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Abstract

For weak solutions of the two-phase obstacle problem
Au = )‘+X{u>0} — )‘_X{u<0} in B;r, AE = 0, AT+ A" > 0,

satisfying the non-zero Dirichlet condition on the flat part of B;", we
obtain the optimal regularity, i.e., we show that u is a W2 -function.

1 Introduction
We consider a weak solution of the obstacle-problem-like equation
Au= A" X(us0p = A Xqu<oy 0 Bf = {z:|z| < 1,21 > 0}, (1)
satisfying the boundary condition
u=¢ onll:={z:|z| <1,z =0}, (2)

where A is the Laplacian, AT and A~ are non-negative constants such that
AT+ A7 > 0, and g is the characteristic function of the set E. The Dirichlet
data ¢ is supposed to satisfy the following conditions:

¢ is a W2 — function, (3)
3 L > 0 such that |D'p(z)| < Llp(z)|*? Vz e 1I,. (4)

Observe that if the boundary data ¢ is non-negative (non-positive) then the
solution u is so too, and we arrive at the classical one-phase obstacle problem.
It is well-known (see [Je]) that the solution of the one-phase obstacle problem
with C?“ boundary data is a W2Z-function up to the boundary, and this
regularity is optimal.

The L.-estimates of the second derivatives D?u near II; for solutions of the
two-phase problem (1)-(2) are of main interest of this paper. Now we can
state our main result.

Theorem. Let u be a solution of the problem (1)-(2), with a function ¢
satisfying the assumptions (3) and (4). Suppose also that sup |u| < M.
B
Then for any ¢ € (0,1) there exists a positive constant C' completely defined
byn, M, \*, 8, L, and by the norm of ¢ in the Sobolev space W2 (I1;) such
that
ess sup | D*u| < C.
B,



Throughout this article we use the following notation:

x = (x1,2") = (x1,22,...,x,) are points in R", n > 2, with the Euclidean
norm |z|.

X denotes the characteristic function of the set £ C R";

OF stands for the boundary of the set E;

| - |,z denotes the norm in L,(E).

vy = max{v,0};

B,(2°) denotes the open ball in R" with center 2 and radius 7;

B (2°) = {z € B.(2°) : z; > 0}; B, = B,(0); B = B, N {z; > 0}.

= {(z,t) e R"" : 2y =0}; I, =1IN B,.

D; denotes the differential operator with respect to z;; Du = (Dyu, D'u) =
(Dyu, Dau, . .., Dyu) is the gradient of the function u; D, stands for the
operator of differentiation along the direction v € R", i.e., |[v| =1 and

n
D,u= E v;D;u;
i=1

D? = D(D) denotes the Hessian.

We adopt the convention that the index 7 runs from 2 to n. We also adopt
the convention regarding summation with respect to repeated indices.

We use letters N, L, and C (with or without indices) to denote various
constants. To indicate that, say, C' depends on some parameters, we list
them in the parentheses: C(...). We will write C'(¢) to indicate that C' is
defined by the Sobolev-norms of ¢.

For a C'-function v defined in B}, we introduce the following sets:

OF(u) = {z € Bf : +u(z) > 0};

A(u) ={z € B s u(z) = [Du(z)| = 0};

['(u) = 8{z € Bf : u(x) # 0} N B is the free boundary. We emphasize that
in the two-phase case we do not have the property that the gradient vanishes
on the free boundary, as it was in the classical one-phase case; this causes
difficulties.

u) = T(u) N A(u); T*(u) = T'(u) \ T°(u). We observe that I'*(u) is C1e-
surface for any v < 1.

From now on we suppose that sup |u| < M. Together with the assumptions
Bf



(3) it provides for any § € (0, 1) the following estimates for u:

1Dl 5, < Milg.M.b¢), Vg < oo, 5)
Sup‘DU’ gNQ(M75790)7 (6)

By,

D - D
D) = DUl < Na MG ), Va0 (@

Observe that the constants N; — N3 depend on W2-norm of ¢.

Now we formulate an important tool used to prove Main Theorem. This
is the celebrated monotonicity formula due to H-W. Alt, L.A. Caffarelli, and
A.Friedman (see [ACF]).

Lemma 1. Let 2° be a point in R, and let hy and hy be non-negative,
sub-harmonic, continuous functions in the unit ball By(x°), satisfying

hi(2°) = hy(2°) = 0, hi(x) - ho(x) = 0 in By (2).

Then the functional

2 2
q)(r7 x07h17h2> = i / Mdm / de
4 |:L’ |g(;

’ — 0|2 — 0|2
B, (z0) By (z9)

1s monotone increasing in r, 0 <r < 1.

2 Estimates of the tangential gradient near
the boundary

Lemma 2. Let u be a solution of Equation (1), and let e be a direction in
R". Then for x € By we have

D.u(z)
| Du(z)|
(i1) Alu(z)| = )\+XQ+(U) + A Xo- () + 2| Du(z)|H" 1| T* (u),

() A(Deu(x)) = (AT + A7) H I (u),

where H" ™! is the (n—1)-dimensional Hausdorff measure of the surface T*(u).

Proof. For a proof of part (i) we refer the reader to (the proof of) Lemma 2 in
[U1]. Part (ii) follows from direct computation. Indeed, for any test-function



n € C§(N) the value of the distribution A|u| on 1 equals

(Alul,n) = / |u|A77dx: / ulAndr — / uAndz

QF (w)UQ—( QF (u) Q—(u)
/ (Au)ndzx — / (Au)ndz + 2 / (Dyu)nde,
Qt(u) Q= (u) I'*(u)

where v = 'y( ) is the unit normal to I'*(u) chosen outward w.r.t. the set
Q~ (u), ie., y(z Application Eq. (1) to the right-hand side of the
above identity ﬁmshes tfle proof. OJ

Lemma 3. Let the assumptions of Theorem hold. Then for arbitrary small
0 > 0 there exists constant Ns such that

|Dyu(x) — Dyp(2')| < Nsaq, forw € Bf 5, 7=2,...,n. (8)

The constant Ny is completely defined by 8, n, M, L, \* and by the norm of
¢ in the Sobolev space W2 (I1).

Proof. We fix 6 € (0,1/2) and 7 € N, 2 < 7 < n.
Consider in the cylinder Qs = {z € R" : 0 < z; < V6, |2| < 1 — 6}, the
auxiliary functions

v (@) = £(Dru(r) — Drp(a)) + |u()] — | (2)],

and the barrier function

w(zr) = Ny (% a %) + N ((\x’\ — 1+ 25))+)2

with positive constants /N, and N5 which will be chosen later.
It is easy to see that the inequalities

vE(z) <w(z) in Qs 9)

together with (6) imply the desired estimate (8). Therefore, it remains only
to verify (9).

To prove (9), first we observe that v*(z) < w(x) for all x € A(u) N Q.
Indeed, for a point y € A(u) N Qs elementary computation combining with



the inequality (7) for a = 1/2, give

/|D1u (t,y")|dt = /|D1u y1,y') — Dyu(t,y)|dt

< N / (g2 — £)2dt < Ngy?'”. (10)
0

Taking into account the assumption (4) and the inequality (10) we arrive at

v (y) < |Dro(y)| < LNy <w(y) Yy € A(u) N Qs,

if Ny is chosen so that Ny > 2\/_LN2/3
Now we consider the sets D* := Qs N {z : v¥(x) > w(z)}. According to the
above arguments D* have no intersections with A(u). If we show that D* are
empty then the proof of (9) is complete. Suppose, towards a contradiction,
that at least one of the sets DT is non-empty.
It is obvious that an appropriate choice of the constants N, and Nj guarantees
the inequality

vE<w on 9Qs. (11)

We emphasize also that the assumption (3) provides the estimate
sup A(D;p) < Ng, whereas the assumptions (3) and (4) guarantee sup A|p| <
Qs Q

8
N, where the constants Ng and Ny are defined by the W2 -norm and W2-
norm of ¢, respectively.
Next, the direct computation in combination with the above estimates for
A(D,p) and Alyp|, and the equalities from Lemma 2 yield

N.
A(v* — w)}Di > —Ng — N7 + 74 — 2nN5 + o=H" | T*(u) N DF,

+

where the measure densities o= are defined by the formula

Dru(x)
| Du()|’

We claim that % > 0 on I'*(u) N D*, respectively. Indeed, it is suffices to
show that for x € I'*(u) N D* we have

oF(z) = 2|Du(x)| £ A"t A= AT+ A7,

2| Du(z)|* + A (j:DTgo(x') + |o(2")] + 2]\7745371> = 0. (12)



Suppose that
2|Dyu()? < A[Drp(a’)]; (13)

otherwise (12) is proved. Arguing in the same way as in deriving (10) we get
the estimate

lo(x')] < /|D1u(t,x’)ldt < /|D1u(x1,x’) — Dyu(t,2")|dt + | Dyu(x)|ay
0 0

< N3(21)*? + | Dyu()|;. (14)
If N3(z1)%? < |Dyu(x)|z; then the inequalities (4),(13) and (14) imply

lp(«")] < 2[Dru(z)| 21 < 2/ A Drp(a)| 21 < 2VAL ()2 21,

and, consequently, |D,¢(2')| < L|p(z')[*® < 2LV/AL ;. From here, increas-
ing N, if it is necessary, we arrive at (12).

In the other case, i.e., if | Dyu(z)|z; < Ns(x1)%/?, the inequalities (4) and (14)
guarantee that

|Drp(2)] < Llp(a)[? < (2N3)*° L.

Again, increasing N, if it is necessary, we arrive at (12).
Now we are able to conclude that

N,
A(w* —w)|,. > —Ng— Ny + 74 —2nN; > 0, (15)

provided by the choice of N4 large enough.
Thanks to (11) and (15) we can apply the comparison principle to the func-
tions v* and w on the sets DT, respectively, and deduce the inequalities

vE(z) <w(x) in DT =Qs;N{z:vF(x) > wx)},

which give the desired contradiction with our assumption that D* # () and
complete the proof. O

3 Boundary estimates of the second deriva-
tives

Lemma 4. Let the assumptions of Theorem hold, let an arbitrary § € (0,1)
be fized, and let 2° be an arbitrary point in B ;. Then

S / DM@ 4o (16)



where R is defined by the formula

R::{a/z, if 20 >6/2

17
29/2, otherwise, (17)

and Cs depends on the same arguments as the constant N5/, from Lemma 3.

Proof. First of all, we observe that it is enough to show that

1 |D(D,u)|?

— e —dx < C, 1

R2 / |z — 202 v <G (18)
Br(x0)

for any tangential direction 7, since we can find the derivative D Dju from

Eq.(1).
Each of the derivatives D,u, 7 = 2, ..., n, satisfies the integral identity

/D(Dfu(x))Dn(x)dx = /fD.,-??(iL‘)diL‘, Vn € Wy (BY), (19)
Bf Bf
where f := AX{us0} — A" X{u<o}. Suppose now that we are given a point

2% € By ;5 with some ¢ € (0,1) and 29 < §/2.
In this case we set n = (2G(D,u— D,¢p), where ¢ € C5°(Byg(2°)) is a cut-off
function such that ¢ = 1 on Bg(2°) and

Ng(n) Ns(n)
R’ R? 7

while G is defined by the formula G(x) = min{|z — 2°)>™", 3>} for some
small 5. Plugging 7 into (19) we obtain

| D¢ < |D*(| <

[1p0pccar =~ [ 1D.Dip)¢Gds+ [ (Do~ D)D)
B B Bt

- / (Dru— Drp) D(D,u) D(G*G)d
Bt

+ / £ D+(D-u) + D(Dyp) D(Du)] (Gl
Bt

=: Il+[2+j3+[4-



Our next objective is to estimate these four integrals. For [; from (3) it
follows that

Iy < sup |f| sup [Dr(Drp)| / ¢(*Gdw < No(n, A*, ) R”.

Bag(z0) Bag(z9) Bar(a®)
2Rr(

Observe that due to Lemma 3 we have |D.u — D p| < 2Ns/sR in Byp(zP).
Hence

I, < sup |f| sup |D,u—D,yp| / D-(¢*G)dx < Nig(n, M, 8, X", o) R*.

Byg(z9) Byp(z0) Bon(9)
2R(T

Further, we transform I3 into I3 £ [ (D;u — D,¢)D(D;¢)D((*G)dx, apply
Bf
integration by parts, and take into account Lemma 3. As a result we get

I3 = / %(DTU — D) A(CG)dx + nﬁn—_? / %(DTU — D, p)%dx

Bap(20)\Bg(a?) 9B(a0)
- / (Dyu — D-p)D(D,9)D(¢*G)dx < Nyy(n) Ny R? 4 Nia(n, ) Ny o R?.
Bf
Finally, using | f D-(D,u)+D(D,) D(Dyu)| < §|D(Dyu)*+| f[*+]| D(Ds0) 2,
we obtain
1 22 + 2
I4 < 5 |D(D7u)| C Gdx + ng(n,)\ ,QD)R .
Bf

Thus, collecting all inequalities, we arrive at
/ |D(D,u)|?¢?Gda < Nyy(n, M, 6, \*, o) R?.
Bf

Letting § — 0 we obtain (18) and, consequently, (16).

Turning to the case 29 > §/2 we note that similar to (16) estimate

4 | D%u(x)|?

— — 2 dx < C

52 / |z — 20[n2 X 5
Bs /a(x0)

follows easily from the Holder inequality and (5). O



Proof of Theorem. Let § € (0,1) be fixed, let 2° € Q% (u) U Q™ (u) with

2% <16, let v = %, and let a direction e € R™ be orthogonal to v.

Since D.u(z") = 0, it follows that
C(m)| D(Daw)(a®)|* < lim (2, (Do), (Dou)-).
On the other hand, according to Lemma 1, we have the inequality
O(r, 2", (Dew)+, (Deu)-) < P(R, 2", (Dew)+, (Deu)-),

where R is defined by formula (17). Application of Lemma 4 enable us to
estimate the right-hand side of the last relation by the constant CZ. This
means that we obtained the estimate of all the derivatives D(D.u)(z°) with
e L v. Tt is evident that the derivative D, D,u(z") can be now estimated
from Eq. (1).

Since the Lebesgue measure of I'(u) is zero (see [W]), it remains only to note
that the obtained estimate of the second derivatives at the point 2° does not
depend on dist(z°, T'(u)), as well as on xY. This finishes the proof. O
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