
heating is defined by the parameters ν = 20.27, Na = 1.4 · 10−5, P e = 10150

and the model parameters correspond to the rheology of the P600G80 solution
(β = 0.55, β1 = 0.18, α = 17.7, λr = 1.53, cf. figure 9.12).

They found a new axisymmetric instability mode which destabilized the base flow at critical
Weissenberg numbers which are up to one magnitude lower relative to the isothermal case.
The effect is induced by the convection of temperature gradients within the gap (caused by
viscous heating) which leads to a stratification of hoop stress that may impose secondary
flow. In particular, a significant amplification of the effect was observed when involving a
temperature difference at the boundaries which is in agreement to our findings. Furthermore,
the non-isothermal axisymmetric instability mode is stationary which contrasts the oscillatory,
non-axisymmetric instability in the isothermal case. This is confirmed in our analysis of
the hybrid model: Figure 9.13 presents the spectra of eigenvalues in the complex plane for
a given geometry ε = 0.3 based on the parameters of the P600G80 solution for different
thermal boundary conditions and perturbation modes as presented in figure 9.12. Without
viscous heating (left panel), the most unstable mode is non-axisymmetric (m = 0) for
∆ϑ = 0K (cf. figure 9.12) as well as for ∆ϑ = 4K. Here, the spectrum of eigenvalues is only
marginally affected by the change in the temperature of the inner cylinder and, in particular,
the imaginary part of the most unstable eigenvalue is still larger than zero, giving an oscillatory
perturbation mode (see the magnified section). In contrast, when including viscous heating
(right panel), the situation changes by increasing the temperature difference: at ∆ϑ = 2K,
the most unstable mode is still non-axisymmetric and oscillatory (time-dependent) (green
circles). However, when further increasing the temperature at the inner cylinder to the case
∆ϑ = 2.5K (yellow circles), the most unstable mode turns to be axisymmetric (m = 0) and
steady in time (=(µmax) = 0). At ∆ϑ = 4K (red circles), the spectrum is further changed
but the most unstable mode is not affected.

9.7 LSA vs. geometrical transition

In a last step, we try to relate our experimental findings presented in figure 7.9, namely
the decaying impact of the elastic instability in terms of ∆max with decreasing ε, to the
development of the perturbation modes. The latter is governed by the eigenvalues of the
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Figure 9.14: Eigenvalues <(maxkz {µ(kz , m)}) of perturbation modes m = 0, 1, 2, 3

(circles, squares, triangles, diamonds) of the hybrid model according to the parame-
ters of the P600G80 solution in dependence of the gap width ε. The behavior is
shown for two different values of the rheological Weissenberg number Wi rheo. The
eigenvalues of the most unstable mode (given by the maximum of the eigenvalues
of the various modes, red stars) can be approximates by a fit of the expression

(7.3) with a scaling parameter B = 0.55± 0.05.

respective perturbation modes, more precisely their real part. The higher the (positive) real
part of an eigenvalue, the faster grows the associated mode, since the perturbation functions
are proportional to eµt , cf. (9.15)–(9.18). Representatively, we analyze the hybrid model
based on the parameters of the P600G80 solution in the isothermal, purely elastic case. We
choose a fixed rheological Weissenberg number Wi rheo, corresponding to a fixed shear rate
γ̇, and observe the development of the most unstable mode when changing the geometric
parameter ε. The results are presented in figure 9.14 for two different values ofWi rheo in terms
of the real part of the eigenvalues maxkz{µ(kz , m)} for the perturbation modes m = 0, 1, 2, 3

illustrated by circles, squares, triangles and diamonds, respectively. At Wi rheo = 16.9 (upper
panel) the maximum eigenvalues are all positive in the range 0.045 ≤ ε ≤ 0.4 realized in our
experiments and the base flow is unstable for all values of ε. Accordingly, the values of the
modified rheological Weissenberg numbers 16.9

√
ε are all above the critical numbers shown in

figure 9.8 (squares) for ε ≥ 0.045. In contrast, at a value Wi rheo = 7.5 (lower panel in figure
9.14), the base flow turns out to be linearly stable for values ε < εmin ≈ 0.06. Furthermore,
the values of real parts of the eigenvalues are two orders of magnitude compared to the case
Wi rheo.

Now, we recall the scaling criterion (7.3) which fairly well reproduced our experimental findings.
Assuming that the impact of elastic instability is governed by the growth of perturbation
modes given by the real part of the respective eigenvalues, we adapt equation (7.3) to the
data shown in figure 9.14 (cf. red curves): for both values of Wi rheo, the real part of the
most unstable perturbation mode maxkz ,m<(µ(kz , m)) scales with the gap width ε according
to

maxkz ,m<(µ(kz , m))(ε) ∝
(
h(ε)− Cd

d

)B=0.55±0.05

. (9.54)
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The agreement with the experimental scaling law (7.4) which yields B = 0.45 ± 0.11 is
remarkable and it evokes the square-root scaling of eigenvalues commonly observed in the
context of bifurcation theory.

However, the agreement with the experimental data is not perfect as we cannot extend the
adaption of the scaling law to the total data of eigenvalues. Consistency is observed only for
small to intermediate values, giving the scaling of the main bifurcation. This may be attributed
to the fixing of the (rheological) Weissenberg number to a single value which provides the
limiting gap widths εmin below which the base flow is linearly stable independent of the choice
of the perturbation mode. Even if this limitation to a single Weissenberg number (independent
of ε) may be to tight, there is strong evidence suggesting that the Weissenberg number
cannot exceed an upper limit which maintains persistence of linear stability at low values of ε.
This further strongly corroborates our initial guess of polymer degradation: the increasing
loss of elasticity leads to a severe decay of polymer relaxation time which overcompensates
the increase of the (rheological) Weissenberg number due to the increase in shear rate.



Chapter10
Degradation of polymer solutions

Beside the characteristic onset of elastic instability at a critical shear rate γ̇c , comparing
the Taylor-Couette measurements of the different polymer solutions reveals another clear
similarity: the flow curves τ/γ̇ show a severe loss in magnitude when shearing the samples at
shear rates above the critical onset γ̇c , i.e. in the region of strong non-laminar (turbulent)
flow. To be more precise, the stress signal which initially inclined due to the onset of elastic
instability subsequently decays to a level close to the base viscometric curve as extrapolated
from the region of low shear rates. This behavior is not expected for a “healthy” sample.
Supported by the findings of our visualization measurements (cf. figure 7.6) and the outcome
of the linear stability analysis assuming a limited Weissenberg number, there is evidence that
the polymer solutions progressively degrade during our measurements. When we allude to
degradation, one may think of a process of mechanically “chopping” the polymer chains in
smaller and smaller pieces as a result of high shear forces which are strong enough to rupture
the intra-molecular bonds between single carbon atoms in the polymer chains. Thereby, the
solutions would increasingly lose their elastic properties.

In the following, we first give a synopsis of previous studies focusing on the degradation
of polymer solutions in various flow situations. In view of this, we then further present
the results of our own thorough experimental study based on the P600G80 solution in a
representative Taylor-Couette cell (ε = 0.267) which allow a verification of the supposed
polymer degradation during a standard scanning measurement.

10.1 Historical synopsis

Ever since the pioneer work of the later Nobel prize laureate Hermann Staudinger and his
coworkers in the 1920–1930s about macromolecules (see, e.g., [Sta32]), the mechanical
degradation of polymer solutions has been known and extensively studied. In [Bal81], an
overview of relevant theoretical milestones with regard to the modeling of random scission
of polymer chains is given. With the design of reliable methods to measure the molecular
weight distribution which is an appropriate quantity to verify degradation, more insight in
the fundamental mechanisms was achieved. Consequently, full kinetic information about the
chain scission process was available in the context of proposed kinetic theory by applying it to
the experimental weight distribution.

One of the earliest comprehensive degradation studies can be found in the publications
by Bestul et al. [Bes54, Bes56, Bes57, Bes60] from the late 1950s. They focused on
the degradation process of concentrated polymer solutions being subjected to the capillary
flow at high shear stresses for different exposure times. Aside from experimental studies
they aimed at developing a kinetic theory for the prediction of mechanical degradation in
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terms of the rupture rate of inter- and intra-molecular aliphatic carbon-carbon bonds. Since
then, numerous theoretical as well as experimental studies followed, aiming at a profound
understanding of the fundamental mechanism that involves the observed dependencies on
all of the different variables in the particular flow conditions. In the scope of these studies,
molecular weight, polymer concentration, viscosity, solvent, as well as boundary conditions
like temperature, rate and exposure time of shear and the respective stresses, etc. were
addressed. For example, Ballauff et al. [Bal81, Bal84] investigated the degradation of semi-
concentrated solutions of polystyrene in a θ–solvent1 exposed to laminar shear flow of shear
rates 5× 103 s−1 ≤ γ̇ ≤ 104 s−1 in a Couette-type apparatus. They found that the observed
degradation is due to homolytic scission of the carbon-carbon bonds and thermodynamically
determined by the solvent quality: in a poor solvent where contacts between polymer segments
are energetically favored and hence the polymers coil up. In the external laminar shear field,
the coils are rotated and have to disentangle from other coils. The associated frictional
forces can be high enough for carbon-carbon bonds to split. In contrast, in a good solvent
where interactions between polymer segments and solvent molecules are preferred, the shear
rates needed to cause scission are significantly higher (cf. also [Har65]). Consistently, the
experimental results by Ballauff et al. showed a strong dependence on the temperature which
highly influences the quality of the solvent. Furthermore, the breakage probability showed a
Gaussian distribution along the chain, i.e. the polymer chains favorably break in the middle,
in particular when the shear rates are small. For highly concentrated polystyrene solutions,
Breitenbach et al. [Bre73] observed degradation even at notably low shear rates (γ̇ = 600 s−1)
at θ–condition.

While the aforementioned studies primarily focused on degradation in laminar shear flows,
numerous later studies on polymer degradation (e.g., [Cha83, Too95, Sun04, Van05, Elb09,
Per12]) addressed its effect on the drag reduction in turbulent flow which attracted great
interest due to its importance in industrial applications such as the oil transport in pipelines as
it strictly limits the applicability of long-chained drag reducing polymers. Remarkably, Vanapalli
et al. [Van06] recently showed that polymer degradation by chain scission is primarily governed
by turbulence. The authors showed that previous scission experiments which were analyzed
according to accepted laminar flow scission theories, were in fact affected by turbulence.
Based on the assumption that the drag force on an extended polymer chain is set by velocity
fluctuations on the Kolmogorov length scale2 of the turbulent flow, a universal scaling could
be found which revealed consistency of the various experimental data. Groisman and Steinberg
[Gro00, Gro01, Gro04] meanwhile experimentally showed that the non-inertial flow state of a
viscoelastic fluid in a curvilinear flow beyond its onset of (purely) elastic instability (such as
the viscoelastic Taylor-Couette flow) provide all the major features of developed turbulence,
comparable to a state of turbulent flow for a Newtonian flow at very high Reynolds numbers.
Such a state of so-called “elastic turbulence” particularly exhibit a power law spectrum of the
velocity fluctuations and a pronounced increase in flow resistance. Remarkably, the authors also
observed degradation of the investigated polymer solution (80 ppm PAAm Mw = 18× 106 Da

diluted in an aqueous 65% sugar solvent, λ = 3.4 s) in the Taylor-Couette flow (ε = 0.5)
already at shear rates of about 3.5 s−1 or 5 s−1 depending on the geometry and the associated
onset of elastic instability at about 0.6 s−1 and 1 s−1, respectively. However, the authors did
not explicitely relate their observation to the state of turbulence, even if the particularly small
shear rates give reason to it or even do not allow for another conclusion. The experiments by

1Since a polymer chain cannot adopt to a configuration where two of its parts occupy the same space, the
configuration space of the polymer chain is reduced by a so-called excluded volume. It causes the end-to-end
distance of a polymer to be bigger than in the case where no excluded volume exist. At the so-called θ–point
(associated with a θ–temperature) the effects of excluded volume are suppressed, i.e. the polymer chain
behaves like an ideal chain [Flo74].

2This is the length scale of smallest eddies present in turbulent flow, where energy is dissipated by viscosity.
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Figure 10.1: Sketch of the protocols used within the degradation study: a)
incomplete scanning protocol b) steady pre-shearing protocol.

Groisman and Steinberg further revelead a significant difference between the energy spectra
of inertial and elastic turbulence which could be confirmed by theoretical considerations by
Fouxon and Lebedev [Fou03]. In particular, the authors found an additional length scale which
affect the energy cascade of the turbulent state and on which energy is dissipated by the
polymers and by interal friction in the polymer coils. This could be confirmed in experiments
by Vonlanthen [Von10]. We interpret this as an indicator for the susceptibility to degradation
due to enhanced energy dissipation in the elasticity-induced turbulent state at low Reynolds
numbers.

10.2 Experimental degradation study

In the proposed picture of gradual polymer degradation due to the impact of elastic turbulence,
it is reasonable to guess that the degree of degradation should depend on both the intensity
and the duration of the associated non-laminar, turbulent flow acting on the polymer chains.
Aiming at a separation of these two influencing factors and a quantification of the degradation
in the course of our Taylor-Couette scanning measurements, we representatively analyzed the
transient viscoelastic properties of the P600G80 polymer solution according to two different
protocols, namely a steady pre-shearing protocol and an incomplete scanning protocol. Thereby,
we combined steady shear Taylor-Couette measurements in the ε = 0.267 cell (at ϑ = 10 ◦C)
and capillary breakup extensional rheometry (at ambient temperature, ϑ ≈ 23 ◦C) which is
highly sensitive to small changes in the elastic properties of a fluid.

Figure 10.1 sketches the two different protocols and they are presented in more detail in the
following.
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Figure 10.2: The green line shows a complete reference run of a fresh P600G80

sample in the TC-7.5-9.5 Taylor-Couette cell, performed at ϑ = 10 ◦C according
to the standard protocol. When the run of a fresh sample is stopped at γ̇ = 80 s−1

(open triangles), a subsequent complete run of the same (pre-sheared) sample (full
circles) significantly differs from the reference run.

10.2.1 Incomplete scanning protocol (cf. figure 10.1a)

In the standard Taylor-Couette scanning protocol presented in section 7.1, the shear rate is
increased stepwise and every value of the shear rate is kept constant for 10 s. Consequently,
when alluding to progressive degradation, the state of the sample is likely to change during a
complete scan as the polymers gradually are subject to elastic instability and turbulent flow
states.

In order to analyze the different stages during a standard scanning run, we stop the respective
measurements at varying maximum shear rates γ̇max. Subsequently, a tiny amount of the
processed sample (. 1%) is extracted and analyzed in the CaBER experiment. The rest
of the (pre-sheared) sample is once again subject to a complete scanning protocol in the
Taylor-Couette cell. Figure 10.2 and 10.3 show representative results of a sample that has
been processed in the first Taylor-Couette run up to a maximum shear rate of γ̇max = 80 s−1.
The CaBER relaxation time of the pre-sheared sample λC(γ̇max = 80 s−1) is clearly below
the relaxation time of the fresh sample λC0 . Here and in the following, the results of up to
three independent CaBER measurements are averaged and the standard deviations give the
respective error bars of the data points λ̄C ± δλC . The flow curve of the pre-sheared sample
(with reduced relaxation time) significantly differs from the reference run3 of the fresh sample:
the onset of instability is delayed and its magnitude is reduced. The latter is measured in
terms of the area A =

∫
[τ(γ̇)/γ̇− baseline] dγ̇ in excess of the viscometric flow curve (which

is extrapolated by the cone-and-plate steady shear measurements) and according to this,
for the further evaluation we refer to the critical shear rate γ̇c not as the actual onset of
elastic instability highlighted by the sharp incline in the flow curve but to the onset of Ekman
vortices, which cause the initial lift of the flow curves. The involved error is minor and it
simplifies the determination of the area A in excess of the viscometric baseline, which can be

3Small errors in the filling or misalignment, which manifest in a slight vertical mismatch in the flow curves,
were compensated by rescaling the signal to provide congruence of the flow curves at the highest shear rates,
where the different samples are assumed to be degenerated by maximum degradation
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Figure 10.3: Representative CaBER measurements of a fresh (green circles) and a
pre-sheared (γ̇max = 80 s−1, black triangles) P600G80 sample (cf. figure 10.2).

chosen to be a straight line in good approximation.

Results

Figure 10.4 summarizes the results of the incomplete scanning protocol for various maximum
shear rates γ̇max of the initial scanning measurements: clearly, the higher γ̇max, the more
decrease both the CaBER relaxation time λC and the excess area A of the flow curves in
the Taylor-Couette measurements. Whereas the decay of the relaxation time can be fairly
described by an exponential-like function λC(γ̇max) = C

[
1− exp

(
−λC0 γ̇max/C

)]
/γ̇max (the

special form is motivated in the discussion part of this degradation study), the area A follows
a Gaussian function A(γ̇max) = A0 exp(−[γ̇max − γ̇c ]2/2w2).

10.2.2 Steady pre-shearing protocol (cf. figure 10.1b)

The previous protocol combines variations of intensity and period of the initial pre-shearing:
the higher the maximum shear rate is chosen in the initial Taylor-Couette scanning run, the
longer the sample is subject to increasing shear rates. In order to decouple the two parameters,
we apply a second protocol. In a first step we shear a fresh sample in the Taylor-Couette
cell at a fixed shear rate γ̇ps. Analogous to the first protocol, a tiny amount of the sample is
subsequently analyzed with the CaBER setup and the remaining fluid is subject to a standard
scanning run. The steps were repeated for various time periods of the initial pre-shearing
process over a wide range. Thereby, fresh P600G80 samples are used in each run. Figure 10.5
represents the preprocessing at a representative constant shear rate γ̇ps = 80 s−1 which is
above the onset of elastic instability (cf. figure 10.2). When starting the steady shearing, the
stress signal inclines virtually at once up to the maximum value reached in the reference run
in the non-laminar flow regime. Subsequently, the signal exponentially decays and converges
to some limiting value. Figure 10.6 shows the sequence of complete scanning Taylor-Couette
measurements of the preprocessed samples, compared to the flow curve of the fresh sample.
Each curve corresponds to a complete scanning run of a sample, that was initially sheared at
γ̇ps = 80 s−1 for different time periods ∆t = 600 s, 6000 s and 21600 s. Obviously, the longer
the period of the pre-shearing, the less pronounced develops the elastic instability in terms of
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Figure 10.5: Stress signal τ/γ̇ during the shearing at constant shear rate γ̇ps =

80 s−1. The signal exponentially decays with time and it converges to a minimum
value ηlim.

the area A in excess of the viscometric flow curve during the subsequent run, and its onset is
delayed to higher shear rates.

Results

It is obvious that both the magnitude of the shear rate γ̇ps and its exposure time ∆t strongly
affect the degradation of the polymer solution. Figure 10.7 shows the temporal development of



10.2 Experimental degradation study 113

1 0 1 0 00 . 1

0 . 2

0 . 3

0 . 4

0 . 5

0 . 6

(τ /
 γ) 

 (P
a s

)

 r e f e r e n c e  ( f r e s h )p r e - s h e a r  @ 8 0 s - 1  
f o r  ∆t  =  

 6 0 0 s
 6 0 0 0 s
 2 1 6 0 0 s

 

 

γ  ( s - 1 )

b a s e l i n e

A

Figure 10.6: Sequence of complete scanning measurements, each performed
after an initial pre-shearing at γ̇ps = 80 s−1 for different periods ∆t =

600 s, 6000 s, 21600 s. All the curves are below the one of a fresh sample (green
solid line).

0 1 5 0 3 0 0 4 5 01 0 0

1 0 0 0

1 0 0 0 0

1 0 1 0 0 1 0 0 0 1 0 0 0 00 . 1

0 . 2

0 . 3

0 . 4

0 . 5

0 . 6

(τ /
 γ ps

)  (
Pa

 s)

γ p s  ( s - 1 )  
 1 0
 3 0
 3 5
 5 0
 8 0
 1 0 0
 2 0 0
 3 0 0
 5 0 0

 

 

t   ( s )

1 m 1 0 m 4 0 m 1 h 4
0 m

3 h 2
0 m

6 h

k i n k

 

 

 k i n k
 e x p o n e n t i a l

∆t 
 (s

)

γp s   ( s - 1 )

Figure 10.7: Temporal development of the stress signal (τ/γ̇ps)(t) during the
preprocessing at different steady shear rates γ̇ps of P600G80 in the TC-7.5-9.5 setup

(ε = 0.267) at ϑ = 10 ◦C. The inset presents the appearance of the kink.

the stress signal τ/γ̇ps at various constant shear rates γ̇ps. Whereas the signal is constant for
γ̇ps = 10 s−1 (over at least ∆t = 6000 s) which is below the actual onset of elastic instability
at γ̇c ≈ 36 s−1 (cf. table 7.1), exceeding γ̇ps = 30 s−1 triggers non-laminar, unstable flow
which emerges the sooner the higher the value of γ̇ps. After having reached their respective
maxima, the curves decay in a similar manner. They show a characteristic kink (similar to
the one observed in the scanning measurements according to the standard protocol) which
is most pronounced for high shear rates. It appears the earlier, the higher the shear rate
is chosen. The inset in figure 10.7 suggests an exponential dependence on the shear rate.
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The dashed lines refer to biased exponential fits.
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Figure 10.9: Area A(∆t) in excess of the viscometric flow curve as a function of
the period ∆t of initial pre-shearing for different values of corresponding shear rates

γ̇ps.

Before and after the kink, the curves can be approximated by exponential laws which merge
to a single one at moderate shear rates (cf. green curve (γ̇ps = 80 s−1), also represented in
figure 10.5).

When stopping the pre-shearing of the sample at selected times (cf. the dashed vertical
lines), the solution is likely to be partially degraded. Subsequent standard Taylor-Couette
scanning measurements differ from the one of the fresh sample: both, the upward shift in the
onset of elastic instability as well as the excess area A on top of the viscometric flow curve
exponentially scale with the exposure time ∆t of the preceding shearing. The figures 10.8
and 10.9 represent this finding. However, it is to be noted in general, the instability does
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not completely disappear when increasing the exposure time of the pre-shearing more and
more. In fact, the flow curves seem to converge to limiting states as presented by figure
10.8 and 10.9: the data points suggest a limited exponential growth and decay of the critical
shear rate γ̇c(∆t) and the associated excess area A(∆t), respectively. The limiting values
γ̇ lim
c and Alim systematically depend on the shear rate γ̇ps (cf. figure 10.11). Remarkably, the

limiting threshold γ̇ lim
c equals the initially applied pre-shear rate for moderate values. The

deviation from this relation at higher pre-shear is likely due to the sparseness of data points
which causes the fits to underestimate the limits. In contrast, the excess area exponentially
decays to zero. However, both processes do not start until the pre-shear is above the critical
onset γ̇c of the fresh sample.

The complementary data of the CaBER measurement support the results of the shear study.
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Figure 10.10 presents the CaBER relaxation times of the pre-sheared samples. Each data
point is an average of up to three independent measurements from the same batch. Analogous
to the data of the excess area A in figure 10.9, the relaxation time λC(∆t) exponentially
converges to limiting values λClim which gradually decreases with increasing γ̇ps (cf. figure
10.11).

10.3 Interpretation of degradation data

Facing the state of the art concerning polymer degradation as presented in the synopsis, the
systematic findings of our thorough degradation study corroborate a scenario of polymer
degradation caused by elasticity-induced turbulence.

Our experiments clearly reveal that degradation is associated with a severe, gradual decrease
in the CaBER relaxation time as can be seen in the figures 10.4, 10.10 and 10.11. It already
emerges at very low rotation rates which are definitely too low to force a breakage of polymer
chains due to the related laminar shear forces. In fact, polymer degradation appears to
be directly related to the onset of elastically driven secondary flow, associated with the
emergence of elastic instability which establishes a turbulent flow state when exceeding a
critical Weissenberg number. Obviously, already the formation of localized Ekman vortices
(in the present case at γ̇0

c ≈ 30 s−1) before the virtual onset of elastic instability at slightly
higher shear rates (γ̇EI ≈ 36 s−1) provokes a first decrease of the CaBER relaxation time
λClim (cf. figure 10.11). The longer the polymers are subject to the turbulent flow, the more
decreases the relaxation time, cf. figure 10.10. However, in agreement with the hypothesis by
Vanapalli [Van06], the extend to which the polymers are degraded is limited by the applied
shear rate (γ̇ps) which defines the maximum drag force applied to the polymer chains by the
turbulent flow, i.e. the breakage of polymer chains is limited to a minimum length of chain
fragments, associated with a respective minimum relaxation time λClim(γ̇ps).

The delay of the onset of elastic instability in a standard Taylor-Couette measurement of a
pre-sheared sample in terms of an increase in the critical shear rate γ̇c (cf. figure 10.8 and
10.11) is directly related to the preceding degradation process and the associated drop in the
relaxation time: regardless of the explicit rate of pre-shearing γ̇ or the respective period ∆t,
the product of λC(γ̇ps,∆t) and γ̇c(γ̇ps,∆t) turns out to be constant within the uncertainties
of the individual quantities (see figure 10.12). Here, the relative errors in γ̇c are assumed to
be 10% of the respective estimates and the CaBER relaxation times are rescaled to the values
at ϑ = 10 ◦C (according to the values of a fresh sample). The averaged data yield a constant
critical Weissenberg number WiCc = λC γ̇c ≈ 14. Comparing the values of the CaBER
relaxation time and the rheological relaxation time (i.e. λC ≈ 492 ms versus λrheo ≈ 33 ms,
cf. table 5.3), this translates to a constant critical rheological Weissenberg number of about
Wi rheo

c ≈ 0.9 for the onset of elastic instability in the Taylor-Couette measurements (in an
individual geometry ε = 0.267) regardless of the explicit relaxation time which is consistent
within our framework of elasticity-induced flow instability.

Since there is no more doubt that the CaBER relaxation time is gradually lowered by the
impact of turbulent flow initiated at shear rates above the critical onset of elastic instability,
we further have to address the pivotal question to which extend our Taylor-Couette standard
scanning measurements are affected by this circumstance. Although the foregoing discussion
suggests that the explicit onset of elastic instability of a fresh polymer sample is not affected by
degradation (according to the principle of cause and effect, degradation cannot emerge before
its causing instability), the latter will certainly alter the further progress. The degradation
data extracted from the incomplete scanning measurements provide explicit information about
the CaBER relaxation time during the different steps of a standard scanning measurement.
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Figure 10.12: Critical Weissenberg number WiCc = λC(γ̇ps,∆t)γ̇c(γ̇ps,∆t) calcu-
lated from the data of CaBER relaxation time (cf. figure 10.10) and the data of
critical shear rate (cf. figure 10.8) which both depend on the rate of pre-shearing
γ̇ps and corresponding pre-processing time ∆t. The averaged data (green) can be

approximated to be constant within the error bars.

By multiplying the CaBER data (cf. figure 10.4) with the respective shear rates γ̇max, we gain
information of the typical (CaBER) Weissenberg number during the standard Taylor-Couette
measurement. Figure 10.13 presents the product WiC = λC(γ̇max)γ̇max in dependence on
γ̇max ≡ γ̇. Again, we rescaled the relaxation time to provide relaxation data at the temperature
ϑ = 10 ◦C at which the Taylor-Couette measurements were conducted. The presented data
WiC(γ̇) suggest a convergence to some maximum level and it can be approximated by a
function4 WiC(γ̇) = WiCmax [1− exp(−γ̇/C)] withWiCmax ≈ 49. This translates to an estimate
of the maximum rheological Weissenberg number Wi rheo

max ≈ 3 reached in the Taylor-Couette
measurements.

This finding is remarkable in view of our previous experimental result presented in section 7.3,
namely the decreasing impact of elastic instability with increasing gap width ε which could be
consistently described based on a simple consideration of the geometrical transition from the
plane to the Taylor-Couette system and an analysis of the eigenvalues of the perturbation
modes in which we had to assume the (rheological) Weissenberg number to be limited to an
upper value. This initial assumption is corroborated here by the result of our degradation study.
Hence, facing figure 10.13, the complementary data associated with the incomplete scanning
and steady pre-shear protocol can be interpreted with regard to a scenario of the transition
to elastic instability consistent with our experimental findings: At values γ̇ < γ̇0

c = 30 s−1, i.e.
below the critical shear rate observed in the integral stress measurement (for ε = 0.267), the
associated Weissenberg number as calculated according to the CaBER data of the incomplete
scanning measurements is below the critical value Wi rheo

c ≈ 0.9 and no instability is observed.
Above this critical shear rate, the associated Weissenberg number is bigger than Wi rheo

c and
elastic instability can be observed. When varying ε, it is reasonable to suppose that the
dependence of the Weissenberg number on the shear rate is only marginally modified (due
to the unchanged interplay between the degrading polymer relaxation time and the shear
rate). However, the critical Weissenberg number increases with decreasing ε according to

4Accordingly, the CaBER relaxation time can be described by a function λC(γ̇) =

WiCmax [1− exp(−γ̇/C)] /γ̇max with C = WiCmax/λ
C
0 , cf. figure 10.4.
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Figure 10.13: Weissenberg number WiC = λC(γ̇max)γ̇max during a Taylor-Couette
standard scanning measurement. The data were extracted from the measurements

following to the incomplete scanning protocol.

the Pakdel-McKinley criterion (8.8) (highlighted by the red arrow) and thus there will be
the situation in which the critical Weissenberg number exceeds the maximum Weissenberg
number reached in the experiment. This consequently gives a minimum gap width below that
no instability can be observed anymore (cf. figures 7.9 and 9.14).

This scenario is further compatible with the decreasing impact of elastic instability of a
pre-sheared, i.e. partially degraded sample, as shown in figure 10.4, 10.9 and 10.11 in terms of
the excess area A. Compared to a fresh sample of relaxation time λC0 and critical Weissenberg
number Wi rheo

c ≈ 0.9, a partially degraded sample (λC < λC0 ) becomes unstable at the same
Weissenberg number λC(γ̇c)γ̇c ≈ 0.9 which is, however, reached not until a higher critical
shear rate γ̇c > γ̇0

c . Consequently, the maximum Weissenberg number during a scanning
measurement will be lower than in the case of a initially fresh sample (cf. the green dashed line).
This naturally weakens the impact of elastic instability as it is governed by the magnitude of
the eigenvalues of the unstable perturbation modes which directly scales with the Weissenberg
number (cf. figure 9.14).

However, when revising the recent findings, the scenario suffers from one shortcoming: it
lacks a consistent explanation for the decay of the stress signal during an individual scanning
measurement. Since the CaBER data suggest a monotonous growth up to a maximum
Weissenberg number, there is no reason for a decay of the stress signal when increasing the
shear rate further. This may be attributed to the fact that the CaBER relaxation time is
not the proper time scale to calculate the relevant rheological Weissenberg number. The
more relevant shear relaxation time (from steady shear rheometry) may be more amenable
to degradation at high shear rates which would lead to a final decay of both the rheological
Weissenberg number and the impact of elastic instability after having reached their respective
maximums.

Nevertheless, we can state that based on the conception of a progressive, systematic degra-
dation of the polymer solutions we can propose a consistent explanation for our experimental
findings on elastic instability in the various Taylor-Couette cells. It particularly involves the
gradually decreasing impact of elastic instability which finally completely diminishes for the
smallest gap widths.
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Summary

The presented experimental studies were based on the thorough investigation of various
viscoelastic polymer solutions (polyacrylamide (PAAm), cf. table 5.1). They differed from each
other not only in the polymer concentration cPAAm which varied from 80 ppm to 1200 ppm
but also in the (weight-averaged) molecular weight of the polymer batch (low: Mw =

(5–6)× 106 Da, or high: Mw = 18× 106 Da) as well as in the type of the Newtonian solvent
(aqueous glycerol or sucrose solutions of different concentrations). They were investigated
at different temperatures ϑ = 10 ◦C, 22 ◦C or 23 ◦C. Accordingly, a full characterization
of the various fluids by means of rotational steady shear, small amplitude oscillatory, shear
rate relaxation and capillary breakup extensional rheometry (CaBER) revealed a map of
diverse rheological parameters (cf. table 5.3) for which an understanding is based on different
rheological models. Remarkably, the steady shear rheometry of all polymer solutions without
exception could consistently be described by a constitutive 2-component Oldroyd-B/sPTT
hybrid model providing specific sets of parameters (ηs , η

U , ηP , λU , λP , α) (see section 5.2).
In contrast to the ordinary Oldroyd-B model, the additional contribution of the sPTT mode
accounts for the shear-thinning of the apparent viscosity and at the same time, it allows for
deviations from the quadratic scaling of the normal stress with the shear rate. These deviations
turned out to be minor for the low-molecular weight solutions but considerably more relevant
for high molecular weights. Differences between solutions of different molecular weight were
more obvious in all other rheometric methods and no overall consistent characterization
based on single-mode (Oldroyd-B or Jeffreys model) or multi-mode (generalized Jeffreys
model) models could be obtained, even if the results were partially satisfactory and agreement
with the literature could be observed. A deeper analysis of the steady shear viscosity data
revealed further consistent information about the polymer solutions: it could be shown that
the polymer solutions were dilute (with the exception of the P150S65.6 solution) with respect
to the common estimate of the overlap concentration cPAAm . c∗∗ = 0.77/[η] with the
intrinsic viscosity [η] and that they behave highly flexible when exposed to moderate shear
forces. This was indicated by the special behavior of the intrinsic viscosity [η] and the Huggins
coefficient kH in dependence of the applied shear rate in agreement with the literature.

With the knowledge of their rheology, the polymer solutions were investigated in a set of
various Taylor-Couette cells (see section 6). Every cell was built up of an inner cylinder with
a radius R1 and an outer cup with (inner) radius R2 = R1 + d . The gap width d = 1 mm was
kept constant for the different cells and the radius R1 ranged from 2.5 mm to 22 mm. By
keeping d constant, only the curvature of the cells varied. All integral stress measurements
were conducted at the predefined temperatures following a standard scanning protocol in
which the shear rate was gradually increased (section 7.1). They all exhibited a more or less
pronounced flow instability in terms of a sharp incline in the flow resistance. It emerged at
characteristic shear rates and corresponding Reynolds numbers Re . 1 far below the onset of
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inertia-induced secondary flow and we referred to this phenomenon as the onset of (purely)
elastic Taylor-Couette instability. The outcome of all measurements could be condensed to a
universal criterion

√
εW i rheo

c (ε, β+) = (1.8± 0.3)
√

(0.96± 0.05)− β+

√
(ε+ 1)2

ε+ 2
(11.1)

incorporating both low- and high-molecular weight solutions. The above relation gives the
onset of elastic instability in terms of the critical rheological Weissenberg number Wi rheo

c =

(λrheoγ̇c)n
rheo

depending on the relative gap width ε and the relative viscosity β+ = ηs/η
+ in

which the plus sign denotes the fact that the shear-thinning of the apparent viscosity was
explicitly accounted for. The parameters λrheo, nrheo, ηs and η+ were taken from the steady
shear rheometry according to its evaluation based on the hybrid model. Deviations from this
scaling criterion are restricted to the smallest gap widths and they are supposed to be due to
the uncertainties in the localization of the critical onset which increase with decreasing ε.

This experimental finding is in remarkable agreement with the prediction of the dimensionless
scaling criterion by Pakdel and McKinley [Pak96, McK96] based on the formulation with
respect to an Oldroyd-B fluid and accounting for finite gap widths (section 8). It is given by

√
εW i rheo

c (ε, β) = M
√

1− β
√

(ε+ 1)2

ε+ 2
≈
M√

2

√
1− β

(
1 +

3

4
ε−

5

32
ε2

)
(11.2)

where the rheological Weissenberg number is related to the Oldroyd-B (UCM) relaxation time
λU according to Wi rheo = (1− β)WiO-B = (1− β)λU γ̇. The agreement includes both the
geometrical as well as the rheological scaling prediction in terms of the dependencies on β
and ε, respectively. The coefficient M is a constant but undefined by the criterion and hence
the absolute values of the critical Weissenberg number are not predicted by this theory.

With respect to geometrical scaling, our results clearly contrast the early findings by Muller et
al. [Mul89] whose experimental data based on the investigation of a Boger fluid showed some
inconsistency compared to the geometrical scaling coming along with the linear stability analysis
of an Oldroyd-B fluid for axisymmetric disturbances (cf. section 4.3.4). This corresponds to
the conclusion of the Pakdel-McKinley criterion formulated with respect to small gap widths.
First, we have to state that their assumption of small gap widths did not reasonably apply to
the geometries used in their experiments. However, a simple recalculation of their critical
Weissenberg numbers accounting for the finite gap widths did not resolve the problem. The
authors did not put forward the obvious discrepancies with respect to the geometrical scaling
but, instead, they addressed the differences in the magnitude of the critical Weissenberg
numbers. In order to improve the agreement, they proposed the use of an alternative relaxation
time from transient stress relaxation measurements which turned out to be about twice the
characteristic time from steady shear measurements. But this, quite obviously, did not
influence the geometrical scaling as it only uniformly rescaled the absolute values regardless of
the gap width. At this point, a final explanation for the differing scalings in the experiments
by Muller et al. has to remain unsettled. In contrast, we are observing the striking agreement
exhibited by our experiments which is reproducible for all investigated polymer solutions,
suggesting the conclusion that the Pakdel-McKinley criterion definitely does apply to the
viscoelastic Taylor-Couette flow in terms of its geometrical scaling prediction when accounting
for finite gap widths.

Referring to the rheological scaling, our experiments are further consistent with the findings
by Groisman et al. [Gro98b] who verified the predicted dependence of the critical onset on
the explicit rheological properties of a fluid. What differs from our results is their value of
M = 3.58 which is based on the (longest) relaxation time extracted from oscillatory rheometry.
This is about twice our estimate and it agrees with the proposition by Muller et al. .
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In view of this remaining inconsistency with respect to the absolute values of the critical onset,
a further evaluation of our experimental values of the (rheological) Weissenberg number was
needed. Therefore and in order to further validate the geometrical and the rheological scaling
law, we performed a linear stability analysis of the Taylor-Couette base flow based on the
ordinary Oldroyd-B (section 9.4) as well as the more appropriate hybrid model (section 9.5)
formulated for finite gap widths. We confirmed the correctness of our code by reproducing the
critical Weissenberg numbers published by Shaqfeh et al. [Sha92] for a Maxwell (β = 0) and
an Oldroyd-B fluid (β = 0.79) with respect to the axisymmetric perturbation mode (m = 0).
Furthermore, we were able to extrapolate our results to the small-gap limit and to reproduce
the data by Larson et al. [Lar90]. Analyzing the first non-axisymmetric perturbation mode
(m = 1) we were not able to reproduce the neutral stability curve presented by Joo et al.
[Joo94]. This corroborates the initial guess that their data which already appeared to be
inherently inconsistent are flawed. Summarizing the results from our extensive linear stability
analysis of various Oldroyd-B fluids, we could show that in agreement with the literature
the most unstable perturbation mode is always non-axisymmetric (m > 0). Furthermore, we
could show that its azimuthal wave number increases when decreasing the relative gap width
and that the overall scaling of the most unstable perturbation mode can be described by a
quadratic function

√
εW i rheo

c (ε, β) ≈ a(β)
√

1− β
(

1 + b(β)ε+ c(β)ε2
)

(11.3)

with positive coefficients a, b, c dependent on β. Remarkably, this significantly contrasts the
Pakdel-McKinley criterion (11.2) which predicts no dependence of the respective coefficients
on β. Even when accounting only for the axisymmetric perturbation mode, the mismatch in
the scaling is almost unchanged. These significant discrepancies between the Pakdel-McKinley
criterion and the linear stability analysis for the Oldroyd-B fluid based on the formulation of
finite gap widths in terms of rheological and geometrical scaling has to be emphasized and it
highly contrasts the agreement found in the small gap limit for axisymmetric perturbations.
Furthermore, not only the scaling but also the absolute values of the critical Weissenberg
numbers significantly deviate, i.e. the linear stability analysis predicts much higher critical
numbers than experimentally observed. Again, this is in systematic agreement with the
findings by Muller et al. [Mul89]. However, one has to keep in mind that the rheometry of
our polymer solutions could not consistently be described by the Oldroyd-B model.

Nonetheless, the analysis based on the more reasonable hybrid model provided a similar picture
(section 9.5). Even if the systematic agreement between the experimental data and the
critical data of the linear stability analysis in terms of the geometrical and the rheological
scaling could be improved, significant discrepancies remained. Even when accounting for
inertial effects up to the value Re = 1 which approximates the highest value reached in our
experiments no improvement could be observed.

Whereas the analysis had been isothermal so far, in a last step we allowed for non-isothermal
flow properties combined with viscous heating and supplemented by a steady temperature
difference between the cylinder walls (section 9.6). For all polymer solutions, the relevant
thermal properties, namely the heat capacity cp, the thermal conductivity κ and the activation
energy ν were reasonably estimated or measured and further translated to the dimensionless
Nahme and Péclet number Na and Pe. With it, the effect of energetics was analyzed based
on the non-isothermal hybrid model. However, no significant effect could be observed and
the effect of energetics on the flow stability turned out to be negligible. Nevertheless, when
strongly increasing the Péclet number a clear destabilization of the Taylor-Couette base
flow could be observed in agreement with the literature [Al-99, Al-00]. Remarkably, the
scaling dramatically changed when increasing Pe and our experimental data could finally be
reproduced fairly well. In further agreement with the literature, during this destabilization
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process the instability changes from an overstable (oscillatory) to a steady mode. Here, the
system is most prone to this new kind of instability for large gap widths. Accordingly, for the
smallest gap widths the Péclet number has to be even higher.

Hence, apart from the reasonable agreement between our experimental data and the theoretical
prediction by the Pakdel-McKinley criterion in terms of geometrical and rheological scaling, a
significant discrepancy to the data of the linear stability analysis remains even when accounting
for inertia or energetics. This is surprising as the underlying constitutive model reasonably
accounts for the explicit steady shear rheometry of our polymer solutions. However, as it
is based on the viscometric flow in the cone-and-plate geometry we cannot guarantee that
it really captures the rheometry that is relevant in the Taylor-Couette flow which definitely
differs from the former one. In this respect, the proposals by Muller et al. and Groisman et
al. to account for a relaxation time based on a different (transient or oscillatory) rheometric
method may be justified. In view of this, the significantly higher relaxation times from our
(transient) shear rate relaxation rheometry appear more reasonable but as our method lacks
a fully consistent evaluation of the data we cannot really rely on it. However, the difference
in the geometrical scaling remains untouched when referring to a different relaxation time (or
a spectrum of relaxation times).

Within the framework of a supplementary experimental study (section 10), we could corroborate
the assumption of polymer degradation leading to a reduced impact of elastic instability when
decreasing the gap widths which was observed throughout the Taylor-Couette measurements
for all polymer solutions. The associated gradual extenuation of the elastic properties of a
polymer solution in the course of a Taylor-Couette measurement could be quantified by means
of CaBER measurements of the pre-sheared samples, i.e. the associated CaBER relaxation
time progressively decayed depending on the treatment of the polymer solutions. Following the
approaches of relevant literature, we could interpret our experimental observations according
to the conception of mechanical degradation induced by elastic turbulence which gradually
emerges subsequent to the onset of elastic flow instability. According to this, in the course
of a standard Taylor-Couette scanning run, gradual degradation led to a fast saturation
of the Weissenberg number converging to a maximum value. This value turned out to be
significantly lower than the monotonically increasing Weissenberg numbers reached during the
ideal measurement of a robust polymer solution. Based on the linear stability analysis of the
isothermal hybrid model and a quantitative evaluation of the eigenvalues of the perturbation
modes, we could demonstrate that this limitation in the value of the Weissenberg number
may lead to the observed extenuated impact of elastic instability for decreasing gap widths
in combination with a complete vanishing of elastic instability for the smallest gap widths.
In respect of this, the limitation in the Weissenberg number partially or fully stabilizes the
base flow. Remarkably, a similar finding is provided by a simple consideration of a geometrical
transition from the circular Couette system to the plane Couette system with increasing the
radius of curvature and decreasing the relative gap width, respectively (cf. section 7.3).



Chapter12
Conclusion

The objective of this study has been to contribute to a more profound understanding of the
elastic flow instability of viscoelastic polymer solutions in the standard Taylor-Couette flow.
By means of a comprehensive, comparative investigation including elaborate experiments as
well as numerical and theoretical considerations, open questions and apparent inconsistencies
within the existing literature were attempted to be clarified. The corresponding experiments
were based on various dilute, thoroughly characterized viscoelastic polymer solutions whose
steady shear rheometry could be consistently described by a two-component constitutive
hybrid model. The integral stress measurements in various Taylor-Couette cells characterized
by a joint gap width but variable radius of curvature were performed to investigate the onset of
(purely) elastic flow instability and, in particular, on its scaling with the geometrical parameter
of the Taylor-Couette setup, namely the relative gap width, and the rheological properties
of the fluids in terms of the ratio of solvent to total viscosity. Both scalings turned out
to be consistent with the theoretical predictions coming along with the Pakdel-McKinley
criterion which gives the onset of elastic instability in curved flow geometries. Regarding the
geometrical scaling, our findings could compensate the inconsistent picture provided by the
existing literature. However, the onset occurred at significantly lower Weissenberg numbers
as compared to previous results found in the literature. The linear stability analysis of both
the Oldroyd-B and the hybrid model exhibited a similar picture, i.e. the critical onset of linear
elastic instability was predicted to occur at significantly higher Weissenberg numbers for all
values of the geometrical parameter. Even when accounting for reasonable non-isothermal
flow properties and boundary conditions, the differences between the experimental data and
the numerics remained significant. Even more remarkably, neither the geometrical nor the
rheological scaling observed in our experiments could be satisfactorily reproduced by the linear
stability analysis. Finally, gradual polymer degradation induced by elastic turbulence could
be identified to affect the Taylor-Couette standard scanning measurements. The associated
limitation in the maximum Weissenberg number could be consistently related to the varying
impact of elastic instability in dependence of the geometrical parameter as experimentally
observed.
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Appendices





AppendixA
Rheometric data

Appendix A summarizes all measurements of the polymer solutions conducted within the scope
of the experimental study of viscoelastic Taylor-Couette flow. In includes the rheological
characterization by means of rotational steady shear, transient shear rate relaxation, oscillatory
and capillary breakup extensional experiments as well as the Taylor-Couette data. The
associated evaluation can be found in the chapters 5, 7 and 8.
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A.1 The P150G80 polymer solution

A.1.1 Steady shear rheometry
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Figure A.1: Top: Representative (apparent) viscosity η(γ̇) of the P150G80 solution
(open circles) as well as of the corresponding solvent (filled dots), extracted from
steady shear rotational rheometry in the cone-and-plate C60/2◦ setup at ϑ = 10◦C.
Bottom: Corresponding data of (first) normal stress difference N1(γ̇) (triangles).
The red curves refer to an adaption of the 2-component hybrid model according to

(3.7) and (3.8).

0 5 0 1 0 0 1 5 0 2 0 0 2 5 0 3 0 00 . 0

0 . 4

0 . 8

1 . 2
r h e o

γ   ( s - 1 )

 W i r h e o  =  ( λ r h e o  γ) n

 a v e r a g e

Wi
rhe

o

Figure A.2: Rheologic Weissenberg number Wi rheo(γ̇) = N1(γ̇)/2τ12(γ̇) of the
P150G80 solution, calculated from the steady shear data (cf. figure A.1). The red

curve corresponds to a power law fit according to (5.2).
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A.1.2 Shear rate relaxation rheometry
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Figure A.3: Relaxation of shear rate after sudden cessation of constant shear
stress τ0 applied to the P150G80 solution in the cone-and-plate C60/2◦ setup at
ϑ = 10 ◦C. Different curves correspond to different initial shear stresses τ0. The
temporal behavior can be described by the viscoelastic, oscillatory recoil of a Jeffreys

fluid according to (3.13).
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Figure A.4: Characteristic relaxation time λ and viscosity η1 of the P150G80 solution,
extracted from the shear rate relaxation data (cf. figure A.3) in dependence of the
initially applied shear stress τ0 according to (3.13). Red data points are omitted in

the fits. The shear modulus G is shown in the inset.
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A.1.3 Small amplitude oscillatory rheometry
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Figure A.5: Small amplitude oscillatory shear data of the P150G80 solution at
ϑ = 10 ◦C in terms of the real (circles) and imaginary part (squares) of the complex
modulus G(ω) = G ′(ω) + iG ′′(ω). The curves correspond to different adaptions
of the (generalized, multi-component) Jeffreys model (cf. (3.25),(3.26)): one-
component (dotted), two-component (dashed), two-component with fixed solvent

contribution η2 = ηs = 119 mPa s (solid).
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Figure A.6: Comparison of small amplitude oscillatory and steady shear data of
the P150G80 solution at ϑ = 10 ◦C in terms of the complex viscosity |η∗(ω)| and
the apparent viscosity η(γ̇). The red curves correspond to the (generalized, multi-
component) Jeffreys model based on the parameters extracted from the adaption

to the moduli G ′ and G ′′ (cf. figure A.5).
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A.1.4 Capillary breakup extensional rheometry
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Figure A.7: Minimal width h(t) of the capillary bridge of various P150G80 samples
during the constriction process in the CaBER experiment, performed at ϑ = 10 ◦C.
The exponential section gives the characteristic CaBER relaxation time λC according
to equation (3.33). The inset presents the coefficient of determination R2 of a

quadratic fit to the filament contour, cf. equation (3.35).

A.1.5 Taylor-Couette measurements
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Figure A.8: Integal stress data from the Taylor-Couette measurements of the
P150G80 solution at ϑ = 10 ◦C according to the standard scanning protocol. The
different data sets correspond to different values of the relative gap widths ε
(d = 1 mm). For the sake of a better illustration, the curves are vertically shifted
by ∆(ε) = 10 mPas · (10− ε−1). The characteristic transition points are highlighted

by filled markers.
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A.2 The P1200G80 polymer solution

A.2.1 Steady shear rheometry
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Figure A.9: Top: Representative (apparent) viscosity η(γ̇) of the P1200G80 solution
(open circles) as well as of the corresponding solvent (filled dots), extracted from
steady shear rotational rheometry in the cone-and-plate C60/2◦ setup at ϑ = 10◦C.
Bottom: Corresponding data of (first) normal stress difference N1(γ̇) (triangles).
The red curves refer to an adaption of the 2-component hybrid model according to

(3.7) and (3.8).
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Figure A.10: Rheologic Weissenberg number Wi rheo(γ̇) = N1(γ̇)/2τ12(γ̇) of the
P1200G80 solution, calculated from the steady shear data (cf. figure A.9). The red

curve corresponds to a power law fit according to (5.2).



A.2 The P1200G80 polymer solution 133

A.2.2 Shear rate relaxation rheometry
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Figure A.11: Relaxation of shear rate after sudden cessation of constant shear
stress τ0 applied to the P1200G80 solution in the cone-and-plate C60/2◦ setup
at ϑ = 10 ◦C. Different curves correspond to different initial shear stresses τ0.
The temporal behavior can be described by the viscoelastic, oscillatory recoil of a

Jeffreys fluid according to (3.13).
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Figure A.12: Characteristic relaxation time λ and viscosity η1 of the P1200G80

solution, extracted from the shear rate relaxation data (cf. figure A.11) in de-
pendence of the initially applied shear stress τ0 according to (3.13). The shear

modulus G is shown in the inset.
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A.2.3 Small amplitude oscillatory rheometry
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Figure A.13: Small amplitude oscillatory shear data of the P1200G80 solution at
ϑ = 10 ◦C in terms of the real (circles) and imaginary part (squares) of the complex
modulus G(ω) = G ′(ω) + iG ′′(ω). The curves correspond to different adaptions
of the (generalized, multi-component) Jeffreys model (cf. (3.25),(3.26)): one-
component (dotted), two-component (dashed), three-component (dash-dotted),
three-component with fixed solvent contribution η2 = ηs = 119 mPa s (solid).
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Figure A.14: Comparison of small amplitude oscillatory and steady shear data
of the P1200G80 solution at ϑ = 10 ◦C in terms of the complex viscosity |η∗(ω)|
and the apparent viscosity η(γ̇). The red curves correspond to the (generalized,
multi-component) Jeffreys model based on the parameters extracted from the

adaption to the moduli G ′ and G ′′ (cf. figure A.13).
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A.2.4 Capillary breakup extensional rheometry
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Figure A.15: Minimal width h(t) of the capillary bridge of various P1200G80 samples
during the constriction process in the CaBER experiment, performed at ϑ = 10 ◦C.
The exponential section gives the characteristic CaBER relaxation time λC according
to equation (3.33). The inset presents the coefficient of determination R2 of a

quadratic fit to the filament contour, cf. equation (3.35).
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Figure A.16: Integal stress data from the Taylor-Couette measurements of the
P1200G80 solution at ϑ = 10 ◦C according to the standard scanning protocol. The
different data sets correspond to different values of the relative gap widths ε
(d = 1 mm). For the sake of a better illustration, the curves are vertically shifted
by ∆(ε) = 20 mPas · (22− ε−1). The characteristic transition points are highlighted

by filled markers.
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A.3 The P500S58 polymer solution

A.3.1 Steady shear rheometry
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Figure A.17: Top: Representative (apparent) viscosity η(γ̇) of the P500S58 solution
(open circles) as well as of the corresponding solvent (filled dots), extracted from
steady shear rotational rheometry in the cone-and-plate C60/2◦ setup at ϑ = 10◦C.
Bottom: Corresponding data of (first) normal stress difference N1(γ̇) (triangles).
The red curves refer to an adaption of the 2-component hybrid model according to

(3.7) and (3.8).
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Figure A.18: Rheologic Weissenberg number Wi rheo(γ̇) = N1(γ̇)/2τ12(γ̇) of the
P500S58 solution, calculated from the steady shear data (cf. figure A.17). The red

curve corresponds to a power law fit according to (5.2).
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A.3.2 Shear rate relaxation rheometry
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Figure A.19: Relaxation of shear rate after sudden cessation of constant shear
stress τ0 applied to the P500S58 solution in the cone-and-plate C60/2◦ setup at
ϑ = 10 ◦C. Different curves correspond to different initial shear stresses τ0. The
temporal behavior can be described by the viscoelastic, oscillatory recoil of a Jeffreys

fluid according to (3.13).
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Figure A.20: Characteristic relaxation time λ and viscosity η1 of the P500S58 solu-
tion, extracted from the shear rate relaxation data (cf. figure A.19) in dependence
of the initially applied shear stress τ0 according to (3.13). The shear modulus G is

shown in the inset.



138 Rheometric data

A.3.3 Small amplitude oscillatory rheometry
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Figure A.21: Small amplitude oscillatory shear data of the P500S58 solution at
ϑ = 10 ◦C in terms of the real (circles) and imaginary part (squares) of the complex
modulus G(ω) = G ′(ω) + iG ′′(ω). The curves correspond to different adaptions
of the (generalized, multi-component) Jeffreys model (cf. (3.25),(3.26)): one-
component (dotted), two-component with fixed solvent contribution η2 = ηs =

83 mPa s (solid).
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Figure A.22: Comparison of small amplitude oscillatory and steady shear data of
the P500S58 solution at ϑ = 10 ◦C in terms of the complex viscosity |η∗(ω)| and the
apparent viscosity η(γ̇). The red and green curve correspond to the (generalized,
multi-component) Jeffreys model based on the parameters extracted from the

adaption to the moduli G ′ and G ′′ (cf. figure A.21).
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A.3.4 Capillary breakup extensional rheometry
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Figure A.23: Minimal width h(t) of the capillary bridge of various P500S58 samples
during the constriction process in the CaBER experiment, performed at ϑ = 10 ◦C.
The exponential section gives the characteristic CaBER relaxation time λC according
to equation (3.33). The inset presents the coefficient of determination R2 of a

quadratic fit to the filament contour, cf. equation (3.35).
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Figure A.24: Integal stress data from the Taylor-Couette measurements of the
P500S58 solution at ϑ = 10 ◦C according to the standard scanning protocol. The
different data sets correspond to different values of the relative gap widths ε
(d = 1 mm). For the sake of a better illustration, the curves are vertically shifted
by ∆(ε) = 10 mPas · (15− ε−1). The characteristic transition points are highlighted

by filled markers.
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A.4 The P80S64 polymer solution

A.4.1 Steady shear rheometry
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Figure A.25: Top: Representative (apparent) viscosity η(γ̇) of the P80S64 solution
(open circles) as well as of the corresponding solvent (filled dots), extracted from
steady shear rotational rheometry in the cone-and-plate C60/2◦ setup at ϑ = 22◦C.
Bottom: Corresponding data of (first) normal stress difference N1(γ̇) (triangles).
The red curves refer to an adaption of the 2-component hybrid model according to

(3.7) and (3.8).
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Figure A.26: Rheologic Weissenberg number Wi rheo(γ̇) = N1(γ̇)/2τ12(γ̇) of the
P80S64 solution, calculated from the steady shear data (cf. figure A.25). The red

curve corresponds to a power law fit according to (5.2).
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A.4.2 Shear rate relaxation rheometry
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Figure A.27: Relaxation of shear rate after sudden cessation of constant shear
stress τ0 applied to the P80S64 solution in the cone-and-plate C60/2◦ setup at
ϑ = 22 ◦C. Different curves correspond to different initial shear stresses τ0. The
temporal behavior can be described by the viscoelastic, oscillatory recoil of a Jeffreys

fluid according to (3.13).
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Figure A.28: Characteristic relaxation time λ and viscosity η1 of the P80S64 solution,
extracted from the shear rate relaxation data (cf. figure A.27) in dependence of
the initially applied shear stress τ0 according to (3.13). The shear modulus G is

shown in the inset.
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A.4.3 Small amplitude oscillatory rheometry
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Figure A.29: Small amplitude oscillatory shear data of the P80S64 solution at
ϑ = 22 ◦C in terms of the real (circles) and imaginary part (squares) of the complex
modulus G(ω) = G ′(ω) + iG ′′(ω). The curves correspond to different adaptions
of the (generalized, multi-component) Jeffreys model (cf. (3.25),(3.26)): one-
component (dotted), two-component (dashed), two-component with fixed solvent

contribution η2 = ηs = 140 mPa s (solid).
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Figure A.30: Comparison of small amplitude oscillatory and steady shear data of
the P80S64 solution at ϑ = 22 ◦C in terms of the complex viscosity |η∗(ω)| and the
apparent viscosity η(γ̇). The red and green curve correspond to the (generalized,
multi-component) Jeffreys model based on the parameters extracted from the

adaption to the moduli G ′ and G ′′ (cf. figure A.29).
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A.4.4 Capillary breakup extensional rheometry
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Figure A.31: Minimal width h(t) of the capillary bridge of various P80S64 samples
during the constriction process in the CaBER experiment, performed at ϑ = 22 ◦C.
The exponential section gives the characteristic CaBER relaxation time λC according
to equation (3.33). The inset presents the coefficient of determination R2 of a

quadratic fit to the filament contour, cf. equation (3.35).
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Figure A.32: Integal stress data from the Taylor-Couette measurements of the
P80S64 solution at ϑ = 22 ◦C according to the standard scanning protocol. The
different data sets correspond to different values of the relative gap widths ε
(d = 1 mm). For the sake of a better illustration, the curves are vertically shifted by
∆(ε) = 10 mPas · (17.5− ε−1). The characteristic transition points are highlighted

by filled markers.
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A.5 The P150S65.6 polymer solution

A.5.1 Steady shear rheometry
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Figure A.33: Top: Representative (apparent) viscosity η(γ̇) of the P150S65.6

solution (open circles) as well as of the corresponding solvent (filled dots), extracted
from steady shear rotational rheometry in the cone-and-plate C60/2◦ setup at
ϑ = 23◦C. Bottom: Corresponding data of (first) normal stress difference N1(γ̇)

(triangles). The red curves refer to an adaption of the 2-component hybrid model
according to (3.7) and (3.8).
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Figure A.34: Rheologic Weissenberg number Wi rheo(γ̇) = N1(γ̇)/2τ12(γ̇) of the
P150S65.6 solution, calculated from the steady shear data (cf. figure A.33). The

red curve corresponds to a power law fit according to (5.2).
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A.5.2 Shear rate relaxation rheometry
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Figure A.35: Relaxation of shear rate after sudden cessation of constant shear
stress τ0 applied to the P150S65.6 solution in the cone-and-plate C60/2◦ setup
at ϑ = 23 ◦C. Different curves correspond to different initial shear stresses τ0.
The temporal behavior can be described by the viscoelastic, oscillatory recoil of a

Jeffreys fluid according to (3.13).
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Figure A.36: Characteristic relaxation time λ and viscosity η1 of the P150S65.6

solution, extracted from the shear rate relaxation data (cf. figure A.35) in de-
pendence of the initially applied shear stress τ0 according to (3.13). The shear

modulus G is shown in the inset.
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A.5.3 Capillary breakup extensional rheometry
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Figure A.37: Minimal width h(t) of the capillary bridge of various P150S65.6 samples
during the constriction process in the CaBER experiment, performed at ϑ = 23 ◦C.
The exponential section gives the characteristic CaBER relaxation time λC according
to equation (3.33). The inset presents the coefficient of determination R2 of a

quadratic fit to the filament contour, cf. equation (3.35).

A.5.4 Taylor-Couette measurements
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Figure A.38: Integal stress data from the Taylor-Couette measurements of the
P150S65.6 solution at ϑ = 23 ◦C according to the standard scanning protocol. The
different data sets correspond to different values of the relative gap widths ε
(d = 1 mm). For the sake of a better illustration, the curves are vertically shifted
by ∆(ε) = 10 mPas · (22− ε−1). The characteristic transition points are highlighted

by filled markers.



AppendixB
Mathematics

B.1 Pseudospectral Chebyshev collocation method

To solve the generalized eigenvalue problem (9.37) numerically, we make use of the so-called
pseudospectral Chebyshev collocation method. Spectral methods are based on the idea of
approximating functions (e.g. the solutions of (partial) differential equations) by means of
truncated series of orthogonal functions (e.g. polynomials in the present case) [Ghe07].

B.1.1 Chebyshev polynomials

One special choice of orthogonal functions are the Chebyshev polynomials {Tn(x)}n∈N of the
first kind. They are defined by

Tn(x) := cos(n arccos(x)), x ∈ I = [−1, 1] (B.1)

Using elementary relationships between algebraic and trigonometric polynomials, one can
write

Tn(x) =

l(n)∑
k=0

(−1)k
(
n

2k

)
xn−2k

(
1− x2

)k
, l(n) = b

n

2
c =

{
n
2 , n even
n−1

2 , n uneven
(B.2)

Consequently, the Chebyshev polynomial Tn(x) is a polynomial of degree n. Table B.1 lists
the Chebyshev polynomials for n = 0, 1 . . . , 7 that are shown in figure B.1.

B.1.2 Chebyshev series

The set {Tn(x)}n∈N gives a complete orthogonal basis for the space L2
ω(I) with

L2
ω := {f : I → R | f Lebesque measurable and ||f ||ω <∞} (B.3)

where the weighted inner product

(f , g)w :=

∫ 1

−1

f (x)g(x)w(x)dx (B.4)

induces the (weighted) norm
||f ||w =

√
(f , f )w (B.5)

with respect to the weight function

w(x) =
1√

1− x2
. (B.6)
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n Tn(x)

0 1

1 x

2 2x2 − 1

3 4x3 − 3x

4 8x4 − 8x2 + 1

5 16x5 − 20x3 + 5x

6 32x6 − 48x4 + 18x2 − 1

7 64x7 − 112x5 + 56x3 − 7x

Table B.1: Chebyshev polynomials Tn(x) of the first kind for n = 0, 1, . . . , 7.

Thus, each and every function f ∈ L2
w (I) can be expanded in a Chebyshev series by

f (x) =

∞∑
k=0

′ akTk(x) (B.7)

with coefficients

ak =
2

π
(f , Tk)w . (B.8)

Here,
∑′ denotes that the first term is weighted by one half.

By applying the mapping x = cos(θ), one can identify the Chebyshev series of the function
f (x), x ∈ [−1; 1] as the Fourier series of the corresponding function h(θ) := f (cos(θ)) = f (x);
since h is periodic h(θ) = h(θ + 2π) and symmetric h(θ) = h(−θ) it takes the form

f (cos(θ)) = h(θ) =
a0

2
+

∞∑
k=0

ak cos(kθ) , (B.9)

ak =
2

π

∫ π

0

h(θ) cos(kθ)dθ . (B.10)

With (B.1), this transforms to

h(θ) = f (x) =
a0

2
+

∞∑
k=0

ak cos(k arccos(x)) (B.11)

=

∞∑
k=0

′ akTk(x) , (B.12)

ak =
2

π

∫ −1

1

f (x)Tk(x)
−dx

sin(arccos(x))
(B.13)

=
2

π

∫ 1

−1

1√
1− x2

f (x)Tk(x)dx (B.14)

=
2

π
(f , Tk)w . (B.15)

Thus, one can take the coefficients of f (x) of a Chebyshev series as the Fourier cosine
coefficients of f (cos(θ)). Consequently, even if f is not a periodic function in x , f (cos(θ))

must be periodic in θ and the exponential convergence of the Fourier series implies an equally
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Figure B.1: Plots of the Chebyshev polynomials of the first kind for n = 0, 1, . . . , 7.

fast convergence of the Chebyshev series [Boy00]. Thus, the expansion to a Chebyshev series
overcomes the problem of a “terminal discontinuity” in case of non-periodicity of f , which
limits the convergence of the Fourier series in terms of remaining, non-zero mismatches even
when N →∞ (cf. to the Gibbs’ Phenomenon [Boy00, Ghe07]).

Adopting its properties from the Fourier series, the Chebyshev series (B.7)–(B.8) represents
a least square approximation of the function f on the interval [−1, 1] with respect to the
weight function (B.6), i.e.

min
∫ 1

−1

w(x) · [f (x)− fN(x)︸ ︷︷ ︸
RN(x)

]2dx (B.16)

with

fN(x) =

N∑
k=0

akTk(x) . (B.17)

Thus, in terms of a polynomial representation of f (fN(x) is a polynomial of order N), the
(truncated) Chebyshev series (B.17) is the optimal representation of f with respect to the
optimization (B.16).

B.1.3 Gaussian quadrature rule and Gauss-Lobatto points

In general, it is not possible to calculate the expansion coefficients by analytical integration
according to equation B.8. Thus, one has to find an approximation of the integral in form of
a (weighted) sum, which leads to the well-known Gaussian quadrature rule. According to this,
there is a suitable choice of quadrature points xj and corresponding quadrature weights wj for
j = 0, 1, . . . , N, which give the exact relation

∫ 1

−1

w(x)f (x)dx =

N∑
j=0

wj f (xj) (B.18)
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for any arbitrary polynomial f (x) = q2N+1(x) of order 2N+ 1. Thereby, the quadrature points
have to be chosen as the N + 1 roots of a polynomial pN+1(x) of order N + 1 from a set of
orthogonal polynomials which obeys

(pn, pm)w = δn,m||pn||2 . (B.19)

Obviously, with the weight function w(x) = (1− x2)−0.5 the Chebyshev polynomials are an
appropriate choice and the roots

xk = cos

(
(2k + 1)π

2(N + 1)

)
, k = 0, . . . , N (B.20)

of pN+1(x) = TN+1(x) give the corresponding quadrature points. With the weights wj =

π/(N + 1), this is called the Chebyshev-Gauss quadrature and it is exact for polynomials of
degree ≤ 2N+1. However, this method does not include the boundaries x = ±1 as quadrature
points. To include these, which is favorable, inter alia in order to implement respective boundary
conditions, one can alternatively use the roots of the function (1− x2)p′N(x), which are given
by

xGLj = cos

(
jπ

N

)
, j = 0, . . . , N . (B.21)

They are called the Gauss-Lobatto points and with the weights

wGLj =

{
π

2N : j = 0, N
π
N : 1 ≤ j ≤ N − 1

(B.22)

we accordingly refer to the Gauss-Lobatto quadrature which is exact for polynomials up to
order 2N − 1.

B.1.4 Chebyshev collocation method

Collocation methods belong to the weighted residual methods for the determination of a
function ũN which approximates the (in general unknown) exact solution u of a problem at
hand [Fai99]. It demands a vanishing weighted residual∫

I

wj(x)RN(x)dx =

∫
I

wj(x) [u(x)− ũN(x)] dx = 0 , j = 0, . . . , N (B.23)

with the computational domain I and weight functions wj(x). A collocation method is
established by the special weight function wj = δ(x − xj), i.e. the approximate function ũN
interpolates the exact solution at a discrete set of N + 1 collocation/interpolation points1{
xj
}
: ũN(xj) = u(xj), j = 0, 1, . . . , N. Recalling the expansion (B.17) and making use of

the Gauss-Lobatto quadrature (B.18), (B.22), we can formulate an optimal interpolation
polynomial

uN(x) =

N∑
k=0

′ akTk(x) (B.24)

with coefficients

ak =
2

π

∫ 1

−1

1√
1− x2

f (x)Tk(x)dx =
2

N

N∑
l=0

′′ u(xGLl )Tk(xGLl ) , (B.25)

1While the terminology “collocation points” is applied to interpolatory methods for solving differential
equations for an unknown function u, “interpolation points” rather refers to the interpolation of an already
known function [Boy00].
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which interpolates the function u(x) at the Gauss-Lobatto points xGLj , i.e.

u(xGLj ) = uN(xGLj ) =

N∑
k=0

′ akTk(xGLj ) . (B.26)

Here, the notation
∑
l
′′ demands to take the half of the first (l = 0) and last (l = N) addend.

B.1.5 Collocation derivative operator

The truncated Chebyshev series (B.26) constructs an interpolant polynomial in terms of the
values of u(x) at the Gauss-Lobatto collocation points {xGLj }. Based on this polynomial, one
can formulate an approximation of the local spacial derivatives at the collocation points by
exact differentiation of the interpolate [Ghe07]. It can be written in the form of a matrix-vector
multiplication

duN
dx

∣∣∣∣
x=xGLj

=

N∑
k=0

D
(1)
jk u(xGLk ) (B.27)

with the matrix (Chebyshev collocation derivative)

D
(1)
jk =



2N2+1
6 , j = k = 0

−2N2+1
6 , j = k = N

cj
ck

(−1)j+k

(xj−xk) , j 6= k ∧ j, k /∈ {0, N}
− xj

2(1−x2
j )

, j = k ∧ j, k /∈ {0, N}

(B.28)

and

cj =

{
2 : j ∈ {0, N}
1 : 1 ≤ j ≤ N − 1

. (B.29)

Similarly, higher-order derivatives are calculated by

dnuN
dxn

∣∣∣∣
x=xGLj

=

N∑
k=0

D
(n)
jk u(xGLk ) (B.30)

with
D(n) =

(
D(1)

)n
, n = 1, 2, . . . . (B.31)

Consequently, using the pseudospectral Chebyshev collocation method, a differential equation
with solution u(x) can be translated to a set of algebraic equations for the discrete set of values
uk at the collocation points xk , which can be solved by standard methods of linear algebra.
Boundary conditions are implemented by simple manipulation of the algebraic equations.





AppendixC
Publications

Appendix C comprises reprints of three selected publications to which the author significantly
contributed. They deal with diverse non-Newtonian flow phenomena and associated flow
instabilities.

C.1 Serpentine channels: micro–rheometers for fluid relaxation
times [Zil14]

As we could further confirm by our foregoing study on viscoelastic Taylor-Couette flow, the
onset of (purely) elastic instability in viscoelastic curvilinear flow is predictable by means of
the dimensionless criterion by Pakdel and McKinley.

Another system which adds to the collection of curved flow geometries which have proven
to be described by the Pakdel-McKinley criterion in consistent agreement with numerical
considerations is the curvilinear serpentine channel [Zil12]. In a supplementary study of which
final results are presented in a recent publication [Zil14] (cf. the reprint on the following
pages, reproduced by permission of The Royal Society of Chemistry), the authors propose
the use of this curvilinear serpentine channel in a novel rheometric device with which it is
possible to measure explicitly small relaxation times, thereby extending the range of classical
rheometers. It is based on the detection of the onset of elastic instability which is finally
mapped to the characteristic relaxation time of the investigated fluid.

The required thorough calibration of the device by means of reliable relaxation times obtained
by steady shear normal stress data constitutes the author’s contribution to this study.
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Serpentine channels: micro-rheometers for fluid
relaxation times
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We propose a novel device capable of measuring relaxation times of viscoelastic fluids as small as 1 ms.

In contrast to most rheometers, which by their very nature are concerned with producing viscometric or

nearly-viscometric flows, here we make use of an elastic instability that occurs in the flow of viscoelastic

fluids with curved streamlines. To calibrate the rheometer we combine simple scaling arguments with

relaxation times obtained from first normal-stress difference data measured in a classical shear rheome-

ter. As an additional check we also compare these relaxation times to those obtained from Zimm theory

and good agreement is observed. Once calibrated, we show how the serpentine rheometer can be used

to access smaller polymer concentrations and lower solvent viscosities where classical measurements

become difficult or impossible to use due to inertial and/or resolution limitations. In the absence of cali-

bration, the serpentine channel can still be a very useful comparative or index device.

1. Introduction

Polymer solutions of long and flexible polymers are known to
exhibit striking non-Newtonian properties even at very small
concentrations.1 For example, in turbulent pipe or channel
flow the friction factor (or drag) may be significantly reduced
by adding a polymer at concentrations as low as a few ppm2

(parts per million in weight). Such fluids are also used in
enhanced oil recovery applications.3 Measuring their rheo-
logical features is a challenging task and classical rheometry
is often at its limits when determining for example the relaxa-
tion times of such dilute polymer solutions.4

Here we develop a microfluidic rheometer with a complex
flow geometry to overcome these difficulties. Although a
number of microfluidic rheometers have been proposed,
most of these devices are restricted to measurements of shear
viscosity,5–11 although devices which attempt to estimate
extensional viscosity12–16 and dynamic properties17 have also
been proposed. In contrast to these previous microfluidic
devices, in the current study we make use of an elastic insta-
bility,18–26 which occurs in flows of viscoelastic fluids with
curved streamlines even in the absence of inertia.20,21 The

threshold of instability depends on the curvature of the flow
and the fluid elasticity,27 described by the Weissenberg num-
ber. Typically, viscoelastic effects will be observed when the
product of a fluid relaxation time (λ) and a characteristic
shear rate reaches order one. Thus for fluids with λ on the
order of milliseconds, shear rates on the order of 103 s−1 are
required to access such viscoelastic effects. The use of a
microfluidic device enables high shear rates to be obtained
and thus strong viscoelastic effects (corresponding to large
Weissenberg numbers) to be observed while keeping inertial
effects, and hence the Reynolds number, small.

We have recently investigated the flow in a serpentine
micro-channel to elucidate the scaling of the instability
threshold with the flow curvature using a dilute polymer solu-
tion.28 We have shown that the instability is very sensitive to
even small normal-stress differences and can thus be used to
detect their occurrence. We can now combine our precise
knowledge regarding the dependence of the instability onset
on the flow curvature with a precise knowledge of the rheo-
logical properties of a calibrating fluid to quantitatively mea-
sure relaxation times. To do so, we initially calibrate the
serpentine rheometer using classical shear rheometry in the
range of parameters accessible by this technology. The serpen-
tine rheometer can then be used with fluids of smaller
concentrations or lower solvent viscosities, where classical
rheometry techniques become difficult either due to inertial
instabilities or instrument resolution issues. Even when a pre-
cise calibration is not possible, the serpentine channel can be
used as a comparative rheometer to compare the rheological

a PMMH, ESPCI, UPMC, Univ. Paris-Diderot, CNRS UMR 7636 10, rue Vauquelin,

F-75231 Paris Cedex 05, France. E-mail: anke.lindner@espci.fr
b Experimentalphysik, Saarland University, D-66123, Saarbrücken, Germany
c School of Engineering, University of Liverpool, Brownlow Hill, Liverpool,

L69 3GH, UK
dDepartmento de Engenharia Quimica, Faculdade de Engenharia da Universidade

do Porto, Rua Dr. Roberto Frias, 4200-465 Porto, Portugal
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properties of two given fluids. Finally we propose methods to
fully integrate the serpentine channel into a microfluidic
lab-on-a-chip device capable of measuring both shear viscosity
and fluid relaxation time.

2. Scaling of the onset of elastic
instability in a serpentine channel

Pakdel and McKinley21,27 proposed a simple dimensionless
criterion that must be exceeded for the onset of purely-elastic
instability, combining the curvature of the flow and the tensile
stress (τ11) acting along the streamlines, in the following form:




11 2

�
u M
R









  crit ð1Þ

with , u and  representing the local streamline radius of
curvature, velocity magnitude and shear rate, respectively. τ11
represents the local streamwise normal-stress and η the local
shear stress, with η being the shear viscosity. The ratio τ11/η
thus represents a local Weissenberg number (Wi), comparing
normal stresses to shear stresses and λu/ compares a typical
distance over which a polymer relaxes to the radius of curva-
ture (or can be viewed as a local Deborah number).

We have recently elucidated the geometrical scaling for
the onset of elastic-flow instability in a serpentine channel by
adapting the Pakdel–McKinley criterion to the specific flow
geometry.28 The serpentine channel is composed of a series
of circular half-loops of alternating curvature of constant
width (W), height (H) and inner radius (R), as shown sche-
matically in Fig. 1a. For reasons of simplicity in our analysis,
for the shear-dominated flow in the serpentine channel we
used the upper-convected Maxwell (UCM) model, neglecting
the solvent viscosity (ηs) contribution. The total viscosity (η)
is thus simply equal to the polymer viscosity (ηp) (i.e. η = ηp)
and the normal-stress is approximated as τ11 = 2ηpλ

2. In this
case the ratio τ11/η becomes equal to 2λ, corresponding to

twice the Weissenberg number. A simple analysis based on
the Pakdel–McKinley criterion (eqn (1)) showed that the
critical Weissenberg number at instability onset (Wic) can be
written as a square root dependence on the normalized
radius (R/W) with a small off-set at small radii. For a channel
with square cross section, our numerical results28 (see Fig. 2)
are best described in the following form:

Wic   C R
W

1 ð2Þ

Note that the numerical value for the offset at small radii
found from the numerical results differs slightly from the
theoretical prediction given in ref. 28 as the flow asymmetry
occurring at strong curvature is not captured by our theo-
retical model, as has already been pointed out in ref. 28. The
predicted scaling is in excellent agreement with experimental
observations, as shown in Fig. 2. Here we want to go further
and not only obtain the scaling of the instability onset with
the flow geometry, but reach a quantitative prediction of the
instability threshold. To do so, one first has to take the solvent
viscosity contribution into account, which cannot be neglected
for the dilute polymer solutions we use. When using an appro-
priate model, for example the Oldroyd-B model,1 to describe
the polymer rheology so that the total viscosity (η) is com-
prised of both a polymer contribution (ηp) and a solvent con-
tribution (ηs), i.e. η = ηp + ηs, the scaling for the instability
onset has to be corrected21,29 using τ11/η = 2(ηp/η)λ. By doing
so and then rewriting a modified form of eqn (2) to obtain the
critical shear rate, one obtains:

c
p

�





 
C R

W
1 ð3Þ

where C /      p can be identified as the slope from a plot

of the critical shear rate (c) vs. 1 R W . At this juncture it

Fig. 1 a) Schematic of the microfluidic serpentine channel. b)
Snapshots from the experiments showing the instability onset.
Solutions of PEO are injected into a microchannel via two inlets; only
one stream contains fluorescent dye and is visible on the snapshots.
Left hand side: stable flow below instability onset, right hand side:
unstable flow above instability onset.

Fig. 2 Geometric scaling of the instability onset. The green triangles
are numerical results and the red circles are results from experiments.
The dotted line is a fit to eqn (2). Data from Zilz et al.28 using a
solution of 125 ppm of PEO 2Mio.
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is also useful to define a parameter a = λ/C. To be able to
make a quantitative prediction of the relaxation time (λ) from
measurements of the critical shear rate (c) one thus needs a
calibration experiment to determine C and the ratio of the
polymer to the solvent viscosity. We note also that the serpen-
tine rheometer strictly only allows for a quantitative measure-
ment of the polymer relaxation time, as long as the rheology
of the solution is such that the ratio between the normal
stresses and the shear stresses is proportional to Wi.

3. Experimental
3.1. The polymer solutions

A solution of the flexible polymer polyethylene oxide (PEO),
supplied by Sigma Aldrich, with a nominal molecular weight
(Mw) of 2 × 106 g mol−1 and two different batches of PEO with
nominal molecular weights of 4 × 106 g mol−1, at concentra-
tions ranging from 125 ppm to 500 ppm (w/w), were used in
water–glycerol mixtures. In the following, the different poly-
mers will be referred to as 2Mio, 4Mio-1 and 4Mio-2, respec-
tively. The overlap concentration for 2Mio is c* ≃ 860 ppm30

and for the 4Mio solutions, estimated using the equations
provided by Rodd et al.,30 is c* ≃ 550 ppm and therefore the
solutions are dilute in all cases (c/c* < 1). The solvent viscosity
(ηs) varied from ηs = 1 mPa s for pure water to 10.7 mPa s, at
20 °C, for varying concentrations of glycerol. All the polymer
solutions and concentrations used are summarized in Table 1.

3.2. The serpentine channel

The serpentine channels used in this work consist of a series
of 8 half-loops of width (W) = 100 μm, height (H) = 80 μm
and varying inner radius (R). The number of loops and the
geometry of the inlets of the serpentine channels used in this
study are represented in Fig. 1a and have been described in
detail in Zilz et al.28 Experiments performed with varying
numbers of loops (N) confirmed that the results presented
here are independent of the exact number of loops, provided
that 2 < N < 15. The channels are made from PDMS, but due
to the small viscosity of the polymer solutions used, the
applied pressure remained sufficiently small to avoid defor-
mation of the channels. The solutions are supplied to the
micro-channel via two inlets, one stream of which is

fluorescently dyed. The light grey area visible in the snap-
shots of Fig. 1b shows the location of the fluorescently
labeled fluid. Its width variation along the streamwise direc-
tion shows the slight asymmetry of the flow field along the
flow path due to local flow acceleration in the curved geo-
metry. Note that the channel width is constant over the whole
length of the channel. Fig. 1b shows a stable flow situation
in the left panel and an unstable flow situation in the right
panel. In this way the stability of the flow can easily be visually
assessed and will always be monitored at the last loop. The
time-dependent flow is easily identifiable in the real-time flow
visualization. The flow rate (Q) was varied from 1 to 50 μl min−1,
and was imposed via a syringe pump (PHD 2000, Harvard
apparatus). The Reynolds number (Re) is defined as Re =
ρUW/η, with ρ representing the density of the fluid and U =
Q/WH representing the average velocity in the channel. The
maximum Re, corresponding to the highest flow rate and
lowest viscosity solution, never exceeded 5. The flow is visu-
alized using an inverted microscope (Axio Observer, Zeiss)
coupled to a CCD camera (PixeLink). Starting with the lowest
flow rate, Q is then gradually increased. After each change in
Q a sufficiently long time is allowed to achieve steady-state
flow conditions (on the order of 10 minutes per step). The
onset of fluctuations in the flow defines the onset of the
time-dependent elastic instability, and the critical flow rate
(Qc) is determined. From the critical flow rate, we obtain the
critical average shear rate (c), defined as c = Qc/(W

2H).
As an example, Fig. 3 illustrates the results obtained for

PEO 2Mio at a concentration of 400 ppm. Similar experi-
ments (not shown) have been performed at different concen-
trations and for different molecular weights, as given in
Table 1. In parallel to each experiment, the solvent viscosity
and the ratio between the polymer and solvent viscosity (ηp/ηs)
was determined using an Ubbelohde capillary viscometer. In

Table 1 Polymer solutions used in the serpentine channel and fit
parameters of λ = Aηs

0.9

Polymer solutions used in the serpentine channel

Mw Concentration ηp/ηs

2Mio 125–500 ppm 7%–39%
4Mio-1 400 ppm 34%
4Mio-2 400 ppm 34%

Fit parameters of λ = Aηs
0.9 from classical rheometry

Mw Concentration A ms/(mPa s)0.9

2Mio 400 ppm 0.25 ± 0.02
4Mio-1 400 ppm 0.59 ± 0.02
4Mio-2 400 ppm 0.95 ± 0.04

Fig. 3 Critical shear rate (c) as a function of the normalized radius
(1 + R/W) for solutions of PEO 2Mio at a concentration of 400 ppm for
different solvent viscosities (ηs). The dotted lines represent fits to the
data using eqn (3). Each experiment was repeated at least two times
using fresh polymer solutions and the average value is shown together
with the error bars.
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this way it was possible to correct for small changes in tem-
perature that occurred in the laboratory (typically between
20 °C and 23 °C).

3.3. The classical rotational rheometer

A commercial rotational shear rheometer (MARS II, Thermo
Scientific) in combination with a cone-and-plate geometry
(diameter (D) = 60 mm, cone angles (α) = 2° and 1°) in shear
rate controlled mode was used to measure the viscosity (η)
and the first normal-stress difference (N1 = τ11–τ22) simulta-
neously, following the methodology laid out by Zell et al.31 In
models of dilute polymer solutions, τ22 is negligible32 in the
steady simple shear flow experiments and thus N1 is identical
to the streamwise normal-stress (τ11). The shear rate was
increased in a step-wise protocol from 1 s−1 up to a maximum
of 3000 s−1, with 15 s of equilibration time at each shear rate.
The temperature was kept constant at T = 20 ± 0.5 °C by
using a Haake Phoenix II refrigerated circulator. The normal-
stress data of the polymer solutions were corrected by taking
into account inertial contributions that can be easily obtained
from N1 measurements of the Newtonian solvents. The con-
stant solvent viscosities (ηs() ≡ ηs) were also measured. The
Ψ1 data of the polymer solutions were obtained from qua-
dratic fits to the corrected data for N1 according to N1() =
Ψ1

2 within adequate ranges of shear rate. An example of the
normal-stress data (N1) together with the results for the shear
viscosity (η) is shown in Fig. 4a for PEO 2Mio at a concentra-
tion of 400 ppm. A quadratic fit to the normal-stress data is
also indicated. Note that for the representation of the data, an
average over several runs (at least 3) has been plotted. The
relaxation time (λ) of the polymer was determined by taking


     

 



 1 1

2 2p s( ) [ ( ) ( )]� � � ð4Þ

When calculating the relaxation time we refer to the poly-
mer viscosity at a fixed shear rate of  = 100 s−1 and neglect
the slight shear-thinning behavior of the polymer solutions.
The associated uncertainties, δη, δηs and δΨ1 (from the statis-
tics of multiple independent measurements), can be
interpreted in terms of an estimate of the uncertainty of λ,

i.e.      2 2

1

2

1
2 2 22 2�        p p s with mean

values denoted by an overbar. The variations of λ =  ± δλ

with solvent viscosity are shown in Fig. 4b and can be
described as λ = Aηs

0.9, which has been found as the best fit
for all three curves presented in Fig. 4b. The fit parameters
(A) are shown in Table 1.

For a polymer chain in a good solvent, according to
Zimm’s theory,32 the longest relaxation time of a dilute solu-
tion can be estimated using


 

Zimm
w s

A B


F M
N k T
[ ] ð5Þ

where NA is the Avogadro constant, kB is the Boltzmann con-
stant (and the product NAkB is equal to the universal gas

constant, R), T is the absolute temperature and [η] is the
intrinsic viscosity. Tirtaatmadja et al.33 have shown experi-
mentally that this can be expressed as [η] = 0.072Mw

0.65 for
the PEO solutions studied here (giving [η] in the usual units
of ml g−1). The prefactor (F) is given by Rodd et al.34 to be
0.463. Rodd et al.30 measured the intrinsic viscosity of differ-
ent polymer–water–glycerol mixtures and have shown that it
decreases due to a decrease in solvent quality. As a conse-
quence, the dependence of λ on ηs becomes less than linear.
In Fig. 5a we show how these estimates of the Zimm relaxa-
tion time compare to those determined from the first
normal-stress difference measured in the cone-and-plate rota-
tional rheometer, illustrating that the agreement is very good.
Given the polydispersity inherent in such commercial poly-
mers, and batch-to-batch variations which the data in Fig. 4b
highlight, the almost quantitative agreement between the two
estimates of λ is striking (especially given the various con-
stants used in the determination of λZimm from eqn (5)). Such
agreement provides confidence in the robustness of our esti-
mates of the relaxation time and hence in the calibration of
the serpentine rheometer.

Fig. 4 a) First normal-stress difference (N1) as a function of the shear
rate from classical rheometry for PEO 2Mio at 400 ppm. A quadratic fit
to the normal-stress data is also indicated. Inset: shear viscosity (η) as a
function of shear rate. Note that for the representation of the data, an
average over several runs (at least 3) has been plotted. b) λ vs. ηs from
classical shear rheometry at a polymer concentration of 400 ppm. The
fits correspond to λ = Aη0.9s .
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4. Calibration of the serpentine
rheometer

To calibrate the serpentine rheometer the value of C (eqn (3))
has to be determined. To do so we compare results for a = λ/C
from the serpentine channel to relaxation times from classical
rheometry. To obtain better accuracy, we not only compare
these values for a single polymer solution, but also use solu-
tions of PEO 2Mio with different solvent viscosities and dif-
ferent concentrations.

Firstly we determine the values of a = λ/C from the slope
obtained from the fits of the critical shear rate versus the
radius of curvature (Fig. 3) and the ratio of the polymer to
the solvent viscosity for PEO 2Mio for two different concen-
trations, 125 ppm and 400 ppm. These results are then com-
pared to the results for λ from the classical shear rheometer
(see Fig. 4b) for PEO 2Mio at a concentration of 400 ppm.
Note that it was not possible to obtain reliable measurements
for the smaller concentration of 125 ppm on the classical
rheometer. Fig. 5b shows λ together with a as a function of
the solvent viscosity (ηs).

A number of things should be remarked from Fig. 5b.
First, all three data sets show a comparable dependence of λ
on the solvent viscosity, which we will continue to describe
as λ ∼ ηs

0.9. Second, the results obtained from the serpentine
rheometer for the two different concentrations are in good
agreement. This shows that our correction for the solvent
viscosity is adequate and is a first validation that the pro-
posed rheometer works very well. We adjusted a = λ/C =
Bηs

0.9 and obtained B = 4.99 ± 0.23 ms/(mPa s)0.9 as the best
fit for both curves together. Finally by comparing A = 0.25 ±
0.02 ms/(mPa s)0.9 (see Table 1) from the classical rheometry
to the value of B from the serpentine rheometer we obtain
C = 0.05.

5. Using the serpentine channel

We now discuss possible applications of the serpentine
rheometer.

5.1. A quantitative rheometer

5.1.1. Extension to lower concentrations. First we measure
the relaxation times for different concentrations (c) of a given
polymer. As we are working in the dilute regime (c < c*), for
a given molecular weight we expect to obtain identical
relaxation times. The results for PEO 2Mio at concentrations
of c = 125 ppm, 250 ppm and 500 ppm for a solvent viscosity
of ηs = 4.9 mPa s are presented in Fig. 6a. These results were
obtained from an independent series of measurements and
each experiment has been repeated three times using fresh
polymer solutions. The results are compared to the value for
the relaxation time at c = 400 ppm from the calibration curve
(highlighted by a circle in Fig. 6a). Note that we did not
include the value for c = 125 ppm from the calibration curve
as we did not perform experiments with the corresponding
solvent viscosity for this concentration.

Notwithstanding the rather large uncertainty for the
smallest concentration, these results are very promising; a
value of λ ≈ 1.2 ms is found independent of the polymer
concentration. Note that it was not possible to measure the
relaxation time of the low concentration, c = 125 ppm, using
the rotational rheometer, indicating the superior sensitivity
of the serpentine channel, which is able to measure very
small relaxation times down to very small concentrations.
This is in agreement with the findings from the calibration
curve that as long as the correction for the ratio between the
solvent and the polymer viscosity is made correctly, identical
results are obtained for different concentrations in the dilute
regime. We remark that additional miniaturization of the

Fig. 5 a) Relaxation time from classical shear rheometry (eqn (4)) compared to the Zimm relaxation times30,34 (eqn (5)). b) Relaxation time from
classical shear rheometry (eqn (4)) versus solvent viscosity (ηs) for PEO 2Mio at a concentration of 400 ppm (left axis). a = λ/C (eqn (3)) from the
serpentine rheometer versus solvent viscosity (ηs) for PEO 2Mio at concentrations of 125 ppm and 400 ppm (right axis). The error for the data from
the serpentine rheometer corresponds to the error of the fit to c (eqn (3)), and for the data from the classical rheometer the errors are estimated
by an error propagation according to the uncertainties of Ψ1 and ηp.
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serpentine channel enhances the elastic effects, thus increas-
ing further the sensitivity of this rheometric device. A recent
review16 discusses the challenges of measuring viscoelastic
properties of dilute polymer solutions, highlighting the rele-
vance of using microfluidic devices, as in our work, to probe
the elastic properties of such polymer solutions.

5.1.2. Changing the molecular weight. Secondly we
measured the relaxation time for solutions of PEO of
different molecular weight: 2Mio and two different batches of
4Mio, denoted 4Mio-1 and 4Mio-2. Fresh solutions for all
three polymers were prepared at 125 ppm and a solvent vis-
cosity of ηs = 5.2 mPa s. The relaxation times obtained were
compared to the relaxation times from classical shear
rheometry measured at 400 ppm. As we are in the dilute
regime, no dependence of λ with the polymer concentration
is expected, and we have explicitly shown that this is true for
the solution of PEO 2Mio in Fig. 6a. The values used from
the classical rotational rheometry are calculated using the fit
parameters from Table 1 to obtain the relaxation times at the
solvent viscosity of ηs = 5.2 mPa s.

The results from the serpentine channel are plotted in
Fig. 6b against the results from the classical rheometry and
satisfactory agreement between these two independent tech-
niques is obtained. Note that the fact that the error bars are
smaller than the differences between these two measure-
ments in some cases is very likely due to the fact that inde-
pendently prepared polymer solutions have been used in
each measurement on the two different devices.

In addition, as was actually already apparent from the
classical shear rheology data in Fig. 4b, we note that the data
for the two batches of 4Mio PEO highlight large batch-to-
batch variations that can occur between nominally-identical

samples. There is a factor of two difference in relaxation
time between both samples. Such differences are likely a
consequence of differing degrees of polydispersity in the
two batches.

5.2. Integration into a microfluidic lab-on-a-chip device

As the foregoing makes clear, to determine a quantitative
value of the relaxation time using the serpentine rheometer,
an independent measurement of the polymer contribution to
the total viscosity (and indeed a measurement of the solvent
viscosity if it is unknown) is required such that the value of

  p can be determined to use in eqn (3). In the current

study, these values were obtained from separate measure-
ments using an Ubbelohde capillary viscometer. Ideally one
would like to be able to determine both the viscosity ratio
and the critical shear rate from a single microfluidic lab-on-
a-chip device. To do so one could either use pressure drop
measurements in a straight section upstream of the serpen-
tine channel, as in Pipe et al.12 for example, or, alternatively,
use the Y-junction approach of Guillot et al.6 or Nghe et al.9

As the easiest method to observe the purely-elastic instability
in the serpentine channel is via an optical visualization tech-
nique, integration into a system based on the latter approach
is probably to be preferred, thereby avoiding the requirement
of incorporating pressure sensors into the device. To avoid
issues of possible polymer degradation due to the instability,
in the pressure-drop case the viscometer section of the device
should be incorporated upstream of the serpentine channel
and, in the Y-junction case, where a reference fluid is required,
in a separate parallel micro-channel on the same chip.

Fig. 6 a) Relaxation time (λ) obtained from the serpentine rheometer for PEO 2Mio in a solvent with viscosity ηs = 4.9 mPa s at varying
concentrations, ranging from 125 ppm to 500 ppm. The data points represent the average over three sets of experiments and the corresponding
error bars. The relaxation time at 400 ppm corresponds to the value from the calibration curve. b) Relaxation times from the serpentine rheometer
versus relaxation times from classical shear rheometry. The results from the serpentine rheometer correspond to a concentration of 125 ppm for
the three different polymers and a solvent viscosity of ηs = 5.2 mPa s. The error bars are estimated from the error of the fit to c. The results from
the classical rheometer for 400 ppm solutions are calculated from the fits of the relaxation time with the solvent viscosity, see Table 1. In this
case, the error is estimated from the error of the fit on A.
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5.3. Using the serpentine rheometer as a comparator or index
device with an application to polymer degradation

If one is not concerned with the absolute value of a fluid's
relaxation time per se, but rather with indexing different
fluids according to their degree of elasticity, then the serpen-
tine channel represents an extremely efficient device. In this
scenario it is simply sufficient to test the different fluids in a
single channel of known curvature and determine the critical
shear rate in each case. Following eqn (3), this directly leads
to c,1/c,2 = λ2/λ1. Of course, strictly speaking, this equality
only holds for fluids where the ratio η/ηp remains constant.
In the absence of quantitative information regarding the con-
tribution to polymer viscosity, a pragmatic approach, if the
critical overlap concentration is known, is to use the scaling32

c*[η] ~ 1, which gives ηp ~ ηs c/c*, or η/ηp = 1 + c*/c.
Alternatively the critical shear rate can be used for multi-

ple repeat experiments of the same fluid to test for degrada-
tion. Often one needs to check if polymer degradation has
occurred due to either photo-induced, mechanical, thermal,
chemical or biological causes.9,35,36 Simple shear viscosity
measurements are often fairly insensitive to such effects as
degraded polymers often still contribute to the overall vis-
cosity of the solution, which tends to be dominated by the
solvent viscosity in any case for dilute polymer solutions
(and is therefore a small effect). In contrast, the polymer
relaxation time is a much more sensitive harbinger of degra-
dation. In Fig. 7 we show the effect of photo-induced degra-
dation on a virgin polymer solution, i.e. unsheared, stored
at room temperature in a clear bottle exposed to sunlight
over a period of several days. Each day a new measurement
was made and, after seven days, a precursive slight increase
in the critical shear rate was observed, which was followed
by destruction of the sample via the formation of biofilms.
Finally, our experience with the serpentine rheometer sug-
gests its sensitivity makes it an ideal instrument for

monitoring possible degradation effects, regardless of the
precise degrading mechanism.

6. Conclusions

By understanding the scaling behaviour of the onset of a
purely-elastic flow instability in a microfluidic serpentine
channel, we have proposed a microfluidic rheometric device
that is capable of measuring fluid relaxation times down to
1 ms. In contrast to most other rheometers, which aim to
produce viscometric flows to enable the extraction of rheolog-
ical properties, the device makes use of an inherent instabil-
ity within the flow to estimate the fluid relaxation time.
Although using interfacial instabilities has previously been
tentatively proposed22,26 as a means of estimating material
properties, as has the onset of viscoelastic vortices,37 the cur-
rent method, which only requires a single fluid, is the first to
show that relaxation times can be successfully measured
using such an approach. Also, very recently, Koser et al.38

have proposed using creep-recovery tests in a microfluidic
device to estimate polymer relaxation times. However, their
device requires the use of a high-speed camera and is
restricted to relaxation times at least an order of magnitude
greater than those measured here. The serpentine rheometer
can either (a) be used as a comparator or indexing device, in
which case fluids can be ranked according to their elasticity,
or changes can be monitored, such as those due to degrada-
tion or (b) be used as a true rheometer once calibration tests
using classical cone-and-plate rheometry, for example, have
been performed. In this latter case, the microfluidic serpen-
tine device can access lower molecular weight materials, sol-
vent viscosities or concentrations than is possible using state-
of-the-art commercial rheometers.
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C.2 Elasto-inertial turbulence [Sam13]

One of the most extensively studied phenomena focusing on the effect of elasticity to
Newtonian flow dynamics is the turbulent drag reduction [Vir75]. Here, the addition of small
amounts of polymers (or surfactants) significantly reduces the frictional losses of turbulent
flows depending on the concentration of the added compound but limited to an empirically
found minimum drag reduction (MDR). Furthermore, the transition to turbulence has been
commonly observed to be altered by the addition of polymers but the varying observations
so far lacked a consistent interpretation of the transition scenario with regard to an early or
delayed onset relative to the Newtonian case.

In a recently published experimental and numerical study [Sam13], Samanta et al. investigated
the stability of pipe flow in more detail for different low concentrated polymer solutions in the
high Reynolds number regime. Aside from a stabilizing effect of small amounts of polymers
leading to a delay of Newtonian type turbulence shifted to higher Reynolds numbers, they
found an elasto-inertial transition to turbulence which scales with the value of the shear rate
and which occurs for higher polymer concentrations at Reynolds numbers significantly below
the transition in Newtonian pipe flow.

The author contributed to this study by thoroughly characterizing the fluids under investigation
by steady shear and extensional rheometry as presented in the supporting information which
is appended to the following reprint of the published paper.
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Turbulence is ubiquitous in nature, yet even for the case of
ordinary Newtonian fluids like water, our understanding of this
phenomenon is limited. Many liquids of practical importance are
more complicated (e.g., blood, polymer melts, paints), however;
they exhibit elastic as well as viscous characteristics, and the
relation between stress and strain is nonlinear. We demonstrate
here for a model system of such complex fluids that at high shear
rates, turbulence is not simply modified as previously believed
but is suppressed and replaced by a different type of disordered
motion, elasto-inertial turbulence. Elasto-inertial turbulence is found
to occur at much lower Reynolds numbers than Newtonian turbu-
lence, and the dynamical properties differ significantly. The fric-
tion scaling observed coincides with the so-called “maximum drag
reduction” asymptote, which is exhibited by a wide range of vis-
coelastic fluids.

elastic instabilities | polymer drag reduction | non-Newtonian fluids |
transition to turbulence

The most efficient method with which to reduce the large drag
of turbulent flows of liquids is through addition of small

amounts of polymers or surfactants. As first observed in the
1940s (1), frictional losses can be reduced by more than 70%
(2, 3), and this technique has found application in oil pipelines,
sewage, heating, and irrigation networks (4, 5). For dilute sol-
utions, the drag is found to reduce with polymer concentration
and eventually approaches an empirically found limit, the max-
imum drag reduction (MDR) asymptote (6, 7). A number of
theories have been put forward to explain the mechanism of drag
reduction and the origin of the MDR asymptote (3). Most of
them invoke the elasticity of long polymer molecules: They are
stretched in strong shear and elongational flow, and they recoil in
vortical regions. It has been shown that this process inhibits
vortices, and hence suppresses the turbulence-sustaining mech-
anism (8–15). It has recently been proposed that such inhibition
may bring dynamics of drag-reducing flows close to the low-
dimensional structures that separate turbulent and laminar flows
in Newtonian turbulence (16), and it has been argued that the
MDR asymptote is a consequence of the marginal dynamics on
this separating boundary. Regarding the effect of polymers on
the onset of turbulence, seemingly conflicting observations have
been reported. Many investigations reported transition delay
(ref. 17 and references therein); that is, the onset was postponed
to a higher Reynolds number (Re; defined as a ratio of inertial to
viscous forces). In other studies (18–20) (largely in pipes of small
diameter), it has been observed that turbulence sets in at a Re
smaller than in the Newtonian case, a phenomenon termed
“early turbulence.” However, in other studies (17, 21), inves-
tigators found that the natural transition point of their pipe
experiment (i.e., the point where the flow becomes turbulent
without additional perturbations) moved to a lower Re compared
with the Newtonian case.
Although the addition of small amounts of polymer reduces

the drag at a large Re, its effect is dramatically different at a
very small Re. In this regime, the flow is controlled by polymer
stretching, orientation, and relaxation, which give rise to aniso-
tropic elastic stresses in the fluid. The magnitude of these stresses,

and the degree of their anisotropy, is set by the product of the
longest relaxation time of polymer molecules and a typical shear
rate, the so-called Weissenberg number (Wi). It has recently been
demonstrated that at a large Wi, the anisotropic elastic stresses
destabilize flows with curved streamlines even in the absence of
inertia, resulting in so-called “purely elastic linear instabilities”
(22, 23). At a yet higher Wi, these instabilities are followed by
a unique type of disordered motion called elastic turbulence,
which exhibits fluctuations at many spatial and temporal scales
(24, 25). A direct transition from laminar to turbulent flows has
also been observed for flows in curved channels (25). In parallel
shear geometries, like flow in straight pipes, purely linear elastic
instabilities are absent (26); however, in principle, there can be
a subcritical transition to elastic turbulence and strong evidence
for such a transition has been found (27–29).
Presently, very little is known about possible interaction be-

tween the two phenomena, Newtonian and elastic turbulence.
The existing theories of drag reduction all share the same con-
ceptual feature: They interpret the resulting flow as a modified
form of ordinary Newtonian shear flow turbulence, with its
properties being determined by the balance between elastic and
viscous stresses (11, 15, 16, 30, 31). Theoretical studies of the
influence of polymers on turbulence in unbounded (30–32) flows,
however, showed some qualitative differences from Newtonian
turbulence; in one case (32), the measured power spectra more
closely resembled those found in elastic turbulence than those
in Newtonian flows.
Here, we perform experiments on viscoelastic pipe flow and

observe that addition of small amounts of polymer postpones the
transition to Newtonian turbulence. However, we find that, ad-
ditionally, there exists a different type of chaotic motion, con-
trolled by the elastic stresses, that can set in at a lower Re than
in the Newtonian case (in agreement with refs. 18–20), and we
demonstrate that this state suppresses Newtonian turbulence. In
particular, we find that after the latter instability sets in, the flow
directly approaches (with increasing Re) the MDR asymptote
without any excursions to friction values indicative of Newtonian
turbulence [note that a direct transition from laminar friction to
MDR has also been seen in earlier studies (6), without relating it
to an elastic instability, however]. Our observations imply that the
MDR asymptote has its origin in the discovered instability and
that it is dominated by elasticity. Although the instability mech-
anism is likely to be related to elastic turbulence, our studies are
carried out in a different parameter regime where inertia cannot
be neglected, and we therefore dub this state elasto-inertial tur-
bulence (EIT). In addition, the existence of EIT and the direct
approach to MDR are reproduced by direct numerical simulation
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(DNS) of model viscoelastic fluid flow in a straight channel in the
same range of Reynolds numbers as in the experiment. This
suggests that the observed instability and friction scaling is char-
acteristic for viscoelastic fluids in wall-bounded flows.

Results
At the lowest Re at which turbulence is sustainable in pipe flow,
the turbulence appears (33) in the form of axially localized
structures about 20 D in length, so-called “turbulent puffs.” It
has been shown that these structures decay back to laminar after
sufficiently long times following a memoryless process (34, 35).
Hence, for each Re, there is a distinct probability that a turbulent
puff will survive beyond a certain time horizon. In the first set of
measurements, this characteristic was used to quantify the in-
fluence of polymers on the transition to turbulence. Experiments
were carried out in pipe flows for different polymer concen-
trations (50 ppm, 100 ppm, 125 ppm, 150 ppm, and 175 ppm).
In all cases, the survival probability of puffs increases with the
Re and, owing to the transient nature of the turbulent puffs, is
only found to approach a probability of 1 asymptotically with the
Re (Fig. 1A). Compared with pure water (Fig. 1A, blue curve),
the curves are shifted to a larger Re as the concentration is in-
creased, showing that the polymers delay transition and subdue
turbulence. The Re required to reach a P= 0:5 survival probability
is found to increase faster than linearly (Fig. 1B) with polymer
concentration, providing a measure of the rate at which the tur-
bulent state is postponed to a larger Re (i.e., transition delay).
Surprisingly, for polymer concentrations ≥200 ppm, turbulent

puffs could not be detected; instead, a different type of disor-
dered motion already sets in at a lower Re: Whereas in the
Newtonian case, turbulent fluctuations can first be sustained for
Re∼ 2; 000 (Fig. 2A, open squares), in a 500-ppm solution, dis-
ordered motion was observed for a Re as low as 800 (Fig. 2B).
Also, in Newtonian fluids, flows just above onset are intermittent
[i.e., turbulent regions are interspersed by laminar regions (33);
SI Text], whereas in the polymer solutions, fluctuations set in
globally throughout the pipe (SI Text). The instability observed in
polymer solutions hence leads to a qualitatively different type of
disordered motion, EIT. A further distinction between the two
types of turbulence is that in the Newtonian case, the onset is
strongly hysteretic: Unperturbed flows remain laminar up to
a large Re (to Re= 6;500 in our setup; black squares in Fig. 2 A
and C), whereas perturbed flows display turbulence from around
Re = 2,000. In contrast, in a 500-ppm solution, perturbed and
unperturbed flows become turbulent at the same Re (Fig. 2B).
Equally, friction factors follow the same scaling and directly
approach the MDR asymptote (Fig. 2D) without any excursions
toward the Newtonian turbulence (so-called “Blasius”) friction
scaling. This observation suggests that the MDR asymptote
marks the characteristic drag of EIT rather than being the con-
sequence of an asymptotic adjustment of ordinary turbulence.
Further inspection shows that the elasto-inertial instability also

appears for lower polymer concentrations (<200 ppm). Here, the
instability sets in at a larger Re, and hence in the regime where, in
the presence of finite amplitude perturbations, flows already ex-
hibit Newtonian-like (i.e., hysteretic, intermittent) turbulence.
Starting from laminar flow without additional perturbations, we
find that with an increasing Re, these more dilute solutions will
unavoidably turn turbulent at a Re distinctly below the natural
transition point (Re= 6;500) of this pipe, as shown for a 100-ppm
solution in Fig. 2 A and C (solid triangles).
In contrast to the higher concentrations, the flow is intermittent

here, consisting of localized turbulent regions (i.e., puffs) in-
terspersed by nonlaminar, weakly fluctuating regions. As the Re is
further increased, the spatial intermittency disappears andgivesway
to a uniformly fluctuating state and the friction values approach the
MDR asymptote. The onset of instability is plotted in Fig. 3A as
function of polymer concentration. Above the red curve in Fig. 3A,

the flow has become unstable and the friction factor begins to ap-
proach theMDR asymptote. The green data points in Fig. 3Amark
theappearanceof turbulentpuffs shown inFig. 1A (i.e., the threshold
where the puff t1/2 exceeds t = 760 advective time units, which cor-
responds to the time for puffs to travel from the injection point to the
observation point). For parameter settings between the red and
green datasets in Fig. 3A, ordinary turbulence can be triggered
by finite-amplitude perturbations, and the flow is hence hysteretic.
On further increaseof theRe, once the red curve inFig. 3A is crossed,
the flow will become unstable regardless of initial conditions.

Fig. 1. Survival probability of turbulence. At the lowest Re at which turbulence
can be observed in pipes, it has the form of localized structures that decay
following a memoryless process (34, 35). The influence of polymers on this
process is investigated for various concentrations. To create turbulence, the
laminar flow was perturbed by an impulsive injection (of the same fluid) for 20
ms with sufficient amplitude to create a turbulent puff. The flow was then
monitored at the exit of the pipe 760 D downstream by means of visual in-
spection using the same method as described by Hof et al. (34). Although for
laminar flow, the fluid exits the pipe smoothly and follows a parabolic path,
turbulent fluid (resulting from the different velocity profile) will exit the pipe at
a different angle, causing a downward deflection and temporary distortion of
the outflowing jet. By continuously monitoring the outflow, the survival
probability of turbulent puffs was determined as a function of the Re. (A)
Survival probabilities decrease for increasing polymer concentrations, and the
survival probability found in the Newtonian case is only recovered at a larger Re.
With increasing polymer concentration, the typical S-shape of the probability
distributions becomes more pronounced. (B) Re with a 50% survival probability
at the 760 D observation point as a function of polymer concentration.
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Finally, experiments were carried out in pipes with diameters
of D= 2 mm and D= 10 mm (blue and red data points in Fig. 3B).
When plotting the stability thresholds observed in the three pipes
in terms of shear rate vs. polymer concentration, all datasets
collapse. The latter observation shows that the elasto-inertial
instability scales with the shear rate and not with the Re (18).
Hence, in tubes with a larger diameter, the instability will occur at
a large Re and typically will be obscured by Newtonian turbulence.
Inversely, on microscales, this instability will occur at a very low Re,
opening new avenues for mixing in microchannels. Until recently,
elastic turbulence and strong mixing had only been reported in
curved channels (25, 36, 37), which are linearly unstable.
To gain further insights into the nature of the EIT, we con-

ducted DNS of channel flow for a non-Newtonian fluid using
a constitutive model extensively utilized in the simulation of
polymer drag reduction. The numerical methods and rheological

parameters are similar to those used in simulations of MDR (38,
39) (details are provided in SI Text). Great care was taken to
resolve all flow scales relevant to the dynamics of such complex
fluids requiring spatial and temporal resolutions significantly
larger than for Newtonian turbulence. Each simulation is initially
perturbed in such way that transition in Newtonian flow occurs at
Re= 6;000, based on the bulk velocity Ub and channel height H.
In qualitative agreement with the experiments, we find that

instability develops at a much lower Re in polymeric flows, which,
again, directly leads to the MDR asymptote, as shown in Fig. 4A
for Re= 1;000. Whereas the corresponding Newtonian flow is
perfectly laminar, Fig. 4B shows pressure fluctuations on the
lower wall of the channel, with a strong yet chaotic organization.
Closer inspection of the numerical data at the lowest simu-

lated Re, Re = 1,000, reveals (Fig. 4B) an interesting topological
structure of EIT. Even though the flow is dominated by the mean

Fig. 2. Stability and friction scaling. (A) For the Newtonian case (black symbols), turbulence can first be triggered by perturbations for Re of about 2,000,
where fluctuations increase rapidly. The quantity plotted is the fluctuation in pressure that was measured differentially between two pressure taps (1-mm
holes in the pipe wall) separated by 3 D in the streamwise direction and located approximately 250 D from the pipe exit. (B) For a 100-ppm polymer solution
(red data points), turbulence cannot be triggered below Re= 2;200 (transition delay). At Re= 3;200, however, instability occurs (even in the absence of
perturbations), and this instability is caused solely by the presence of the polymers. At higher polymer concentrations (B; 500 ppm here), this instability occurs
at a much lower Re and the hysteresis typical for Newtonian turbulence has disappeared (A and C). The flow already becomes unstable at Re= 800 (regardless
of the presence of additional perturbations). From here (with an increasing Re), the flow directly approaches the MDR friction scaling (D; also for a con-
centration of 500 ppm).
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shear, polymers are extended (large values of
ffiffiffiffiffiffiffiffiffiffi
trðCÞp

=L see
Numerical Methods and SI Text) in sheet-like regions of large
streamwise (x) and spanwise (z) dimensions. The sheets are
stretched at an upward angle from the streamwise direction,
indicative of extensional flow topology. These sheets also produce
larger polymer extension than the surrounding mean shear does;
an increase of the effective flow viscosity, through extensional vis-
cosity, is therefore confined to these very sheets. The response
of the flow is observed in pressure fluctuations, shown in con-
tours of wall pressure on the bottom wall of Fig. 4B. Fig. 4C
shows isosurfaces of positive and negative Q, where Q=
−ð1=2Þ  ∇ · ð∇ · ðu⊗ uÞÞ is the second invariant of the velocity
gradient tensor and also a measure of the local flow topology
(40). As shown, the flow is structured in alternating regions of
rotational flows (Q> 0) and extensional/compressional flows
(Q< 0). These regions are aligned in the spanwise direction and
appear to have a large spanwise coherence scale of about one-
third to one-half of the domain span. Note that this spanwise
orientation is markedly different from Newtonian turbulence,
where the dynamics are dominated by vortices oriented in the

streamwise direction. At a larger Re, simulations show that after
EIT sets in, flows contain streamwise–oriented as well as span-
wise–oriented vortical structures. However, as the MDR as-
ymptote is approached, with an increasing Wi, streamwise
vortices are suppressed and the flow is dominated by spanwise
structures, as in the case with a low Re shown in Fig. 4B.
Analogous to Newtonian turbulence also in the present sim-

ulations, perturbations of finite amplitude are required to trigger
turbulence (albeit considerably smaller amplitude perturbations
suffice). This suggests that as in Newtonian linearly stable shear
flows (e.g., pipes), a self-sustaining mechanism is required to
keep the turbulent motion alive. Whereas no hysteresis has been
observed for the transition to EIT in the experiments (Fig. 2 B
and D), this does not necessarily rule out that the instability may
still be subcritical. If, as simulations suggest, very small (com-
pared with the Newtonian case) finite-amplitude perturbations
do indeed trigger turbulence, it may prove to be very difficult to
reduce disturbance levels in experiments sufficiently to observe
hysteresis. We propose that the underlying EIT is hence a self-
sustaining cycle, wherein small-velocity perturbations cause the
formation of sheets of extended polymers through convective
transport. The flow response, through pressure, sustains velocity
fluctuations, thereby closing the cycle.

Discussion and Conclusions
In summary, we have shown that small amounts of polymer
added to a Newtonian solvent delay the transition point where
Newtonian type turbulence can first be observed (i.e., resulting
from a perturbation). At the same time, however, an elastic in-
stability occurs at higher shear rates. At larger polymer con-
centrations, this elastic instability occurs at a Re sufficiently
smaller than the transition in Newtonian pipe flow. In this regime
of high elasticity, experimental measurements of friction factors
for different polymer concentrations and different pipe diame-
ters show that after this instability sets in, the friction factor
follows the characteristic MDR friction law. This behavior is also
confirmed by our numerical simulations, as can be seen from
Figs. 2D and 4A. When we increase the Re further in our nu-
merical simulations, we observe that the mean velocity profile
approaches the Virk asymptote (Fig. 5A) and that the Reynolds
stress becomes vanishingly small (Fig. 5B) at a large Wi. Both
features are often quoted as the major characteristics of the
MDR state (6, 16, 41). Our observation indicates that the MDR
state is continuously linked to the EIT that we have discovered at
relatively small Re.
It is noteworthy that the key elements of the mechanism of

EIT (nonlinear advection of stress, stretching by flow and flow
response via pressure) are common features to many viscoelastic
fluids. Although EIT is possibly related to elastic turbulence,
inertia cannot be neglected in our case, and there are no curved
streamlines that would cause linear instability. Our observations
infer that this type of fluid motion replaces ordinary turbulence
and dominates the dynamics in elastic fluids at sufficiently large
shear rates.

Materials and Methods
Experimental Methods. Experiments were carried out in a pipe made of
∼ 1:2-m-long precision bore segments with an inner diameter of D=
ð4± 0:01Þ mm and a total length of about L=D= 900. The flow was gravity
driven, and the fluid temperature was controlled so that the flow rate could
be held constant, typically to within ± 0:2% [details of a similar setup can be
found in a study by de Lozar and Hof (42)]. The sample solutions were either
pure water or different amounts of polyacrylamide with a molecular weight
of 5×106 amu (PAAm; Sigma–Aldrich) in water. The shear viscosity increased
with the polymer concentration, and almost no shear thinning was ob-
served; however, a pronounced elastic behavior was found in the elonga-
tional flow of a capillary break-up elongational rheometer. The rheological
characterization is given in SI Text. A carefully designed inlet of the pipe
allowed us to keep flows of pure water laminar up to Re∼ 6; 500 (natural

Fig. 3. Transition threshold to EIT is plotted for different concentrations
(red squares). The red line is a guide for the eye. The green circles mark the
transition delay to ordinary turbulence (Fig. 1B). Consequently, for concen-
trations below 200 ppm, the elasto-inertial instability sets in at a Re at which
ordinary turbulence can already occur, whereas in the D= 4-mm pipe, the
elasto-inertial instability is found only above 200 ppm. (B) Red squares mark
the critical shear rate for the onset of EIT in the 4-mm pipe (same as red
squares in A). In addition, shear rates ( _γ = 8U=D) were determined for the
flow in a D= 10-mm pipe and a D= 2-mm pipe. In these cases, the transition
occurs at the same critical shear rate. Hence, unlike ordinary turbulence, the
onset of EIT is not governed by the Re but, instead, by the shear rate.
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transition point for this pipe). Here, the Re is defined as Re=UD=ν, where U
is the mean flow speed and ν is the kinematic viscosity. Although laminar
(Newtonian) pipe flow is stable for all Re, turbulence of appreciable lifetime
can be triggered by perturbations of finite amplitude once the Re
approaches 2,000 (34, 43). In the present setup, turbulence was triggered by
injecting fluid through a small hole in the pipe wall situated 140 D from the
inlet; alternatively, for continuous triggering of turbulence, an obstacle
(∼ 2-cm-long ∼1-mm-thick twisted wire) could be placed downstream of
the inlet.

Numerical Methods. Theflow is governed by the incompressible Navier–Stokes
equations with the addition of a viscoelastic stress using the Finitely Ex-
tensible Nonlinear Elastic-Peterlin (FENE-P) model:

∂tu+u ·∇u= −∇p+
β

Re
∇2u+

1− β

Re
∇ ·T; [1]

∇ ·u= 0; [2]

in a rectangular domain with periodic boundary conditions in the streamwise
and spanwise directions, and no slip at the walls, where u is the velocity
vector and p is the pressure. The flow is driven by a bulk force to maintain
a constant mass flow rate. The velocity and length scales used to form the Re
and to normalize the flow variables are the bulk velocity and the height of

A

1000 1000010-3

10-2

B
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Fig. 4. Numerical simulation of EIT in a channel flow. (A) Red, green, and
black lines highlight the laminar, turbulent, and MDR distributions of the
friction factor, respectively, as a function of the Re based on the bulk velocity
and the height of the channel. The simulations are performed in a channel
flow of large transversal dimensions with periodic boundary conditions in
horizontal dimensions. At time t = 0, a perturbation is introduced in the form
of space and time oscillations of blowing and suction at the walls for a fixed,
short duration. The intensity of the perturbations is tailored so that a transi-
tion is triggered at Re= 6;000 for the simulated water flow. Using the same
perturbation, the simulated polymeric channel flow already shows a de-
parture from purely laminarflow at around Re= 750 (red circles). (B) Contours
of pressure fluctuations on the bottom wall and polymer stretch in vertical
planes (Re= 750). (C) Isosurfaces of regions of slightly rotational (orange) or
extensional (cyan) nature (Re= 750), as identified by the second invariant of
the velocity tensor Q (details are provided in SI Text).
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Fig. 5. Profiles of turbulence statistics at the highest simulated Re with the
addition of a higher Wi simulation. For FENE-P fluids (see SI Text), Wi � 1
leads to a universal form of the polymer tensor closely related to the MDR
asymptotic state. Mean velocity profiles in the typical log-linear represen-
tation are shown, where the mean velocity U+ and the distance from the
wall y+ are normalized by skin-friction velocity uτ and kinematic viscosity (A)
vs. profiles of Reynolds shear stress, −uv+ = −uv=u2

τ , as a function of the
distance from the wall normalized by the channel half-height h (B). Statistics
are shown for Re = 6,000; solid blue line,Wi = 100; solid green line,Wi = 700;
solid black line, Newtonian turbulent flow. (A) Virk log-law (6) is denoted by
the dashed orange line. The Virk mean velocity profile is a best fit of high Re
data. The assumption of the existence log-law at a low Re was recently
shown (39) to fail at a low to moderate Re (at least up to Re= 10;000). The
agreement of Wi= 700 is consistent with previous MDR simulations and
experiments. (B) Experiments of Warholic et al. (41) at MDR observe negli-
gible Reynolds shear stress.
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the channel, respectively. The polymer stress tensor T in Eq. 2 is derived from
the following transport equation:

∂tC+u ·∇C=C ·∇u+∇uT ·C−T; [3]

with

T=
1
Wi

ðfðCÞC− IÞ; [4]

fðCÞ= 1
1− trC=L2

; [5]

where C is the conformation tensor and f is the Peterlin function based on
L, the upper limit of polymer extension. The polymer solution is character-
ized by the Wi, which is the ratio of polymer relaxation time to flow scale:
here, it is the inverse of the wall shear. In Eq. 2, the coefficient β is the ratio
of the solvent viscosity to the zero-shear viscosity of the polymer solution.
The numerical method used to solve Eqs. 2 and 3 is described by Dubief et al.
(38) and is briefly introduced here. The flow is discretized on a staggered
grid. Velocity derivatives are computed with second-order, energy-conserv-
ing, finite-difference schemes. The divergence of the polymer stress tensor in
Eq. 3 uses a fourth-order compact central scheme. To accommodate the
sharp gradients arising from Eq. 3, the advection term is discretized with a
third-order compact upwind scheme, supplemented by local artificial dissipa-
tion. The upper boundedness of the polymer conformation tensor is guaranteed

by an algorithm described by Dubief et al. (38). Time advancement uses the
typical fractional step method utilized in most DNSs of turbulence.

The rheological parameters adopted here are consistent with those used
in previous simulations of polymer drag reduction (11, 12, 44–46). We use a
maximum polymer extension of L= 200, β= 0:9, and Wi*= 8. Here, Wi* is the
polymer relaxation time divided by the integral flow time scale (ratio of
the channel half-height to bulk velocity). The increase in Re is achieved by de-
creasing the velocity, while keeping the channel height and bulk velocity con-
stant. The Wi of interest is based on the wall shear of the corresponding
Newtonian flow. Consequently, theWi is equal to 24 in the laminar region and
is 100 for Re= 6;000. The highestWi discussed in Fig. 5 corresponds toWi*= 60.

The computational domain dimensions and resolution are 10 H×H×5 H and
256× 161×256, respectively. For polymer flows, the streamwise Δx+ and span-
wise Δz+ resolutions, normalized by their respective viscous scales, range from
Δx+ ∈ [1.5, 5] and Δz+ ∈ [0.75, 2.5] across the range of Re ∈ [1,000, 6,000]. In
the same range of Re, the minimum and maximum cell sizes in the wall normal
direction are within [0.01, 0.05] and [1.5, 5]. Doubling the dimensions and reso-
lution in transversal directions or increasing the resolution in the wall normal
direction did not yield any appreciable change in statistics.
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Sample Preparation and Characterization
The fluid was prepared by adding the required quantity of
polymers to 30 L of distilled water. The solution was gently stirred
for 48 h, and measurements were performed within a week. The
solutions were characterized by means of a commercial rheom-
eter (MARS II; Thermo Fisher Scientific) in controlled shear rate
mode using a cone and plate geometry (diameter = 60 mm, cone
angle = 0.5°). The instrument was set to a temperature of T =
20 °C, which is the same temperature the pipe flow experiments
were conducted at. The solutions were tested before and after
the measurements in the pipe; in addition, we tested samples
that were prepared in smaller quantities (250 mL) by means of
the same protocol mentioned above. The results for the different
solutions agreed within an experimental resolution of ± 5% and
in agreement with former studies (1). Specifically, we did not
observe any notable degradation of the polymer on the time
scale of resident times in the tube experiments, in the rheo-
logical shear tests, or in the capillary breakup extensional
rheometer (CaBER). The viscosity was measured at shear rates
30 s< _γ < 2; 500 s−1 for polymer concentrations of 50 ppm, 100 ppm,
200 ppm, 300 ppm, 400 ppm, and 500 ppm. The effect of shear
thinning is negligible [i.e., the respective power law coefficients
were very small (<0:026, compare Fig. S1)]. The (zero-)shear
viscosity η increases with the polymer concentration c and from
the dilution series, we can extract an overlap concentration of
c* ≈ 1; 280 ppm (compare Fig. S2) via a quadratic fit satisfying
½η�= limc→0ðηðcÞ− ηsÞ=ηs = 1=c* (2).
In addition, the pressure drop in the pipe in the laminar case

was calculated by means of the measured viscosity data and with
the assumption of a parabolic flow profile. Again, the calculated
values and the measured pressure drops agreed within ± 5%. The
Reynolds number (Re) was determined by means of the viscosity
of the sample solution (i.e., Re= ρUD=η).
The second rheological characterization was performed with

a custom-built CaBER (3) at ambient temperature (T ≈ 23 °C).
A droplet of the sample was placed between two steel plates,
from which the upper one is displaced by a linear motor until the
capillary bridge becomes unstable due to the Rayleigh–Plateau
instability. In the following thinning process, a parallel filament is
formed that shrinks exponentially in time. The characteristic time
scale of the thinning process λC (compare Fig. S3) can be related to
the polymer relaxation time λ. Simple models predict λ= 3λC, but
it has been shown that the relation is much more complex in re-
ality (1, 4). However, the CaBER is still most sensitive to the
elasticity of diluted aqueous solutions, and the time scale λC is
commonly used to define a Weissenberg number (Wi) (5). The
relaxation time λC depends on the concentration c according to
a power law λC ∝ c0:89± 0:03 (1). The nonlinear fit was performed by
direct weighting of the data to account for the increasing sparse-
ness of filament data when decreasing the polymer concentrations
and relaxation time, respectively. The error bars represent the SE
of the measurement series of each concentration.
From the CaBER relaxation times, an estimate of the critical

Weissenberg numbers (Wic) can be made, and we found that the
Wic were in the range of Wic = 3− 15.

Velocity Measurements
Velocity measurements were carried out with particle image
velocimetry in the D= 4-mm pipe. The flow was illuminated in
the mid r-z plane (with z being the axial direction and r being the

radial direction) using a laser light sheet for the experiments with
polymer solution and a high-power light-emitting diode for the
experiments with water, respectively. The fluid was seeded with
13-μm spherical hollow glass spheres to obtain particle images.
Sampling rates of the camera (Phantom V10; Vision Research)
were 200 Hz for the polymer experiments and 50 Hz for the case
of water. In Fig. S4, we show the z component of the velocity
measured at the pipe centerline: In the case of water, the the-
oretical value of the centerline velocity for a laminar velocity
profile for the given Reynolds number has been subtracted, and
in the case of polymer, the average velocity has been subtracted.
At Re= 527, the flow in the 500-ppm polyacrylamide solution is
laminar. Once the Re is raised above 800, elasto-inertial turbu-
lence (EIT) sets in and fluctuations start to increase with the Re
(Fig. S4B). As shown in Fig. 4B for Re= 2;140, the flow is uni-
formly fluctuating. For a water flow with a similar Re= 2;080
(Fig. S4C), however, flows show the intermittency distinctive of
the transitional regime in Newtonian turbulence, with turbulent
puffs (characterized by a strong dip of the centerline velocity)
interspersed by more quiescent flow.

Initial Perturbations for Direct Numerical Simulations
The protocol for our simulation was designed to mimic the
perturbed experimental setup within the limitation inherent to
boundary conditions. For any flow, Newtonian or polymeric, the
laminar solution is first obtained. Once the laminar flow is fully
developed, a perturbation is introduced over a short duration, in
the form of blowing and suction velocity on both walls, over which
white noise of prescribed intensity is introduced. The velocity
pattern is periodic in x and z:

vwðx; z; tÞ= A sin
�
8π
Lx

x
�
sin

�
8π
Lz

z
�
+ «ðtÞ; [S1]

where A is the amplitude, Lx and Lz are the horizontal domain
dimensions, and «ðtÞ is the random noise. The amplitude is in-
creased from zero over the first 10% of the duration of the
perturbation and decreased to zero over the last 10%. Choosing
A= 0:09Ub and the rms of « at 0:005Ub causes the Newtonian
flow to transition at Re= 6;000. The total duration of the pertur-
bation is 0:5H=Ub.

Polymer Extension
Fig. S5 shows profiles of polymer extension, defined as

X
L
=

ffiffiffiffiffiffiffiffiffiffiffi
trðCÞp

L
; [S2]

across the channel half-height. The extension of polymers at the
lowest Re is just shy of 20% of maximum polymer extension. At
17:4%, the wall polymer extension is higher than the analytical
solution for a purely laminar channel flow (16:2%), due to the
fluctuations of the velocity gradient tensor caused by EIT. Sin-
gle-molecule experiments measured extension in shear flow, at
Wi= 25, around 30% (6, 7). This discrepancy comes from the
semiquantitative nature of the finitely extensible nonlinear elas-
tic Peterlin (FENE-P) model. The choice of the polymer param-
eters is a compromise between capturing the key dynamical
features of polymer–flow interactions and numerical stability.
Among others, Li et al. (8), Housiadas and Beris (9), and Tam-
ano et al. (10) studied the effects of rheological parameters and
viscoelastic models. The conclusions of these studies are that (a)
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elongational viscosity is the most important rheological property
and (b) long polymers and a large Wi are more likely to repro-
duce the features of polymer drag reduction, especially maximum
drag reduction. It is noteworthy that simulations with a smaller
polymer L= 100, which yields a wall extension of 30%, were also
found to produce EIT. Our choice of polymer length was mo-
tivated by the fact that using longer polymers emphasizes the
elastic instability and facilitates the study of EIT while retain-
ing the same dynamics as with L= 100.

Identification of the Structure of Elasto-inertial Instability
Fig. 4 shows an interesting pattern of flow instabilities in the
form of quasi-2D patterns aligned in the streamwise direction.
The identification of the flow structures is made possible by the
visualization of isosurfaces of Q, the second invariant of the
velocity gradient tensor ∇u. Defining the velocity gradient tensor
as ∇u= ∂ui=∂xj, the second and third R invariants are written as

Q= −
1
2
∂ui
∂xj

∂uj
∂xi

  ; [S3]

R= −
1
3
∂ui
∂xj

∂uj
∂xk

∂uk
∂xi

  ; [S4]

where Einstein’s index rule applies. Q and R are used to study
the topology of turbulent flows (11) because their local values
relate to the local topology of the streamlines. This is illustrated
in Fig. S6 in the Q−R phase diagram that defines four quadrants
delimited by R= 0 and D= 0, where D is the discriminant of ∇u:

D=
27
4
R2 +Q3   : [S5]

It can also be shown that Q is the difference between the norm
squared of the rotation and strain rate tensors, which suggests
that positive regions of Q are regions where the local rotation
rate overcomes the strain rate. This argument is the motivation
for the widespread use of the positive Q criterion (12) for the
identification of vortices. However, it is important to point out
that the Q-vortex identification method is subjective, because the
proper reduction of vortices requires that Q>Qth, where Qth is a
positive threshold that depends on the flow intensity.
The local topology of the flow determines the stretching

dynamics of the polymer field. Specifically, extensional flows
cause the polymer to stretch, thereby increasing the local ex-
tensional viscosity, which is, for instance, the source of polymer
drag reduction (13). At Re = 1,000 (Fig. 4 and Fig. S7A),
compact regions of positive Q do not define vortices because
they fail to meet the criterion of spiraling streamlines (12).
Nonetheless, the contours of D (Fig. S7A) clearly show that the
isosurfaces of positive and negative Q are regions of weakly
rotational and extensional flows in regions of large polymer
extension, as shown by Fig. S7B. These fluctuations of exten-
sional flow create, in turn, fluctuations of extensional viscosity
that directly affect the flow. Note that the computational grid is
displayed in Fig. 7A to demonstrate that the elastic instability
is well resolved. In this particular case, the grid spacing in x
is ≈ 1l+ = ν=uτ.
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400 ppm, and 500 ppm at T = 20 °C. Shear thinning is of little importance. Also shown is a reference measurement with pure water.
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Fig. S4. Velocity time series. (A) Centerline velocity of laminar flow in a 500-ppm polymer solution at Re= 530. (B) Velocity time series in the elasto-inertial
turbulent regime at Re= 2;140. (C) Velocity trace in a pure water flow at Re= 2;080 shows the intermittent appearance of turbulent puffs typical of Newtonian
turbulence.
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Fig. S6. Flow topology in the Q−R phase diagram [Reprinted with permission from the study by Chong et al. (13)], with the typical inverted teardrop shape of
a joint-probability density function of a turbulent flow. The figure shows the four quadrants of flow topology delimited by R= 0 and D= 0 (Eq. S5), from
(R> 0;D> 0) counterclockwise: rotational flow under compression, rotational flow under extension, biaxial compressional flow, and biaxial extensional flow.

A
D: -5E-05 -3E-05 -1E-05 1E-05 3E-05 5E-05
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B

Fig. S7. Visualization of the instability observed in Fig. 4 in a cross-sectional plane of the flow (left to right) for about one-fourth of the length of the domain.
The walls are the top and lower boundaries. (A) Contours of positive (solid black lines) and negative (dashed black lines) Q superimposed over the contours of
positive (red) and negative (blue) D in a cross-sectional plane of the flow aligned with the streamwise and wall-normal directions. The grid is shown to
demonstrate that the observed instability is fully resolved. (B) Contour lines are the same as in A, with contours of the polymer extension.
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C.3 Rheology of human blood plasma [Bru13]

Blood plasma is the aqueous solution which carries the blood cells, mainly red blood cells
(erythrocytes, about 45 vol.%) and white blood cells (including platelets and leukocytes).
Although it also contains proteins (aside from hormones, glucose and mineral ions), i.e. long-
chained carbon molecules, it has been long considered to be Newtonian and consequently not
contributing to the non-Newtonian rheology of whole blood neither in controlled experimental
environment (in vitro) nor within a natural setting (in vivo). Indeed, so far, all experimentally
observed deviations from the Newtonian flow behavior could be attributed to the surface
activity of the plasma proteins and not to a real bulk effect.

In contrast to this common believe, the following study [Bru13] could prove that human blood
plasma definitely behaves like a non-Newtonian fluid and exhibits viscoelastic bulk properties
even when effectively avoiding surface activity. Viscoelastic flow behavior of blood plasma
turned out to be most significant in extensional flow but negligible in steady shear flow in
agreement with the literature and it particularly matches the viscoelastic flow behavior of a
dilute polymer solution, namely an aqueous solution containing 15% glycerol and 50 ppm of
polyethylene oxide (Mw = 4× 106 Da). A possible impact to physiological flow conditions
(mimiced by microfluidic contraction flow) could be suggested, particularly in view of the
recent findings of elasto-inertial turbulence in pipe flow.

The underlying extensive rheological characterization by means of capillary breakup extensional
rheometry (CaBER) as well as steady shear rheometry constitutes the author’s contribution
to this project. In this context, great effort has been invested to find the perfect polymer
match for the blood plasma.
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We investigate the rheological characteristics of human blood plasma in shear and elongational flows.

While we can confirm a Newtonian behavior in shear flow within experimental resolution, we find a

viscoelastic behavior of blood plasma in the pure extensional flow of a capillary breakup rheometer. The

influence of the viscoelasticity of blood plasma on capillary blood flow is tested in a microfluidic device

with a contraction-expansion geometry. Differential pressure measurements revealed that the plasma has a

pronounced flow resistance compared to that of pure water. Supplementary measurements indicate that the

viscoelasticity of the plasma might even lead to viscoelastic instabilities under certain conditions. Our

findings show that the viscoelastic properties of plasma should not be ignored in future studies on blood

flow.
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Blood is a complex fluid that consists of a suspension of
blood cells in a liquid plasma which contains mostly water
as well as proteins, mineral ions, hormones, and glucose. In
humans, red blood cells (RBCs) are the most abundant type
of cells in whole blood with a concentration of approxi-
mately 45% by volume. Because of this high RBC concen-
tration, it is often believed that rheological behavior of
whole blood is mostly determined by the presence of the
RBCs. Blood exhibits shear thinning, and at low shear rates
the red blood cells form reversible aggregates (rouleaux)
that are broken up at high shear rates [1]. The rouleaux
formation is caused by the plasma proteins (most likely due
to a depletion effect), but the plasma solution, which is
approximately 92% water, is currently believed to be
Newtonian [1–3]. For example, experiments by Copley
and King [4] and Jaishankar, Sharma, and McKinley [5]
show that the non-Newtonian and viscoelastic effects found
in plasma and bovine serum albumin (BSA) solutions in
shear flows can be attributed to the surface layer of plasma
proteins present at the liquid-air interface; that is, these non-
Newtonian effects are surface rather than bulk effects.
These surface effects can be suppressed by the addition of
a small amount of surfactants to the protein solutions [5].

Much work has been devoted to the understanding of
laminar blood flow as well as the appearance of flow insta-
bilities that may appear under pathological conditions, e.g.,
near an aneurysm or blockage [6,7]. In general, one has to
distinguish between inertia and viscoelastic driven instabil-
ities. An elegant way to separate these two kinds of insta-
bilities is the observation of vortices in a contraction
flow device. Inertial effects lead to downstream vortices,
whereas upstream vortices can be observed for viscoelastic
fluids [8,9]. This approach has been used in a recent work by
Sousa et al. [2], which gives an overview of the flow of two
common blood analog solutions in contraction-expansion

microfluidic devices. The two investigated blood replace-
ment solutions with the same shear but different elonga-
tional viscosity revealed a remarkably different flow
behavior, which shows that it is not sufficient to consider
only the shear viscosity in order to build a plasma analog
solution. A pronounced viscoelastic behavior in elonga-
tional flow has been found in several other biofluids, too,
e.g., for saliva [10,11] or DNA solutions.
In this Letter, we investigate the rheology and flow

behavior of human blood plasma in both shear and exten-
sional flows. We find that blood plasma shows significant
viscoelastic effects in elongational flow in both (i) a cap-
illary breakup extensional rheometer (CaBER, Fig. 1) and
(ii) a microfluidic contraction-expansion device. In addi-
tion, a synthetic (polymeric) plasma replacement solution
is identified that matches the shear and extensional rheol-
ogy of human plasma.
Sample solutions.—Blood plasma used in the experi-

ments was taken from three healthy donors and stored in
test tubes using anticoagulants [Ethylenediaminetetraacetic
acid or Citra]. Plasma is obtained by centrifuging the blood
samples at 4000 rotations per minute for 5min immediately
after withdrawal. The separated transparent liquid phase is
centrifuged again, and finally the pure plasma phase is
extracted. All measurements are performed on the day of
donation. Since the main protein in the plasma is albumin,
an aqueous solution of 45 mg=ml albumin (BSA,
Polysciences) is prepared for comparison. The plasma
replacement solutions are prepared by adding small
amounts of polyethylene oxide (PEO, Sigma Aldrich,
Mw ¼ 4� 106 g=mol) to a Newtonian solvent. Three
PEO solutions are prepared: (i) a 50 ppm PEO in
15=85 wt% glycerol-water solution (PEO5015=85), (ii) a

500 ppm PEO in 15=85 wt% glycerol-water solution
(PEO50015=85), and (iii) a 50 ppm PEO in a 55=45 wt%
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glycerol-water solution (PEO5055=45). Two RBC suspen-

sions at 50 vol% are also used, one in physiological buffer
[phosphate buffered saline (PBS), Invitrogen] with 15 wt%
glycerol (PBS15=85�Hct50) and the other under the same

condition but with the addition of 50 ppm of PEO
(PEO5015=85�Hct50). Finally, whole blood and distilled

water are used as reference fluids.
Steady shear rheology is performed in a rheometer

(Thermo Scientific, HAAKE MARS II) at shear rates
ranging from _� ¼ 1 to 1000 s�1 in rate controlled mode.
A double-cone DC60=1� geometry is used in order to
avoid the effect of surface viscoelasticity on the measured
shear viscosity �ð _�Þ. To reduce the instrumental noise, a
special protocol is applied. For each shear rate, the torque
signal is integrated over at least a full revolution of the
cone. The minimal resolvable torque is �min ¼ 2 �NM,
which limits the reliable minimal shear rate. Above, the
accuracy is �� ¼ �0:1 mPa s. The temperature is kept
constant at T ¼ 20� 1�C.

Figure 2 shows the shear viscosity of blood plasma at
room temperature (RT ¼ 20�C), along with viscosity data
of whole blood (average of three donors), two dilute PEO
solutions, and a reference curve of pure water. Within the
reliable data range (above the gray shaded area), the
plasma sample as well as the 50 ppm PEO in 15 wt%
glycerol-water solution show Newtonian behavior, that is,
constant shear viscosity �. By contrast, the addition of a
physiologic amount of RBCs (Hct50%) significantly
increases the viscosity of the PEO solution. The solution
exhibits shear thinning, and the flow curve can be fitted
to the Carreau model [12]. The viscosity of full blood is

higher than the viscosity of the PEO5015=85�Hct50 solution.

It is known that plasma proteins lead to a depletion-
induced formation of aggregates of RBCs at low shear
rates, and this effect might be less pronounced for the
PEO solutions [1]. Table I summarizes the estimated zero
shear viscosities �0. We should mention that our determi-
nation of �0 for whole blood is of limited use only, because
blood is a yield stress fluid (yield point was found to be
approximately 5 mPa).
The relaxation time of the fluids is obtained by using a

custom-made capillary breakup extensional rheometer
(CaBER) setup [13,14]. The thinning of the capillary
bridge is recorded by using a high speed camera and
4� magnification objective (Pentax, PLAN 4x=0:10,
WD ¼ 30). We find that the solutions have relatively short
relaxation times, and a slow retraction method is used to
allow for a quantitative evaluation of the data [15]. For a
non-Newtonian fluid, the initial inertio-capillar thinning
of the capillary bridge is followed by a formation of a
straight filament, which thins exponentially in time. The
relation hðtÞ ¼ h0 exp½�ðt� t0Þ=�C� gives the character-
istic CaBER relaxation time �C, where hðtÞ is the diameter
of the filament at the time t during the exponential thinning
process, which starts at time t0 and width h0, respectively.
According to the Oldroyd-B model, a simple approach
leads to an estimate for the polymer relaxation time
� ¼ �C=3 [16,17].
Figure 1 shows a series of images of the thinning process

of the capillary bridges of the plasma as well as the BSA
and PEO5015=85 solutions. The capillary bridge of the BSA

solution shows the same dynamics as the distilled water
(not shown), within experimental resolution. In this case,
the capillary bridge breaks fast and leaves a well known
satellite droplet. By contrast, the plasma and the
PEO5015=85 solution form a viscoelastic thread that thins

exponentially in time (see Fig. 3). Both solutions also show
the typical blistering instability at the very end of the

FIG. 2 (color online). Shear rate dependent viscosity �ð _�Þ data
at T ¼ 20�C obtained by the rotational shear measurements. The
gray shaded area indicates the regime below the resolution of the
rheometer.

FIG. 1. Snapshots of the capillary bridges in the CaBER
experiment. Images are 833 �m� 1344 �m.
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thinning process characterized by the appearance of
smaller droplets on the filament [18]. These results clearly
demonstrate that plasma has viscoelastic properties.

Figure 3 shows the minimal width hðtÞ of the capillary
bridge as a function of time t� tfinal. Starting at a width
of approximately h1 � 0:5 mm, all curves initially
describe a uniform thinning down to an intermediate level
of h2 � 0:17 mm. At this stage, polymers in the solution
do not yet affect the flow, and the difference between the
solutions can be seen only during further thinning of the
filament. While the capillary bridge of the Newtonian
sample breaks very rapidly (cf. width h3), the other
samples form a filament which thins exponentially over
characteristic time scales �C. Table I summarizes the cor-
responding relaxation times as averages over all performed
measurements. Note that the BSA solution does not show
any non-Newtonian behavior, and therefore we can
exclude that the protein surface layer of the plasma is
responsible for the elastic thinning behavior (in agreement
with Ref. [19]), but some other plasma proteins in the bulk
that have not yet been identified are responsible for the
viscoelasticity. This result is also corroborated in a
cone-plate geometry with a free surface layer: Adding

0.01 wt% of the soluble nonionic surfactant (Tween 20,
critical micellar concentration cmc ¼ 0:07 wt%) to the
plasma did indeed suppress the apparent shear thinning
(data not shown) in agreement with the experiments
described in Ref. [5]. Please note that in principle surfac-
tants can lead to viscoelastic filaments themselves, but in
our case the surfactant dissolved in pure water did not show
any filament [20–28]. However, the addition of a surfactant
to the plasma did not alter the thinning process in the
CaBER, which again shows that the filament is not caused
by a protein surface layer. We note that additional thinning
experiments of the plasma solution were performed in
which the surrounding air was replaced by silicon oil and
a pronounced filament was as well observed (data not
shown).
Again, we can compare our polymer solutions that

should serve as model systems with the plasma samples.
The data presented in Table I show that the PEO5015=85
solution is a good plasma replacement solution, because it
matches the plasma shear and elongational properties; by
simply increasing the solvent viscosity of this solution, we
get the PEO5055=45 sample that matches the elongational

properties of full blood, but it does not match its shear
rheology very well. Therefore, we compared a PBS buffer
solution with 50 vol% hematocrit without polymer
(PBS15=85�Hct50), with polymer (PEO5015=85�Hct50), and

with full blood. The polymeric hematocrit solutions
reflects the elongational properties of blood to some extent.
However, the PBS15=85�Hct50 solution simply breaks up

like a Newtonian liquid. This clearly shows that the non-
Newtonian elongational viscosity (i.e., the elastic proper-
ties of the macromolecules) of the plasma contributes to
the non-Newtonian elongational viscosity of blood. Again,
an additional clustering of the RBCs in the whole blood
due to the rouleaux formation might explain the remaining
discrepancies.
Next, the effects of this apparent viscoelasticity of

plasma flow are investigated in a microfluidic contraction-
expansion device bymeasuring the pressure drop across the
contraction part of the geometry [8,9]. This geometry has a

TABLE I. (Zero) shear viscosities �0 and CaBER relaxation times �C of the sample solutions.

Solution Temperature Tð�CÞ Shear viscosity �0ðmPa sÞ Relaxation time �CðmsÞ
Whole blood 37 16.9 7:8� 0:6
Plasma 20 1.95 2:6� 0:2
Plasma 37 1.34 1:5� 0:2
PEO50015=85 20 2.47a 15:7� 0:2
PEO5015=85 20 1.40 2:6� 0:1
PEO5055=45 20 7.88 7:9� 0:2
PEO5015=85�Hct50 20 8.03a 1:84� 0:04

BSAH2O 20 1.24 Newt.

PBS15=85�Hct50 37 7.6a Newt.

H2O 20 0.97 Newt.

aThese values are obtained by a fit based upon the Carreau model [12].

FIG. 3 (color online). Width hðtÞ of the capillary bridge as a
function of time t� tfinal. Markers on the right vertical axis refer
to the images shown in Fig. 1. Straight lines are exponential fits.
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significant elongation flow component, and it resembles
flow restricted vessels or the flow at a branching from a
larger to a smaller vessel. The microchannels are made of
polydimethylsiloxane using standard soft lithography
methods. Their length, width, and depth are L ¼ 30 mm,
W ¼ 400 �m, and h ¼ 50 �m, respectively. These rect-
angular microchannels exhibit sharp contraction of reduced
width w ¼ 25 �m and length l ¼ 100 �m in the middle.
Note that the ratio of the expansion width to the contraction
width is 1:16, which sets the (Hencky) elongation strain
� ¼ lnð16Þ � 2:8. Pressure measurements are performed
by directly incorporating two pressure taps (Honeywell
26PC) into the microchannel, both upstream and down-
stream of the contraction plane. The pressure sensors are
used to cover a differential pressure range of 0<4P<
56:5 kPa. This type of measurement has been successfully
applied to investigate the flow of viscoelastic fluids in
expansion-contraction microfluidic devices [8].

Results for the pressure drop of both human plasma and
water as a function of flow rate, or equivalently Reynolds
number (Re), are shown in Fig. 4. Note that here Re ¼
�VDh=�0, where V is the mean flow velocity, � the fluid
density, �0 the zero shear rate viscosity, and Dh ¼
2wh=ðwþ hÞ the hydraulic diameter. For example, Fig. 4
(inset) shows that the water pressure drop increases line-
arly as the flow rate is increased. On the other hand, the
blood plasma pressure drop shows a deviation from this
linear trend. This nonlinear behavior can also be observed
by normalizing the pressure drop at a given flow rate by the
pressure drop of water at the same flow rate. Figure 4
shows that the dimensionless pressure drop of plasma
decreases significantly as the Re increases. This indicates
an extensional strain-rate thinning viscosity behavior that
has been observed in other types of complex fluids such as

micellar solutions [29,30]. These measurements clearly
show that blood plasma is a non-Newtonian fluid. We
also checked by flow visualization that the increase in
resistance is not caused by a viscoelastic instability, but
we found that in principle the viscoelastic behavior of
plasma could be responsible for viscoelastic instabilities,
especially in complex flow situations and in the presence of
red blood cells, i.e., 50% hematocrit [31].
In conclusion, we found a pronounced viscoelastic

behavior of human blood plasma in a CaBER. Similar to
dilute polymer solution, steady shear flow or small ampli-
tude oscillatory shear does not indicate any elasticity of the
plasma, because it stretches polymers less efficiently.
There are several reports on viscoelasticity of plasma in
shear flow, but they all could be attributed to the formation
of a protein surface layer, which is not the case in our
measurements. We could also show that the elongational
properties of blood are to a large extent determined by
elongational properties of the plasma proteins. In order to
check the generality of our findings, we prepared a plasma
replacement fluid with similar elongational and shear
properties. Differential pressure measurements in a micro-
fluidic contraction-expansion geometry confirmed the
non-Newtonian character of plasma. Supplementary mea-
surements with flow visualization indicate that this visco-
elasticity might even lead to viscoelastic flow instabilities.
Similarly, it is known that small amounts of polymers with
elongational properties as our plasma replacement solution
can lead to turbulent drag reduction; i.e., turbulent insta-
bilities due to high inertia might be suppressed by the
elongational properties of the plasma. Finally, recent nu-
merical results indicate that a slight viscoelasticity of the
solvent might lead to a pronounced cell depletion layer
close to the vessel boundaries [32]. In view of these find-
ings, it is expected that the viscoelasticity of plasma has to
be taken into account in future studies.
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