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Abstract

Inspired by the work of Marcellini and Papi [MP] we consider local minima w:
R" D Q — RM of variational integrals of the form [, h(|Vu|)dz and prove interior
gradient bounds under rather general assumptions on A working with the additional
hypothesis that u is locally bounded. Our requirements imposed on the density h
do not involve the dimension n.

1 Introduction

In our note we discuss the Lipschitz regularity of vector-valued functions u:  — RM
(from a suitable weak function space) defined on an open set 2 C R™ which locally
minimize the variational integral

][u,Q]:/QH(Vu)dx (1.1)

for a strictly convex density H: R™™ — [0,00). For vector-valued minimizers in gen-
eral only almost everywhere regularity results are available, and the reader will find a
(historical) overview on this phenomenon of partial regularity together with the most im-
portant contributions in the monographs of Giaquinta [Gia] and of Giusti [Giu]. In order
to exclude the occurrence of singular points, we concentrate on the case

H(Z):=h(|Z|), ZeR™, (1.2)

for a function h: [0,00) — [0, 00) whose properties will be specified below. The restriction
(1.2) is motivated by the works of many prominent authors: the case h(t) = t? with p > 2
was considered first by Uhlenbeck [Uh] (with extensions due to [GM]), and later on much
attention has been paid to so-called “general growth conditions” mainly by Marcellini
[Mal], [Ma2], [Ma3], who includes integrands of exponential growth like h(t) = exp(t?)
with p > 2. The case of nearly linear growth, i.e. the model h(t) = tIn(1 4 t), has been
the subject of the paper [MS] of Mingione and Siepe.

Of course our list is not complete, but the reader will find further references in
the papers of these authors. Roughly speaking, for the above mentioned examples of
functions h it is possible to show that |Vu| € L7 holds for a local minimizer u, from
which C%® (and even C™) regularity of u can be deduced by standard arguments.

Very recently Marcellini and Papi [MP] published an interesting paper addressing the
regularity problem for local minimizers of (1.1) working with hypothesis (1.2) and ex-
hibiting conditions on h which include various kinds of growth. Inspired by this work we
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will impose the following conditions on the function h: consider h: [0,00) — [0,00) of
class C? such that

h is strictly increasing and h”(t) > 0 for all ¢ > 0 together with

lim@ =0 and lim ht) =00. (H1)

t—0 ¢ t—oo t

(Note that the first requirement in (H1) is a consequence of the second and the third one.)
;From (H1) it follows that

h'(t) >0 forallt >0 and A'(0)=0. (1.3)

Moreover, according to (H1), h is a N-function in the sense of [Ad], Section 8.2. We
therefore call a function u from the local Orlicz-Sobolev class W} (€ RM) a local mini-
mizer of the energy I from (1.1) if

I[u, Q) < Iv, Q)]
is true for all v € Wik, (% RM) with spt (u — v) C €, where Q is any subdomain of Q
s.t. Q€ Q.

Our next requirement is:
there exist k > 0, to > 0s.t.  h(2t) < kh(t) forall t>t,. (H2)

This means that h satisfies a As-condition near infinity from which we deduce the existence
of an exponent m > 1 such that

h(t) < C(t™+1) (1.4)
holds for all t > 0 with a suitable constant C' > 0. In particular (H2) excludes exponential

growth.

Finally we suppose that

there exist &, h > 0, Ty, &, s > 0 such that for all t > T
/
a‘hT(t)(l +2)75 < B(t) < h(1+12)7Eh(t). (H3)
(H1) implies the inequality

t

S < [ wsas<a = [ wsyas <

t/2

which on account of (H2) gives the estimate

C(0) < h(t) < 1 (1)



at least for t > 2ty. Clearly it is also possible to replace Ty by a number larger than
max{1,2ts}. Thus, under the hypotheses (H1) and (H2), (H3) can be replaced by the
equivalent requirement

there exist &, h > 0, Ty, , s > 0 such that for all t > T

5@% < h'(t) < Et*“@ . (H3)

In particular the bound x < 2 + p is a consequence of our hypotheses.

Note that the functions hy(t) := t*In(1 +¢), ¢ > 0, s > 1, satisfy (H1)—-(H3) for any
choice of ;1 > 0 and & < 2 on the whole intervall (0, 00) with suitable constants &, h > 0
depending on s. Moreover we can can cover integrands h oscillating between two powers
as introduced for example in formula (2.10) of [MP] and which can also be found in the
work [DMP]. For a precise statement we refer to Remark 1.1 and to the Appendix.

If the integrand H(Z), Z € R™™  is defined according to (1.2), then we have for all Y,
Z € R™™ the estimate

h/(|Z|) " 2 2 h/(|Z|) " 2
in { z WZD Y < DEH(Z)(Y,Y) < max 7 WEOHYE (1)

and from (H1) and (1.3) it follows that D?H(Z) is strictly positive for all Z € R™™ — {0}
which gives the strict convexity of H: R™ — [0,00). On the other hand, the convexity
of h together with (1.4) implies that A’(t) grows at most as ™! hence (H3) and (1.5)
show the existence of an exponent ¢ (w.l.o.g. ¢ > 2) s.t.

q—2

D*H(Z)(Y,Y) < A1+ |Z]") = [V (1.6)

holds for all Y, Z € R"™™ with a suitable constant A > 0. However, the reader should
note that (H3) together with (1.5) does not guarantee the uniform ellipticity of D*H and
that in general we do not have ¢ = m.

Let us now state our main result:

Theorem 1.1. Suppose that (H1)-(H3) are valid with
2u < K.

Consider a local minimizer w € W ,.(QRM) of the functional I defined in (1.1) with H
from (1.2). Suppose further that u is locally bounded. Then |Vu| is in the space L5 (£2).

loc

Remark 1.1. Theorem 1.1 shows that the results known in the literature are not sharp
for energy densities satisfying the structure condition (1.2): typical examples of functions
h we have in mind “alternate” between two powers tP and t° with given exponents p < s.



More precisely, in the Appendix we will construct an example of a function h for which
(H1)-(H3) hold with 2u < k and for which the condition of (p, s)-ellipticity, i.e.

MNZIP < D*H(Z) < ANZ|*  forall |Z|>1,

is satisfied but only with exponents p, s such that s > p+2 which means that the regularity
of locally bounded local minimizers does not follow along the lines of [Bi], Section 5.2, or
from Theorem 2 in [BF].

Remark 1.2. a) W.r.t. our structure condition (1.2) the hypothesis u € L2 (;RM) is
rather natural: in fact, if we consider the global minimization problem for boundary
values uy € L®(Q;RM) on a bounded Lipschitz domain 2, then the mazimum-

principle of [DLM] implies the boundedness of the minimizer.

b) Suppose that the function h has the property

/OO h(s) dz < oo, (1.7)

n+1
S n

h=! being the inverse. Theorem 8.85 in [Ad] then gives the local boundedness of
functions from WilOC(Q;RM ). Transforming the integral and using the fact that
h(t) and th'(t) have the same behaviour, (1.7) is seen to be equivalent to

< 1
1 ¥/h(t)

which means that in a certain sense h(t) grows faster than t™ ast — oco. So if we
have (1.8), then u € L5 (;RM) is automatically true. Let us look at the case that
we just know

dt < o0, (1.8)

h(t) > constt" (1.9)

for large values of t, and consider a local minimizer u being not necessarily bounded.
Then, for all z € Q and almost all v > 0 s.t. B,(z) C Q, we get u € C°(0B,(x); RM)
and therefore u € L®(B,(z);RM) by the mazimum-principle of [DLM]. Thus
(1.9) implies the boundedness of u on suitable balls around each point x € Q, and
this is enough for carrying out the proof of Theorem 1.1 which means that in the
beginning of Section 2 we require Bop(zo) C Q for a “good” radius 2R getting
u € L=®(Bgr(z0); R™) as well as part b) of Lemma 2.1.

Remark 1.3. Note that the condition 2u < Kk automatically gives p < 2 since (H3)
implies Kk < 2+ p.

Remark 1.4. Theorem 1.1 corresponds to Theorem A of [MP], and our condition (ﬁé)
looks quite similar to (2.9) of [MP]. We like to emphasize that in contrast to [MP] our
exponents Kk, (v do not depend on the dimension n since we work with locally bounded local
minima. This gives in particular in higher dimensions much better results. On the other
hand, no As-condition has to be imposed in [MP].
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Remark 1.5. Of course Theorem 1.1 extends to integrands of linear growth which satisfy
appropriate versions of (H1)-(H3), provided local minimizers from the class WIIJOC(Q; RM)
are considered. We thereby obtain a variant of Theorem B from the paper [MP]. Since
the existence of local or global minimizers of variational problems with linear growth in
general cannot be expected in subclasses of W ,,(Q;RM), it seems to be more natural to
extend first the functional I from (1.1) to the space BVi,(S5;RM) and then to study the
reqularity of local BV -minimizers. This requires rather subtile considerations involving
both measure theoretic arguments and a refined look at convexr analysis. Note that on
account of our weak assumptions on h even uniqueness results for the dual solution are
not known. We therefore decided to present this material in a separate paper.

Our paper is organized as follows: in Section 2 we introduce a sequence of regularized
problems and collect some auxiliary results. Section 3 contains a higher integrability
result for |Vu| based on an integration-by-parts argument (first used by Choe [Ch] for
the case M = 1) combined with an iteration process. Theorem 1.1 then is established in
Section 4 using DeGiorgi’s technique. In the Appendix we describe the class of examples
mentioned in Remark 1.1.

2 Some auxiliary results

¢ From now on we assume the validity of (H1)—(H3) and consider a local I[-, Q]-minimizer
u € Wy 1 (Q;RY) with the additional property u € L5, (9 RM). For & > 0 let (u).

loc
denote the mollification of w with small radius and choose a ball B := Bpg(zg) with

compact closure in . Moreover, we fix an exponent ¢ > ¢ (¢ > 2 is defined in (1.6)) and
let

- -1
5:5@y:[1+g4+HVWkﬁgm .

Then an appropriate regularization of our original problem is given by (Hs(Z) := §(1 +
|Z1?)1? + H(Z), Z € R™)

Islw, B] == / Hs(Vw)dz — min  in (u).+ I/f/é(B;]RM)
B

with unique solution us. In fact, we have the following properties of {us}:
Lemma 2.1. a) If we let € — 0, then:
us —u in WH(B;RY);
5/ (1+ |VU5|2)g de — 0;
B

émwwmeLwam.

b) ||us||Le(m) is bounded independent of €.

bt



¢) Vus is in the space Lis, N Wy, (B;R™).

loc

Proof. a) From the definition of us it follows that
sup [[us||w; () < 00,
e>0

hence us —: @ in W} (B;RM) as ¢ — 0 for some function @ from this space. But the
lower-semicontinuity of I[-, B] together with the strict convexity of H implies 4 = u.

b) This is a consequence of the maximum-principle established in [DLM].

¢) Since ¢ > ¢q we can quote [GM], Theorem 5.1, for the local boundedness of Vus.
Well-known arguments presented for example in [Ca] imply the weak differentiability of
VU5. ]

Lemma 2.2. (Caccioppoli-type inequality) Let s > 0 and n € C*(B), 0 < n < 1. For
s > 1 consider the set (T's := 1+ |Vus|?)

B :={x e B:Ts>x}.

Then there is a positive constant ¢ = ¢(s) independent of € and s such that (summation
wrt a=1,...,n)

D Hy(Vug) (9 Vg, 02 Vg TP dar < cs) / D2 Hy (V)T |2 de . (2.1)

P4

B2

Proof. For the case M = 1 inequality (2.1) is presented in [Bi], Lemma 5.20; we also refer
to [BFM]. But since Hs(Z) = hs(|Z|), we can repeat these calculations starting from the
identity

0= / D2Hy(Vus) (0n Vg, V [1120a1u5® (D) T?]) da
B

where ®,,(t) := ®(t/), and where ®: [0, 00) — [0, c0) satisfies

- 0, telo,1],
(b(t):{l t>[2 |

together with ® > 0. (For instance following [Bi], formula (32), p.62, it is evident that
our arguments really rely on the structure condition Hs(Z) = hs(|Z]).) O

Remark 2.1. If in addition to (1.6) we have the “Hélder condition” (1.4) of [GM] for our
integrand H (letting m = q in (1.4) of [GM]), then we can choose § := q, and Theorem
3.1 of [GM] implies us € C*(B;RM) for a suitable a > 0. Since we do not want to put
this extra assumption on the function H, we decided to perturb H with the G-power of |Z|,
which means that the resulting density Hs is asymptotically reqular in the sense of [GM],
Section J.



3 Higher integrability of |Vu|
Let the assumptions of Theorem 1.1 hold. Referring to Section 2 we let

hs(t) = S(1+1)% +h(t), t>0,
Hs(Z) = hs(|Z]), ZeR™,

and consider the corresponding approximations us. Let us now fix numbers » > 0 and

s > 0, and define ®,, as done after Lemma 2.2. Finally we choose n € C§°(B), 0 <

n < 1, and proceed similar to [Bi], proof of Theorem 5.21, observing that the following

calculations are justified on account of Lemma 2.1, ¢). We have (summation w.r.t. o = 1,
., n)

st2
/n2h(|VU5|)<I>,{(F5)F62 dz
B
= / 772h(|Vu(5|)(I>%(F5)F§ dzr + / OaUs 0au(5772h(|Vu5|)(I>%(F5)F§ dz
B B

= Tl + T2 y (31)

no— / s - O [Ousth([ Vs ) (T5)T?] da
B

IA

c

/ (| us])| Vsl ® (T TS da
B

+/ 172|V2u(5|h(|Vu(;|)(I>%(F5)F§ dz
B

+/ 12 Vs B (| Vus| )| V2us| @,.(Ts)T'2 da
B

+/ 7}2|VU5|2h(\Vu(;\)<I>'%(F5)|V2U5|F§ dx]
B

= C[Tg + T4 + T5 + Tﬁ] y (32)

where here and in what follows ¢ always denotes a positive constant independent of € but
possibly depending on s (and later) on 3. Young’s inequality implies for any 7 > 0
ﬁ

T <7 [ Ph(Turn arte(r) [ (VAT @rT .
B B

and for 7 < 1 the 7-integral can be absorbed in the Lh.s. of (3.1). Therefore we get from
(3.1) and (3.2)

ﬁ
/n2h(\VU5\)<I>%(F5)F62 dz
B

< ¢ (3.3)

/ (7 + V) h( Vs @ (T5)TE do + Ty + T + T
B
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Similarly we apply Young’s inequality to T}:

T, < 7'/ 772h(|Vu(5|)(I>%(F5)F;% dzr + 0(7‘)/ 772|V2u5|2h(|Vu5|)F;g ., (Is)de.
B B

For handling T5 we recall the inequality (see the formula after (H3))

EN'(€) < h(26) < Kh(E),
provided & > ty. This implies

1
|Vu5|

W (|Vus|) <k h(IVus)) (3.4)

on [|Vus| > to], but since in T5 we only have to consider the set [['s > 5|, we can assume
the validity of (3.4) for s > s(¢y) sufficiently large. From (3.4) we therefore get

Ty < c / h(|Vug| )2 | V2us| @, (T5)T2 da = Ty,
B
and this quantity has already been discussed. Returning to (3.3) we see
N s+2
[ n(usheror; da
B

< ¢

/(n2+ Vi) h(|Vus|)@.(T5)] d$+/ 7|V 2us Ph(| Vs )Ty7 @.(Ts) do
B B

+/ 712|VU5‘2}L(|VU5|)(I)/%(F5)‘V2U5|F§ dx] =. C[Sl + SQ + 53} . (35)
B

In S; and Sy the domain of integration is the set B* = {x € B : T's(x) > »}, and by
enlarging s (if necessary) we may assume |Vus| > Ty on B*. By (H3) we therefore have
on B*

E|Vus| T W (|Vus|)Ts 2 < B"(|Vug|) < AT 2h(|Vus|) . (3.6)
Using h(t) < th'(t) (recall the second formula after (H3)) we deduce

s, < /172|V2u(5|2|Vu(;|h'(|Vu5|)F;2 B.(Ty) da
B

/ S
< /172|VQU5|2MF§(I>%(F5) dz
B |VU6|

< / 02 D2 H(Vs) (0 Vg, 02 Vits) T 2 @,,(T's) d
B

where the last inequality follows from (3.6) and (1.5). In S5 we actually have to integrate
over the set [» < I's < 2], and for this reason we have for  sufficiently large with



constants depending on

Sy < C/ n?|V2us| do
[#<T'5<25]

c 1+/ n?|Vus|* do
L [#<T'5<25]

[ st
1+ / n*D*H (Vus) (0, Vs, 0 Vus)Ts2 @,.(Ts) dx]
[#<T'5<25]

IN

VAN
o

< cll+ / n2D2H(vu5)(aavu5,aavu(;)r?@%(ré) dx].
B

Together with (3.5) we have shown that

s+2

)
/ (Vs @ (TH0E da
B

< ¢l +/(772 + |Vn|2)h(|Vu(s|)(I)%(F5)F§ dz
B

+ / D2H(Vu5)(aavu5,aavu(;)n%?“@%(ré) dx] . (3.7)
B

Let gs(t) == 6(1 + 1292, G5(Z) = gs(|Z|) for t > 0 and Z € R™. Then the same
calculations lead to

542
/ 2as([Vus 0T T da
B

< c

1+ / (1 + |Vn[2)95(IVus))® o(Ts)T
B

+/D2G5(VU5)(8QVU5,8aVU5)n2F§<I>%(F5) dz| . (3.8)
B

Let us give a comment on (3.8): first we replace gs by gs := gs(t) — 0 in order to have
gs(0) = 0. Then we get (3.5) with h replaced by gs. Next we observe

o[ Vus| ™ g5(|Vus|) < g5 (IVus|) < CT535(|Vus|) (3.9)

on B*, hence we obtain (3.8) with gs on the Lh.s. But of course

s+2

5/772(13%(|VU5|)F52 dz
B

is bounded from above by
[ a1Vl @[ Fus
B

9



and (3.8) follows.

Now we combine (3.7) and (3.8): by (2.1) we have
)
[ nal1Vusho vy ao
B

< elig / (1 + [Vn[2)hs (| Vs ) (T T2 da
B

s+

+ / D?H5(Vus) (04 Vs, 0 Vug)n*®,.([5)s>
B

=

dx]

< c

14 / (7 + V) hs(| Vs )8 ,.(Ts)T da
B

s+2+p
2

+/ |D*Hs(Vus)||Vn|*Ts dx],
Br/2

hence by (3.6) and (3.9) (combined with |D?*Hs(Z)| < |D?Gs(2)| + |D?*H(Z)| <
max{gs(|2])/12l, 95(12])} + max{n'(|Z])/]2], h"(|Z])})

ﬂ
[ sV ush@Tar; da
B

< c

1+ / (7 + V02 s (| Vgl @ o(T5)TE da
B

s+u s+24+2pu—kK

[ VaPasurF e [ onPh(vushr; dx],
B*/2 B*/2

and since s is a fixed value we can state:

s+2 s+2
/77295(|VU5|)F52 dx+/n2h(|Vu5|)F52 dx
B B

< |1t / (2 + V)5 (IVus]) TS da + / (7 + | V) h(|Vus TS de
B B

S+ s+24+2u—kK
4 / VP Vus)TeE da + / VnPR(Vas)Ts 2 dx]-
B B

Let us replace by n' for | € N large. Recalling p1 < 2, 2 < x we have for suitable oy,
Qg, 617 62

stp 542
PEVPTE < o m™iTs? 4+ e(n) | V|t
s+242u—k

)
7721_2|V77‘2F(5 ? < m*ly? + c(7)|Vn|”

10



so that we can split the last two integrals on the r.h.s. of the above inequality and obtain
for 7 < 1 and [ very large

s+2

s+2
/ 05| Vus ) TSF da + / P h(Vus)TF de
B B

< c

1+/ g(s(IVuaDTE d:v+/ h(|Vua|)F§dx : (3.10)
sptn sptn

(3.10) is valid for all s > 0 with ¢ depending on s and on ||V7||e. Lemma 2.1 implies for
any p < R

[ l19l) + h( ] o < () < ox

with ¢(p) independent of €, thus by (3.10)

|| Tslas(17ush + h(1Tush] do < clp) < oo,
and iteration of (3.10) shows

/B F? [95(IVus]) + h(|Vus|)] dz < (s, p) < o0

o
for any s > 0. (H1) implies
/ |Vus|® dx < ¢(s, p) < 0o
By

for any finite s, and by Lemma 2.1 the same is true for Vu. O

4 Proof of Theorem 1.1

We use the same notation as in the previous section. Let r < R and n € C{°(B,(x)).
We further take a number £ > 0 and define

A(k,r) :={x € B.(z9) : I's >k},
where the dependence of A(k,r) on the parameter § = d(e) is not explicitely stated. In

order to prove our claim we apply an appropriate variant of the DeGiorgi technique as it
is also done in [Bi], proof of Theorem 5.22. We have (summation w.r.t. « =1, ..., n)

0= / D*Hs(Vus) (0a Vs, V [0 dous max(L's — k, 0)]) dr,
By (zo)

11



which follows by differentiating the Euler equation satisfied by us and using the test-vector
n?0,us max (s — k,0), whose admissibility is guaranteed by Lemma 2.1. Tt follows

/ D2 Hy(Vug) (00 Vs, 00 Vug) (Ts — k)n? da
A(k,r)
+ / D2H5(VU5)(8aVu5, (9au(5 (%9 VF5)772 dx
A(k,r)
= —2/ D? Hs(Vus) (0o Vs, Oqus @ V)n(Ls — k) da .
A(k,r)

We drop the first integral on the 1.h.s. and observe that the second term on the Lh.s. is
equal to

/ aa58QF585F5n2 dx s
A(k,r)

1 hg(\Vu(;\) 1 h3(|vu(5|) 8au5 : 85u5
0g = =04 (Y — 4.1
o 1= oo+ 3 MV ud) — F | PR (1)
Using
DZH(;(VU(;)(&)VU(;, aau(s & V??) = aaﬁﬁaf(;ﬁgn
we get the inequality
/ N2 a050a L5005 dz < —2 / 030aLs05mm(Ts — k) dzx . (4.2)
A(k,r) A(k,r)

On the r.h.s. of (4.2) we can apply the Cauchy-Schwarz inequality to the symmetric
form induced by (aag) = (aga) which in combination with Young’s inequality implies the
estimate (with ¢ being independent of ¢)

/ 000,505 s dw < c/ 650amIm(Ts — k) d . (4.3)
A(k,r) A(k,r)

Here we like to remark that the coefficients a,g defined in (4.1) satisfy the inequality

L hg(\Vu(;\) " 2
; min | Y B3V us)) | I7]
1 R, VU5 ’
< GapTaTs S max [%,hé’(Wuﬂ)hﬂz, (4.4)

7 € R". Now we follow [Bi], proof of Lemma 5.23: let B, C By C Bpg (balls with center
xo) and consider n > 0, n =1 on B,, sptn C B;, |Vn| < ¢/(r —r). Then we have

/ (Ts — k) dzﬁc[[{’% +1;%], (4.5)
A(k,r)

12



_ n n
n—1

n—1
o= / [Vnl(Ls — k) do gc(f—r)‘n”l/ (Ts —k)ydw|
Ak, 7) Akor)

_ n

n—1
LT = / n|Vs| dx :
A(k,7)

Note that (4.5) follows from

/ (T — k)1 da < / (s — k)] da,

A(k,r) B:

if we apply Sobolev’s inequality on the r.h.s. We want to use (4.3) in order to estimate
I,. To this purpose we need control on the quantities min{...}, max{...} occuring in
(4.4): in I, the domain of integration is By N [I's > k|, and we assume that k£ > k(7p) in
order to have (H3) on the relevant set. Then it holds

h(IVus])[Vus|™" = g5(IVus]) [ Vus| ™" + B (|Vus|) [ Vus| ™

< clgs(|Vus)) | Vus|™ 1Jrfzh”(IVu(sl)]
< e[gh(IVus)[Vus] ™ + T, h(|Vus])]
< c[I5 " gs(|Vus)) )+T,7 (IVUaI)]
and .
h3(|Vus]) < ¢[T5 gs(|Vus|) + Ty 2h(|Vus])]
hence

/
i [14071)

5V usl)] < e[T5 g5 Fus) + Ty Al Vus])] (4.6)
|VU§|

and in the same way

R5(IVus))[Vus| ™ > e[T5 g5(IVusl) + [Vus| 70 ([Vus|)]
> c[T5 gs(IVus]) + T3 h(|Vus|)]
as well as
R5([Vusl) > e[T5 gs(IVus|) + " (|Vus|)]
> [T g5(IVus|) + T * [Vus| ™" (|Vug])]
B2
> [T gs(IVus]) +T5 > A(|Vus])] -
This gives
. Ths(|Vu " ;
min [P iVaah] 2 elty s Vs + T R (47
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We have by Holder’s inequality

s r . Lt pt2 L n—1
BT = | [ niord( s, S ) s
A(k,7)
: 1 _n 1_n
a2 2n—1 w2 2n-1
< / 0’| VTs*h(|Vus))Ty % dx / I's2 h(|Vus)) ™" dz
| S A7) A(k,7)
and by (4.3), (4.4), (4.7)
1 n 1l n
n 2nt pt2 2nt
I < [/ N*aap0.Ls050 s dl‘] / P52 h(|Vus|)™ d:):]
A(k,7) | JA(k,7)
= io TnnT
< C[/ ap0andpn(Ls — k)* d [/ FaTh(WUé\)_ll
A(k,7) i A(k,7)
(4.4) and (4.6) give
1l _n_
_n_ n e, o
o< df—ﬂﬂwlj’ ax—kfws%qun+rﬁfvamd4
A(k,?)
i IRt
/ I3 (| Vug)) ! da (4.8)
A(k,7)
Again from Holder’s inequality we get
N - s
I < e(f—r)Te / (s — k) dz
A(k,7)
: 1l _n_
2n—1

< e —r)TA /A(k A)(F(g—k)Q[Fglg5(|Vu(5|)+F(;Th(|Vu(;|)} dx]

[ |05 esush + 15 (V)] da
A(k,7)

n
n—1

[NIE

Clearly

H—K _ K—p nt2
05 95(IVus)) +T5% h(|Vaus))] ™ < Ty? h(|Vaus) ™ < Ty* h(|Vus]) 7,

14



which follows from x < p 4 2. Thus the r.h.s. of (4.8) also is an upper bound for I{L/("_l)
and returning to (4.5) it is shown that

/ (T — k)77 da
A(k,r)

< o(F—r) e [/A(k A)(F(; —k)? [Fé_lg(;(\Vu(;\) + F?h(\Vu(;m dz

n
n—1

[/ P?Qh(wuan‘ldx] . (4.9)
A(k,7)

We recall (1.4) and choose an exponent ¢* > 1 such that

N

q -2

(1417 gs(t) + (1 + )7 h(t) < CA+ 1) (4.10)

for all t > 1, C being independent of . At the same time we have h(t) > Ct for all t > 1,
for another constant, hence there exists an exponent p* such that

h(t) 11+ 12)F < O(1+ ) (4.11)

for all t > 1. If we use (4.10) and (4.11) in (4.9), then (4.9) exactly takes the form of
inequality (24) in Lemma 5.23 of [Bi] (with ¢, p replaced by ¢*, p*). Then — without
further changes — we can follow the calculations from p.158 of [Bi] (using Section 3) to
get uniform local boundedness of Vus which completes the proof. O

Appendix. An example of a function h satisfying
(H1)—-(H3) with 24 < x and for which
“(p, s)-ellipticity” with s < p + 2 does not
hold

It remains to give an explicit construction of an energy density h as indicated in Remark
1.1. The idea is that we have piecewise the “usual” relations h ~ th’ ~ t?h” s.t. Theorem
1.1 applies. On the other hand, h does not satisfy a global uniform power growth
estimate and it is not possible to find uniform global exponents s.t. results similar to [Bi],
Section 5.2, apply.

Suppose that r > 2 and let

15



where 0 = ag < a; < --- < a;_1 < a; < ... and where a; < a;11. We define the function

() = cit on [;, ifiisodd,
I = et on I;, ifiis even,

where ¢; := 1 and where ¢; > 0, i > 2, are such that g € C°([0,00)). Finally we let

being of class C11([0, A]) for any A > 0. In order to have “h € C?” it will be neces-
sary to replace h by its local mollification around points a; with small radii depending on 7.

The validity of (H1) for A is immediate. For (H2) we observe that by the definition of g

J: thr(—_tz (t >0)

is decreasing on each intervall I;, and since g is continuous, § is decreasing on (0, c0), in
particular
g(2t) < g(t) forall t>0,

hence g(2t) < 2"7!g(t). This implies

h(2t) = /0 ! g(s)ds = /0 t2g(2s)ds§2’" /0 t g(s)ds = 2°h(t),

and we have (H2) for h.
For t # a; it holds

lh’(t)— R (t) on I;, ifiisodd,
| R'(t)/(r—1) on I, ifiiseven,

so that (H3) is true a.c. with = 0 and x = 2. Thus the growth of D2H(Z) is exactly
measured in terms of h'(t)/t, t = |Z].

;From (H1), (H2) we deduce as usual
cth'(t) < h(t) < Cth'(t),

hence by (1.5)
)
1Z]?

foral Y, Z e R"™M |Z| > 1, |Z| # a;.

h1Z1)

2 < D2 <C
YIS DPH(Z)YY) < O

Y[? (A1)

¢
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Let us fix a very small number § > 0. We claim that the sequence {a;} can be chosen
in such a way that

pr > 4, foreveni, (A.2)
h(a;) 1 .
75 < -, foroddi. (A.3)
a; i

Here we pass from a; to a; := a;/2 > a;_; in order to avoid difficulties during the

mentioned smoothing procedure. Recalling ¢; = 1 we proceed by induction:

ai ~9 nia 1
h(a,) = / citdt = % = éﬁlé) _ 5&1‘5 <1,
0 1
it > (1/2),
~ . a2 r—1 . ~r h(~2) . S—r -5
Maz) = har) + oot" ™ dt =1 Ky(ar) + Kady = ~r—8 Kia5 " 4+ Keay > 2,
al ay

if ag > 1. Thus we have (A.2) and (A.3) for ¢ = 1, 2. The inductive step is the same
calculation.

We now claim

there exist A, A > 0 s.t. for all |Z| > 1, |Z] # a;,
A< D*H(Z) < A|Z|"? (A.4)

and

there do not exist A\, A > 0 s.t. for all | Z| > 1, |Z| # a;,
MZ|° < D*H(Z) < A|zZ|"7*°. (A.5)

Inequality (A.4) shows that H is of anisotropic (2, 7)-growth, and (A.5) means that the
upper and lower growth rates are nearly optimal.

ad (A.4): we showed that ¢t — I/(t)/t"! is decreasing, in particular

Z(_tl) <h(1) forallt >1 = h it)

< constt"™? forallt>1,

and since D?H (Z) behaves like 1/(|Z])/|Z], the second inequality of (A.4) follows. Note
that ¢ — h/(t)/t increases (immediate from the definition of g), hence h'(t)/t > h'(1) =1
for t > 1, which gives the first part of (A.4).

17



ad (A.5): suppose that we can find A, A s.t. the estimates hold. ;From (A.1) it then

follows

- 1 <
M < t—zh(t) < A0

for all t > 1 with A\, A > 0, in particular

h(a:;) _ <
> X,
a;t i

for all 4, which is in contradiction to (A.1) and (A.2).

Finally we observe that r can be chosen arbitrary large, which means that the condition
“s < p+ 27 implying the regularity of bounded local minima of (p, s)-elliptic integrals is
violated. On the contrary, the hypotheses of Theorem 1.1 (with “2u < k”) are clearly
satisfied, and we can deduce the regularity of local minimizers u € LS (€; RM).

loc

References

[Ad]

[Bi]

[BF]

[BFM]

Adams, R. A., Sobolev spaces. Academic Press, New York-San Francisco-London
1975.

Bildhauer, M., Convex variational problems: linear, nearly linear and anisotropic
growth conditions. Lecture Notes in Mathematics 1818, Springer, Berlin-
Heidelberg-New York, 2003.

Bildhauer, M., Fuchs, M., Elliptic variational problems with nonstandard
growth. International Mathematical Series, Vol. 1, Nonlinear problems in math-
ematical physics and related topics I, in honor of Prof. O.A. Ladyzhenskaya. By
Tamara Rozhkovskaya, Novosibirsk, Russia, March 2002 (in Russian), 49-62. By
Kluwer/Plenum Publishers, June 2002 (in English), 53-66.

Bildhauer, M., Fuchs, M., Mingione, G., Apriori gradient bounds and local C''¢-
estimates for (double) obstacle problems under nonstandard growth conditions.
Z. Anal. Anw. 20, no.4 (2001), 959-985.

Campanato, S., Holder continuity of the solutions of some non-linear elliptic
systems. Adv. Math. 48 (1983), 16-43.

Choe, H.J., Interior behaviour of minimizers for certain functionals with non-
standard growth. Nonlinear Analysis, Theory, Methods & Appl. 19.10 (1992),
933-945.

Dall’Aglio, A., Mascolo, E., Papi, G., Local boundedness for minima of func-
tionals with nonstandard growth conditions. Rend. Mat. 18 (1998), 305-326.

18



[DLM]

[Gia]

Ma2]

[Ma3|

[MS]

[MP]

[Uh]

D’Ottavio, A., Leonetti, F., Musciano, C., Maximum principle for vector valued
mappings minimizing variational integrals. Atti Sem. Mat. Fis. Uni. Modena
XLVI (1998), 677—683.

Giaquinta, M., Multiple integrals in the calculus of variations and nonlinear
elliptic systems. Ann. Math. Studies 105, Princeton University Press, Princeton
1983.

Giusti, E., Direct methods in the calculus of variations. World Scientific, New
Jersey, 2003.

Giaquinta, M., Modica, G., Remarks on the regularity of the minimizers of
certain degenerate functionals. Manus. Math. 57 (1986), 55-99.

Marcellini, P., Regularity of minimizers of integrals of the calculus of variations
with non standard growth conditions. Arch. Rat. Mech. Anal. 105 (1989), 267
284.

Marcellini, P., Regularity for elliptic equations with general growth conditions.
J. Diff. Equ. 105 (1993), 296-333.

Marecellini, P., Everywhere regularity for a class of elliptic systems without
growth conditions. Ann. Scuola Norm. Sup. Pisa 23 (1996), 1-25.

Mingione, G., Siepe, F., Full C* regularity for minimizers of integral functionals
with Llog L growth. Z. Anal. Anw. 18 (1999), 1083-1100.

Marcellini, P., Papi, G., Nonlinear elliptic systems with general growth.
J. Diff. Eq. 221 (2006), 412-443.

Uhlenbeck, K., Regularity for a class of nonlinear elliptic systems. Acta
Math. 138 (1977), 219-240.

19



