UNIVERSITAT
DES
SAARLANDES

Quantum automorphism groups
of finite graphs

Dissertation
zur Erlangung des Grades
des Doktors der Naturwissenschaften
der Fakultat fur Mathematik und Informatik
der Universitat des Saarlandes

Simon Schmidt

Saarbriicken, 2020



Datum der Verteidigung: 2. Juli 2020

Dekan: Prof. Dr. Thomas Schuster
Priifungsausschuss: Vorsitzende:
Prof. Dr. Gabriela Weitze-Schmithiisen
Berichterstatter:

Prof. Dr. Moritz Weber

Prof. Dr. Roland Speicher

Prof. Dr. Julien Bichon
Akademischer Mitarbeiter:

Dr. Tobias Mai

i



Abstract

The present work contributes to the theory of quantum permutation groups. More
specifically, we develop techniques for computing quantum automorphism groups of
finite graphs and apply those to several examples.

Amongst the results, we give a criterion on when a graph has quantum symmetry.
By definition, a graph has quantum symmetry if its quantum automorphism group
does not coincide with its classical automorphism group. We show that this is the
case if the classical automorphism group contains a pair of disjoint automorphisms.
Furthermore, we prove that several families of distance-transitive graphs do not have
quantum symmetry. This includes the odd graphs, the Hamming graphs H(n, 3), the
Johnson graphs J(n, 2), the Kneser graphs K (n,2) and all cubic distance-transitive
graphs of order > 10. In particular, this implies that the Petersen graph does
not have quantum symmetry, answering a question asked by Banica and Bichon in
2007. Moreover, we show that the Clebsch graph does have quantum symmetry and
prove that its quantum automorphism group is equal to SO; ' answering a question
asked by Banica, Bichon and Collins. More generally, for odd n, the quantum
automorphism group of the folded n-cube graph is SO, . With one graph missing,
we can now decide whether or not a distance-regular graph of order < 20 does have
quantum symmetry. We present a table including those results. As a byproduct,
we obtain a pair of distance-regular graphs with the same intersection array, where
one of them does have quantum symmetry and the other one does not.

Additionally, we discuss connections of quantum automorphism groups of finite
graphs to planar algebras associated to group actions and quantum isomorphisms
of graphs. Using those connections, we give two examples of graphs with quantum
symmetry, whose automorphism groups do not contain any pair of disjoint auto-
morphisms. Those are the Higman-Sims graph and a graph obtained from a linear
binary constraint system.

This work contains the results of the three research articles [48], [49] and [50] by
the author. The other articles ([25], [35], [41], [51], [52]) by the author are mentioned
in the margin.
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Zusammenfassung

Die vorliegende Arbeit triagt zur Theorie der Quantenpermutationsgruppen bei.
Genauer gesagt entwickeln wir Techniken zur Berechnung von Quantenautomor-
phismengruppen endlicher Graphen und wenden diese auf mehrere Beispiele an.

Unter anderem geben wir ein Kriterium an, wann ein Graph Quantensymmetrie
hat. Per Definition hat ein Graph Quantensymmetrie, wenn seine Quantenautomor-
phismengruppe nicht mit der klassischen Automorphismengruppe iibereinstimmt.
Wir zeigen dass dies der Fall ist, wenn die klassische Automorphismengruppe ein
Paar von disjunkten Automorphismen enthéalt. Auflerdem beweisen wir, dass
mehrere Familien von distanz-transitiven Graphen keine Quantensymmetrie haben.
Dazu gehoren die Odd-Graphen, die Hamming-Graphen H(n,3), die Johnson-
Graphen J(n,2), die Kneser-Graphen K (n, 2) und alle kubischen distanz-transitiven
Graphen der Ordnung > 10. Dies zeigt insbesondere, dass der Petersen-Graph keine
Quantensymmetrie aufweist, was eine Frage von Banica und Bichon aus dem Jahr
2007 beantwortet. Dariiber hinaus zeigen wir, dass der Clebsch-Graph Quantensym-
metrie besitzt und beweisen, dass seine Quantenautomorphismengruppe gleich SO
ist, was eine Frage von Banica, Bichon und Collins beantwortet. Allgemeiner ist die
Quantenautomorphismengruppe des gefalteten n-Wiirfel-Graphen SO, !, fiir unger-
ade n. Mit einer Ausnahme kénnen wir jetzt entscheiden, ob ein distanz-regularer
Graph der Ordnung < 20 Quantensymmetrie hat oder nicht. Wir prasentieren
eine Tabelle mit diesen Ergebnissen. Als Nebenprodukt erhalten wir ein Paar
distanz-regularer Graphen mit demselben Intersection array, wobei einer von ihnen
Quantensymmetrie aufweist und der andere nicht.

Zusatzlich diskutieren wir Zusammenhange von Quantenautomorphismengrup-
pen endlicher Graphen mit planaren Algebren, die von Gruppenwirkungen kommen,
und Quantenisomorphismen von Graphen. Mit Hilfe dieser Zusammenhange geben
wir zwei Beispiele fiir Graphen mit Quantensymmetrie an, deren Automorphis-
mengruppe jeweils kein Paar disjunkter Automorphismen enthélt. Es handelt sich
um den Higman-Sims-Graphen und einen Graphen, der aus einem linearen bindren
Gleichungssystem konstruiert wurde.

Diese Arbeit enthélt die Ergebnisse der drei Forschungsartikel [48], [49] und [50]
des Autors. Die anderen Arbeiten ([25], [35], [41], [51], [52]) des Autors finden am
Rande Erwahnung.



vi



Acknowledgements

First and foremost, I want to thank Moritz Weber for his superb supervision.
He always cared about my well-being and supported me whenever I needed it. I
am grateful for learning a lot about operator algebras and quantum groups from
him. This includes his lectures, which got me interested in those topics, but also
the numerous discussions and chats in between. Also, he came up with several
small research questions during my PhD studies, which always kept me motivated.
Furthermore, I want to thank him for the opportunity to take part in many con-
ferences. This allowed me to come in contact with many people from the quantum
group community.

[ want to thank all members of the research group of Roland Speicher for creating
a pleasant environment during my PhD studies. Furthermore, I am grateful to
Roland Speicher for giving me the opportunity to attend conferences such as the
one-month program in Montreal. My thanks also go to Daniel Gromada and Laura
Maaflen, with whom I had a lot of fun during several conference meetings.

[ am thankful to Julien Bichon for kindly agreeing to review this thesis. More-
over, [ want to thank him for inspiring discussions on quantum automorphism groups
of graphs. Furthermore, I am grateful to Ion Nechita for inviting me to Timisoara
and to Toulouse. He was a great host for both of those stays and I really enjoyed
working with him. I thank David Roberson for many nice discussions on quantum
automorphisms and quantum isomorphisms.

Sincere thanks go to my friend and office mate Felix Leid. We had a lot of nice
chats in our office, but also knew when to focus on our work. Moreover, I really
enjoyed travelling with him. Furthermore, I thank my colleagues and friends Rami
Ahmad, Nils Gutheil, Benedikt Hewer, Pascal Kattler and Andreas Widenka for all
the time we spent together at Saarland University.

Ich bedanke mich bei meiner Familie, die mich immer unterstiitzt hat. Auflerdem
geht mein tiefster Dank an meine Freunde, auf die ich immer zahlen kann.

Vil



viil



Contents

Introduction 1
1 Preliminaries 11
1.1 Compact matrix quantum groups . . . . . . . . . .. .. ... .. .. 11
1.2 Finite graphs . . . . . . . ..o 15
2 The quantum automorphism group of a graph 21
2.1 Definitions and basic properties . . . . . . . . . . ... ... 21
2.2 Quantum automorphism groups of graph products . . . . . . . . . .. 28
2.3 Intertwiner spaces of quantum automorphism groups of graphs . . . . 33
2.4 The quantum orbital algebra . . . . . . ... ... o000 35
2.5 Comparing GZ,,(T) and G ,(T) . . . ... .. ... ... ... ... 39
3 Tools for computing the quantum automorphism group of a graph 43
3.1 A criterion for a graph to have quantum symmetry . . .. ... . .. 43
3.2 Tools for proving commutativity of the generators . . . . .. .. ... 46
3.2.1 Path length comparison . . .. .. ... ... ... .. .... 46
3.2.2  Pairs of vertices in the same distance . . . . . ... ... ... 47
3.2.3 No common neighbors . . . .. ... ... ... ... .. ... 48
3.2.4  One common neighbor . . . . . ... ... ... ... ... 49
3.2.5 A technical lemma . . . . ... ... ... ... .. ...... 51
3.2.6 Relations between vertices in certain distances . . . . . . . . . 53
3.2.7 Values in the intersection array . . . . . .. .. .. ... ... 55}

3.3 A strategy to compute the quantum automorphism group of a given
graph . . . . L 56
4 Some families of graphs that have no quantum symmetry 59
4.1 Families of distance-transitive graphs . . . . . . . ... ... ... .. 60
4.1.1 Theodd graphs . . . . . . . ... ... 61
4.1.2 Hamming graphs . . . . . . ... ... ... ... ... .. .. 64
4.1.3 The Johnson graphs J(n,2) and the Kneser graphs K(n,2) . . 67
4.1.4 Moore graphs of diameter two . . . . . . ... ... 71

1X



4.1.5 Paley graphs Py, Pisand Pi7 . . . . . ... .. ... ... .. 73

4.2  Quantum automorphism groups of cubic distance-transitive graphs. . 75
4.3 Further distance-regular graphs with no quantum symmetry . . . . . 92
4.4 An example of a graph with automorphism group Zs X Zs that has
no quantum symmetry . . . .. ... L0000 Lo 98
5 Quantum automorphism groups of folded cube graphs 101
5.1 The Clebsch graph has quantum symmetry . . . . . . ... ... ... 101
5.2 The quantum group SO, ' . . . . . .. ... 103
5.3 The folded n-cube graph FQ, . . . . . ... .. ... ... .. .... 106
5.4 The quantum automorphism group of FQomat - - - - . . . . . . . .. 109
6 A generating property for planar algebras 115
6.1 Group-action planar algebra and a generating property . . . .. . .. 115
6.2 Connection to graphs having no quantum
SYMIMetTy . . ..o 117
6.3 Applications . . . . . ... 120
7 Quantum isomorphisms 123
7.1 Equivalent definitions and the isomorphism game . . . . . .. .. .. 123
7.2 Quantum automorphism groups of quantum isomorphic graphs . . . . 126
8 Open questions 131
8.1 Existence of graphs with quantum symmetry that have trivial auto-
morphism group . . . . . .. 131
8.2 Unknown quantum automorphism groups of some specific graphs . . 132
8.3 The quantum automorphism groups of vertex-transitive graphs on 12
VETtICeS . . . . L L 133
8.4 Graphs with quantum symmetry and finite quantum automorphism
GTOUD « « « v v v v e e e e e e e 134
8.5  Quantum isomorphic but not isomorphic graphs on a small number
of vertices . . . . . . L. 134
Bibliography 137



Introduction

The present work concerns quantum automorphism groups of finite graphs. Those
generalize classical automorphism groups of a graph in the framework of Woronow-
icz’s compact matrix quantum groups.

The origin of quantum automorphism groups of
graphs

Quantum groups were first introduced by Drinfeld and Jimbo in 1986. Shortly after,
Woronowicz [60] gave a definition of compact quantum groups based on C*-algebras.
The idea is the following: Instead of studying a compact group G we can look at the
algebra of continuous functions C(G) over G and the map A : C(G) — C(G x G) =
C(G) ® C(G) which we get by dualizing the group multiplication. To generalize the
notion of a compact group, we use (not necessarily commutative) unital C*-algebras
as underlying algebras instead of just considering function algebras. In the spirit of
non-commutative geometry, we think of the C*-algebra A = C(G™) as continuous
functions on some quantum group G7, replacing the classical group G. We also
need a map A : C(G") — C(G") ® C(GT), where finding the right compatibility
conditions was part of Woronowicz’s achievements.

In 1997, Wang [58] characterized quantum symmetries of finite spaces by com-
pact quantum groups. Especially, he defined the quantum symmetric group S, a
quantum analogue of the symmetric group S,,. He showed that S; is the quantum
automorphism group of the space consisting of n points. Instead of considering n
points, one can take a graph on n vertices and ask for its quantum automorphism
group. This has been initiated by Banica and Bichon. In 2003, Bichon [13] gave a
definition of quantum automorphism groups of graphs which we will denote G%,,,(T")
in this thesis. Two years later, Banica [3] defined the quantum automorphism group
G, (T) which slightly differs from G%,,(T'). Nowadays, Banica’s version is used more
frequently in the literature.



Motivation

The concept of quantum automorphisms originates from the notion of graph auto-
morphisms. The automorphisms of a finite graph capture its symmetries. For a
finite graph I', a graph automorphism is a bijection ¢ on the vertices, where vertices
i and j are adjacent if and only if o(i) and o(j) are adjacent. Composition gives a
group structure on the set of graph automorphisms and we get the automorphism
group of the graph, which we denote by Aut(I"). The quantum automorphism group
G .(T) of a graph generalizes this concept, we study the quantum symmetries of
the graph. In general, the quantum group G ,(T) strengthens the symmetry of a
graph in a non-commutative context: It holds
Aut(I') € G (T)

in a certain sense. Therefore, we have the natural question: When do Aut(I)
and G/ ,(T) coincide? In virtue of this question, we say that a graph I' has no
quantum symmetry if Aut(T') = G ,(T). Otherwise, we say that the graph I' has
quantum symmetry. The obvious followup question is: What does G,,(T") look like,

aut
aut

if Aut(T') # G, (I)? Note that similar to Aut(I') C S,, we have G, ,(T') C S;.

aut aut

Thus, it holds

Aut(l') € G, (T) € Sy
in general. This shows that computing quantum automorphisms groups of graphs
with G/ ,(T') # Aut(T) yields (potentially new) quantum subgroups of the quantum
symmetric group S;.

Furthermore, Banica associates a planar algebra to the quantum automorphism
group of a graph in [3]. Planar algebras were first introduced by Jones [34] to study
subfactors. One may ask whether or not a planar algebra is generated by its 2-box
space. This is for example studied by Curtin [24] and Ren ([45], [46]) for certain
planar algebras related to graphs. Using the connection to quantum automorphism
groups of graphs, one can obtain further planar algebras that are generated by their
2-box space.

More recently, a connection to quantum information theory gave another moti-
vation for studying quantum automorphism groups of finite graphs. The quantum
isomorphism game, introduced by Aterias, Manéinska, Roberson, Sdmal, Severini
and Varvitsiotis in [1], is a nonlocal game in which two players try to convince a
referee that they know an isomorphism between two graphs I'y and I';. With classi-
cal strategies, the players succeed with probability one if and only if the two graphs
are isomorphic. Allowing quantum strategies, it is possible to win the game with



probability one if and only if I'y and ['s are quantum isomorphic. It is important to
note that there exist graphs that are quantum isomorphic but not isomorphic, see
for example [1]. Also, quantum isomorphisms are in deep connection to quantum
automorphism groups. For example, it was shown in [36] that two connected graphs
are quantum isomorphic if and only if the quantum automorphism group of the
disjoint union of I'y and I'y has an orbit that intersects the vertices of I'; and I's.
Thus, by studying quantum automorphism groups of graphs, we get more insight
on quantum isomorphisms and quantum strategies of the isomorphism game.

Known results on quantum automorphism groups
of graphs

The theory of quantum automorphism groups of graphs is a quite young topic. At the
moment there are only few articles about quantum automorphism groups of graphs.
We review some further results. Regarding explicit examples, Banica and Bichon
computed the quantum automorphism group G, ,(T") of all vertex-transitive graphs
on less or equal to eleven vertices, except the Petersen graph, in [6]. Furthermore,
together with Collins, they computed the quantum automorphism group of the
n-cube graphs in [9]. In [8], Banica, Bichon and Chenevier considered circulant
graphs on p vertices, for p prime. They showed that if the graph has some further
properties, then it has no quantum symmetry. Moreover, quantum automorphism
groups of graph products have been studied by Banica and Bichon [6] and also by
Chassaniol in [21]. Also, Fulton [27] investigated the quantum automorphism groups
of trees with certain automorphism groups. The intertwiner spaces of G, (") are
investigated by Chassaniol in [20], [22] and Manc¢inska and Roberson in [38]. Lupini,
Mancinska and Roberson showed in [36] that almost all graphs have trivial quantum
automorphism group. Especially, we get that almost all graphs have no quantum
symmetry. This is the quantum analogue of the fact that almost all graphs have no

symmetry, which was proven by Erdds and Rényi in [26].

Outline and main results

The outline of this thesis is the following. In Chapter 1 we establish basic definitions
and notions we need later on. Those are mostly related to compact matrix quantum
groups and finite graphs. In this thesis, all graphs are finite and have no
multiple edges.



We give Banica’s and Bichon’s definitions of quantum automorphism groups
in Chapter 2. Furthermore, we review the work on the quantum automorphism
group of graph products and give some examples. We discuss the intertwiner spaces
associated to quantum automorphism groups of graphs and then survey the quantum
orbital algebra. Lastly, we obtain the first result of this thesis: An example of a
graph, where we get strict inequalities between the automorphism group and the
two definitions of quantum automorphism group simultaneously (Example 2.5.3).

In Chapter 3, we develop tools for computing the quantum automorphism group.
At first, we show that a graph has quantum symmetry if its automorphism group
contains a pair of disjoint automorphisms. We say that automorphisms ¢ and 7 are
disjoint if they have disjoint support, i.e. 7(i) # 7 implies o (i) = i and vice versa.

Theorem A (Theorem 3.1.2). Let I' = (V, E) be a finite graph without multiple
edges. If there exist two non-trivial, disjoint automorphisms o, 7 € Aut(I'), ord(o) =
n,ord(t) = m, we get a surjective *-homomorphism p : C(G},,(T)) — C*(Zyp *ZLy,).
In particular, I' has quantum symmetry.

To see whether a given graph I' has quantum symmetry, we may check this
criterion first. If we find two non-trivial, disjoint automorphisms of I', then the
graph has quantum symmetry. Otherwise, we do not know whether or not the graph
has quantum symmetry. We may try to prove that I' has no quantum symmetry.
Some tools for proving that a graph has no quantum symmetry can be found in
Section 3.2. Amongst these tools we want to highlight the following two.

Theorem B (Lemma 3.2.2 & Lemma 3.2.4). Let I' be a finite, undirected graph, let
(wij)1<ij<n e the generators of C(GZ,,(T)) and let d(s,t) be the distance of s,t € V.

(i) If we have d(i, k) # d(j,1), then u;;ug = 0.

(11) Let ' be distance-transitive. Let ji,l; € V and put m :=d(j1, ). If uaj up, =
Wpi, Uqjy for all a,b with d(a,b) = m, then we have w;juy = uyu,; for alli, k, j,1

with d(7,1) = m = d(i, k).

Note that a distance-transitive graph is a graph such that for any given pair of
vertices i, 7 in distance a and any other pair of vertices k, [ with d(k,[) = a there is a
graph automorphism o : V' — V with o(i) = k and o(j) = [. For distance-transitive
graphs, the previous theorem yields that we only have to consider one specific pair
of vertices in a certain distance to show that all generators associated to all pairs
in this distance commute. Doing this for every distance suffices to show that this
graph has no quantum symmetry. Therefore, the number of cases we have to prove
that some generators commute equals the diameter of the distance-transitive graph.
Especially, it does not depend on the number of vertices or edges of the graph,
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which is one of the reasons why we can prove that certain families of graphs have
no quantum symmetry, despite including graphs of arbitrary size.

We use the results of Chapter 3 in Chapter 4 to compute the quantum auto-
morphism group of several families of distance-transitive graphs. We summarize the
results in the next theorem.

Theorem C (Theorems 4.1.1, 4.1.7, 4.1.13, 4.1.18, 4.1.20 & Section 4.2). We have
the following results for distance-transitive graphs.

(i) The Petersen graph has no quantum symmetry.
(i1) The odd graphs Oy have no quantum symmetry.

(11i) The Hamming graphs H(n,3), n € N, H(1,2) and H(m,1), m = 1,2,3, have
no quantum symmetry. For all other values, the graph H(n,k) has quantum
symmetry.

(iv) Forn > 5, the Johnson graphs J(n,2) and the Kneser graphs K(n,2) do not
have quantum symmetry.

(v) Moore graphs of diameter two have no quantum symmetry.

(vi) Let T" be a cubic distance-transitive graph of order > 10. Then T' has no
quantum symmetry.

In 2007, Banica and Bichon ([6]) asked whether or not the Petersen graph has
quantum symmetry. Theorem C (i) answers this question. We remark that the
Petersen graph is isomorphic to the odd graph Oz and the Kneser graph K(5,2). It
is furthermore a Moore graph of diameter two and a cubic distance-transitive graph.
Therefore, Theorem C (i) follows from Theorem C (i), (iv), (v) and (vi).

Building on Theorem C (vi), we may present a table with the quantum au-
tomorphism groups of all cubic distance-transitive graphs. There are twelve such
graphs as shown by Biggs and Smith in [16]. For three of them, namely the com-
plete graph on four points K}, the complete bipartite graph on six points K33 as
well as the cube (3, it was known before that they have quantum symmetry and
their quantum automorphism groups are given in [6]. The remaining ones have no
quantum symmetry by Theorem C (vi). We also give the intersection arrays (see
Definition 1.2.21) of the graphs in the table. We obtain the following table for the
cubic distance-transitive graphs.



Name of I’ Order Aut(I) GT.,(T) Intersection array

Ky ([6]) 4 5 Sy {3:1}

K3)3 ([6]) 6 Sg l ZQ 53 Lx Zg {3,2,1,3}

Cube Q3 ([6]) 8 Sy X Zoy S xZy {321;1,2,3}

Petersen graph 10 Ss Aut(T) {3,2;1,1}

Heawood graph 14 PGL(2,7) Aut(I)  {3,2,2;1,1,3}

Pappus graph 18 ord 216 Aut(T) {3,2,2,1;1,1,2,3}
Desargues graph 20 Sy X Zo Aut(T) {3,2,2,1,1;1,1,2,2,3}
Dodecahedron 20 As X Zs Aut(T) {3,2,1,1,1;1,1,1,2,3}
Coxeter graph 28 PGL(2,7) Aut(D) {3,2,2,1;1,1,1,2}

Tutte 8-cage 30 Aut(Se) Aut(I')  {3,2,2,2;1,1,1,3}

Foster graph 90 ord 4320 Aut(T) {3,2,2,2,2,1,1,1;1,1,1,1,2,2,2,3}
Biggs-Smith graph 102 PSL(2,17) Aut(l)  {3,2,2,2,1,1,1;:1,1,1,1,1,1,3}

Table 1: Quantum automorphism groups of all cubic distance-transitive graphs.

In addition to the previous table, we study further distance-transitive graphs,
preferably of order < 20 in Section 4.3. Distance-transitive graphs are especially
distance-regular. We say that a graph is distance-regular if for two vertices v, w,
the number of vertices in distance k to v and in distance [ to w only depend on &,
[ and d(v,w). There is only one distance-regular graph of order < 20 that is not
distance-transitive, namely the Shrikhande graph. We also show that this graph has
no quantum symmetry in Section 4.3.

Except for the Johnson graph J(6,3), we know for all distance-regular graphs
with up to 20 vertices whether or not they have quantum symmetry. Distance-
regular graphs of order 11 < n < 20 that have quantum symmetry are

(i) the 4 x 4 rook’s graph (Proposition 4.1.12),

(ii) the 4-cube ([9]),

(iii) the Clebsch graph (Corollary 5.1.2)

(iv) the complete graphs K,,,

(v) the cycles C,,,

(vi) the complete bipartite graphs K, ,,

(vii) the crown graphs (K,,00K>),

where we choose suitable m for the families (iv)—(vii). The quantum automorphism

groups of those four families can be found in [6].

6
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order n < 11 can be found in [6], since all distance-regular graphs of order < 11 are
vertex-transitive.

For some graphs, for example the Petersen graph, we only need the values of
the intersection array to show that this graph has no quantum symmetry. Thus one
might guess that the intersection array contains all information about the quantum
symmetry of a graph. But this is not the case because of the following. The
Shrikhande graph and the 4 x 4 rook’s graph have the same intersection array,
see Table 2. We know that the 4 x 4 rook’s graph has quantum symmetry by
Proposition 4.1.12, whereas the Shrikhande graph has no quantum symmetry, see
Subsection 4.3. This shows that in general one needs to use further graph properties
to decide whether or not a graph has quantum symmetry, the intersection array is
not enough.

Besides deciding whether or not certain graphs have quantum symmetry, we
furthermore compute the quantum automorphism group of a family of graphs that
have quantum symmetry. Recall that if a graph has no quantum symmetry, then
the quantum automorphism group coincides with its classical automorphism group.
Otherwise, for graphs that have quantum symmetry, we have to additionally com-
pute the quantum automorphism group. The family of graphs we are dealing with
are the folded n-cube graphs whose quantum automorphism groups we are studying
in Chapter 5. Our techniques are similar to those of [9], where it was shown that
the quantum automorphism group of the n-cube graph is equal to O !. The folded
n-cube graphs are Cayley graphs and we study their eigenvalues and eigenspaces
to get more insight on the quantum automorphism group. We have the following
result.

Theorem D (Theorem 5.4.3). For n odd, the quantum automorphism group of the
folded n-cube graph FQ, is SO, .

The folded 5-cube graph is isomorphic to the Clebsch graph. Therefore, we get
that the quantum automorphism group of the Clebsch graph is SO5 ' which answers
a question asked by Banica, Bichon and Collins in [10].

Building on the results of Chapter 4 and Chapter 5, we get the following table. It
contains all distance-regular graphs with up to 20 vertices and the distance-transitive
graphs of Theorem C (i)—(vi) and Theorem D. Similar to Table 1, we include the
intersection array of the graphs.



Name of I' Order  Aut(T) G, (D) Intersection array

Octahedron J(4,2) ([6]) 6 Z2 1S3 Z Ul S3 {4,1;1,4}

Cube Q3 ([6]) 8 S4 X Zs S X Zs {3,2,1;1,2,3}
Paley graph Py ([6]) 9 S35 Zs Aut(T) {4,2;1,2}

Petersen graph 10 Ss Aut(T) {3,2;1,1}
Icosahedron 12 As X Zsy Aut(T) {5,2,1;1,2,5}
Paley graph Pi3 ([22]) 13 Zas % Zg Aut(T) {6,3;1,3}
Heawood graph 14 PGL(2,7) Aut(T) {3,2,2;1,1,3}
co-Heawood graph 14 PGL(2,7) Aut(T) {4,3,2;1,2,4}

Line graph of Petersen graph 15 Ss Aut(T) {4,2,1;1,1,4}
Cube Qy4 ([9]) 16 Hy o;* {4,3,2,1;1,2,3,4}

4 x 4 rook’s graph H(2,4) 16 Sy 7o ?(has gsym) {6,3;1,2}
Shrikhande graph 16 73 x Dg Aut(T) {6,3;1,2}

Clebsch graph 16 74 x S5 SOt {5,4;1,2}

Paley graph Pi7 ([22]) 17 Zy7 X Zg Aut(T) {8,4;1,4}

Pappus graph 18 ord 216 Aut(T) {3,2,2,1;1,1,2,3}
Johnson graph J(6,3) 20 Se X Zo ? {9,4,1;1,4,9}
Desargues graph 20 S5 X Zo Aut(T) {3,2,2,1,1;1,1,2,2.3}
Dodecahedron 20 As X Zo Aut(T) {3,2,1,1,1;1,1,1,2,3}
Hoffman-Singleton graph 50 PSU(3,5%)  Aut(T) {7,6;1,1}

K, ([6]) n Sh S;F {n—1;1}

Cpn, n # 4 ([6]) n D, Aut(T) (x1)

K. ([6]) 2n Sp 1 Zo St Zsy {n,n;1,n}
(KnDKQ)C ([6]) 2n Sn X ZQ S;f X ZQ (*2)

Johnson graph J(n,2),n > 5 (%) Sh Aut(T) {2n —4,n — 3;1,4}
Kneser graph K(n,2),n > 5 (5) Sy Aut(T) (*%)

Odd graphs Oy CED Sara Aut(T) (x*)

Hamming graphs H(n, 3) 3" S308y, Aut(T) (*°)

Table 2: Quantum automorphism groups of distance-regular graphs up to 20 vertices
and some additional graphs.

Here
Y ={2,1,...,1;1,...,1,2} for n even, {2,1,...,1;1,...,1,1} for n odd,
**) ={n—1,n—-2,1;1,n—1,n — 2},
(**) ={(n = 2)(n—3)/2,2n = 81, (n — 3)(n — 4)/2},

& ={kk—1k—1...0+1,1+1,0;1,1,2,2,... 1,1} for k=20 — 1,
{kk—1,k—1,.. 1+1,1+1;1,1,2,2,..., 01— 1,1 — 1,1} for k = 2L,

(*°) ={2n,2n —2,...,2;1,2,... ,n}.



In Chapter 6, we review a generating property of planar algebras that is related
to quantum automorpism groups of finite graphs. This generating property was
introduced by Ren in [45]. Therein, he briefly mentions that the generating property
is connected to graphs having no quantum symmetry. We discuss this connection in
detail in Chapter 6. We will use the results of the Chapter 4 to get many examples
of graphs having this generating property. Furthermore, it was asked in [10] whether
the Higman-Sims graph has quantum symmetry. We use the generating property to
get the following theorem.

Theorem E (Theorem 6.3.3). The Higman-Sims graph has quantum symmetry.

We use Sage [53] to check that the automorphism group of the Higman-Sims
graph does not contain disjoint automorphisms. This shows that the converse di-
rection of Theorem A is not true.

We study quantum isomorphisms in Chapter 7. Those were first defined in [1] via
a nonlocal game, called the isomorphism game. We review this nonlocal game and
give equivalent definitions of quantum isomorphisms. Furthermore, using monoidal
equivalence, we prove the next theorem.

Theorem F (Theorem 7.2.6). Let T'1,T's be quantum isomorphic graphs. If one
of the graphs 'y or I'y has disjoint automorphisms, then both graphs have quantum
symmetry.

Using this theorem, we obtain another example of a graph having quantum sym-
metry and no disjoint automorphisms. This example originates from a construction
used in [36] to get pairs of quantum isomorphic graphs that are not isomorphic.

Finally, we collect open questions that came up during the author’s research and
discuss ways to tackle them in Chapter 8. For example, we ask to investigate the two
missing cases in Table 2 and further graphs for which the quantum automorphism
groups are not known. Moreover, we ask the question whether or not there is a
graph with trivial automorphism group that also has quantum symmetry.
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Chapter 1

Preliminaries

In this chapter, we review basic notions and definitions we need in this thesis. This
includes a short introduction to compact matrix quantum groups, which generalize
compact groups G C GL,(C). Then, we discuss the quantum symmetric group S;,
which constitutes the quantum analogue of the symmetric group S,,. In Section 1.2
we review basic definitions and properties of finite graphs. Note that the automor-
phism group of a graph is the classical counterpart of the quantum automorphism
group. The latter is important for this work and will be introduced in Chapter 2.

1.1 Compact matrix quantum groups

We start with compact matrix quantum groups which were defined by Woronowicz
[60, 62] in 1987. See [42, 54] for recent books on compact quantum groups.

Definition 1.1.1. A compact matriz quantum group G is a pair (C(G),u), where
C(G) is a unital (not necessarily commutative) C*-algebra which is generated by u;;,
1 <i,7 < n, the entries of a matrix u € M, (C(G)). Moreover, the *-homomorphism
A:C(G) = C(Q)®C(Q), uij — > p_, uir @uy; must exist, and v and its transpose
u! must be invertible. The matrix u is usually called fundamental representation.

Remark 1.1.2. In the previous definition, the symbol ® denotes the minimal tensor
product of C*-algebras. Unless stated otherwise, we write A ® B for the minimal
tensor product of the C*-algebras A and B, throughout this thesis.

We now introduce the notion of a quantum subgroup.
Definition 1.1.3. Let (C(G), u) and (C(H),v) be compact matrix quantum groups.

(i) We say that (C(G),u) is a quantum subgroup of (C(H),v), if there is a sur-
jective *-homomorphism ¢ : C(H) — C(G) such that Agop = (p®@p)o Ay.

11



(ii) Two compact matrix quantum groups (C(G),u) and (C(H),v) are isomorphic

as compact quantum groups, if the *-homomorphism ¢ from above is a *-

isomorphism. We denote this by (C(G),u) = (C(H),v).

Compact matrix quantum groups generalize compact matrix groups in the fol-
lowing sense.

Theorem 1.1.4 ([60]). Let G = (C(G),u) be a compact matriz quantum group
where C(G) is a commutative C*-algebra. Then there exists a compact matriz group
G such that (C(G),4) = (C(G),u). Here @& = (1) is the matriz with entries
ﬂij:é%(c,glﬁgij.

There are several products of quantum groups. We define the tensor product
and the free product of quantum groups.

Proposition 1.1.5 ([57]). Let G = (C(G),u) and H = (C(H),v) be compact matriz
quantum groups. Then G x H := (C(GQ) Qmax C(H),u & v) is a compact matriz

quantum group, where
- u 0
N0 v/

Here C(G) ®max C(H) is the universal C*-algebra with generators w;; and vy such
that w;jup = v for alli, j, k, 1 and w;, v fulfill the relations of C(G) and C(H),
respectively, where additionally 1c(q) = 1oy, The quantum group G x H is called
the tensor product of G and H.

Proposition 1.1.6 ([56]). Let G = (C(G),u) and H = (C(H),v) be compact matriz
quantum groups. Then Gx H := (C(G)«C(H),u®v) is a compact matriz quantum
group. Here C(G) x C(H) is the universal C*-algebra with generators w;; and vy
such that w;; and vy fulfill the relations of C(G) and C(H), respectively, where
additionally 1cqy = lowr). We call G x H the free product of G and H.

An action of a compact matrix quantum group on a C*-algebra is defined as

follows ([43, 58]).

Definition 1.1.7. Let G = (C(G),u) be a compact matrix quantum group and
let B be a C*-algebra. A (left) action of G on B is a unital *-homomorphism
a: B — B® C(G) such that

(i) ([d®A)oca=(a®id) o«
(i) a(B)(1 ® C(Q)) is linearly dense in B ® C(G).

The following important example of a compact matrix quantum group is due to
Wang [58]. Tt is the quantum analogue of the symmetric group S,.

12



Definition 1.1.8. The quantum symmetric group S;7 = (C(S;7), ) is the compact
matrix quantum group, where

n n
C(S)) == C*(uyj, 1 <4, j < nlugy; = uj; = uf, Zqu = Zu’“ =1).
k=1 k=1

A matrix u = (u;j)1<; j<n, Where u;; are elements of some unital C*-algebra is called

magic unitary if u; = uj; = u; for all 4, j and Y7 ug = Y7 up; = 1 for all 4.

Thus, C'(S;}) is the universal C*-algebra generated by the entries of a magic unitary

u = (Uij)1<ij<n-

It is worked out in [59] for example, that S, is a compact matrix quantum group.
We remark that C(S,,) is the abelization of C'(S;"), i.e.

C(S7) /[ (uijup — upguiz) = C(Sp).

In [58], Wang showed that S is the universal compact matrix quantum group acting
on X,, = {1,...,n}. This action is of the form « : C(X,) — C(X,) ® C(S;)),

Oé(@i) = Z € (059 Uy -
J

This is the quantum analogue of the fact that the symmetric group is the universal
group acting on n points.

Remark 1.1.9. Let A be a C*-algebra. It is known (see for example [44, Corollary
A.3]) that projections p; € A (i.e. p; =p? =pf), 1 <i<mn, with >I' , p; = 1 are
orthogonal (i.e. p;p; = 0 for ¢ # j). This is true because of the following arguments.
Choose j € {1,...,n} and consider the equation > .  p; = 1. Multiplying by p;
from the left and the right yields

n

ijpipj = Dj-

i=1
By subtracting p; on both sides, we obtain

ijpipj = 0.

i#]
Since p;p;p; is a positive element for all 7, we get p;p;p; = 0. Using the C*-norm,
we finally obtain p;p; = 0.

This has the following consequence: Let w;;, 1 < 4,5 < n, be the generators of
C(S;5). Then, we have

uijuik = 5jkuij and ujiuk,- = (5jkuji

for the generators of C'(S;}).
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Remark 1.1.10. The C*-algebra C'(S;7) is commutative for n = 1,2,3, it is non-
commutative for n > 4. This can be seen by the following arguments. It is immediate
for n = 1. Regarding n = 2, the matrix u is of the form

UZ(P H?).
I—-p »p

Thus C(S5) is generated by p and 1 — p which obviously commute. For the case
n = 3, we use the argument of [36]. If i = k or j = [, the generators w;; and wuy
commute by Remark 1.1.9. Let ¢ # k, 7 # [. Then

3
Ujj Ukl = Uil Z Wis = WUt (Wij + Ugg + Uiz),
s=1
where we choose ¢ such that {j,1,t} = {1,2,3}. By Remark 1.1.9, it holds w;juuy; =
0 and

Uity = Wig(1 — Upj — Upe ) Ui = uijuy = 0.

We conclude u;jur = uijupu;; and applying the involution yields w;juy = ugu;;.

Therefore C(S5) is commutative. In a more sophisticated manner, we will use

similar arguments later to show that generators of certain C*-algebras commute.
For n = 4, the surjective *~homomorphism

0:C(SH) = C*(pglp=p"=p"0=q =¢*),
P 1—p 0 0
l—p »p 0 0

v 0 0 q 1—gq

0 0 1—g¢q q

yields the non-commutativity of C(S}), since C*(p,q|p=p* =p* ,q=q¢" =¢*) isa
non-commutative C*-algebra. Regarding n > 4, we can use the *-homomorphism ¢
from above, where we furthermore put ¢(u;) =1 and ¢(u;;) =0 for i,j > 4, 1 # j,
to see that C(S;7) is non-commutative.

Quantum subgroups of the quantum symmetric group are called quantum permu-
tation groups. The next proposition deals with another product of quantum groups,
where we restrict ourselves to quantum permutation groups.

Proposition 1.1.11 ([14]). Let G = (C(G),u), H = (C(H),v) be quantum per-
mutation groups with u € M,(C(G)), v € M, (C(H). The free wreath prod-
uct G . H = (C(G) *, C(H),w) is a quantum permutation group with w =
(Wiajp) = (ul(»?)vab) € Mum(C(G) %, C(H)), where u'® = (uz(j)) are copies of u.
Here C(G) x, C(H) is the universal C*-algebra generated by ul(-;),vab with the rela-
tions of the C*-algebra C(G)*™ x C'(H), where additionally WD v = vl

(] ij
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1.2 Finite graphs

The definitions in this section are well-known and can for example be found in the
books [18], [32].

Let I' = (V, E) be a finite graph without multiple edges, i.e. finite sets of vertices
V and edges E CV x V. A loop in a graph is an edge (i,7) € E. A graph is called
undirected, if for all (i, j) € E, we also have (j,7) € E. The order of a graph denotes
the number of elements in V/, i.e. the number of vertices in the graph.

For the rest of this work, we assume that I' is a finite graph without
multiple edges.

The following definitions are for undirected graphs I'. Let v € V. The vertex
u € V is called a neighbor of v, if (v,u) € E. A path of length m joining two
vertices i,k € V is a sequence of vertices ag, ay,...,a, with i = ag, a,, = k such
that (a,,a,y1) € E for 0 <n <m —1. A cycle of length m is a path of length m
where ag = a,, and all other vertices in the sequence are distinct. The degree degv
of a vertex v € V denotes the number of edges in I' incident with v. We say that a
graph I is k-reqular or a reqular graph of degree k for some k € Ny, if degv = k for
all v € V. The 3-regular graphs are also called cubic graphs.

Example 1.2.1. The Petersen graph is a finite, undirected graph on ten vertices
and is defined by the drawing in Figure 1.1. We will denote the Petersen graph by P

in this work. It is an important example with interesting properties, see for example
[32].

Figure 1.1: The Petersen Graph

Definition 1.2.2. Let I' be an undirected graph. We define the girth g(I') of a
graph to be the length of a smallest cycle it contains.
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For example, we have g(P) = 5, where P denotes the Petersen Graph (see Figure
1.1).

Definition 1.2.3. Let I be an undirected graph. A clique is a subset of vertices
W1 C V such that any vertices in W are adjacent. A clique, such that there is no
clique with more vertices is called mazimal clique. The clique number of I is the
number of vertices of a maximal clique. On the other hand, an independent set is a
subset W5 C V such that no vertices in W5 are adjacent.

Definition 1.2.4. Let I' = (V| E) be an undirected graph without multiple edges
and without loops. The complement of ' is a graph I'“ = (V| E’), where E' =

{(1,)) e VX V[(i,j) ¢ E,i # j}.

We recall the definition of line graphs and incidence graphs since those construc-
tions will be used explicitely in this thesis.

Definition 1.2.5. Let I" be an undirected graph. The line graph L(T") of " is the
graph whose vertices correspond to edges of I' and whose vertices are connected
if and only if the corresponding edges are incident in I' (i.e. are connected by a
vertex).

See for example [23] for the next definition.

Definition 1.2.6. Given ¢,d € N, a configuration (P, L) consists of points P =
{p1,...,pa} and lines L = {L4,..., Ly} in a plane, such that

(i) there are ¢ points on each line and d lines through each point,
(ii) two different lines intersect each other at most once,
(iii) two different points are connected by one line at most.

Definition 1.2.7. Let (P, L) be a configuration with points P = {p1,...,p,} and
lines L = {L4,...,Ly}. Then the incidence graph of the configuration is a bipartite
graph consisting of vertices PU L. Here P and L are independent sets (in the sense
of Definition 1.2.3) and we have an edge between p; and Lj if and only if p; is
adjacent to Ly in the configuration.

Example 1.2.8. The Fano plane is a well-known configuration with ¢ = 3,d = 3.
The Heawood graph is the incidence graph of the Fano plane (Figure 1.2), see [23].
We denote by L;j; the line of the Fano plane that goes through the points 7, j and
k.
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Figure 1.2: The Heawood graph is the incidence graph of the Fano plane

The following definitions concern the automorphism group of a graph. The
automorphism group will be generalized to the quantum setting in the next chapter.
We start with the definition of the adjacency matrix.

Definition 1.2.9. Let I' be a finite graph of order n, without multiple edges. The
adjacency matriz € € M, ({0,1}) is the matrix where ¢;; = 1if (i,j) € Eandg;; =0
otherwise.

Definition 1.2.10. Let I' = (V, E) be a finite graph without multiple edges. A
graph automorphism is a bijection o : V. — V such that (i,7) € E if and only
if (o(i),0(y)) € E. The set of all graph automorphisms of I" forms a group, the
automorphism group Aut(T"). If T has n vertices, we can view Aut(I") as a subgroup
of the symmetric group S, in the following way.

Auwt(l') ={o € S, | oe =e0} C S,.
Here € denotes the adjacency matrix of the graph.

Vertex-transitive graphs are graphs such that their automorphism groups acts
transitively on their vertex set.

Definition 1.2.11. Let I' = (V| F) be a finite graph without multiple edges. We say
that I' is vertez-transitive, if for all v, w € V there exists ¢ € Aut(I") with p(v) = w.

Remark 1.2.12. Together with Vogeli and Weber, the author introduced the notion
uniformly vertex-transitive, which is a stronger version of vertex-transitivity. See [51]
for more on this.

A way to get more examples of graphs is to consider graph products. In Section
2.2, we will discuss the quantum automorphism groups of the products given in the
next definition.
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Definition 1.2.13. Let I'y = (Vr,, Er,), H = (Vr,, F,r, ) be finite graphs. Denote
by er, € M,(C), er, € M,,,(C) the adjacency matrices of I'y and Ty, respectively.
We have the following graph products.

(i)

(iii)

The cartesian product I';\lI'y is the graph with vertex set Vp, x Vp,, where
(u1,us) and (v, vq) are connected if and only if (u; = vy and (ug,v2) € Er,)
or ((uy,v1) € Ep, and uy = vy). For the adjacency matrix, we get

er,or, = &ry ® idw,, ) + idwm, ©) ® er,.-

The tensor product T'y X'y is the graph with vertex set Vi, x Vi, where (ug, us)
and (vy,vy) are connected if and only if (uy,v1) € Fr, and (ug,ve) € Ep,.
Therefore

€F1><F2 = 8F1 ® EFQ'

The strong product 'y X T'y is the graph with vertex set Vp, x Vp,, where
(u1,uz) and (vq,v9) are connected if and only if (uy = vy or (ug,vs) € Er,)
and (uy = v or (u1,v1) € Er,). This yields

er,mr, = (er, +idy, () ® (er, + idn,, (¢) — 1w, (©)-

The lexicographic product I'y oI'y is the graph with vertex set Vi, x Vp,, where
(u1,us) and (vy, v9) are connected if and only if (us, v9) € Er, or ((u1,v1) € Er,
and us = v9). We obtain

€ryory = €1y @ idn,, () + J ® ey,

where J denotes the all-ones matrix.

We give some examples of graphs that we obtain by taking products of complete
graphs

Example 1.2.14. Take the complete graphs K, and K3, i.e.

K2 = o ——0 K3 = A

Y

Then, we have
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(i) the cartesian product

KoK =

(ii) the tensor product

KgXKg =

(iii) and the strong product

KoK K3 =

An important case for the lexicographic product is the disjoint union of n copies of a
graph I'. One gets the disjoint union of n copies of [' by considering the lexicographic
product of I' with the graph on n points with no edges, i.e.

I'o K; =nl"

Next, we introduce distance-regular and distance-transitive graphs, see for ex-
ample [18]. Those will be important in Chapters 3 and 4.

Definition 1.2.15. Let I" be an undirected graph and v,w € V.

(a) The distance d(v,w) of two vertices is the length of a shortest path connecting
v and w.

(b) The diameter of ' is the greatest distance between any two vertices v, w.
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Definition 1.2.16. Let I' be a regular graph. We say that I" is distance-reqular if
for two vertices v, w, the number of vertices at distance k£ to v and at distance [ to
w only depend on k, [ and d(v, w).

Example 1.2.17. The Petersen graph (Figure 1.1) and the Heawood graph (Figure
1.2) are distance-regular, see for example [32].

Definition 1.2.18. Let I' = (V, E) be a k-regular graph on n vertices. We say that
I' is strongly regular if there exist A, u € Ny such that

(1) adjacent vertices have A common neighbors,
(77) non-adjacent vertices have p common neighbors.
In this case, we say that I has parameters (n, k, A, ).

Example 1.2.19. The Petersen graph (Figure 1.1) is strongly regular with param-
eters (10, 3,0, 1), see for example [32].

Remark 1.2.20. Strongly regular graphs are exactly the distance-regular graphs
with diameter two.

The next definition introduces the intersection array. The intersection array is
important to understand the structure of a distance-regular graph.

Definition 1.2.21. Let I be a distance-regular graph with diameter d. The inter-
section array of I is a sequence of integers {bo, b1, ...,ba_1;¢1,C2, ..., Cq}, such that
for any two vertices v, w at distance d(v,w) = i, there are exactly b; neighbors of w
at distance ¢ + 1 to v and exactly ¢; neighbors of w at distance ¢ — 1 to v.

Example 1.2.22. The Petersen graph (Figure 1.1) has intersection array {3,2;1,1}
and the Heawood graph (Figure 1.2) has intersection array {3,2,2;1, 1,3}, see [32].

We will now give the definition of distance-transitive graphs.

Definition 1.2.23. Let I' be a regular graph. We say that I' is distance-transitive
if for all (i,k), (4,0) € V x V with d(i, k) = d(j,1), there is an automorphism ¢ €
Aut(T) with ¢(i) = 7, (k) = L.

Example 1.2.24. The Petersen graph (Figure 1.1) and the Heawood graph (Figure
1.2) are distance-transitive, see [32].

Remark 1.2.25. Let I'" be a distance-transitive graph and let v,w € V. Since
we have an automorphism ¢ € Aut(I') with ¢(v) = 2z, p(w) = y for every pair of
vertices x,y with d(z,y) = d(v,w), we see that the number of vertices at distance
k to v and at distance [ to w only depend on k, [ and d(v,w). Thus, we see that
every distance-transitive graph is distance-regular.
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Chapter 2

The quantum automorphism
group of a graph

This chapter concerns the definition of quantum automorphism groups of graphs and
related objects such as the quantum orbital algebra. The quantum automorphism
group of a graph constitutes the main object of the thesis. There are actually
two definitions of quantum automorphism groups, denoted G ,(I') and GZ,(T).
We start with those definitions in Section 2.1 and see how G (") behaves when
taking graph products in Section 2.2. We review the intertwiner spaces of quantum
automorphism groups of graphs in Section 2.3. In the subsequent section, we use the
quantum orbital algebra to get some further relations on the generators of G ,(T")
if the graph has certain properties. At last, in Section 2.5, we compare G, ,(T") and

G:.+(T) and give an example where Aut(T’ ) + G, (D) # GE (D).

aut

2.1 Definitions and basic properties

In 2005, Banica [3] gave the following definition of a quantum automorphism group
of a finite graph.

Definition 2.1.1. Let I' = (V| E) be a finite graph on n vertices V' = {1,...,n}.
The quantum automorphism group G ,(T) is the compact matrix quantum group

(C(Gf4(1)),u), where C(G1,,(T)) is the universal C*-algebra with generators u,;,
1 <4,5 < n and relations
dua=1=>Y w, 1<i<n, (2.1.2)
=1 =1
ue = eu, (2.1.3)
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where (2.1.3) is nothing but Y, wixer;j = Y, Eiktiy-

To justify the definition, we have to show that G ,(I') is a compact matrix

quantum group. For this, we need u,u! to be invertible. This is true by Relations
(2.1.1), (2.1.2), since we know u~! = u! for the quantum symmetric group S;. Tt
remains to show that A : C(G},(T') = C(GL,(D)RC(GL (D)), wij = >, wir®uy;
is a *-homomorphism. For this, it is enough to prove A(Y ", uier;) = AD 4 €intiny),
since we know that S; is a compact matrix quantum group.

Lemma 2.1.2 ([3]). Let I' = (V, E) be a finite graph on n vertices, let u;;, 1 <
i,j <mn, be the generators of C(G/,(T')) and let A be the map

A C(Gau(l) = C(Gau(I) @ C(Gu(I),
Ui — Z U @ Uk -

Then, we have A(D ., wikerj) = A, €iktin)-
Proof. 1t holds

A (Z uik£kj> = Z Ekj Z Ujs @ Usk,
k k s

= Z Uis ® <Z uskgkj)
s k

= Z Ujs & Z EskUkj
s k

= Z sk (Uis @ ;)
s,k

and
A (Z 5z’kukj> = Z Eik Z Uks & Usg;
k k s
= Z <Z €ikuks> & Usj
s k
= Z (Z uik5k5> X Us;j
s k

= ngs(uik ® Us;).
k,s

Thus, we have A(D ", wirer;) = AD, cintij)- =
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The previous lemma now yields that G/, ,(T") is a compact matrix quantum group.

The following proposition can for example be found in [21].

Proposition 2.1.3. Let " be a finite graph. In C(S;), Relation (2.1.3) is equivalent
to the relations

UijUgl = UpiUs5 = 07 (27 k) gé Ea (]7 l) € E7
Ui = Up Ui = 0, (i,k) € E,(j,1) ¢ E.

Proof. Assume that Relation (2.1.3) holds. Then, we have

E Uy = g Ug]

t;(t,l)eR s;(i,8)€E
for all 1 <i,0 <n. Let (i,k) ¢ E,(j,1) € E. It holds
Ui Ukl = Uiy Z Uit | Uk,
t;(t,l)er

since w;;u;; = 51,5, where we know that j is part of the sum since we have (j,1) € E.
By assumption, we obtain

Uij UK = Uiy E Uip | Ukl = Ui E Ugl | Ukl-
t;(tl)eE s;(i,s)€E

Because of (i, k) ¢ E, we see that k is not part of the sum above and since it holds
UgUi = OgpUi;, We deduce

Ui Uy = Usj g Ug | up = 0.
s;(i,5)€E

Applying the involution to w;juy = 0 yields uyu;; = 0 and we get Relation (2.1.4).
Deriving Relation (2.1.5) is completely analogous.
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Now, assume that Relations (2.1.4) and (2.1.5) hold. Then we get

S w0 (Zul)

t;(t,l)eE t;(tl)eE
= E Uit E Us]
t;(tl)eE si(s,i)eE

= E E Uz | Ugl

si(s,i)eE \t(tl)eE

¥ (z)
si(s,i)eE =

= E Us]

s;(s,0)€EE
for all 1 <i,l < n. Here we used Relations (2.1.2), (2.1.4) and (2.1.5). O

When working with the generators and relations of G, (T), it is usually more
convenient to consider Relations (2.1.4), (2.1.5) instead of Relation (2.1.3). These
relations are frequently used in Chapters 3 and 4. We also immediately get the
following lemma.

Lemma 2.1.4. Let I' = (V| E) be a finite graph without multiple edges and without
lOOpS Then Gaut( ) Giut( c)

Proof. This follows from Proposition 2.1.3, since the Relations (2.1.4), (2.1.5) stay
the same if we go over to the complement ['“. ]

There is another definition of quantum automorphism groups by Bichon [13] in
2003. This is a quantum subgroup of the one defined by Banica.

Definition 2.1.5. Let I' be a finite graph on n vertices V = {1, ...,n}. The quantum
automorphism group G, ,(I') is the compact matrix quantum group (C(G% (1)), u),
where C'(G%,,(I')) is the universal C*-algebra with generators u;;, 1 < 4,5 < n,

aut

Relations (2.1.1) — (2.1.3) and
WU = UgiUsj, (Z, k)), (], l) ek (216)

We compare the Definitions 2.1.1 and 2.1.5 in Section 2.5. The quantum group
G () is used more often nowadays, for example because Lemma 2.1.4 holds for
GL (1) and Aut(T), but not for G, (I'). Furthermore, the relations of G ,(T)

match the ones of quantum isomorphisms of graphs, see Section 7.
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The next lemma justifies that both definitions are generalizations of the auto-
morphism group of a graph.

Lemma 2.1.6. Let I' be a finite graph with adjacency matriz €. Let (A,u) be the
compact matriz quantum group, where
A= C(ugy | ug = uj; = u?j, Zu”f =1= Zu’”’ UE = EU, UjjUp; = UpUij)
k=1 k=1
= C(G (1) /uijups = upauis).
Then
C(Aut(I")) = A.

Proof. Since the C*-algebra A is commutative, the Gelfand-Naimark Theorem yields
A = C(Spec(A)). By Timmermann’s book [54, Proposition 5.1.3] we know that
Spec(A) is a group with group law m : Spec(A) x Spec(A) — Spec(A), (@1, p2) —
(p1 ® @2) o A and by definition we have

Spec(A) = {¢ : A — C unital *~homomorphism}.

Let 0 € Aut(I') € M, ({0,1}) and define ¢, (u;;) = oy for all 1 < 4,5 < n. We
show Spec(A) = {¢, | 0 € Aut(I')}. The entries 0;; obviously commute, and since
0 is a permutation matrix, we have

n n

_ _ % 2
E o =1= E o and 04 = 0y = 05
k=1 k=1

We also have oe = €0 by Definition 1.2.10, and therefore ¢, is a *~-homomorphism.
Because of

(700'(]-) = Qo (Z uzk) = ngd(ulk) = Zaik = 1a
k=1 k=1 k=1

¢, is also unital. Hence ¢, € Spec(A).
Now, let ¢ € Spec(A). Define 0;; := p(u;;). We then have ¢, = ¢. Since ¢ is a
*-homomorphism, it holds afj = 0;; = 0;; and therefore o;; € {0,1}. We also get

n n
g o=1= g o and oe = €0,
k=1 k=1

which means that o is a permutation matrix with oe = eo. Thus ¢ € Aut(I'). In
summary, we obtain Spec(A4) = {y, | 0 € Aut(I')}.
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Now, we have to check that f : Spec(A) — Aut(I'), p, — o is a group iso-
morphism. The map is obviously a bijection, it remains to show f(m(py,, ¥s,)) =

f(#01) © f(0,). Tt holds
m((QOU“ 9002»(“2']') - (8001 & QOGQ)A(UZ-]-)

= Qo (i) ® o, (gs)

= Z(Ul)z’k(@)kj
k=1

= (01 o 02)1']'

= Poi00, (uw)

and therefore m((vs,, Poy)) = Poioos- Lhus

f(m((pau 9002)) = f(gpmoaz) = 01002 = f(@pm) o f(SOUz)'

To complete the proof, we have to show C(Aut(I')) = C'(Spec(A)). By the previous
arguments, we know that the map C(Spec(A)) — C(Aut(I')), g — go f is a group
isomorphism. Since both groups have finitely many elements, we directly get that
this map is also an isomorphism of compact groups. This yields C'(Aut(I')) =
C(Spec(A)) as compact groups. O

By the previous lemma and Definitions 2.1.1, 2.1.5, we see that

Aut(T") € G(T) € Gau(T),

aut aut

i.e. we have surjective *-homomorphisms

C(Gau(T)) - C(G,

aut

() — C(Aut(I'))
Pij-

I

Ujj — Ujj
Here ¢;; is the function ¢;; : Aut(I') — C, (o) = 0y;.

The next definition is due to Banica and Bichon [6]. The terminology is used
frequently in this thesis.

Definition 2.1.7. Let I' = (V| E) be a finite graph. We say that I" has no quantum
symmetry if one of the following, obviously equivalent, conditions hold:

(i) C(G/,(T)) is commutative,

(i) C(Gau(I)) = C(Aut(I),

26



11 Aut I = G T 3 1.e. the surjection Ui5 —> Vi above 1S in fact an isomor-
aut J J
phlSHl

If (G5,

4ut (D)) is non-commutative, we say that I" has quantum symmetry.

We give the following first example.

Example 2.1.8. Let K,, = (Vk,, Ek,) be the complete graph on n vertices, i.e.
Vk, ={1,...n} and Eg, = (V x V)\{(4,7) | i € V'}. We see that (i, k) ¢ E implies
i = k and thus Relations (2.1.4), (2.1.5) translate to u;ju; = 0, wju; = 0 for j # L.
Those relations follow from Relations (2.1.1), (2.1.2) by Remark 1.1.9. Therefore,
we have G ,(K,) = S. By Remark 1.1.10, we know that C'(S;") is commutative
for n < 3 and non-commutative for n > 4. Therefore, K, does not have quantum
symmetry for n < 3 whereas for n > 4, it does have quantum symmetry. Regarding
G (K,), Relation (2.1.6) together with Remark 1.1.9 shows that the generators of

aut
G (K,,) commute. Thus G, (K,) = S,.

aut

We give more examples of quantum automorphism groups, now for the graphs
on four vertices.

Example 2.1.9. In [52], Weber and the author computed the quantum automor-
phism groups of all undirected graphs on four vertices. We have the following table,
see also [52]. Note that H," is the hyperoctahedral quantum group, see [9].

I T Aw@)  GLu() G Gou)
oo + +
. o Sy Sy Sy Sy
:—: ZQ X ZQ Z2 X ZQ Zﬁg Zﬁg
N 2 = z %
e + +

17: N S S, S, S,
m Zo Zo 7, Zs

Table 2.1: Quantum automorphism groups of all undirected graphs on four vertices.

An action of a compact matrix quantum group on a graph is an action on the
functions on the vertices, but with additional structure. This concept was introduced
by Banica and Bichon [3, 13]. It is used in Chapter 5 to compute the quantum
automorphism group of folded cube graphs.
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Definition 2.1.10. Let I' = (V, E) be a finite graph and G be a compact matrix
quantum group. Recall that

IV
CV)=Cer,. o epfei=ef = G?azej =1).
j=1

An action of G on T is an action of G on C(V') such that the magic unitary matrix
(vij)1<ij<|v| associated to the formular

Vi

oz(ez-) = Zej ® ’sz'

J=1
commutes with the adjacency matrix, i.e ve = cwv.

Remark 2.1.11. If G acts on a graph I', then we have a surjective *-homomorphism
¢ : C(GE D)) = C(G), urs v.

aut

The following theorem shows that commutation with the magic unitary u yields
invariant subspaces.

Theorem 2.1.12 (Theorem 2.3 of [3]). Let o : C(X,) — C(X,) ® C(G),a(e;) =
Zj e; ® vj; be an action, where G is a compact matriz quantum group and let K be

a linear subspace of C'(X,,). The matriz (v;;) commutes with the projection onto K
if and only if a(K) C K @ C(G).

Looking at the spectral decomposition of the adjacency matrix, we see that this
action preserves the eigenspaces of the adjacency matrix.

Corollary 2.1.13. Let I' = (V, E) be an undirected finite graph with adjacency
matrize. The action a: C(V) = C(V)@C(Guy (1)), ale:) = 3 e;@uj;, preserves

aut

the eigenspaces of €, i.e. a(E\) C E\® C(G1.(T)) for all eigenspaces Ej.

aut

Proof. It follows from the spectral decomposition that every projection Pg, onto £
is a polynomial in €. Thus it commutes with the fundamental representation u and
Theorem 2.1.12 yields the assertion. [l

2.2 Quantum automorphism groups of graph
products

We give an overview of the results regarding the quantum automorphism group of
graph products. The products are defined in Definition 1.2.13. Most of this was
worked out in [6]. We added the strong product (item (ii7)), where the proofs are
similar to those appearing in [6].
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Proposition 2.2.1. Let I'y and I's be finite graphs without multiple edges. There
are surjective *-homomorphisms between the following C*-algebras

(i) C(Gau(T100s)) = C(Ggu(T1)) ®Bmax C(Gaur(T2)),
(ii) C(Gaut(T1 x T'2)) = C(Ggu(T'1)) @max C(Gaue(T2)),
(G ) 1)
(

aut

(“Z) C F1 X FQ ) - C(Gaut( ) ®max ( :ut( )))
(ZU) C( aut I'yo FQ)) — C(Gaut< )) *w C(Gaut( ))

Proof. As mentioned in Definition 1.2.13, we have the following adjacency matrices
for those graph products

er,or, = €1y ® idw,, (o) +idm, () ® ery,

ET, xTy = €1y @ €1y,

ermr, = (er, +idm, ) ® (er, + idwm,, (c)) — 1M, (©),
Eryory = €1, ® idm,, () + J @ er,.

Here er, € M,,(C), er, € M,,(C) denote the adjacency matrices of I'y, I's, respec-
tively, J € M,,(C) denotes the all-ones matrix. Now, let w;;, vy be as in Definition
1.1.5, i.e. wijvp = vy for all 4,7, k, 1, u;; fulfill the relations of C(G/,,(T)) and
Vgt fulﬁll the relations of C'(GJ,,(I'2)). The matrix

u®v = (Uijv) (k)

is a magic unitary that commutes with er,or,,er,xr, and er,mr,, since u com-
mutes with ep, and v commutes with ep,. Therefore, we obtain the required *-
homomorphisms for (i)—(4i7). Summing over ¢ and over k, respectively, shows that
they are surjective. Similarly, the matrix (wia ;b)(iaj0) = (uz(;.l)vab)(m,jb) from Propo-
sition 1.1.11 is magic unitary and commutes with ep,or,, since u commutes with
er, and J, v commute with er,. We conclude that there is a *-homomorphism
C(GL (T 0Ty)) = C(GL(T1)) % C(GL4(T3)), where summing over i and over b,
respectively, yields surjectivity. O

The next theorem shows that if the spectra of our graphs behave in a certain way,
the surjections from above are actually isomorphisms. Recall the quantum group
products from Proposition 1.1.5 and Proposition 1.1.11. Parts (i), (i7) and (iv) can
be found in [6].

Theorem 2.2.2. Let I'y = (Vi, Ey) and T'y = (Va, Ey) be finite, connected, undi-

rected, reqular graphs. Let or, = {\;|i =1,...,n} be the set of distinct eigenvalues
of er, and op, = {p;|j =1,...,m} be the set of distinct eigenvalues of er,. Then
we have
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(7’) G;—ut(rlmr2) - G(—;ut(rl) XG(—;ut(l—é) Zf{)\l_)\] | Z?] = 17 s 7n}ﬂ{uk_ﬂl ‘ kal =
L,...,m}={0}.

(ii) GL,(Ty x Ty) = GL.(Ty) x G,.(Ts) if or,,or, do not contain 0 and

{(lij=1... n}n {8k 1=1,....m}={1}.

(i11) GgutgFl KTy = Gi.(Ty) i< Gi.(To) if or,,or, do not contain —1 and
{A;il |¢,j=1,...,n}m{5§jl |k,l=1,...,m}={1}.

(iv) Gau(TroT2) = Gru(T1) & Gaue(T2) if {h = N [i=2,....n} N {—sp;]j =
1,...,m} = 0, where s is the order (i.e. number of vertices) and \i is the

degree of the reqular graph 'y (i.e. A1 is the degree one of the vertices, which
is the same for all vertices, since I'y is reqular). Here I'y is not necessarily
connected.

Proof. We show (iii), the proof of the other statements is similar (see [6]). Let
er, = y_; APy be the spectral decomposition of er,, where we choose A\; to be the
degree of I';. Since I'y is connected, \; has multiplicity 1 and thus P; is an orthogonal
projection onto C1. Similarly, we have ep, = Ej 1;Q;, p1 being the degree of I'y,
(21 a projection onto C1. We obtain

erymr, = (ery +idu, () @ (er, +idum,, () — idm,,,. ()

= (Z(Ai + 1)B> ® (Z(uj + 1)Qj> - Z Fi®Q;

J J

= Z[()\z + 1)(/Lj + 1) - 1](PZ ® Qj)?

where we used ), P; = idy,(c), Zj Q; = idw,, (). It holds Z” P, ® Q; = idm,,,.(0)
and (\; +1)(p; + 1) — 1 are distinct scalars for different tuples (¢, j) by assumption.
Therefore, 3, [(Ai+1)(1; +1) — 1}(P; ®Q;) is the spectral decomposition of er,mr,.
Let v = (vVikji)@r, i) be the fundamental representation of GL. (T ®Ty). Since
(P, ® Q;) is a polynomial in ep,xp,, it commutes with v. Summing over ¢ and over
J, respectively, we get that v also commutes with 1 ® @); and P; ® 1, respectively.
Especially, it commutes with 1®@); and P;®1. Those are projections onto C'(V])®C1
and C1 ® C(V3). Theorem 2.1.12 shows that the action o : (C(V}) ® C(V3)) —
(C(V) @ C(13) ® C(Giu(T1 X)), e, @ e, = 3o (ey @ €q) @ vy g fulfills
a(C(V1) ® Cl) C (C(V1) ® C1) ® C(Gy,

aut

(I XTy))
and

a(Cl® C(12)) € (C1@ C(12)) ® C(Gqy(T' ¥ T2)).
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Therefore, we get

ale; ®1) =) (e, ®1) ® wy

a(l®ey) = Z(l ® €q) ® Ugp,

q
where w = (w,y), u = (u,,) are magic unitaries. We deduce
ale, ®ep) = Z(ey ® €q) @ UgpWys = Z(ey ® €q) @ Wyzlgp,
Y.q Y.q

which shows that w,, and u,, commute. Furthermore, we have v = u ® w, i.e.
Vapyg = Wayllpg- We now show that w,, commutes with er, and u,, commutes with
er,, then we get the surjective *-homomorphism C(G,,(T'1)) ®@max C(G,(T2)) —
C(Gry(Ty RTy)), wh, — Way, Uy, — Upq. For this, recall

aut
(erymr, Jiagy = [(ery)ij + dijl[(ers)ab + dap] — ij0a-

We have

(%rlxm)m,jb = Z Uia,cd<5F1®F2)cd,jb

c,d

= viaea(l(er)es + 8] [(ers)as + 0] — Ocdar)
c,d

= > wictaa([(ry)es + Ocs)l(era)ap + Oas] — Ocs6an)
c,d

and

(Srlxrgv)m,jb = Z(EFllZIFQ)ia,chcd,jb

c,d

= Z([(gFl)ic + 5@0] [(‘C:Fg)ad + 5ad] - 5i05ad)vcd,jb
c,d

= Z([(EFl)ic + 5@0] [(€F2)ad + 6ad] - 5ic§ad)wcjudb~
c,d

Recall that A\ is the degree of I';. Therefore

Z(&f[‘l)ic = )\1 = Z(gpl)cj and 250j =1.

i J
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We also know (ver,mr, )iajb = (Ermr,?)iajp and summing over ¢ and j yields

> tad((ery)an + 0a) (M + 1) = 0a) = D ((ery)ad + daa) (M + 1) = Saa)tias-
d d

This is equivalent to >, usa(er,)a = Y_4(€r,)adtiap, which means that u com-
mutes with ep,. Similarly, by summing over a and b, we obtain that w commutes
with er,. Summarizing, we get the surjective *-homomorphism C(G/,;(T'1)) @max

C(G1u(T2)) = C(Gg (T1 R Ty)), wh, = Way, U, + Upg, which is inverse to the

aut aut
map in the previous proposition. ]

Using this theorem, we can often compute the quantum automorphism group of
graph products.

Example 2.2.3. We compute the quantum automorphism groups of the products
in Example 1.2.14. For the graphs Ky and Kj, it holds o(Ky) = {—1,1} and
o(K3) = {—1,2}. By Theorem 2.2.2 (i) and (i7), we obtain

(1) G+ (KQDKg) = S2 X 53,

aut

(11) G+ (K2 X Kg) = SQ X Sg.

aut

Recall that Ky X K3 = Kg. We see that it is an important that the spectra of the
graphs do not contain —1 for the strong product (Theorem 2.2.2 (iii)) as
G+

aut

(K2 X’ Kg) - G+

aut

(K@) = Sgr 7£ SQ X 53.

Remark that the conditions of Theorem 2.2.2, (i) — (¢it), are not fulfilled if
we choose I'1 = I'y. For example, we do not know the quantum automorphism
group of the 4 x 4 rook’s graph which is the cartesian product of K, with itself.
Still, Proposition 2.2.1 is useful to see whether or not such a graph has quantum
symmetry, see for example Proposition 4.1.12. The next proposition shows what

the quantum automorphism group of the disjoint union of n copies of a graph looks
like.

Proposition 2.2.4 ([5]). Let ' be a finite graph and let nI" be the disjoint union of
n copies of I'. Then
Gt

aut

(nT) = G,

aut

(T) & Sy

One could now ask what happens for the disjoint union of non-isomorphic graphs.
For a partial answer, we need the notion of quantum isomorphism. This concept is
introduced in Section 7. Using this, we get an answer for non-quantum-isomorphic
graphs, see Corollary 7.1.4.
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2.3 Intertwiner spaces of quantum automorphism
groups of graphs

An alternative way of studying quantum automorphism groups of graphs is by look-
ing at their intertwiner spaces. By Woronowicz’s Tannaka-Krein duality [61], there
is a one-to-one correspondence of compact matrix quantum groups and tensor cat-
egories with duals. The intertwiner spaces of quantum automorphism groups of
graphs were first studied by Chassaniol in [22]. Then Manc¢inska and Roberson gave
a full description of the intertwiner spaces in [38]. We give a brief overview in this
section. We start with the classical case, see [22].

Definition 2.3.1. Let G C S,, be a permutation group and identify the elements
g € G with their associated permutation matrices. For k,l € N, let C(k,l) =
Hom((C")®k (C™)®!). The intertwiner space Cg(k,1) is defined as follows:

Ca(k,1) ={T € C(k,1) | Tg®* = ¢®'T for all g € G}.
Here g®k is the nk X nk matrix g®k = (giljl .. glk]k)’ﬁllkjl.?k

Those intertwiners form a tensor category with duals, allowing us to use Tannaka-
Krein duality later.

Proposition 2.3.2. The collection of vector spaces Cg(k,l) is a tensor category
with duals, in the sense that

(i) if T,T" € Cq(k,l), then oT + BT € Cg(k,l) for all a, B € C,

(i) if T € Cq(k,1), T € Cg(s,t), then TRT" € Ca(k + 5,1+ 1),
(i11) if T € Cq(k,1),T" € Cq(s, k), then TT' € Cq(s,1),

() if T € Cq(k,l), then T* € Cg(k,1),

(v) and we have id,, € Ce(1,1).

For permutation groups, we have the following important intertwiners.

(1) U € Cx(0,1), where U(1) =", ey,

(2) M € Cs(2,1), where M(e; ® e;) = d;5€4,

(3) S € Cq(2,2), where S(e; ®e;) = ¢; Qe

Those are intertwiners because of the properties of permutation matrices. By
definition of the automorphism group Aut(I') of a graph I', we also have
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(4) er € CAut(p)(l, 1).
Here er is the adjacency matrix of I', i.e. ep(e;) = Y, €ises.
It is shown in [22] that the tensor category is generated by the previously men-
tioned intertwiners, i.e. one can express every intertwiner in the generators using
the operations +, 0, ®, *.

Proposition 2.3.3. Let I' be a finite graph. Then
CAut(l") == <U7 M7 S7 8F>+,O,®,*-
Now, we come to the intertwiner spaces of quantum permutation groups.

Definition 2.3.4. Let Gt C S be a quantum permutation group with funda-
mental representation u € M, (C(GT)). Let u®* be the n* x n* matrix u®* =
(Wiyjy - - - Wipjy )iroinjr.ge- LThen, the intertwiner spaces Cg+ (k, 1) are

Co+ (k1) = {T € C(k,1) | Tu®" = u®'T}
for k,1 € N.
Those also form a tensor category with duals.

Proposition 2.3.5. The collection of vector spaces Cg+(k,l) is a tensor category
with duals.

This tensor category is also generated by certain intertwiners. Here S(e; ® e;) =
ej ® e; is not necessarily an intertwiner.

Theorem 2.3.6 ([22]). Let I be a finite graph. Then
CG:ut(F) = <U’ M’ €F>+,O,®,*'

The important consequence of the theorem, also using Tannaka-Krein duality, is
the following.

Corollary 2.3.7. Let I' be a finite graph. Then I" has no quantum symmetry if and
only if S € Cgr (1)(2,2).

This corollary is used in [22] to show that the Paley graphs Py3 and P;; have no
quantum symmetry. We give an alternative proof of this in Proposition 4.1.25.

The subsequent theorem gives an explicit description of the intertwiner spaces
of the quantum automorphism group of a graph. It extends Theorem 2.3.6 substan-
tially: Instead of just knowing the generators, we see what a general intertwiner of

G .(T) looks like.

aut
Theorem 2.3.8 ([38]). The intertwiner spaces of quantum automorphism groups of
graphs are the span of matrices whose entries count homomorphisms from planar
graphs to T', partitioned according to the images of certain labelled vertices of the
planar graph.

This description is used in [38] to give a nice criterion for proving that two graphs
are not quantum isomorphic, see Theorem 7.1.5.
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2.4 The quantum orbital algebra

In this section, we review results of [27] and [36] which will be used in later chapters.
Let G be a group acting on a finite set V' via the action G x V' — V', (g,x) — gzx.
Then ¢ € V and j € V are in the same orbit of G if there exists g € G such
that gi = j. One can also define a diagonal action G x (V x V) — (V x V),
(9, (z,y)) — (g9z,gy), where (i,7) € V x V and (k,l) € V x V are defined to be
in the same orbital of G if there exists ¢ € G with (gi,gj) = (k,1). There is a
similar concept for quantum permutation groups, which was introduced by Lupini,
Mancinska and Roberson in [36]. Remark that this notion was also defined by Banica
and Freslon in [11].

Definition 2.4.1. Let V be a finite set and let u be the fundamental representation
of a quantum permutation group G*. Define the relations ~; and ~5 on V and
V x V| respectively, as follows

Those are equivalence relations by [36, Lemma 3.2 & 3.4]. The orbits and orbitals
of G are the equivalence classes of these relations, respectively. In the case where
G = G/, () for some graph ', we refer to its orbits as quantum orbits of the graph

aut
. Similarly, we call the orbitals of G, ,(T") the quantum orbitals of T.

aut

The next definition is due to Higman [30].

Definition 2.4.2. Let V be a finite set. A coherent configuration is a partition
R ={R;|i € I} of V x V that satisfies the following.

(i) There is a subset J C I such that {R;|j € J} is a partition of the diagonal
{(z,z) |z e V}.

(ii) For R; € R, we also have {(y,z)|(x,y) € R;} € R.

(iii) For all 4,7,k € I and any (z,z) € Ry, the number of y € V such that (z,y) €
R; and (y, z) € R; is a constant pfj that does not depend on x and z.

We call the matrices A®, i € I, where

A0 — {L (z,y) € R;

10, otherwise,
the characteristic matrices of R.
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It is well-known that orbitals of groups form a coherent configuration. This is

also true for orbitals of quantum permutation groups, see for instance Theorem 3.10
of [36].

Definition 2.4.3. We say that a subset A C M,,(C) is a coherent algebra if
(i) A*=A,
(ii) A is a unital algebra with respect to matrix multiplication,
(iii) A is a unital algebra with respect to entrywise matrix multiplication.

Here the identity matrix [ is the unit with respect to matrix multiplication, the
all-ones matrix J is the unit with respect to entrywise matrix multiplication.

There is the following one-to-one correspondence between coherent configura-
tions and coherent algebras. On the one hand, the linear span of the characteristic
matrices of a coherent configuration R is a coherent algebra. On the other hand,
every coherent algebra A has a basis of zero-one matrices which are characteristic
matrices of a coherent configuration. Therefore, we obtain coherent algebras from
orbitals and quantum orbitals.

Definition 2.4.4 ([36]). Let I' = (V, E) be a graph. We associate the following
three coherent algebras to the graph.

(i) The coherent algebra of T', denoted CA(I") is the smallest coherent algebra
containing the adjacency matrix.

(ii) The automorphism group Aut(I') induces an action on V' x V. As stated before,
the orbitals of Aut(I') on V form a coherent configuration. The corresponding

coherent algebra is called the orbital algebra O(T").
(iii) The quantum orbitals of G ,(T') on V form a coherent configuration. The

corresponding coherent algebra is called the quantum orbital algebra QO(T').

We remark that the coherent algebra CA(I") can be computed in polynomial
time via the Weisfeiler-Leman algorithm, see [28] for more on this. The subsequent
proposition relates the three coherent algebras from Definition 2.4.4.

Proposition 2.4.5 ([36]). Let T" be a finite graph. We have the following chain of
inclusions

CA(T') C QO(T') C O(I).

Now, we come to equivalent characterizations of elements of the quantum orbital
algebra. The next proposition shows that the intertwiner space C,+ (D) (1,1) is equal
to the quantum orbital algebra.
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Proposition 2.4.6 ([36]). Let I' be a finite graph, let u = (u;j)1<i j<n be the funda-
mental representation of G, (T) and let M € M,,(C). Then uM = Mu if and only

aut

if M is in the quantum orbital algebra QO(T).

Recall from Definition 2.1.10 that there is a natural action o : C'(V) = C(V) ®
C(Gau(T)),
v

oz(ei) = Z € (059 Uy -
j=1

Such an action can be extended diagonally to a®? : (C(V)® C(V)) = (C(V) ®
C(V) ® C(Gau(I)),
14
Oé®2(ei ® €]> = Z €L X €] & /U/Zk;uj[
k=1

The following lemma will be important in Chapter 6. It connects the quantum
orbital algebra to the 2-boxes of the quantum-group-action planar algebra.

Lemma 2.4.7 ([36]). Let T be a graph and o the action from above. Then a®?(f) =
f®1if and only if f is constant on the quantum orbitals of T'.

For some cases, the coherent algebra QO(I") also determines the quantum auto-
morphism group of the graph.

Proposition 2.4.8 ([36]). Let I' be a finite graph. It holds QO(T") = M,,(C) if and
only if Gu() = {e}.

Combining Propositions 2.4.5 and 2.4.8, we see that knowledge on CA(I") can be
useful to obtain that a graph has trivial quantum automorphism group.

Corollary 2.4.9 ([36]). Let T be a finite graph. If CA(T') = M,,(C), then G, (') =
Aut(T) = {e}.

It is known that CA(I') = M,,(C) holds for almost all graphs ([2, Theorem 4.1]),
therefore we obtain the next theorem.

Theorem 2.4.10 ([36]). Almost all graphs have trivial quantum automorphism
group.

Erdés and Renyi showed in [26] that almost all graphs have trivial automorphism
group. Thus, the previous theorem constitutes the quantum analogue of this fact.
Also in [26], it was shown that almost all trees do have symmetry. The quantum
analogue of this is also true and was worked out by Junk, Weber and the author in
[35]. The key incredients of the proof are Theorem 3.1.2 and the fact that almost
all trees have two cherries.
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Theorem 2.4.11. Almost all trees do have quantum symmetry.

Summarizing, we have the following theorem.

Theorem 2.4.12.

(i) Almost all graphs have no symmetry [26].

(ii) Almost all graphs have no quantum symmetry [36].
(i11) Almost all trees have symmetry [26].

(iv) Almost all trees have quantum symmetry [35].

We turn our attention back to coherent algebras. Sometimes the coherent al-
gebra CA(T") does not help to compute the quantum automorphism group of T'.
Considering distance-regular graphs of diameter d, the algebra CA(I") is always
(d + 1)-dimensional, whereas QO(I') = M,,(C) is still possible. We restrict to
distance-transitive graphs in the following example.

Example 2.4.13. It is well-known that the coherent algebra CA(T") of a distance-
transitive graph I' of diameter d is (d + 1)-dimensional. Furthermore, if ' is a
distance-transitive graph, then also O(I") is (d 4 1)-dimensional, which implies

CA(T) = QO(T') = O(I).

In Section 4.3, we will see that the Shrikhande graph is an example of a graph
where

CAT) # QO(T).

The following proposition can also be found in [27]. We give an alternative proof
here, using the quantum orbital algebra.

Proposition 2.4.14. Let I' = (V| E) be a graph, let € be its adjacency matriz and
let (uij)1<ij<n be the generators of C(GL (D). If (€')y # (€);; for some i,j € V,
[ > 1, then u;; = 0.

Proof. By definition, we have ¢ € CA(T') and thus &' € CA(T) for all [ > 1. By
Proposition 2.4.5, we also have ¢! € QO(T). Since &' lies in the span of the character-
istic matrices of the quantum orbitals, we know that (g');; # (£');; implies that (i, 1)
and (7, j) are not in the same quantum orbital. Therefore we get u;; = w;ju;; = 0
by the definition of quantum orbitals. O]
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Remark 2.4.15. Note that it is only possible to get u;; = 0 if there is no auto-
morphism that sends ¢ to j. This is true because of the following. Let 7,7 € V
and assume there exists 7 € Aut(I') such that 7(i) = j. We get 7;; = 1 for the
corresponding permutation matrix. For the function ¢;; : Aut(I') — C, ¢(0) = oy,
we deduce ¢;; # 0, since ¢;;(1) = 1. We infer u;; # 0, because we have the
*-homomorphism C(G;“ut( )) = C(Aut(I")), u;j — ¢i;. Especially, if I' is vertex-
transitive, then w;; # 0 for all 7,5 € V. We say that I' is quantum vertex-transitive,
if u;; # 0 for all 7,5 € V. By the previous argument, we immediately see that
every vertex-transitive graph is quantum vertex-transitive. The other direction is
not true, a counterexample is given in [36].

2.5 Comparing G* (') and G ,(T")

In this section, we compare the two definitions of quantum automorphism groups of
graphs. We will see later on, that they often coincide, for example if the graph does
not contain any quadrangles (Lemma 3.2.5). Recall from Section 2.1 that

Aut(T) € G;,.(T) € GJ,,(T).

We already know graphs 'y, T'y with Aut(T'y) # GZ,,(T'1) and G%,(T) # G, (Ts).

For example, take

Fl — FZ =

We know Aut(l'y) = D, # HS = G%,,(I'y) from Table in 2.1 and G% ,(T) =

Sy # S = G}, (Ty) from Example 2.1.8. Still, we have G*_,(I'y) = GF.,(T';) and
Aut(T'y) = Gz, (I'y) for those graphs. Therefore, one may ask whether or not there

are graphs where G ,(T') and G%_,(T") are not the same and also differ from Aut(T).
We obtain some examples throughout this section.

The following lemma shows how the quantum automorphism groups behave, if
we add points to a given graph without connecting them to anything.

Lemma 2.5.1. Let [V = (V' E') be a finite graph without multiple edges with V' =
{1,...,n}, where every v € V' has at least one neighbor in V'. Now, consider
I'=(V, E), where we add k disconnected vertices, i.e. V.={1,...,n+k}, E=F'.
Then

G:m&( ) Gjut(rl> * S,_: G/fld G:;Ut

() =G,

aut

(T") = Sy
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Proof. We label the vertices of I" as follows.

lton n—+1 n-+k
I’ ° °

Then the adjacency matrix of I' is of the form

/
€ = ( € 0’“7”) ,
Onk Ork
where & denotes the adjacency matrix of IV. For n +1 < v < n + k, we have
(€2)yy, = 0, because those vertices do not have any neighbors in I'. Since every
v € V' has a neighbor, we get (£2),, > 1 for 1 < v < n. Thus, using Proposition

2414 wegetu;; =0for 1 <i<n,n+1<j<n+kandu;=0frl<j<n,
n+1<i<n+k. Therefore
U — u Ok,n
- On,k u// )

where v’ € M, (C(G/},, (1)), u" € Mp(C(G/,,(T)). Tt holds

e — u’ Ok,n 8/ Ok,n . u'e’ Ok,n
B On,k U” On,k Ok,k a On,k On,n
g Opp u Ogn ' O

EU = 1 = .
On,k Ok,k On,k U On,k On,n

We deduce that ue = eu implies v’e” = €’v’, but no further relation on «”. Summaris-
ing, we get that ' fulfills the relations of C(G,,(I")) and u” fulfills the relations of

aut

C(S;). Now, Proposition 1.1.6 yields the assertion. The result for G%,,(I") follows

aut
in the same way. [

and

With this result, we can produce examples, where we get strict inequalities be-
tween the automorphism group and the two quantum automorphism groups simul-
taneously.

Proposition 2.5.2. Take I',T" as in Lemma 2.5.1. Fork > 2 and {e} # G, (I") #
GL (1), we get

aut

Aut(D) # G=,,(D) # G2 (D).

aut aut

40



Proof. By Lemma 2.5.1, we know
GZut( ) S+*G2ut( )
Gz_ut( ) S+ * Gz_ut( />
Since we have G

aut(rl> 7é Gaut(rl> by assumptlon we get Gaut( ) # Gaut( ) As
C(S}) * C(Gz, (1)) is non-commutative for k& > 2, we get the assertion. O

We give an explicit example in the following.

Example 2.5.3. Consider the graphs

I = r =

Looking at Table of 2.1, we see

GZut( ) = Z2 X ZZ and szut(F/> = Zg * Zg.

Now, using the previous lemma yields

G(—z’—ut( ) ZQ * ZQ * ZQ, GZut( ) (ZQ X ZQ) * ZQ,

Aut(F) = ZQ X ZQ X ZQ.
and thus
Aut( ) 7& Gaut( ) 7& Gaut( )

Let us even go further and show

AUt(F) - Gaut() - Gaut()
I N I

Aut(T®) # G019 # Gaut( ‘).

The complement of I' looks as follows.
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We know that G,

aut

graph like this.

(I¢) = G,(T) and Aut(I'®) = Aut(T). For G

aut

('), label the

1
3 4°5 6
[ ] [ ] [ ] [ ]
[ d
2
We directly get
U11 1— U11 0 0 0 0
1-— U11 U11 0 0 0 0
u = 0 0 Us33 1— Uuss 0 0
0 0 1-— uss Uuss 0 0
0 0 0 0 Uss 1— Uss
0 0 0 0 1-— Uss Uss

by Proposition 2.4.14. Since we have (1,3),(1,5) € E¢, we get ujjuss = uszuy; and
up1uss = ussugz in G (T¢). Because (i,7) ¢ E€ for i € {3,4} and j € {5,6}, we do

aut
not get any commutation relation between uss and us;. Thus

*
Gaut

(T) = (Zs * Zs) X Lo,

Therefore, I' is an example of a graph where

AWD)  #  GoD) #  Gh(D)

aut aut

I N Il
Awt(T®)  #  G,I° # G,

aut aut
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Chapter 3

Tools for computing the quantum
automorphism group of a graph

We start this chapter by giving a sufficient criterion for a graph to have quantum
symmetry. For this, one has to find a certain pair of automorphisms of the graph,
which can be checked by hand or using the computer. This criterion is not necessary
(see Chapters 6 and 7), but in practice it is hard to find graphs that have quantum
symmetry while not having such a pair of automorphisms. Then we develop tools for
proving the commutativity of the generators of the quantum automorphism group.
These tools are used frequently in the next chapter. Note that in contrast to our
previous criterion, the tools are used to prove that a graph has no quantum symme-
try. At the end of this chapter, we present a strategy how to tackle the problem of
computing the quantum automorphism group of a given graph. This chapter relies
on parts of the articles [49, Section 2] and [50, Section 3] by the author.

3.1 A criterion for a graph to have quantum sym-
metry

This section is based on [49, Section 2]. We show that a graph has quantum symme-
try if the automorphism group of the graph contains a certain pair of permutations.
For this we need the following definition.

Definition 3.1.1. Let V = {1,...,r}. We say that two permutations o : V. — V'
and 7: V — V are disjoint, if o(i) # i implies 7(¢) = ¢ and vice versa, for all i € V.

We can now prove Theorem A.

Theorem 3.1.2 (Theorem A). Let I' = (V, E) be a finite graph without multiple
edges. If there exist two non-trivial, disjoint automorphisms o, 7 € Aut(T'), ord(o) =
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(') = C*(Z,, *

n,ord(7) = m, then we get a surjective *~homomorphism ¢ : C(G/,
L) In particular, T' has quantum symmetry.

Proof. Let o,7 € Aut(I') be non-trivial disjoint automorphisms with ord(c) =
n,ord(7) = m. Define

n m
A= C*<p17"‘7pTLJQI7"'7Qm|pk :pz :piacﬂ - ql* - q1272pk =1= ZQI>
k=1 =1

= CLy * Ly)-

We want to use the universal property to get a surjective *-homomorphism
¢ : C(G},(T)) — A. This yields the non-commutativity of C(GJ (")), since it
holds p;q; # q;p; in C*(Zy, * Zy,). In order to do so, define

=Y M ea+d 0" @p; —idy(cyea € Mi(C) ® A= M,(A)
=1 k=1

for V.= {1,...,r}, where 7!, 0% denote the permutation matrices corresponding to
7, 0% € Aut(T'). This yields

Us; = Z 5]»71(2-)611 + Z (5jgk(i)pk - (51']' e A.
=1 k=1

Now, we show that u’ does fulfill the relations of u € M,(C) ® A, the fundamental
representation of G ,(T). Since we have 7!, o € Aut(T'), it holds 7le = e7! and
obe =eo¥ forall 1 <1< m, 1<k <n, where € denotes the adjacency matrix of I'.

Therefore, we have

Ms

W(e®l) = g+ Zak QR pr — ier((C)®A> (e®1)

k=1

—_

5®ql—|—20 eQpr—(e®1)

I
I Mg F/_\

=1 k=1
= ®CI1+Z€U @pp—(e®1)
=1 k=1

=(e®1) <Z7’ ®qz+20 ® pr — idn,(c )

= (e@ )/
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Furthermore, it holds

r

Z u;Z = Z ( 51'7-1(]')% + Z (Sigk(j)pk> -1
=1 =1 k=1

(£ (5)

A similar computation shows > !

i—1 U;; = 1. Since 7 and o are disjoint, we have

m n ZkENij Pk, if O-(Z) 7é {
Wy =Y Sima@+ D Sor@pr — 05 = D ien, @, (i) #
=1 k=1 dij, otherwise,
where N;; = {k € {1,...,n}; o*(i) = j}, M;; = {l € {1,...,m}; 7(i) = j}. Thus,
all entries of u’ are projections. By the universal property, we get a *-homomorphism

0 : C(GL (D)) = Ajur— .

aut
It remains to show that ¢ is surjective. We know ord(c) = n. For all k; #

ko, ki, ke € {1,...,n}, there exists s € V such that

ot (s) # o (s),

as otherwise o = %2, By similar considerations, there exist ¢ € V' such that

(1) # 7 (1)

for iy # Iy, 11,15 € {1,...,m}. Therefore, we have

gO(Ulgk(l) . umk(r)) = u’lgk(l) - u;«ak(r) = Dk,
P(Urrt(1y -+ Upri () = Uiy - - - Uy = 0

for all k € {1,...,n},l € {1,...,m} and since A is generated by p; and ¢, ¢ is
surjective. 0

Remark 3.1.3. Let K, be the full graph on 4 points. By Example 2.1.8, we know
that Aut(K,) = Sy and G ,(K,) = S; . We have disjoint automorphisms in Sy: For

aut
example o = (12), 7 = (34) € S, give us the well-known surjective *-homomorphism

0:C(S)) = C* (palp=p"=p"0=q" =),
P 1—-p O 0
1l—p »p 0 0

u 0 0 q 1—q |’
0 0 1—q ¢

vielding the non-commutativity of C'(S;) (see Remark 1.1.10).
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Remark 3.1.4. Let I' = (V, E) be a finite graph without multiple edges, where there
exist two non-trivial, disjoint automorphisms o,7 € Aut(I'). To show that I' has
quantum symmetry it is enough to see that we have the surjective *-homomorphism

¢ C(Gi,D) = C*(pqlp=p"=p"a=q =),
u|—>a®p+7®q+idMT(c)®(1—q—P)-

Remark 3.1.5. In Theorem 6.3.3, we will see that the Higman-Sims graph is an
example of a graph that has quantum symmetry but no disjoint automorphisms.
Thus, the converse direction of Theorem 3.1.2 is not true. Besides the Higman-Sims
graph, one of the graphs appearing in Example 7.2.7 also has those properties. On
the other hand, for graphs on a small number of vertices (n < 6), having disjoint
automorphims is equivalent to having quantum symmetry, see the author’s joint
work with Eder, Levandovskyy, Schanz, Steenpass, and Weber [25].

3.2 Tools for proving commutativity of the gen-
erators

In this section, we develop tools to obtain commutation relations between the gen-
erators of the quantum automorphism group. In contrast to the previous section,
these tools are used to prove that a graph does not have quantum symmetry. We
are guided by Section 3 of [50] by the author. The following, trivial fact can be
found for example in [48].

aut

Lemma 3.2.1. Let (u;j)1<ij<n be the generators of C(G,(T)). If we have
Ujj Ukl = UjjUplUqj
then u;; and uy commute.

Proof. Since u,juru,; is selfadjoint, we infer the result. O

3.2.1 Path length comparison

Looking at Definition 2.1.1 and especially Relations (2.1.4), (2.1.5), we have orthog-
onality for generators u;; and uy of C'(G/,,(T)) if the vertices 4, k are adjacent and
J, 1 are non-adjacent or vice versa. The next lemma shows that u;; and wuy; are also
orthogonal if d(i, k) # d(j,1), where d(, j) denotes the distance between vertices i
and j, see Definition 1.2.15. This yields that, if we want to show that a graph has

no quantum symmetry, it suffices to look at words u;juy;, where d(i, k) = d(j,1).

Lemma 3.2.2. Let I' be a finite, undirected graph and let (u;j)1<; j<n be the gener-
ators of C(G1,,(T)). If we have d(i, k) # d(j,1), then u;;ug = 0.

aut
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Proof. We may assume m := d(i, k) < d(j,[). For m = 0, we get i = k and hence
u;jjuy = 0 since w;j, u; are orthogonal projections by Relations (2.1.1), (2.1.2). If
m = 1, then (i,k) € E while (j,1) ¢ E, so Relation (2.1.5) yields the assertion.
Otherwise, there is a path of length m > 2 from ¢ to k, say ¢, a1, as,...,a,_1,k. By
Relation (2.1.2), we get

UijUgr = Usj (Z ualb1> (Z ua2b2) cee Z Uay,—1bm—1 | Ukl
b1 ba bin—1

- E uijua1b1u02b2 st ua'mflanflukl‘
bl ----- bmfl

Since d(j,1) > m, there is no path of length m between j and . Thus, for all
bo :==74,b1,...,bm_1,bn := [, there are two vertices b, b,.1 with (b,,b,11) ¢ E. We
get Uq b, Ua, , 1b,., = 0 by Relation (2.1.5) and therefore

uijualblu@b? . uamflbmflukl = O

for all by,...,b,_1. We conclude
uijukl = E uijualbluam . uamflbmflukl = O
bl?“'vbm—l

]

Remark 3.2.3. Lemma 3.2.2 also follows from the fact that pairs of vertices at
different distances are not in the same quantum orbital, see Section 2.4.

3.2.2 Pairs of vertices in the same distance

Because of the previous lemma, we are interested in showing w;juy = upu;; for
d(i,k) = d(j,1), since this is enough to prove that a graph has no quantum symmetry.
We will see that for distance-transitive graphs it suffices to study one pair of vertices
(71, 11) in distance m to obtain commutativity of all w;;, uy with d(¢, k) = d(j,1) = m.

Lemma 3.2.4. Let I' be a distance-transitive graph and let (u;;)1<i j<n be the gener-

ators of C(G,(T)). Let j1,l1 € V and put m = d(ji,11). If Uaj e, = Upi, Uaj,
for all a,b with d(a,b) = m, then we have wjjuy = wyu;; for all i,k,j,1 with

d(j,1) = m = d(i, k).

Proof. Let ji,l;1 € V and g, up, = wp,Uqj, for all a,b with d(a,b) = m. Fur-
thermore, let ¢ € Aut(T'). We have e(pup™') = (pup~')e since ¢ and ¢! com-

mute with the adjacency matrix € of I'. Therefore, the map ¢ : C(GL,(T)) —

aut
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C(GL4(T), uij = (pup™)ij = U@y is a *-isomorphism for all ¢ € Aut(I"). For
all pairs j,! with d(j,1) = m, there is a graph automorphism ¢,; with ¢;;(j1) = J,
@;i(l1) = 1, since I' is distance-transitive (see Definition 1.2.23). Let ©;; be the

*-isomorphism corresponding to ¢;;. We obtain
Wij Ukl = 901,1(%;} (z‘),jl%;}(k),h) = %J(%;}(k),ll%;} (i).1) = Ukt

for all 4, j, k, 1 with d(j,1) = m = d(i, k), since we know d(go;ll(i), cp;ll(k)) = m and

thus have U i),y U () = Yorh 0l YT M i) by assumption. O

3.2.3 No common neighbors

For the rest of this section, we give criteria on properties of the graph I" (for example
containing quadrangles or having certain values in the intersection array) that allow
us to say that certain generators of G,(I') commute. The following theorem gen-

eralizes Theorem 3.2 of [48], which shows that G/ ,(P) = G%,,(P) for the Petersen
graph P (see Figure 1.1). Recall that a quadrangle is a cycle on four vertices, see

Section 1.2.

Lemma 3.2.5. Let I' be an undirected graph that does not contain any quadrangle.
Th‘en qut(r) = GZut<F)

Proof. Let (u;j)1<i j<n be the generators of C(G/,,(T)) and let (i, k) € E, (5,1) € E.
It holds

UijUKL = Ugj UKL g Usjs
s;(l,s)eE

by Relations (2.1.2) and (2.1.5).

Take s # j with (I,s) € E. Since we also have (j,1) € FE, the only common
neighbor of j and s is [ as otherwise we would get a quadrangle in I', contradicting
our assumption. Hence, for all a # [, we have (a,s) ¢ E or (a,j) ¢ E. The vertices
are related as follows.

a
o

k [
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Therefore, Relation (2.1.5) implies ugau;s = 0 or u;jug, = 0 for all a # [. By also
using Relations (2.1.1) and (2.1.2), we get

n
Uij Uk Uis = Usgj < E Uka) Uis = UijjUis = 0.

a=1

Therefore, we obtain

UijUER] = Ui U] E Uis | = UjjULiUis
s;(l,8)eE

and we conclude wu;jug = ugu;; by Lemma 3.2.1. This yields G/,(T') = G&,,(T). O

3.2.4 One common neighbor

The upcoming lemma deals with graphs where adjacent vertices have one common
neighbor. This common neighbor yields orthogonality of certain products of gener-
ators, which implies G, ,(T") = G%,,(T").

aut

Lemma 3.2.6. Let I" be an undirected graph such that adjacent vertices have exactly
one common neighbor. Then G, ,(T) = G%,(T). In particular, we have G ,(T') =

aut aut aut
G (D) for distance-regular graphs with by = by + 2 in the intersection array.

Proof. Let (u;j)1<ij<n be the generators of C(G,

aut(F)) and let (Zuk)7<.]7 l) €L
Using Relations (2.1.2), (2.1.5) we get

UijUKL = Uij UKL E Usp
p;(l,p)EE

Let us now take a closer look at the products u;juru;,. We want to show w;ju iy, =
0 for p # j,(l,p) € E. Firstly, there is exactly one p; # 7, (l,p1) € E such that
(p1,7) € E since adjacent vertices have exactly one neighbor and we have (j,1) € E.
In this case we have (j,a) ¢ E or (a,p1) ¢ E for a # [, because [ is the only common
neighbor of 5 and p;. We deduce

Ui Ukl Uip, = Uij ( g Uka> Uip, = UijUip, = 0

a

by Relations (2.1.5) and (2.1.2).
Secondly, let p ¢ {j,p1}, ([,p) € E and let s be the only common neighbor of i
and k. The vertices are related like this:
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It holds
WijUk = Uij (Z usb) Ul = Ui Usp, Ukl (3.2.1)
b

by Relations (2.1.2), (2.1.5), since p; is the only common neighbor of j and . We also
know that j is the only common neighbor of p; and [ and since we have (I,p) € E,
we deduce (p1,p) ¢ E. Relations (2.1.2), (2.1.4) now yield

0 = Ugp, Uip = Usgp, ( E Ucz> Uip = Ugp, Ukt Wip (3.2.2)

[

because k is the only common neighbor of s and i. Using Equations (3.2.1) and
(3.2.2), we obtain

Ui Ukl Uip = UgjUsp, UpyUsp = 0.
Summarizing, we have for all p # j:
Ui U Uiy = 0.
Finally, we get

Uij UKL = Ui Ul < E uip) = Ui Ui Uy

p

and by Lemma 3.2.1 we conclude w;jug = ugu;; for (i, k), (4,1) € E. O

Remark 3.2.7. By Lemma 3.2.5 and Lemma 3.2.6, we see that G%,,(T) # G, (')
can only hold for graphs that contain quadrangles where additionally adjacent ver-

tices do not have exactly one common neighbor.
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3.2.5 A technical lemma

The next lemma is technical and mostly used to shorten the upcoming proofs.

Lemma 3.2.8. Let I' be a finite, undirected graph and let (u;j)1<; j<n be the gener-
ators of C(G/,,(T)). Let d(i,k) = d(j,1) = m. Let q be a vertex with d(j,q) = s,

aut

d(gq,l) =t and ugeg = Ugqui for all a with d(a, k) =t. Then

UijUgl = Ujj Ukl E Uip-
p;d(l,p)=m,
d(p,q)=s

In particular, if we have m = 2 and if G}, (T) = Gz, (L) holds, then choosing
s =t =1 implies
UjjUgl = Ujj Ukl Z Uip-

p;d(l,p)=2,
(p9)EE

Proof. Using Lemma 3.2.2 and Relation (2.1.2), we know

UijUKL = Ugj UKL E Usgp-
p;d(l,p)=m

Additionally, we want to obtain

UijUEKL = Uij UKL E Usgp-
p;d(l,p)=m,
d(p,q)=s

The idea is to insert the condition on the distance s at some position in the mono-
mials and then move it next to the sum Zp;d(l,p):m Uip USING UkiUaqq = UgqUki- The
sum will then inherit it, in a way. The vertices are related as follows, where an edge
labelled by m denotes a path of length m between the vertices.
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By Relation (2.1.2) and Lemma 3.2.2, we have

UijUkl = Usj (

D e

a

) Uk = U E Uqq | Ukl-
a;d

(k,a):t,
d(i,a)=s

Furthermore, also by Relation (2.1.2) and Lemma 3.2.2, it holds

UijUEK] =

D tag

a;d(k,a)=t,
d(i,a)=s

D, tag

a;d(k,a)=t,
d(i,a)=s

D, tag

a;d(k,a)=t,
d(i,a)=s

Uk

Ul E Usp

p

Ukl E Ugp-

p;d(L,p)=m

Now comes the crucial step, shifting the inserted sum next to Zp; d(l,p)=m Wip- Since
we have ugjte, = ugqur for all a with d(a, k) =t and by Lemma 3.2.2, we get

UjjUgr = Uy

= Ui Ukl

= U Ukl

E Uqq | Ukl § Usp

a;d(k,a)=t,
d(i,a)=s

a;d(k,a)=t,
d(i,a)=s

pid(L,p)=m

D

pid(L,p)=m

E Uip-

p;d(l,p)=m,
d(p,q)=s

We reverse the shifting by using ut.q = waqup for all a with d(a, k) =t again. We
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obtain

Uij UK = Ui U] E Uaq E Uip

a;d(k,a)=t, p;d(l,p)=m,
d(i,a)=s d(p,q)=s
= uij E uaq Ukl E Uip.
a;d(k,a)=t,d(i,a)=s p;d(l,p)=m,
d(p,q)=s

By Lemma 3.2.2 and Relation (2.1.2), we get

UgjUgy = Ugj (E uuq) Ukl E : Wip
pid(

a b l’p):m7
d(p,q)=s
= Ujj Ukl Z Uip
pid(l,p)=m,
d(p,q)=s
and this completes the proof. O]

3.2.6 Relations between vertices in certain distances

The following result is helpful, if one has a specific labelling of the vertices and if
it is not too hard to see which vertices are in distance m to the given ones. It is a
more sophisticated version of Lemma 3.2.6, now considering vertices in distance m
instead of adjacent vertices.

Lemma 3.2.9. Let I" be a finite, undirected graph and let (u;j)1<ij<n be the gen-
erators of C(G},(T)). Let d(i,k) = d(j,1) = m and let p # j be a vertex with

aut

d(p,l) =m. Let q be a vertex with d(q,l) = s and d(j,q) # d(q,p). Then

Uyj E Ukt | Usp = 0.

t;d(t,5)=d(t,p)=m,
d(t,q)=s

FEspecially, if | is the only vertex satisfying d(l,q) = s, d(l,j) = m and d(l,p) = m,
we obtain wijuguy, = 0.

Proof. By Relation (2.1.2) and Lemma 3.2.2, it holds

Uyj E Ukt | Uip = Uqgj E Uqq E Ukt | Usp-

t;d(t,j)=d(t,p)=m, a;d(i,a)=d(5,9), td(t,5)=d(t,p)=m,
d(t,q)=s d(k,a)=s d(t,q)=s
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Now, let b # t, for all ¢t appearing in the above sum. We prove

uij E Uqq ukbuip = 0.

a;d(i,a)=d(5,9),
d(k,a)=s

Indeed, if d(b, q) # s or d(b,p) # m, then we get

Ujj E Uqq | Urptip = 0,

a;d(i,a)=d(5,9),
d(k,a)=s

by Lemma 3.2.2. On the other hand, if d(b,q) = s and d(b,p) = m, then we have
d(b, j) # m by assumption. This yields

Ujj E Ugq | UkpUip = WijUkpUip = 0,

a;d(i,a)=d(j,q),
d(k,a)=s

also by Relation (2.1.2) and Lemma 3.2.2. Therefore, we have

Uyz E Ukt | Uip = Uqgj E Uqaq g Ukt | Uip

td(t,5)=d(t,p)=m, a;d(i,a)=d(j,q), td(t,5)=d(t,p)=m,
d(t,q)=s d(k,a)=s d(t,q)=s

= uij E an ( E Ukb) Uip'
b

a;d(i,a)=d(j,q),
d(k,a)=s

Using >, ug, = 1, we deduce

Uij > Upy | Uip = Ui S g | uip
t;d(t,5)=d(t,p)=m, a;d(i,a)=d(j,9),
d(t,q)=s d(k,a)=s

Since we assumed d(j,q) # d(q,p), the condition d(i,a) = d(j,q) implies d(i,a) #
d(q,p). Thus, Lemma 3.2.2 yields wu,qu;, = 0 for all such a and we get

Uy g E Ukt | Uip = Uqgj E Uqq | Uip = 0.

t;d(t,j)=d(t,p)=m, a;d(i,a)=d(35,9),
d(t,q)=s d(k,a)=s
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3.2.7 Values in the intersection array

In the subsequent lemma, we see that certain values in the intersection array of a
graph I' give commutation relations of the generators of G ,(I"). Recall Definition
1.2.21 of the intersection array.

Lemma 3.2.10. Let ' be a distance-reqular graph with intersection array
{bo,b1, ... ba_1;c1,02,...,cqa} and let (ui;)1<ij<n be the generators of C(GL,(T)).
Let ¢, > 2 for some m > 2 and assume

UijUE] = U Uij
for all vertices i, j, k,l with d(i,k) = d(j,1) =m — 1. If
(a) ca =1 and by + 1 = by,
(b) co =1 and by + 2 = by,
(c) orcy =2, m=2 and by + 3 = by,
then we have w;juy = upu;; for all i,j,k, 1 with d(i, k) = d(j, k) = m.
Proof. Let d(i, k) = d(j,1) = m. Since ¢,, > 2, there are two neighbors ¢, 7 of j in

distance m — 1 to [. Since we have g Upg = Upqtiae Tor d(a,b) = d(c,d) = m — 1 by
assumption, we get

Ui Uk = Uij Uk g Uip and  wuy = Uijuy g Uip
p;d(p,l)=m, p;d(p,l)=m,
(tip)eE (T.p)EE

by Lemma 3.2.8. We deduce

Uij UK = Ui Ul g Usp
p;d(p,l)=m,
(tp)eE
= Ui Uk E Usp g Usp
p;d(p,l)=m, p;d(p,l)=m
(r,p)€EE (t,p)EE



= Ujj Ukl Z Usp
pid(p,l)=m,
(T,p)EE,(t,p)EE

In case (a), we know from by + 1 = by that I" does not contain a triangle.
Therefore we have d(t,7) = 2, since they have a common neighbor j and they are
not connected, because otherwise there would be a triangle in I'. Then ¢, = 1 implies
that j is the only common neighbor of ¢t and 7. Thus only j satisfies d(j,1) = m,
(r,j) € E, (t,j) € E.

In case (b), we either have (t,7) € E or d(t,7) = 2. If (t,7) € E, then by +2 = by
implies that j is the only common neighbor of ¢ and 7. If d(t,7) = 2, we get that j
is the only common neighbor of ¢t and 7 because ¢y = 1.

In case (c), we get that j and [ are the only common neighbors of ¢t and 7 by
similar considerations as in case (b). Thus, j is the only vertex satisfying the above
conditions.

Summarizing, in all three cases

UijUKL = Uij UKL E Uip | = Uij Uk U4

p;d(p,l)=m,
(T.p)EE,(t,p)EE

and then Lemma 3.2.1 completes the proof. m

3.3 A strategy to compute the quantum automor-
phism group of a given graph

In this section, we give a checklist to follow if one wants to compute the quantum
automorphism group of a graph.

First, one should check if the automorphism group of the graph has disjoint
automorphisms.

(1) If I" has disjoint automorphisms, we get that the graph has quantum symmetry
by Theorem 3.1.2. Now, we want to know G ,(T") precisely. This may be a
complicated task, one can try to proceed as follows.

(1.1) Check if I" is a graph product that fulfills the conditions appearing in
Theorem 2.2.2. If T" is such a product, we obtain the quantum automor-
phism group and we are done if we know the quantum automorphism
groups of the graphs it is constructed from.
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(1.2)

(1.4)

Otherwise, try to use the coherent algebra (see Section 2.4) to get some
insight about the generators and their products. Sometimes this is enough
to obtain the quantum automorphism group, see for example Corollary
2.4.9.

If I' is a Cayley graph, one can use its eigenvalues and eigenvectors to
compute G ,(I'). This works for example for the cube graphs ([9]) and

the folded cube graphs (Chapter 5). Still, if the generating set is not nice,
the relations get complicated really quickly.

Apart from that, one has to invent new methods to compute the quantum
automorphism group of the graph.

(2) If T has no disjoint automorphisms, then it is not clear whether or not I' has
quantum symmetry. Still; it seems to be a good idea to first try to prove that
it has no quantum symmetry. We have to show that the generators of G/, (T)
commute. The strategy may be as follows.

(2.1)
(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

aut

By Lemma 3.2.2, we know that it suffices to show w;jui = wuiu;; for
d(i, k) = d(j,1).

Choose a distance d(i, k) = d(j,l) = m (usually, one starts with m = 1,
then m = 2 and so on).

First check if Lemma 3.2.5, Lemma 3.2.6 or Lemma 3.2.10 applies. If this
is the case, then we know w;;u = ugu,; at least for d(i, k) = d(j,1) =m
for this fixed m.

If ' is distance-transitive, we know that it is enough to show wu;; uy, =
U, U5, for one pair (j1,{1) and all (4, k) with d(7, k) = m by using Lemma
3.2.4. Otherwise one has to consider several cases.

If we know the neighbors of [; (for example because of a known construc-

tion of the graph), one can apply Lemma 3.2.9 and use the equations to
deduce w;jup = ugu;; for d(i, k) = d(j,1) = m.

If this does not work, we have to treat this distance m in the graph as a
special case and try to get w;jup = ugu;; by other methods.
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Chapter 4

Some families of graphs that have
no quantum symmetry

This chapter constituted the centerpiece of the thesis in hand. Using the results of
the previous chapter, we prove that several families of graphs do not have quantum
symmetry, where we focus on distance-transitive graphs. Recall that a distance-
transitive graph is a graph such that for any given pair of vertices ¢, j in distance a
and any other pair of vertices k, | with d(k,l) = a there is a graph automorphism
0:V — V with 0(i) = k and o(j) = [. Distance-transitive graphs usually have large
automorphism groups. Furthermore, the class of distance-transitive graph contains
many well-known graphs such as the Petersen graph. We start by showing in Section
4.1 that the odd graphs, the Hamming graphs H(d,3), the Johnson graphs J(n,2)
and the Kneser graphs K (n,2) have no quantum symmetry. Furthermore, we prove
that the Moore graphs of diameter two and the Paley graphs Py, P53 and P;7 have no
quantum symmetry. We proceed with showing in Section 4.2 that all cubic distance-
transitive graphs of order < 10 have no quantum symmetry. Note that the Petersen
graph (see Figure 1.1) is isomorphic to the odd graph O3 and the Kneser graph
K(5,2), while it is also a Moore graph of diameter two as well as a cubic distance-
transitive graph. Thus, we especially show that the Petersen graph has no quantum
symmetry, i.e. G ,(P) = Ss5. This answers a question asked by Banica and Bichon
([6]) in 2007. In Section 4.3, we investigate more quantum automorphism groups
of distance-regular graphs of order < 20. The graphs appearing in Sections 4.1 —
4.3 and their quantum automorphism groups are listed in the Tables 1 and 2 in the
introduction. In the beginning of every section, we will also give small tables with
the graphs appearing therein. Sections 4.1 — 4.3 are based on the articles [48] and
[50] by the author. Finally, we give an example of a graph I' with Aut(T") = Zg X Zs
that has no quantum symmetry in Section 4.4.
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4.1 Families of distance-transitive graphs

In this section we deal with families of distance-transitive graphs. Those are graphs
with large automorphism groups and Lemma 3.2.4 allows us to tackle their quantum
automorphism groups. The considered families are well-known and can for example
be found in [18]. Their quantum automorphism groups have not been computed
before. The families are mostly constructed from systems of sets, which is useful in
order to keep track of how certain vertices are related or what vertices in a certain
distance look like. This allows us to use tools like Lemma 3.2.9 effectively. We refer
to [50, Section 4] by the author. We obtain the following table from the results of
Section 4.1.

Name of T Order Aut(T") G, () Intersection array
Paley graph Py ([6]) 9 S31Zs Aut(T')  {4,2;1,2}

Petersen graph 10 Ss Aut(T')  {3,2;1,1}

Paley graph P13 ([22]) 13 Zyz X Zg Aut(T)  {6,3;1,3}

Paley graph Pi7 ([22]) 17 Zi7 X Zg Aut(T')  {8,4;1,4}
Hoffman-Singleton graph 50 PSU(3,5%) Aut(I') {7,6;1,1}

Johnson graph J(n,2),n > 5 (%) Shn Aut(T)  {2n—4,n—3;1,4}
Kneser graph K(n,2),n > 5 (5) Sn Aut(T)  (xh)

Odd graphs Oy, G Sak—a Awt(T) (%2

Hamming graphs H(n, 3) 3" S35, Aut(T) (%)

Table 4.1: The graphs appearing in Section 4.1

Here
(x') ={(n—2)(n—-3)/2,2n —8;1,(n —3)(n — 4)/2},
**) ={kk—1k—1...0+1,1+1,0;1,1,2,2,... 1,1} for k=2l — 1
{k,k—1,k—1,...0+1,1+1;1,1,2,2,...,1 — 1,0 — 1,1} for k = 21,
(**) ={2n,2n—2,...,2;1,2,... ,n}.

Looking at Table 4.1, we especially read off the next theorem (Theorem C (7)).
Theorem 4.1.1. The Petersen graph has no quantum symmetry.

It was asked in 2007 by Banica and Bichon ([6]) whether or not the Petersen
graph has quantum symmetry. Theorem 4.1.1 was proven first by the author in [48].
Then, the author generalized the techniques of [48] in [50]. Therefore, the previous
theorem is a special case of Theorem 4.1.7, Theorem 4.1.18 and of Theorem 4.1.20.
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4.1.1 The odd graphs

We show that the odd graphs do not have quantum symmetry. The odd graphs
generalize the Petersen graph P in the sense that O3 = P. We use the strategy
described in Section 3.3.

Definition 4.1.2. Let & > 2. The graph O, with vertices corresponding to
(k — 1)-subsets of {1,...,2k — 1}, where two vertices are connected if and only
if the corresponding subsets are disjoint is called odd graph.

The odd graphs have the following properties, see for example [18, Proposition
9.1.7]. Recall the definitions of diameter, girth and intersection array from Definition
1.2.15, Definition 1.2.2 and Definition 1.2.21, respectively.

Remark 4.1.3. Odd graphs are distance-transitive with Aut(Oy) = Sox_1, diameter
k — 1 and girth g(Oy) > 5 for k > 3. They have the intersection array

(bk—1k—1..1+1,1+1,0;1,1,2,2,...,1,0} for k=20 — 1,
{kk—1,k—1,... 01+11+1;1,1,2,2,...,1—1,1— 1,1}  for k = 2L.

The following easy lemma is given for the convenience of the reader and is used
in the upcoming proofs.

Lemma 4.1.4. Let T be a graph with girth g(I') > 5. Then vertices i, j with d(i,j) =
2 have exactly one common neighbor.

Proof. By definition, vertices i, 7 with d(7,7) = 2 have a common neighbor, say s.
If there exists another common neighbor ¢ # s, then we get a quadrangle i, s, j,t, 4
in the graph which contradicts g(I") > 5. O

The next lemma describes for the odd graphs how subsets corresponding to
vertices in distance two are related. This will be used freely in the upcoming theorem.

Lemma 4.1.5. Let Oy, be an odd graph, k > 3 and consider two vertices v,w € Vo, .
Then d(v,w) = 2 if and only if the corresponding (k — 1)-subsets of {1,...,2k — 1}
have exactly k — 2 elements in common.

Proof. By definition, it holds d(v, w) = 2 if and only if v, w are distinct, non-adjacent
and they have a common neighbor. Looking at the definition of O, we see that v,
w have a common neighbor if and only if there is a (k — 1)-subset of {1,...,2k — 1}
that is disjoint to the subsets corresponding to v and w. But this is true exactly
if the union of the corresponding subsets has equal or less than £k elements, which
also shows that v and w are not adjacent if they have a common neighbor. Since we
are dealing with (k — 1)-subsets, having less than k elements already implies v = w,
therefore the union of the subsets has exactly k elements. It is easy to see that the
union of (k— 1)-subsets has k elements if and only if the subsets have k£ — 2 elements
in common. [
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Example 4.1.6. The graph O, is the triangle and O3 is the Petersen graph (see
Figure 1.1). We know that Oy has no quantum symmetry by Example 2.1.8. We
will see that the Petersen graph also has no quantum symmetry.

{1,2}

{15) /\ (3.4
NS V7
P
{2,3} {1,5}

Figure 4.1: The odd graph Oj is isomorphic to the Petersen graph

We are now ready to prove Theorem C (ii).
Theorem 4.1.7. The odd graphs have no quantum symmetry.

Proof. Since we know that O; has no quantum symmetry, we can assume k£ > 3.
Then we know that Oy, has girth g(O;) > 5 and thus we get G/,(0Or) = G=,,(O%)
by Lemma 3.2.5, i.e. Relation (2.1.6) holds.

The odd graph Oy has diameter k—1. Taking this and Lemma 3.2.2 into account,
it remains to show w;ju,, = upus; for 2 < d(i,p) = d(j,q) < k — 1.

Take d(i,p) = d(j,q) = 2. We want to show u;ju,, = up,u;;. Since Oy is
distance-transitive, it is enough to show u;;u,, = up.u;; for the vertices

o j={1,....k—1},
e q={1,....k—2k}
by Lemma 3.2.4.

k
Step 1: It holds w;jupg = Uijup, Y, Wia,, where ds is the vertex {1,..., k}\{s}.
s=1,
s#k—1

By Lemma 4.1.4, the vertices j and ¢ have exactly one common neighbor. This is
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a={k+1,...,2k —1}. Since G/,,(Oy) = Gz

aut aut(Ok)7 we get
Wijipg = Uijlpg § Wip

b;d(b,q)=2,
(a,b)eE

by Lemma 3.2.8. Let us now take a look at neighbors b of a in distance 2 to q.
Neighbors of a = {k+1,...,2k — 1} are d;, = {1,...,k}\{s}, where s = 1,... k.
Those are in distance two to ¢ if s # k — 1 and we have d, = j. Thus

k
UijUpg = UijUpq E Uip = UijUpq E Uid, -

b7d(b7q):27 8:17
(a,b)EE s#k—1

Step 2: It holds w;jupquiq, =0 for all s € {1,..., k—2}.

Take dg with s € {1,...,k—2}. Lett ={1,...,k—2,k+1}. We get that d(j,t) = 2
and d(q,t) = 2 since they have the common neighbor {k,k + 2,...,2k — 1} and
{k—=1,k+2,...2k — 1}, respectively. Because t Uds = {1,...,k + 1}, we see that
there is no (k —1)-subset of {1,...,2k — 1} disjoint to both ¢ and dy and we deduce
d(t,ds) # 2. Furthermore, we get that ¢ and r, = {1,...,k — 1,k + 1}\{s} are
the only vertices in distance two to j,ds and ¢. This holds since the only (k — 1)-
subsets of {1,...,2k — 1} that have k — 2 elements in common with {1,... k— 1},
{1,...,k}\{s}, s # k— 1,k and {1,...,k — 2)k + 1} are {1,...,k — 2,k} and
{1,...,k =1,k + 1}\{s}. Now, Lemma 3.2.9 yields

Uij (Upg + Upr, )Uia, = 0. (4.1.1)

Since we have g(Of) > 5, i and p have exactly one common neighbor by Lemma
4.1.4. We denote the common neighbor by c. Recall that a is the only common
neighbor of j and ¢. Using Equation (4.1.1), we get

UeqUij (upq + uprs)uids =0
and because of Relation (2.1.6), we obtain

UijUca(Upg + Upr, )Uid, = 0.
Since the sets {k+1,...,2k—1} and {1,...k—1,k+1}\{s} are not disjoint, we have
(a,rs) ¢ E. But we know (¢, p) € E by the choice of ¢, thus we get w;jucqtpy, Uig, = 0

by Relation (2.1.5). This yields

UijUeqUpgid, = 0. (4.1.2)
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The vertex a is the only common neighbor of j and p, therefore it holds

UjjlheaUpg = Uij (E :uce> Upg = Uijlpq

e

by Relations (2.1.2) and (2.1.5). We deduce
Ui UpgUid, = WijUcqUpgUiq, = 0
from Equation (4.1.2).

Step 3: It holds u;jupg = UpgUij.
Recall that dy = j. From previous steps, we get

k
UijUpg = UijUpg Z Uids, = Ujjlpqij
=1,
s;ékfl
and Lemma 3.2.1 yields w;jupg = Upqgtj-

By the previous considerations, it remains to show wu;u,, = upsu;; for 3 <
d(i,p) =d(j,q) < k—1. We have co = 1, by +1 = by and ¢4 > 2 for all d > 3 in the
intersection array of Oy and thus we obtain the desired equations by using Lemma
3.2.10 (a) (k — 3)-times. O

4.1.2 Hamming graphs

In this subsection, we give a precise description for which values d, g € N the Ham-
ming graph H(d, q) has quantum symmetry and for which it does not. Hamming
graphs include the n-cube graphs, for which the quantum automorphism groups are
already known from [9].

Definition 4.1.8. Let S ={1,...,q} for ¢ € N and let d € N. The Hamming graph
H(d,q) is the graph with vertex set S¢, where vertices are adjacent if they differ in
exactly one coordinate.

Remark 4.1.9. Note that vertices in H(d, q) are in distance m to each other if and
only if they differ in exactly m coordinates.

We state some properties of the Hamming graphs in the following remark, see
for example [18, Theorem 9.2.1] and [19, Subsection 12.4.1].

Remark 4.1.10. The Hamming graphs are distance-transitive and we have
H(d,q) = Kqu, where O denotes the Cartesian product of graphs (see Definition
1.2.13).
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Hamming graphs include the following families of graphs.

Example 4.1.11.
(i) The Hamming graphs H(d, 1) are the complete graphs Kj.
(ii) For ¢ = 2, we obtain the n-cube graphs.

(iii) The Hamming graphs H (2, q) are the ¢ x ¢ rook’s graphs.

(3,1) (3,2) (3,3)

Figure 4.2: The Hamming graph H(2, 3)

The following proposition is an easy consequence of Proposition 2.2.1.

Proposition 4.1.12. Let ¢ >4, d€ N orq=2,d > 2. Then H(d,q) has quantum
symmetry.

Proof. Let ¢ > 4, d € N. We know H(d,q) = KJ* and by Proposition 2.2.1, we
have a surjective *-homomorphism ¢ : C(Gy,.(H(d,q)) = C(S})QC(GL,(K741)).
Thus, if ¢ > 4, this yields that C'(G,:(H(d, q))) is non-commutative, because C(S;")
is non-commutative.

Let ¢ = 2, d > 2. We get a surjective *-homomorphism ¢ : C(G.,(H(d,2)) —
C(H;)@C’(Gjut(KQDd_Q)) by Proposition 2.2.1. Thus the C*-algebra C(G,,(H (d,2))
is non-commutative, since C(H, ) is non-commutative. [l

Theorem C (iii) says that we know whether or not H(d, q) has quantum sym-
metry for all possible values of d,q € N. By the previous proposition, we know that
H(d,q) has quantum symmetry for ¢ > 4, d € Nor g =2, d > 2. For ¢ = 2 and
d =1, we have H(1,2) = K5, which has no quantum symmetry by Example 2.1.8.
We also know that H(d,1) = K; by Example 4.1.11, where we know that those
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have quantum symmetry for d > 4 and do not have quantum symmetry for d < 3
by Example 2.1.8. Therefore, the cases ¢ = 3,d € N remain. The following theorem
completes the proof of Theorem C (ii7).

Theorem 4.1.13. The Hamming graphs H(d,3) do not have quantum symmetry,
for d € N.

Proof. Let 1,7 be adjacent vertices. Thus they differ in exactly one coordinate i, #
Js- Since we have ¢ = 3, this means that there is only one vertex that differs in
exactly one coordinate to ¢ and j, namely k with k, = i, = j, for all a # s and
ks # is, ks # js. Therefore, adjacent vertices have exactly one neighbor and we get
Gl (H(d,3)) =G, (H(d,3)) by Lemma 3.2.6. Hence Relation (2.1.6) holds.

The Hamming graph H(d,3) has diameter d. Using Lemma 3.2.2, it remains
to show w;jup = ugu,; for all 4,4, k, 1 with 2 < d(i,k) = d(j,1) < d to obtain

G . (H(d,3)) = Aut(H(d,3)). Consider
e s=(1,...,1),
o (M = (tgm),...tém)), where tgm) ==t = 2, tﬁ,’jﬁl = ... = t((im) =1 for
<m<d

e p1=(2,1,...,1) and po = (1,2,1,...,1).

Step 1: The only common neighbor of py and ps in distance m to t™ is s.

The only common neighbors of p; and ps are s and (2,2,1,...,1). We obtain
that s is the only common neighbor of p;,p, in distance m to (™) since it holds
dt™ (2,2,1,...,1)) =m — 2.

Step 2: We have u;juy = upug; for d(i, k) = d(j,1) = 2.

Let d(i, k) = d(j,l) = 2. By Lemma 3.2.4, it is enough to consider j = s and
| =t@. Since we know (s,p1), (s,p2) € E, (t*,p1), (t,py) € E and since we have
Gi.(H(d,3)) =Gz, (H(d,3)), we get

aut aut
UisUpp2) = UisUpy(2) E Ui and  Uislpy2) = UisUpy(2) E Uiq
q:d(q,t?)=2, q;d(q,t?)=2,
(¢,p1)€EE (g,p2)€E

by Lemma 3.2.8. We deduce

UjsUpy(2) = UisUpy(2) E Uiq-
a;d(q,t?)=2,
(g,p1)€E,(g,p2)EE

By Step 1, we know that s is the only common neighbor of p;, p, at distance
two to ). Therefore we obtain UisUpy2) = UisUpy2)Uis. Then Lemma 3.2.1 yields
UjsUpp(2) = Upp(2) Ujs-

66



Step 3: We have w;jug = ugug; for d(i, k) = d(j,1) = 3.

Now, let d(i, k) = d(j,1) = 3. By Lemma 3.2.4, we can choose j = s and [ = .
Since we know (s, p1), (s, p2) € E, d(t®),p1) = (t®), py) = 2 and have ugctpg = Upgliae
for all a,b, ¢, d with d(a,b) = d(c,d) = 2 by Step 2, we get

UjsUpy(3) = WisUpy(3) E Ui and  UislUpe) = Uislye) E Uiq
q;d(q,t®))=3, q;d(q,t®))=3,
(¢,p1)EE (g:p2)€

by using Lemma 3.2.8. We obtain

UijsUp(3) = UjsUpy(3) E Uiq
q;d(q,t3)=3,
(¢,p1)€E,(q,p2)€EE

and get w;sUpy3) = UisUpy3)Uis, Since the only common neighbor of py, py at distance
three to t®) is s by Step 1. Then Lemma 3.2.1 yields UisUpp(3) = Upp(3) Ui

Step 4: We have u;juy = ugug; for d(i, k) = d(j,1) > 4.
Repeating the argument above (d — 3)-times yields the assertion. O]

Remark 4.1.14. In a sense, the values for which the Hamming graphs do have
quantum symmetry are not surprising. The Hamming graphs have quantum sym-
metry if and only if Theorem 3.1.2 applies, i.e. the automorphism group of H(d, q)
contains disjoint automorphisms if and only if H(d,¢) has quantum symmetry.

4.1.3 The Johnson graphs J(n,2) and the Kneser graphs
K(n,?2)

In the following we show that J(n,2) and K(n,2) have no quantum symmetry for
n > 5. For n < 5, the quantum automorphism groups of J(n,2) and K(n,2)
are already known from [6]. More generally, there are Johnson graphs J(n, k) and
Kneser graphs K (n, k) for k € N, where we do not know the quantum automorphism
groups for the cases & > 2. Since we know that the odd graphs O are the Kneser
graphs K(2k — 1,k — 1), we dealt with some special case in Subsection 4.1.1. We
have to leave the other cases open, see also Chapter 8.

Definition 4.1.15. Let n, k € N.
(i) The Johnson graph J(n,k) is the graph with vertices corresponding to k-

subsets of {1,...,n}, where two vertices are connected if and only if the in-
tersection of the corresponding subsets has (k — 1) elements.
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(ii) The Kneser graph K (n, k) is the graph with vertices corresponding to k-subsets
of {1,...,n}, where two vertices are connected if and only if the corresponding
subsets are disjoint.

Example 4.1.16.

(i) The Kneser graphs K(n,1) are the complete graphs K,,.
(ii)) The Johnson graphs J(n,2) are the line graphs of the complete graphs K.
(iii) The Kneser graphs K (2k — 1,k — 1) are the odd graphs Oy.

Remark 4.1.17. The Kneser graphs K (n,2) are distance-transitive with diameter
2, see [18, Theorem 9.1.2]. For n < 4, the quantum automorphism groups of K (n, 2)
are known, since K(4,2) = 3K, (the disjoint union of 3 copies of K5). Note that
K(5,2) = P, where P denotes the Petersen graph (see Figure 1.1).

The following gives a proof of Theorem C (iv).

Theorem 4.1.18. For n > 5, the Johnson graph J(n,2) and the Kneser graph
K(n,2) do not have quantum symmetry.

Proof. We show that J(n,2) has no quantum symmetry for n > 5. This suffices
because K (n,2) is the complement of J(n, 2).

Let (i, k), (j,1) € E. We want to prove w;juy = ugu;;. Since J(n,2) is distance-
transitive, it suffices to show this for

o j={1,2},
o | ={1,3}
by Lemma 3.2.4.

Step 1: We have ujjup = wijum | Y Uif1,a) + D Uif3,}
a=2, b=2,

a#3 b£3
By Relations (2.1.2), (2.1.5), it holds

UijUg] = Ui Uk E Uip -
pi(lp)EE

Since [ = {1, 3}, it has neighbors {1,a}, {3,b}, a,b # 1,3 and thus

n n
UijURL = Ujij U E Ujp = UjjUg E Ui{1,a} T E Ui{3,b}
a=2 b=2

p;(l,p)EE =2, =2,
a#3 b#£3
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Step 2: It holds u;jupuif1,qey = 0 for a € {4,...,n} and u;jupu 3 = 0.
Let p = {1,a}. The common neighbors of p and j = {1,2} are {2,a} and {1, ¢} for
¢ ¢ {1,2,a}. Therefore

Uiy | Uk{2,a} + Z Uk{1,c} | Wip = Usj Z Uks | Uip = UijUsp = 0 (413)
CC;?;, s;(s,J)EE,(s,p)EE

as j # p. The only common neighbors of j,p and {2,d}, where d ¢ {1,2,a}, are
{2,a} and {1,d}. We also know d(j,{2,d}) = 1 # 2 = d(p,{2,d}) and thus we
obtain

i (Upg2,0) + Uk{1,a))Uip = 0 (4.1.4)

for all such d by Lemma 3.2.9. This yields
Ui (Upf2,0) + Uk{1,a))Uip = 0 = Uij (Ukf2,0} + Ukf1,3}) Uip

and we deduce

Uij U {1,d} Uip = Ui Uk{1,3} Uip
for d ¢ {1,2,a}. Putting this into Equation (4.1.3), we infer

i (Upg2,a) + (1 — 3)ukq1,3))tip = 0.
Using Equation (4.1.4) with d = 3, we get
(n — 4)ugjupg 33ty = 0.

Since we assumed n > 5, we obtain UijUR{1,3) Uip = UijUk Uy = 0. Furthermore, we
also get ujjUpf2,01Uif1,0) = 0 by Equation (4.1.4). By repeating the arguments for
p = {2,3}, one obtains u;juk(1,33Uif2,3 = UsjUkitif2,3y = 0.

Step 3: It holds u;jupuigzpy = 0 for b€ {4,...,n}.
Let p = {3,b}, b € {4,...,n}. Since [ = {1,3} and {1,b} are the only common
neighbors of j = {1,2}, p and {1, e}, where e ¢ {1,2,3,b}, we have

g (U + Uk{l,b}>uip =0 (4.1.5)

by Lemma 3.2.9, because (j,{1,e}) € E, (p,{1,e}) ¢ E. Now, multiplying Equation
(4.1.5) by u;pug from the left, we obtain

Uip Ut Wi (Uky + Ukf1,p) ) Uip = UipUii U Uk Uiy F Ui Ut Ui Uge 1 p} Ui = 0.

69



Similar to w;umi1,.) = 0 (see Step 2), we obtain upyu;urppy = 0. Thus, we get
Uip U Wi jUki Uip = 0,

which implies u;jugu;y = 0.

Step 4: We have u;juy = ugu;; for (i, k), (4,0) € E.

From Steps 1-3, we deduce that all but one summand give a zero contribution to
the term. We get

n n

Uy j Uy = Ui Up E Ui{1,a} T E Ui{3p} | = UijUkiWij
a=2, b=2,
a#3 b£3

and therefore obtain u;juy = wyu;; for (i,k), (j,1) € E by Lemma 3.2.1.

Step 5: We have u;juy = upug; for d(i, k) = d(j,1) = 2.
Let d(i, k) = 2 = d(j,1). We show w;;u = ugu;;, where we can choose

i j:{172}7
o [ =1{3,4}

by Lemma 3.2.4. The vertices {1,3}, {2,4} are common neighbors of j and . By
Lemma 3.2.8, we get

Uij Ul = Ujj Ukl Z Uif{a,b} = WijUkl Z Ui{a,b}
{a,b};{a,b}N{3,4}=0, {a,b};{a,b}N{3,4}=0,
({a,b},{l,?)})EE 1€{a,b}
and
UijUEK] = Uij U] Z Uife,dy = UijUE] Z Uife,d}-
{c,d};{c,d}N{3,4}=0, {c,d};{c,d}n{3,4}=0,
({Cvd}7{274})EE QE{C,d}
We deduce

Uij UKL = Ui Ul E Ui{a,b} E Ui{ec,d}

{a,b};{a,b}N{3,4}=0, {e,d};{c,d}N{3,4}=0,
1€{a,b} 2e{c,d}

70



Since we know u;(q 5y tifc,qy = 0 for {a,b} # {c,d}, we obtain

UjjUg] = UsjUk) E Ui{a,b} E Ui{c,d}

{a,b};{a,b}N{3,4}=0, {c,d};{c,d}n{3,4}=0,
1€{a,b} 2e{c,d}

= Ujj Ukl Z Ui{a,b}

{a,b};{a,b}ﬂ{3,4}:@,
1€{a,b},2€{a,b}

= Ujj Uk Usj,

since {1, 2} is the only subset containing 1 and 2. Then Lemma 3.2.1 completes the
proof, since J(n,2) has diameter 2. ]

Remark 4.1.19. The author did not succeed in generalizing the proof above to
the Johnson graphs J(n,k), k > 3. The problem is the following. Consider for
example the Johnson graph J(6,3). As in the previous proof, we choose some
vertices, say j = {1,2,3} and [ = {1,2,4}. Similar to Step 2 and Step 3, we want
to show w;juku;, = 0 for all neighbors p of [. Take for example p = {1,2,5}. Then
Jj=1{1,2,3} and p = {1, 2,5} have the common neighbors {1,2,4}, {1,2,6}, {1,3,5}
and {2,3,5}. Similar to Equation (4.1.3), we know

Wi (Uky + Upf1,2,6) + Uk{1,3,5} T Uk{2,3,5))Uip = 0.

But we are not able to deduce w;;ugu;, = 0 from this.

Therefore, we need another idea to prove the theorem in full generality. One
should also keep in mind that it is possible that the Johnson graphs do have quantum
symmetry for some parameters n, k with £ > 3.

4.1.4 Moore graphs of diameter two

We show that the Moore graphs of diameter two have no quantum symmetry. Those
are precisely the strongly regular graphs with girth five or equivalently all strongly
regular graphs with g = 0, A = 1. Recall from Definition 1.2.18 that p denotes the
number of common neighbors of adjacent vertices, while A is the number of common
neighbors of non-adjacent vertices. Hoffman and Singleton showed in [31] that the
only possible degrees for those graphs are 2,3,7 and 57. For the degrees 2,3 and 7
there exist unique strongly regular graphs with girth five: the 5-cycle, the Petersen
graph and the Hoffman-Singleton graph. The existence of such a graph of degree 57
is still an open problem, see for example [18, Section 6.7]. The next theorem proves
Theorem C (v).

71



Theorem 4.1.20. Strongly reqular graphs with girth five have no quantum symme-
try.

Proof. Since the graph I has girth five, we get G,(I') = G*,,(I') by Lemma 3.2.5.
Let d(i,k) = d(j,1) = 2. It remains to show w;juy = ugu;; by Lemma 3.2.2,

since strongly regular graphs have diameter two.

Step 1: We have u;jup = wijug >, Ui, wheret is the only common neighbor of

p;d(p,l)=2,
(pt)eE

J and L.
By Lemma 4.1.4, there exists exactly one vertex s such that (i,s) € E,(k,s) € £
and exactly one vertex t such that (j,t) € E,(I,t) € E. We get

UijUE] = UijUst UL,

by Relations (2.1.2), (2.1.5) and it holds

Ui Ul = Ui Ukl E Uip,
pd(p,l)=2,
(pt)EE

because we have G ,(T') = G

ot »ut(I) and thus we can use Lemma 3.2.8.

Step 2: We have w;jugu, = 0 for p # j with d(p,1) =2, (p,t) € E.

If ' is 2-regular (the 5-cycle) then we are done, because the only vertex p with
d(p,l) = 2, (p,t) € E is j. Since strongly regular graphs are especially regular, we
can assume that I' is n-regular with n > 3 in the remaining part of the proof. Take
p # j with d(p,1) =2, (p,t) € E. Tt holds

Uij Uk Uip = Ui Uk UstWUip = Usj Z Uah | UkiUstUip,
a;(a,k)EE,
d(a,i)=2
where we choose b # t with (b,1) € E, which implies d(b, j) = d(b,p) = 2. Because
of Lemma 4.1.4, we know that [ is the only common neighbor of b and ¢t. We deduce

Uiy E Uah | UkiUstUip = Uiy E Uah | UstUip
a;(a,k)EE, a;(a,k)EE,
d(a,i)=2 d(a,i)=2

by Relations (2.1.2), (2.1.5). By Lemma 4.1.4, there exist exactly one vertex e such
that (i,e) € E, (e,a) € E for all a with d(a,i) = 2 and exactly one vertex f such
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that (4, f) € E, (b, f) € E. This yields
UijUghUstUip = UjjUefUahUstUip = UijUefUabUipUst,
where we also used w;pus = Usttsp. Because of Ue gy = Uapller, We get
Ui jUghUstUip = UjjUefUahUipUst = UijUghUe fUipUst-

It holds (f,p) ¢ E, because otherwise j and p would have two common neighbors, ¢
and f, where we know t # f since we have (b, f) € E whereas d(b,t) = 2. Because
we know (i,e) € E, we obtain

UjjUabUstUip = UjjUahUefUiplst = 0,

by Relation (2.1.5). Summarizing, we get

U j U Uip = Usj E Ugh | UstUip = 5 Ui jUghUst Uip = 0.
a;(a.k)EE, a;(a.k)EE,
d(a,i)=2 d(a,i)=2

Step 3: We have w;jup = Urit;.
By the previous steps, we conclude

Ui Ukl = UijUp Z Uijp = Uij Uk Uiy,
pid(p,1)=2
(pt)eE
which implies that u;; and uj; commute by Lemma 3.2.1. This completes the proof.
O]

Remark 4.1.21. Taking the previous theorems in account, the only new insight
we get from Theorem 4.1.20 is that the Hoffman-Singleton graph has no quantum
symmetry. Also, if the strongly regular graph with parameters (3250, 57,0, 1) exists,
then it has no quantum symmetry by the previous theorem.

4.1.5 Paley graphs Py, P35 and Py

Paley graphs were introduced by Erdés and Renyi in [26], where they studied their
symmetries. The Paley graphs are constructed using finite fields. We use this
construction to show that Py, P;3 and P;7 have no quantum symmetry. The quantum
symmetry of Paley graphs was also studied by Chassaniol in [22], see Remark 4.1.26.

Definition 4.1.22. Let ¢ be a prime power with ¢ = 1 mod 4 and let F, be the
finite field with ¢ elements. The Paley graph P, is the graph with vertex set F,,
where vertices are connected if and only if their difference is a square in .
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Remark 4.1.23. The Paley graphs are distance-transitive and self-complementary.

Theorem 4.1.24. Let P, be the Paley graph on q vertices. Then P, does not have
quantum symmetry if there exist adjacent vertices v,w € Vp, with the following
property: For every neighbor s # v of w, there exists a vertex t that is either

(a) adjacent to w with d(v,s) # d(s,t) such that w is the only common neighbor
of v and s that is adjacent to t, or

(b) non-adjacent to w with d(v,s) # d(s,t) such that w is the only common neigh-
bor of v and s that is non-adjacent to t.

Proof. Let w;j, i,j € F, be the generators of C(G1,(I")). Let (i,k),(j,1) € E. We
want to show u;juy = uyu;;. By Lemma 3.2.4, it is enough to prove this for j = v,

[ = w, where v, w are the vertices with the property from above. We have

Ui Ukw = Ui Ukw E Uss,
s;(s,w)eE

by Relations (2.1.2), (2.1.5). By the assumptions on v and w, we get w;jugu;s = 0
for all s # v by Lemma 3.2.9. This yields w;,Ugy, = Uiy UpwUip. We conclude g, g, =
UkwUip by Lemma 3.2.1.

The Paley graphs have diameter two, therefore it remains to show w;uy = wru;
for (i,k),(j,1) ¢ E. Since P, is self-complementary, the same arguments as above
work for (i,k), (4,1) ¢ E and we get that P, has no quantum symmetry. ]

Corollary 4.1.25. The Paley graphs Py, Pi3 and Py; have no quantum symmetry.

Proof. Note that the Paley graph Py is strongly regular with parameters (9,4,1,2).
Thus, Lemma 3.2.6 yields G, ,(Py) = G%,,(Ps). Since Py is self-complementary,
the arguments in the proof of Lemma 3.2.6 also work for (i, k), (j,l) ¢ E. Thus
C(G},,(Py)) is commutative.

Consider the Paley graph Pj3. To determine the neighbors of the vertices of Pi3,
observe that 0,1,3,4,9,10, 12 are the squares in Fy3. Let (i, k), (j,1) € E. To apply
Theorem 4.1.24, we choose v = 1 and w = 2. The neighbors of 2 are 1,3,5,6, 11, 12.
The task is now to find for every neighbor p # 1 of 2 a vertex ¢, d(q,2) = a with
d(1,q) # d(q,p), such that 2 is the only common neighbor of 1, p in distance a to q.
We find the following vertices that fulfill these properties: 11 for 3, 11 for 5, 3 for
6, 5 for 11 and 5 for 12. We get that P;3 has no quantum symmetry by Theorem
4.1.24.

Concerning the Paley graph P,7, observe that 0,2, 4, 8,9, 13, 15, 16 are the squares
in Fy7. Let (i, k), (7,1) € E. In virtue of Theorem 4.1.24, we choose v = 1 and w = 2.
The neighbors of 2 are 1,3,4,6,10,11,15,17. As for P;3, the task is to find for every

neighbors p # 1 of 2 a vertex ¢, d(q,2) = a with d(1,q) # d(q,p), such that 2 is the
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only common neighbor of 1, p in distance a to q. We have the following vertices that
fulfill these properties: 10 for 3, 10 for 4, 17 for 6, 4 for 10, 15 for 11, 11 for 15, 6
for 17. We deduce from Theorem 4.1.24 that P;; has no quantum symmetry. O

Remark 4.1.26. Note that it was already shown in [6] that Py has no quantum
symmetry. In [22], it was proven that Pj3 and Pj; have no quantum symmetry.
Thus, we just give alternative proofs of those facts. One could try to get similar
results for other Paley graphs F,, ¢ > 17. But using our method one has to treat
them case by case, we do not get a general statement for all Paley graphs in this
way. Still, note that for checking if Theorem 4.1.24 applies, one just has to check
properties of the graph, there is no need in working with G,,(P,) itself.

aut

4.2 Quantum automorphism groups of cubic
distance-transitive graphs

This section is based on [50, Section 5]. We study the quantum automorphism groups
of all cubic distance-transitive graphs. Those quantum automorphism groups are
known for the complete graph K, the complete bipartite graph K33 and the cube
Q)3 from [6]. The following result was established by Biggs and Smith in [16].

Theorem 4.2.1 (Biggs, Smith). There are exactly twelve cubic distance-transitive
graphs.

Thus, there are nine remaining graphs. We treat them case by case. From the
results of this section, we get the following table, coinciding with Table 1.

Name of T Order Aut(T) G, ()  Intersection array

K () P st (i)

K3,3 ([6]) 6 S3 1 Zs S3 U Zio {3,2;1,3}

Cube Q3 ([6]) 8 Sy X Zo SfxZy {32,1;1,2,3}

Petersen graph 10 Ss Aut(T) {3,2;1,1}

Heawood graph 14 PGL(2,7) Aut(D) {3,2,2;1,1,3}

Pappus graph 18 ord 216 Aut(T) {3,2,2,1;1,1,2,3}
Desargues graph 20 Sy X Zo Aut(T) {3,2,2,1,1;1,1,2,2.3}
Dodecahedron 20 As X 7 Aut(T) {3,2,1,1,1;1,1,1,2,3}
Coxeter graph 28 PGL(2,7) Aut(T) {3,2,2,1;1,1,1,2}

Tutte 8-cage 30 Aut(S) Aut(T) {3,2,2,2;1,1,1,3}

Foster graph 90  ord 4320  Aw(l)  {3.2,2,2,2,1,1,1:1,1,1,1,2,2,2.3}
Biggs-Smith graph 102 PSL(2,17) Aut(T") {3,2,2,2,1,1,1;1,1,1,1,1,1,3}

Table 4.2: Quantum automorphism groups of all cubic distance-transitive graphs.
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We first start with a useful lemma. The proof is similar to the one of Theorem
3.3 in [48].

Lemma 4.2.2. Let I' be a cubic graph with girth g(I') > 5 and let (u;j)1<; j<n be the
generators of C(G1,,(T')). Then we have w;juy = ugu;; for d(i,k) =2 = d(j,1).

Proof. Let d(i,k) = 2 = d(j,1). There exist exactly one s € V such that (i,s) €
E,(k,s) € E and exactly one t € V such that (j,t) € F,(l,t) € E by Lemma 4.1.4.
We know ugur = ugusg by Lemma 3.2.5 and therefore we get

UijUkl = Ui U] E Usgp
p;d(l,p)=2,
(t,p)EE

by Lemma 3.2.8. The graph I' is 3-regular, thus we know that ¢ has three neighbors.

Those are j, [ and a third neighbor which we denote by ¢. Only j and ¢ are in
distance two to [. We deduce

iUk = Wi Ut (Ui + Uig)-
It holds
Ui Ukl = Uy (Z usa) Uk = Uiy Z Usq | Ukl = UijUstUki,
a a;(j,a)€E,(al)EE
since we know that ¢ is the only common neighbor of j and [. Observe that
UijUgUkgUig = 0 and U U UpUiq = UsjUnjUsUig = 0
by Relations (2.1.1) and usug; = ugjus from Lemma 3.2.5. We therefore get

Ui UK Ui = UijUstURIUiq

= Ui Ust (Uky + Upj + Ukg) Uig

= UjjUst E Uka | Uiq

a;(t,a)eE

n
= UjjUst § Uka | Uiq
a=1

= UjjUstUiqg,

76



where we also used Relations (2.1.2), (2.1.5). By Relation (2.1.1) and using w;;us =
UgtUsj, We obtain

Ui j Uk Uiqg = UijjUstUiq = UstUijUiq = 0,

since j # q.
We conclude

UijUEKL = Uij Ul Uiy -
Then Lemma 3.2.1 yields w;jup = ugu;; and this completes the proof. O

Lemma 4.2.3. Let I' be a cubic distance-regular graph of order > 10 and let
(uij)1<ij<n be the gemerators of C(G1,(T)). Then we have ujjuy = ugu;; for
d(i, k) =d(j,1) < 2.

Proof. For the intersection array, we have b; = 2 and ¢, = 1 for all cubic distance-
regular graphs of order > 10. It follows that all those graphs have girth > 5: Because
I' is 3-regular and b; = 2, adjacent vertices have no common neighbor, which means
that there is no triangle in I'. Since ¢y = 1, vertices in distance two only have one
common neighbor. We deduce that there is no quadrangle in I'.

Since we know that I' has girth > 5, using Lemma 3.2.5 and Lemma 4.2.2 yields
wijup = upug; for d(i, k) =d(j,1) < 2. O

In the following we study the quantum automorphism groups of the remaining
nine cubic distance-transitive graphs and prove Theorem C (vi). Our strategy for
proving that those graphs do not have quantum symmetry includes that previous
lemma and looks like this:

(1) By Lemma 4.2.3, we know u;juy = wugu;; for d(i, k)

— d(j,1) <
Lemma 3.2.2, it remains to prove u;jug = ugu;; for d(i, k)

aG.1) < 2

=d(j,1) > 3.

(2) Choose m > 3. First, check the intersection array of the graph to see whether
or not Lemma 3.2.10 or Lemma 4.2.4 applies. If one of them can be used, we
get w;jug = wiu,; for d(i, k) = d(j,1) = m. Note that Lemma 4.2.4 is specific
to cubic distance-regular graphs and will be discussed when it is needed.

(3) If (2) does not work, we use the structure of the graph and tools like Lemma
4.2.5 to obtain w;jug = ugu;; for d(i, k) = d(j,1) = m.

As a reminder we write the intersection array in parantheses to the graph. We

always write u;;, 1 <i,j < n, for the generators of C'(G/,,(T)).
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The Petersen graph ({3,2;1,1})

The Petersen graph (see Figure 1.1) has no quantum symmetry by Lemma 4.2.3
since it is a cubic distance-regular graph with diameter two. As already mentioned
in the previous section, the result also follows from Subsections 4.1.1, 4.1.3 and 4.1.4,
because the Petersen graph is isomorphic to the odd graph Oz, the Kneser graph
K (5,2) and is a Moore graph of diameter two.

The Heawood graph ({3,2,2;1,1,3})

Since the Heawood graph (see Figure 4.3) has diameter three, we have d(i, k),
d(j,1) < 3 for all i, j,k,l € V.

Figure 4.3: The Heawood graph

By Lemma 4.2.3, we know w;ui = ugu;; for d(i,k) = d(j,l) < 2. Because of
Lemma 3.2.2, it just remains to prove w;;juy = ugu;; for d(i, k) = d(j,1) = 3, to get
that the Heawood graph has no quantum symmetry. But this follows from Lemma
3.2.10 (a), because we have co = 1, ¢3 = 3 and by + 1 = b.

The Pappus graph ({3,2,2,1;1,1,2,3})

The Pappus graph (see Figure 4.4) has diameter four, thus d(i, k), d(j,1) < 4 for all
i,j,k,l € V. We know w;;up = ugu,; for d(i, k) = d(j,1) < 2 because of Lemma
4.2.3. It holds ¢3 = 2,¢4 = 3, by + 1 = by and we can use Lemma 3.2.10 (a) two
times to get w;;uk = upuw;; for 3 < d(i, k) = d(j,1) < 4. Using Lemma 3.2.2, we
conclude that the Pappus graph has no quantum symmetry.
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Figure 4.4: The Pappus graph

The Desargues graph ({3,2,2,1,1;1,1,2,2,3})

The Desargues graph (see Figure 4.5) has diameter five. Therefore, we have d(i, k),
d(j,1) < 5 forall 7,5,k,1 € V. We know u;ju = ugu; for d(i, k) = d(j,1) < 2
by Lemma 4.2.3. Using Lemma 3.2.2, it remains to show u;;ui = ugu,; for 3 <
d(i, k) = d(j,1) < 5. This follows from applying Lemma 3.2.10 (a) three times, since
c3=2,c4 =2, c5 =3 and by + 1 = bg. Thus, the Desargues graph has no quantum
symmetry.

Figure 4.5: The Desargues graph

To deal with more graphs we need an additional lemma.
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Lemma 4.2.4. Let I' be a cubic distance reqular graph. If we know that w;juy =
ugwij for d(i, k) = d(j,1) <m —1 and it either holds

(i) b1 =1 or
(i) bp1 =2 and b, = ¢, = 1, girth g(T') > 2m,

then we get w;juy = ugu,; for d(i, k) =d(j,1) = m.

Proof. Let d(i,k) = d(j,1) = m. Let t be a neighbor of j in distance m — 1 to [.
Since we know that waetpg = Upqtiae for d(a,b) = d(c,d) = m — 1, we get

UijUk = Ui UKL E Uip,
p;d(l,p)=m,
(tp)eE

by Lemma 3.2.8.

For (i), we have b,,1 = 1 and we deduce that j is the only neighbor of ¢ with
d(l,j) = m, since d(t,l) = m — 1. Therefore

UijUpl = UijUgl E Wip = UjjUkIUij,

p;d(l,p)=m,
(t.p)EE

and Lemma 3.2.1 yields w;;up = ugu,; for d(i, k) = d(j,1) = m.
Regarding (ii), we have b,_; = 2. Thus there are two neighbors of ¢ with
d(l,j) = m, since d(t,l) = m — 1. Those are j and another vertex ¢q. Therefore

Ui Uk = UjjUk E Uip = UiUp (Wij + Ujq)-

p;d(l,p)=m,
(t,p)eE

It holds b,,, = ¢,, = 1 and since I is a cubic graph, this implies that there is exactly
one neighbor, say s, of k at distance m to 7. Similarly, we have neighbors a, b of [
at distance m to j, q respectively. We deduce
UijUkiUiq = UijUsqURIUshUiq = UjjUsaUsh Ukl Uiq
by Relations (2.1.2), (2.1.5) and since ugug, = usptigy. Assume a = b. Then we know
d(a,j) = m = d(a,q). We also have d(a,t) = m, since we know d(l,t) = m — 1,
(I,a) € E and T has girth ¢g(I') > 2m. But then ¢ has two neighbors at distance m
to a, namely 7 and ¢. This contradicts the fact that there is exactly one neighbor
of t at distance m to a. This yields a # b and therefore
Ui j UK Uiqg = UijUsqUshURiUiq = 0.
Summarizing, we get
Uij Ukl = Uij Ukl Z Uip = Uz‘jukl(uij + qu) = Ui Uk Ui

p;d(l,p)=3,
(t,p)EE

and now Lemma 3.2.1 yields w;juy = ugu;; for d(i, k) = d(j,1) = m. O
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The Dodecahedron ({3,2,1,1,1;1,1,1,2,3})

The Dodecahedron (see Figure 4.6) has diameter five, thus we have d(i, k), d(j,1) <5
for all 4,j,k,l € V. Lemma 4.2.3 yields u;juy = ugu;; for d(i, k) = d(j,1) < 2.
We get wjjul = ugu;; for d(i,k) = d(j,1) = 3 by Lemma 4.2.4 (i), since the
Dodecahedron is a cubic distance regular graph with b, = 1. Now, since we have
¢4 = 2,¢5 =3 and by +1 = by, we can use Lemma 3.2.10 (a) two times to get
wijup = ugu;; for 4 < d(i, k) = d(j,1) < 5. We conclude that the Dodecahedron
has no quantum symmetry by Lemma 3.2.2.

Figure 4.6: The Dodecahedral graph

The Coxeter graph ({3,2,2,1;1,1,1,2})

Since the Coxeter graph (see Figure 4.7) has diameter four, we have d(i, k), d(j,1) < 4
forall i, j,k,1 € V. By Lemma 4.2.3, we know u;juy = ugu;; for d(i, k) = d(j,1) < 2.
We have by = 2,b3 = 1,c3 = 1 in the intersection array of the Coxeter graph, where
the Coxeter graph has girth 7. Thus, we can use Lemma 4.2.4 (ii) to get w;uy =
ugw;; for d(i, k) = d(j,1) = 3. We obtain w;juy = ugu;; for d(i, k) = d(j,1) =4 by
Lemma 3.2.10 (a), since we have ¢4 = 2 and by + 1 = by. Then Lemma 3.2.2 yields
that the Coxeter graph has no quantum symmetry.
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Figure 4.7: The Coxeter graph

We give the following technical lemma because it applies to the three remaining
graphs.

Lemma 4.2.5. Let T" be a cubic distance reqular graph of order > 10 with by = 2,
g(I') > 7 and let d(i, k) = d(j,1) = 3. Then

iUk = Wi U (Wi + Wig),

where q is the unique vertex adjacent to the neighbor x of j, d(x,l) = 2 with d(q, j) =
2 and d(l,q) = 3.

Proof. Let d(i, k) = d(j,1) = 3. Let « be the unique vertex with (j, z) € E,d(x,l) =
2. It is unique because we assumed g(I') > 7. By Lemma 4.2.3, we get wjty,
uyup for all y € V with d(k,y) = 2. We obtain

UijUKL = Uij UKL E Usp
p;(z,p)EE,
d(p,l)=3

by Lemma 3.2.8. We conclude
Wij U = WijUp (Ui + Uig),

because = has three neighbors where two of them are at distance three to [, since
by = 2. O
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The Tutte 8-cage ({3,2,2,2;1,1,1,3})

The Tutte 8-cage (see Figure 4.8) has diameter four, thus we have d(i, k), d(j,1) < 4
for 4,j,k,1 € V. Lemma 4.2.3 yields w;;ui = ugu;; for d(i, k) = d(j,1) < 2. Let
d(i,k) = d(j,l) = 4. The Tutte 8-cage is the incidence graph of the Cremona-
Richmond configuration, see [23]. Therefore we can label one of the maximal inde-
pendent sets by unordered 2-subsets of {1,...,6}, where vertices at distance two to
the vertex {a, b} are exactly those corresponding to a 2-subset that does not contain
a or b (see Figure 4.8). The remaining vertices in the maximal independent set are
exactly the vertices in distance four to {a, b}.

Figure 4.8: The Tutte 8-cage

Using this labelling we write j = {1,2},l = {1, 3} and show that

Ui{1,2)Uk{1,3} = Uk{1,3}U3{1,2}-

This suffices to get w;juk = ugu,; for d(i, k) = d(j,1) = 4 by Lemma 3.2.4, because
the Tutte 8-cage is distance-transitive.

Step 1: We have Ui{1,2}Uk{1,3} = ’U/Z’{Lg}uk{l,g}(ui{lg} + ’U/Z'{273}).
There are three vertices t,, a € {1,2,3}, such that d(j,t,) = d(t,l) = 2, because
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we have ¢y = 3 and c3 = 1. Since we know g, ug = ugus, by Lemma 4.2.2, we get

Uij Ukl = Uijj Ukl E Uip
p;d(p,l)=4,
d(p:ta)ZQ

by Lemma 3.2.8. Using this, we obtain

Ui Ukl = Ui Uk E Uip E Uip g Uip
p;d(p,l)=4, p;d(p,l)=4, p;d(p,l)=4,
d(p,t1)=2 d(pt2)= d(p,t3)=2
= UjjUp Uip | - (4.2.1)
p;d(p,l)=4,
d(p,ta)=2,a=1,2,3

The vertices in distance two to {1,2} and {1,3} are t; = {4,5}, to = {4,6} and
ts = {5,6}. Looking at Equation (4.2.1), we only have to consider vertices that are
in distance two to those three vertices. The only 2-subset of {1,...,6} besides {1, 2}
and {1, 3} that does not contain 4,5 or 6 is {2,3}. Thus we get

Uif1,2) Uk{1,3} = Ui{1,2} UK{1,3} (ui{1,2} + Uz‘{2,3})-

Step 2: We have w1 2yur{1 3)tig2,3y = 0.
Using Relations (2.1.2) and (2.1.4), we obtain

Uif1,2) Uk{1,3} Ui{2,3} = Ui{1,2} Z Us{3,4} | Uk{1,3} Z Ut{1,5} | Wi{2,3}-
s;d(s,i)= 2 t;d(t
(k,5)=4 (k t) 4

The vertex {1,3} is the only one in distance four to {1,2},{2,3},{3,4} and {1, 5},
because the only pair of numbers where at least one of them is contained in those
subsets are 1 and 3. Let ¢ # {1,3}. If d(q,{1,5}) # 4 or d(q, {3,4}) # 4, then

Ui{1,2} Z Us{3,4} | Ukq Z Utf1,5} | Ui{2,3} = 0,
s;d(s,i)=2, t;d(t,1)=2,
d(k,s)=4 (k,t)=4
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by Lemma 3.2.2. If we have d(q,{1,5}) = 4 and d(q,{3,4}) = 4, but

d(q;{1,2}) # 4, we get

Z Us{3,4} | Ukq Z Ut{1,5} | Wi{2,3}

Ui{1,2}
s;d(s,i)=2, t;d(t,i)=2
d(k,s)=4 d(k,t)=4
= Ui{1,2) Ukgq Z Ut{1,5} | Ui{2,3} = 0,
t;d(t

d(k t) 4

by using Relations (2.1.2), (2.1.4) and Lemma 3.2.2. A similar argument shows

Z Ut{1,5} ui{Q,S}ZO

Ui{1,2} Z Us{3,4} | Ukq
s;d(s,i 2 t;d(t,i)=2
b )i

d(k,5)=4
for ¢ with d(q, {1,5}) =4, d(¢,{3,4}) = 4 and d(q, {2,3}) # 4. This yields

Ui{1,2) Uk{1,3} Ui{2,3} = Ui{1,2} Z Us{3,4} | Yr{1,3} Z Ut{1,5} | Wi{2,3}
s;d(s,i)=2, t;d(t,i)=2,
d(k,s) d(k,t)=4
= Ui{1,2} Z Us{3,4} <Z uka) Z Utf1,5} | Wi{2,3}
s;d(s,3)=2 a t;d(t,i)=2
d(k S): d( ):
= Ui{1,2} Z Us{3,4} Z Ut{1,5} | Wi{2,3}-
s;d(s,3)=2, t;d(t,i)=2
d(k t):4

Since d({1,2},{3,4}) = d({2,3},{1,5}) = 2, we know that u,{; 23 commutes with
Ugg3.4y and u;(a 3y commutes with g 53 by Lemma 4.2.2. We deduce

Z Us{3,4} Z Ut{1,5} | Wi{2,3}

Ui{1,23 Uk{1,3} Wi{2,3} = Wi{1,2}
s;d(s,i)= 2 t;d(t,i)=2,
d(k,s)=4 d(k =1
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= Z Us{3,4} | Wi{1,2)Ui{2,3} Z Ut{1,5}

s;d(s, z): t;d(t,i)=2,
=4 d(k,t)=4

since Ui{172}ui{273} =0.

St@p 3 ]t hOldS Ui{lyg}uk{l’(g} = uk{1,3}ui{1,2}.
Using Step 1 and Step 2, we obtain u(i o)Ur{1,3) = Ui{1,2}Uk{1,3}%i{1,2}- By Lemma
3.2.1, we get that u;(1 2y and ugq; 33 commute.

Step 4: It holds w;juy = ugus; for d(i, k) =d(j,1) = 3.

Let d(i, k) = d(j,1) = 3. We prove that w;juy = ugu,; for d(i, k) = d(j,1) = 3. Let
x be the unique vertex adjacent to 5 and in distance two to [. This vertex is unique
because the Tutte 8-cage has girth eight. By Lemma 4.2.5, we get

WijUpp = Wi U (Ui + Uig),

where ¢ is the unique vertex adjacent to x with d(q,j) = 2,d(l,q) = 3. Take a
neighbor ¢ of j at distance four to [. Then we have

UijUkiUiq = Uij E Ust | UkiUig = UijjUkl E Ust | Uig,
s;(s,0)EE, s;(s,0)EE,
d(k,s)=4 d(k,s)=4

because of Relations (2.1.2), (2.1.5) and upug = uguy for all such s since d(t, 1) =
d(s,k) = 4. Assume that ¢ is connected to q. Then j and ¢ have two common
neighbors, x and ¢, where we know that x # t because we have d(z,[l) = 2 whereas
d(t,l) = 4. But then we get the quadrangle j,z,q,t,j and this contradicts the fact
that the Tutte 8-cage has girth eight. Thus, ¢t and ¢ are not adjacent. We deduce

U j U Uig = Ujj Uy § Ugt | Uig = 0
s;(s,0)EE,
d(k,s)=4

by Relation (2.1.5). Thus we get u;jug = w;juru;; and we obtain w;;uy = ugu,; for
d(i,k) = d(j,1) = 3 by Lemma 3.2.1.

Summarizing, we have w;juy = ugu;; for d(i,k) = d(j,1) < 4. Using Lemma
3.2.2, we conclude that the Tutte 8-cage has no quantum symmetry.
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The Foster graph ({3,2,2,2,2,1,1,1;1,1,1,1,2,2,2,3})

The Foster graph has diameter eight. Therefore, we have d(i, k),d(j,1) < 8 for
i,j,k,l € V. By Lemma 4.2.3, we know w;;uy = ugu,; for d(i, k) = d(j,1) < 2.
Let d(i,k) = 3, d(j,1) = 3. We want to show w;;uy = ugu;.

Step 1: It holds w;jux = wijug(ui; + i), where q is the unique vertex adjacent to
the neighbor x of j, d(x,l) = 2 with d(q,75) = 2,d(l,q) = 3.
The Foster graph has girth ten. Thus, by Lemma 4.2.5, we get

Wij U = Wi Ut (Wij + Uig),

for ¢ as above.

Step 2: It holds w;jupy = uij Yo Usy | uig for z € Vo with (2,1) € E and
s;(s,k)EE,
d(s,i)=4

d(z,7) =4.
Take z with (z,1) € E,d(z,j) = 4. Using Relations (2.1.2) and (2.1.4), we obtain

Uij Uk Uiqg = Uij Z Usz | UkiUiq-

s;(s,k)EE,

d(s,i)=4
We know (z,1) € E and d(l,q) = 3. Since we have b3 = 2 and ¢z = 1, it either holds
d(z,q) =2 or d(z,q) = 4. Assume d(z,q) = 2. Then we get a cycle of length < 6,
since we have d(z,q) = 2, d(q,1) = 3 and (z,l) € E. But this contradicts the fact
that the Foster graph has girth ten and we conclude d(z,q) = 4. It holds ¢; = 1,
thus [ is the only neighbor of z at distance three to ¢q. This yields

Uyy § Usy | UklUiqg = Usj E Usz E Uka | Uiq

s;(s,k)EE, s;(s,k)EE, a;(a,z)EE,
d(s,i)=4 d(s,i)=4 d(a,q)=3




by using Lemma 3.2.2 and Relations (2.1.2), (2.1.5).

Step 3: It holds w;jus,ui; = 0 for s € V with (s,k) € E and d(i,s) = 4.

For every such s, take ¢ with d(i,t) = 4,d(s,t) = 2 (exists because for a neighbor of
s at distance five to i there is a neighbor t # s with d(i,t) = 4, since ¢5 = 2). We
get

WijlssUig = Uij 5 Uty | UszUiq = WijlUs, E Uy | Uig (4.2.2)
pid(p,2)=2, pid(p,z)=2,
d(p,j)=4 d(p,j)=4

by Lemma 3.2.2 and because we have uyus, = us,uy by Lemma 4.2.2. The Foster
graph has girth ten, therefore there is exactly one neighbor of j at distance two
to [. This is the vertex = from Step 1. We know that ¢ is also a neighbor of z.
Take p with d(p,z) = 2, d(p,j) = 4. We want to show d(p,q) # 4. For this, we
assume d(p, q) = 4 and prove that then x has three neighbors in distance four to p,
contradicting ¢5 = 2. We have d(p,j) = 4 by the choice of p. Let y be the third
neighbor of . We have d(z,l) = 2 and know d(j,l) = d(q,l) = 3, therefore the
remaining neighbor y of x has to be adjacent to [ as otherwise d(x,l) # 2. We
also have (z,1) € F and d(z,p) = 2, where we know z # y since d(x,j) = 2, but
d(z,j) = 4. It holds d(l,p) = 3 and we have ¢ = 1, b3 = 2. Thus, [ has one
neighbor at distance two to p and two neighbors at distance four to p. Since we
know that z is the neighbor of | with d(z,p) = 2, we conclude d(y, p) = 4 because
y is another neighbor of [. Thus x has the three neighbors j,¢q and y in distance
four to p contradicting cs = 2. We conclude d(p, q) # 4 for all p with d(p, z) = 2,
d(p,j) = 4. By Lemma 3.2.2, we deduce

UijUszUiqg = UjjUsz E Ugp | Uig = 0
pd(p,2)=2,

d(p,j)=4
for all s with (s, k) € E,d(s,i) = 4.

Step 4: It holds w;jup = ugu,; for d(i, k) =d(j,1) = 3.
The Steps 2 and 3 yield

Uij UK Uiqg = Ugj E Usz | Uig = 0.
s;(s,k)EE,
d(s,i)=4
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Using Step 1, we get u;jup = ujjupu;; for d(i,k) = d(j,I) = 3 and we obtain
UjUp = UgUs; by Lemma 3.2.1.

Step 5: We have u;juy = upug; for 4 < d(i, k) =d(j,1) <8.

Let d(i,k) = d(j,l) = 4. There is exactly one a with (a,i) € E, d(k,a) = 3, and
exactly one b with (b, j) € E, d(l,b) = 3 since ¢4 = 1. It holds

UijUKT = Uij UKL E Usp
p;d(p,l)=4,
(bp)eE

by Lemma 3.2.8 since ugtq = Uqpty. There are exactly two vertices adjacent to b
and at distance four to [, since d(b,l) = 3 and b3 = 2. One of them is j, so we get

Wij U = Wi U (Wij + Uig),

where ¢ is the other neighbor of b in distance four to [. We have

Ui j UK Uiqg = Ugj E Ugp | UkiUiqg = Ui Uk E Ugp | Uiqg
pid(p,)=2, pid(p.)=2,
d(p,j)=4 d(p,j)=4

by Relations (2.1.2), (2.1.5) and wuguy, = ugpug. But now we are in the same
situation as in Equation (4.2.2), thus by the same argument we get d(p, q) # 4. By
Lemma 3.2.2, we deduce u;jupuq = 0. This implies w;;uy = u;jupu;; and Lemma
3.2.1 yields w;jup = ugu,; for d(i, k) = d(j,1) = 4.

Since we now know u;juy = ugu;; for d(i,k),d(j,1) < 4 and it holds ¢, = 1,
bi+1=byand ¢, > 2 for 5 < n < 8§, we can use Lemma 3.2.10 (a) four times to
get w;jup = ugug; for d(i, k) = d(j,1) < 8. Then Lemma 3.2.2 yields that the Foster
graph has no quantum symmetry.

The Biggs-Smith graph ({3,2,2,2,1,1,1;1,1,1,1,1,1,3})

Since the Biggs-Smith graph has diameter seven, we have d(i,k),d(j,1) < 7 for
i,j,k,l € V. By Lemma 4.2.3, we get u;juy = ugu;; for d(i, k) = d(j,1) < 2.
Let d(i, k) = d(j,1) = 4. We show w;;uy = ugu;; for d(i, k) = d(j,1) = 4.

Step 1: It holds wjjup = wijug(Wi; + Wig, + Uigy + WUigs), where d(j,q1) = 2 and
d(j,q2) = d(j, q3) = 4.
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Since the Biggs-Smith graph has girth nine, there is exactly one vertex t with
d(t,7) = d(t,l) = 2 and exactly one vertex s with d(i, s) = d(s, k) = 2. It holds

UijUKL = Ugj UKL E Usp
p;d(p,l)=4,
d(p,t)=2

by Lemma 3.2.8, since we know wugte = ugug for a with d(a,l) = 2. There are
exactly four vertices that are at distance four to [ and at distance two to t, where
one of them is j (There are six vertices at distance two to ¢, where one of them is [
and another one is a vertex at distance two to [. The rest is at distance four to [).
We deduce

Uijtgy = Wigtip (Uij + Uiqy + Uigy T Uigs ),

where d(j,q1) =2 and d(j, ¢2) = d(j,q3) = 4.

Step 2: We have w;juptig, = 0.

We know that the Biggs-Smith is 3-regular and it holds by = ¢4 = 1. Thus, if we
have d(a,b) = 4 for vertices a, b, there is exactly one neighbor of a in distance four
to b. Therefore we have exactly one neighbor = of k& with d(z,i) = 4 and exactly
one neighbor y of [ with d(y, j) = 4. By Relations (2.1.2), (2.1.5), we deduce

Ujj Ukl Wigy = UijUgyUkiUiq, -

Denote by z; the common neighbor of j and ¢;. We know that j and ¢ are two
neighbors of z; at distance four to [. Thus d(z;,l) = 4 contradicts ¢y = by = 1
and d(z1,l) = 5 contradicts ¢s = 1. But it holds d(zy,1) € {3,4,5} since z; has
neighbors in distance four to I. We deduce d(z1,1) = 3. We have b3 =2, ¢3 = 1 and
know d(z1,[) = 3, thus [ has two neighbors at distance four to z; and one neighbor
at distance two to z1. If d(y,z1) = 2, then we get d(y,j) < 3 since (j,z1) € E
contradicting d(y,j) = 4. We conclude d(y, z1) = 4 as y is a neighbor of [ not in
distance two to z;. Furthermore it holds d(q1,y) # 4, as otherwise z; would have
the two neighbors j and ¢; at distance four to y contradicting by = ¢4 = 1, since
d(z1,y) = 4. But this yields

Ui Uk Uiq, = UijUpyUkiUiq, = UijUk UgyUiq, = 0,
by using Relation (2.1.5) and gt = gty

Step 3: We have u;juptq, = 0.
We know that ¢, and g3 are in distance two to t. Thus, they have to be adjacent to
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one of the neighbors of t. They cannot be adjacent to z;, because z; has neighbors
J,q1 and t and the Biggs-Smith graph is 3-regular. It holds by = 2, ¢ = 1 and we
know d(t,l) = 2, which means that ¢ has one neighbor, say z,, adjacent to [ and
two neighbors (z; and one more) in distance three to [. Denote the third neighbor
of t by z3. Recall d(qs,l) = d(gs,l) = 4. Thus ¢, g3 cannot be adjacent to zo as
otherwise d(qq,l) = d(gs,1) < 2. We conclude that g9, g3 are both neighbors of z3,
where d(z3,1) = 3. The vertices 2, and y are neighbors of [. We have d(l,t) = 2
and (t,zy) € E, where we know that the other neighbors of [ are in distance three
to ¢t because we have by = 2. We deduce d(y,t) = 3. It also holds d(z2,y) = 2 since
they have the common neighbor [ and the Biggs-Smith graph has girth nine. Thus
we get d(z3,y) = 4 by bs = 2, since d(t,y) = 3 and we know that z; is the neighbor
of t in distance two to y. Because of d(z3,y) = 4 and ¢4 = by = 1, we see that only
one of the vertices ¢s, g3 is in distance four to y, say this is ¢g3. We obtain

U Uk Wigy = UjUpyUkiWigy = Uij Uk Ugylig, = 0,
by Relations (2.1.2), (2.1.5), using ., ug = Uy, and Lemma 3.2.2.

Step 4: It holds u;jup g, = 0.

We have d(gs,y) = 4 and since [ is a neighbor of y at distance four to g3, we know
that the two neighbors ¢, d # [ of y are not in distance four to g3 because ¢4, = by = 1.
Therefore

Ui Uy Ukeligy = 0 = UjjUzpyUpdUigs
by Lemma 3.2.2. We deduce
Ui j Ukl Uiqs = UijUgy Ukl Uigs

= Ui Uy (Ut + Uk + Ukd) Uigs

= UjjUgy E Uka | WUigs
a;(y,a)€E

= UjjUgy < § uka) Uiqs
a

= Ui UgyUigs,

by also using Relations (2.1.2), (2.1.5). Now, take e, f to be the vertices with
d(e,i) =d(e,z) =2,d(f,j) = d(f,y) = 2 (those are unique, since d(i,z) = d(j,y) =
4 and the Biggs-Smith graph has girth nine). It holds

WijUgyliqy = UijlefUzpyliqy = Uijlzylefligy,
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by Relations (2.1.2), (2.1.5) and since we know u,,uefr = Ueftlyy by Lemma 4.2.3.
We have d(f,q3) # 2 because otherwise there would be two vertices, f and ¢, in
distance two to 7 and ¢z, so we would get an cycle of length < 8 in the Biggs-Smith
graph(f # t, since d(y, f) = 2,d(y,t) = 3). Thus, by Lemma 3.2.2, we get

Ui Ukl Wigy = UjjUagyUigy = UijlgylefUigy = 0.
Step 5: It holds w;jup = ugu,; for d(i, k) =d(j,1) = 4.
From Steps 14, we deduce w;jup = u;jupu;; for d(i, k) = d(j,1) = 4 and we get
UijUp = Ukt by Lemma 3.2.1.

Step 6: We have w;jug = ugu,; for d(i, k) = d(j,1) = 3.
Let d(i, k) = d(j,1) = 3. We obtain

Wij U = Wij U (Ui + Uig),
by Lemma 4.2.5, where d(q,7) = 2,d(l,q) = 3. We have b3 = 2 and therefore there
are two neighbors t1,t5 of j in distance four to [ and two neighbors s1, sy of i in
distance four to k. At least one of them, say ¢, is not connected to ¢, since otherwise
we would get the quadrangle j,%1,q,t2,7. By Lemma 3.2.2 we get wug,,uiq = 0,
a = 1,2. Because we know wug, up = Ugls,,, since d(sq., k) = 4 = d(ty,1), we
deduce

Ui Ukt Wig = Wi (Usyty + Usyty ) UkiWiq = UijUgi (Usyy, + Usyt, )Uig = 0.

This yields w;jur = w;jupu;; for d(i, k) = d(j,1) = 3 and we obtain w;ju = wgu;
by Lemma 3.2.1.

Step 7: We have w;jug = upug; for 5 < d(i, k) =d(j,1) <T.

We now have u;juy = ugu;; for d(i,k) = d(j,1) < 4 and since by = 1, we get
wijug = ugui; for d(i, k) = d(j,1) = 5 by Lemma 4.2.4 (i). We have b; = 1 and
thus, using Lemma 4.2.4 (i) again, we obtain u;juy = ugu;; for d(i, k) = d(j,1) = 6.
Lemma 3.2.10 (a) now yields u;juy = ugu;; for d(i, k) = d(j,1) = 7, because ¢y = 1,
by +1 = by, c; = 3. Using Lemma 3.2.2, we conclude that the Biggs-Smith graph
has no quantum symmetry.

Remark 4.2.6. There is only one cubic distance-regular graph that is not distance-
transitive. This is the Tutte 12-cage. We do not know whether or not this graph
has quantum symmetry.

4.3 Further distance-regular graphs with no
quantum symmetry

In this section, we study further distance-regular graphs of order < 20. We follow
[50, Section 6]. Our strategy is similar to the one in Section 4.2.4. We assume
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aut(I)) and show that the graph I' has no
quantum symmetry in the corresponding subsection. We obtain the following table
from the results in this section.

(uij)1<ij<n to be the generators of C(GY,

Name of T Order Aut(T") GT,,(T) Intersection array
Icosahedron 12 As X Zs Auwt(T)  {5,2,1;1,2,5}
co-Heawood graph 14 PGL(2,7) Aut(I') {4,3,2;1,2,4}

Line graph of Petersen graph 15 Ss Auwt(T)  {4,2,1;1,1,4}
Shrikhande graph 16 73 x Dg Auwt(T)  {6,3;1,2}

Table 4.3: Quantum automorphism groups of some distance-regular graphs on a
small number of vertices

The first graph we are considering is the co-Heawood graph, which is the bipartite
complement of the Heawood graph with respect to the complete bipartite graph K7 -
and thus closely related to the Heawood graph.

The co-Heawood graph ({4,3,2;1,2,4})

The co-Heawood graph has diameter three. Therefore we have d(i, k),d(j,1) < 3
for 7,7, k,l € V. Since the co-Heawood graph is the bipartite complement of the
Heawood graph with respect to K77, we see that vertices at distance three to a
vertex ¢ are exactly those that are connected to ¢ in the Heawood graph. Vertices
at distance two are the same ones in both graphs, since those are the six other
vertices in the same maximal independent set as 7. And finally the vertices that
are connected to ¢ in the co-Heawood graph are those at distance three to i in the
Heawood graph. Therefore, we can use the same arguments as in Lemma 3.2.5 to
obtain that w;juy = wgw;; for d(i, k) = d(j,1) = 3 for the co-Heawood graph. Also
arguments of the proof of Lemma 4.2.2 work similarly to show w;juy = uru,; for
d(i,k) = d(j,1) = 2 by replacing neighbors with vertices at distance three. Then
using the same approach as in Lemma 3.2.10 (a), also replacing neighbors with
vertices at distance three, we get w;;ux = ugu;; for (i, k), (j,1) € E. We obtain that
the co-Heawood graph has no quantum symmetry by Lemma 3.2.2.

The line graph of the Petersen graph ({4,2,1;1,1,4})

The line graph of the Petersen graph (see Figure 4.9) has diameter three and thus
we have d(i, k),d(j,1) < 3 for i,j,k,l € V. Since adjacent vertices have exactly
one common neighbor, Lemma 3.2.6 yields G/, ,(L(P)) = G, (L(P)). Therefore
Relation (2.1.6) holds.
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Figure 4.9: The line graph of the Petersen graph

Now, let d(i, k) = d(j,1) = 2. We want to prove u;;juy = ugu;;. We know that
the Petersen graph is the Kneser graph K(5,2). Thus, vertices in the line graph of
the Petersen graph are of the form {{a, b}, {c,d}}, where {a, b}, {c,d} are disjoint
2-subsets of {1,...,5}. Two vertices are connected if and only if they have exactly
one 2-subset in common. The line graph of the Petersen graph is distance-transitive,
therefore it suffices to show w;;ug = ugu,; for

° j= {{172}7 {374}}7

o [ ={{1,3},{4,5}}
by Lemma 3.2.4. The only common neighbor of j and [ is t = {{1,2},{4,5}}. Since
we know G, (L(P)) = G% ,(L(P)), we get

aut

Ui Ukl = Uij Ukl E Uip
p;d(p,l)=2,
(pt)EE

by Lemma 3.2.8. Besides j, the vertex ¢ = {{1,2},{3,5}} is the only other vertex
in distance two to [ which is also adjacent to ¢. This yields

UijUp = UijUp (Uij + Uiq).

The vertex b = {{1,3},{2,4}} is adjacent to [ and in distance three to j. Using
Relations (2.1.2) and (2.1.4), we deduce

Ui j UK Uiqg = Ug g Ugh | UkiUWUsig-
a;d(a,t)=3,
(a,k)eE
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Because of Relation (2.1.6), we get

Ui Ukl Uiqg = Ui U] E Ugh | Uig-
a;d(a,i)=3,
(a,k)EE

We see that {{2,4},{3,5}} is a neighbor of b and ¢q. This yields d(b,q) < 2 and
since we have d(a,i) = 3, we obtain

Ui U Wig = Ugj Uk g Ugp | Uiq = 0,
a;d(a,i)=3,
(a,k)EE

by Lemma 3.2.2. Summarizing, it holds u;juy = u;jupu;;. By Lemma 3.2.1, we see
that u;; and wuy; commute.

For d(i, k) = d(j,1) = 3, all conditions for Lemma 3.2.10 (b) are fulfilled and we
get u;jup = uguy; for d(i, k) = d(j,1) = 3. Using Lemma 3.2.2, we deduce that the
line graph of the Petersen graph has no quantum symmetry.

The upcoming lemma allows us to deal with more distance-regular graphs. Recall
that the clique number of a graph is the number of vertices of a maximal clique (see
Definition 1.2.3).

Lemma 4.3.1. Let ' be an undirected graph with clique number three, where adja-

cent vertices and vertices at distance two have exactly two common neighbors. Then
we have G,,(T) = G, (T).

Proof. Let (i,k), (j,1) € E. By Relations (2.1.2), (2.1.5) we have

UjjUgl = Ujj Ukl E Uip
p;(l,p)EE

Denote the two common neighbors of 7 and [ by py, ps.

We have (p1,p2) ¢ E, since otherwise we get a clique of size four, but we know
that the clique number of I' is three. Also pi, p» have two common neighbors since
d(p1,p2) = 2, where we know that those are [ and j. This yields that [ is the only
common neighbor of py, pe and j. We also have (j,p;) € E, (p1,p2) ¢ E by previous
considerations and deduce

Uij Uk Uip, = 0, a=1,2
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by Lemma 3.2.9, where we choose ¢ = p; for ps and vice versa.

Now, let p ¢ {j,p1,p2} and (I,p) € E (this implies (p,j) ¢ E). We know that
we have (p1,p) ¢ E or (p2,p) ¢ E since otherwise p; and py have three common
neighbors: j, [ and p. Choose p,, € {1,2} such that (p,,p) ¢ E. Since p,, p have
[ as common neighbor and we know d(p,, p) = 2, there is exactly one other common
neighbor ¢ # [ of p,,p. It holds (j,q) ¢ E, because otherwise j, p, and p would be
common neighbors of [ and ¢, but we know that they can only have two common
neighbors since d(l, q) < 2. Therefore [ is the only common neighbor of j, p, and p.
We also have (j,p.) € E, (ps,p) ¢ E and we obtain

UijUplUip = 0

by Lemma 3.2.9, where we choose ¢ = p,.
Summarizing, we get

UijUK = Ui UKL Z Uip | = UijURI Ui
p;(l,p)EE
and by Lemma 3.2.1 we get w;jur = uru,; for (i,k), (j,1) € E. O

The Icosahedron ({5,2,1;1,2,5})

The Icosahedron (see Figure 4.10) has diameter three and therefore we have d(i, k),
d(y,1) < 3 for i,7,k,l € V. Since adjacent vertices and vertices at distance two
have exactly two common neighbors and since it is known that the clique number is
three, we get w;juk = ugu,; for (i,k),(j,1) € E by Lemma 4.3.1 and w;jug = wgu;
for d(i, k) = 2 = d(j,1) by Lemma 3.2.10 (c).

Figure 4.10: The Icosahedral graph

By Lemma 3.2.2 we know that u;; and uy commute if d(i, k) # d(j,1). Thus it
remains to show w;juy = ugw;; for d(i, k) = 3 = d(j,1). Note that for every vertex
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x, there is exactly one other vertex at distance three to x. Let d(i, k) = 3 = d(j,1).
By Lemma 3.2.2, we get

UjjUg = UjjUk] E Uip-
p;d(l,p)=3

Since j is the only vertex in distance three to [, we conclude
UijUEKL = Uij Ul Uiy -

Then Lemma 3.2.1 yields u;jup = upu;; and we get that the Icosahedron has no
quantum symmetry.

The Shrikhande graph ({6,3;1,2})

First note that the Shrikhande graph (see Figure 4.11) is strongly regular with
parameters (16,6,2,2). Thus it has diameter two and we know d(i, k), d(j,1) < 2
for i,7,k,0l € V. Since A = u = 2, we know that every two vertices have exactly two
common neighbors. It is also known that the clique number is three. By Lemma
4.3.1, we obtain w;;ur = ugu;; for (i,k),(4,1) € E. Then all the conditions of
Lemma 3.2.10 (c) are met, we get u;up = ugu,; for (¢,k), (j,1) ¢ E. We conclude
that the Shrikhande graph has no quantum symmetry.

Figure 4.11: The Shrikhande graph

Corollary 4.3.2. Let I' be a distance-reqular graph. The intersection array of T’
does not determine whether or not I' has quantum symmetry.

Proof. Looking at Table 2, we see that the Shrikhande graph and the 4 x 4-rook’s
graph have the same intersection array. We know by Proposition 4.1.12 that the
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4 x 4-rook’s graphs has quantum symmetry whereas the Shrikhande graph has no
quantum symmetry by the previous arguments. ]

The next corollary deals with the quantum orbital algebra of the Shrikhande
graph. See Section 2.4 for the definition of the quantum orbital algebra and the
coherent algebra of a graph. The Shrikhande graph is a nice example of a graph
whose quantum orbital algebra is different from the coherent algebra of the graph.

Corollary 4.3.3. The quantum orbital algebra of the Shrikhande graph does not
coincide with its coherent algebra.

Proof. Since the Shrikhande graph has no quantum symmetry, we get that the
quantum orbital algebra and the classical orbital algebra are the same. It is known
that the coherent algebra of the Shrikhande graph does not coincide with its orbital
algebra. O]

4.4 An example of a graph with automorphism
group Zs X Zs that has no quantum symmetry

In this section, we focus on graphs with automorphism group Zs x Zs. It was shown
in [27, Theorem 6.4.1] that all trees with automorphism group Zs x Z, do have
quantum symmetry. Furthermore, this is also true for many examples appearing in
the literature, for example [25], [52]. Therefore, one might ask whether there is a

graph ' with Aut(T") = G/ ,(T') = Zy x Z,.
3
7 by
1 2
8 6
4

Figure 4.12: A graph I' with automorphism group Zs X Zs
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Consider the graph in Figure 4.12. Obviously, it holds Aut(I") = Zy X Z,, because
o = (12)(57)(68) and T = (34)(56)(78) are automorphisms of I" with o2 = id = 72
and 7o = o7 that generate Aut(I"). Note that o and 7 are not disjoint, so Theorem
3.1.2 does not apply. In fact, we may even prove the next theorem.

Theorem 4.4.1. The graph in Figure 4.12 has no quantum symmetry.

Proof. Let ¢ be the adjacency matrix corresponding to the graph in Figure 4.12.
Then the diagonal of ¢* is the following

(15,15,19,19,17,17,17,17).

By Proposition 2.4.14, we obtain that the fundamental representation is of the form

P 1—p 0 0 o 0 0 o0
1l—p p 0 0 o 0 0 O
0 0 q 1—-¢ 0 0 0 O
0 0 1—q ¢ 0O 0 0 O
v 0 0 0 0 uss use Usy Usg (44.1)
0 0 0 0 Ues Uss Ue7 U6s
0 0 0 0 Urs  U7e U7y UTs
0 0 0 0 ugs wuss Usgr Uss

Every vertex v € {5,...,8} is adjacent to exactly one x € {1,2} and one y € {3,4}.
For vy, v9 € {5,...,8} with corresponding x1, s € {1,2} and y1,y, € {3,4}, we get

Uprvg = Upqug § Uz k = Upivy E Uz k = UpivoUzqzy
k k; (ko) E

by using Relations (2.1.2), (2.1.5), where we know wu,,;, = 0 for (k,ve) € E, k €
V\{x2} by (4.4.1). Similarly, we get

Uyyvy = Uiy Uy yo

as well as

Upyvy = UgqzyUpivg-

From this we deduce

Uyprvy = UzyzgUvivy = Uzqzg Unjvg Uy ys -

The only common neighbor of x5 and ys is vy, which yields

Upvg = UpyzoUvyvy Uy yo = Uzyzo (E lek) Uyryo = Uzyzo Uy ys- (4.4.2)
k
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Since wy,,, is selfadjoint, we see that w,,,, and u,,,, commute. Especially, p and ¢
commute (choose for example v; = 5,v; = 5). Using Equation (4.4.2), we obtain

p 1l-p 0 0 0 0 0 0
1-p p 0 0 0 0 0 0
0 0 ¢ 1-g¢ 0 0 0 0
I 0 1-q ¢ 0 0 0 0
YT o 0 00 P p(l—q) (l-pa  (A-p(-0)
0 0 0 0 p(l—q) Pq (1=p)(1—-q) (1-p)g
0 0 0 0 (1—-p)g (1-p)(1-q) Pq p(l—q)
0 0 0 0 (1-p@-g (1—p)g p(l—q) Pq
and since p and ¢ commute, C(G, (")) is commutative. O

Remark 4.4.2. We remark that this graph was also considered by Fulton in [27,
Section 6.5]. It is mentioned therein that the graph in Figure 4.12 does have quantum
symmetry, which is not true due to our previous theorem.
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Chapter 5

Quantum automorphism groups of
folded cube graphs

In this chapter, we show that folded cube graphs have quantum symmetry and
compute their quantum automorphism group in the odd case. We remark that the
folded 5-cube graph is isomorphic to the Clebsch graph (see Figure 5.1) and we
get G (Deiepsen) = SOzt Tt was asked to investigate the quantum automorphism
group of the Clebsch graph and to show whether or not it has quantum symmetry in
[10]. We start by proving that the Clebsch graph has quantum symmetry in Section
5.1. For this, we find disjoint automorphisms of the Clebsch graph and then use
Theorem 3.1.2. In Section 5.2, we take a closer look at the compact matrix quantum
group SO, 1. We especially study relations between the generators of the quantum
group. Then, we review folded n-cube graphs F'Q),, in Section 5.3. We use the fact
that those graphs are Cayley graphs to get more insight about their eigenvalues
and eigenspaces. Finally, in Section 5.4, we compute the quantum automorphism
group of the folded n-cube graphs, where we see G.,(FQ,) = SO, !. For this, we
use similar techniques as in [9], where Banica, Bichon and Collins computed the
quantum automorphism group of the n-cube graphs. We proceed as in Sections 3 —
5 of [49] by the author.

5.1 The Clebsch graph has quantum symmetry

As an application of Theorem 3.1.2, we show that the Clebsch graph does have quan-
tum symmetry in this section. Later on, we will study the quantum automorphism
group of this graph. To show that the Clebsch graph has quantum symmetry, we
have to get a pair of non-trivial, disjoint automorphisms of the Clebsch graph.
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Figure 5.1: The Clebsch graph

Proposition 5.1.1. The Clebsch graph has disjoint automorphisms.

Proof. We label the graph as follows

o—

11 13
[ ] [ ]
9
2 : 2
6 14
) 15 [
[
3 1w s 16
[ ] [ ]
7
12 ° 4
[ [ ]

Then we get two non-trivial disjoint automorphisms of this graph

o= (23)(67)(1011)(1415),
7= (14)(58)(912)(13 16).

Now, Theorem 3.1.2 yields the following.

Corollary 5.1.2. The Clebsch graph has quantum symmetry.

102



Proof. By Theorem 3.1.2, we get that the C*-algebra C(G,(Tciepser)) is non-
commutative. Looking at the proof of Theorem 3.1.2, we get the surjective *-

homomorphism ¢ : C(Gl,(Dcienser)) = C*(p,qlp =" =0*, ¢ = ¢* = ¢*),

W 0 0 0
U ol — 0O « 0 0
10 0 W 0|
0O 0 0
where
q 0 0 1—g¢q
u// _ 0 P 1 - b 0
0 1—p P 0
1—gq 0 0 q
O
Remark 5.1.3.

(i) The Clebsch graph is the folded 5-cube graph, which will be introduced in
Section 5.3. There we will study the quantum automorphism group for (2m +
1)-folded cube graphs going beyond Corollary 5.1.2.

(ii) Using Theorem 3.1.2, it is also easy to see that the folded cube graphs have
quantum symmetry, but this will also follow from Theorem 5.4.3.

5.2 The quantum group SO;*

Now, we will have a closer look at the quantum group SO, !, but first we define O, !,
which appeared in [9] as the quantum automorphism group of the hypercube graph.
For both it is immediate to check that the comultiplication A is a *-homomorphism.

Definition 5.2.1. We define O, ' = (C(O,;'), u) to be the compact matrix quantum
group, where C'(O;,!) is the universal C*-algebra with generators w;;, 1 <i,5 <n
and relations

Ujj = u:j7 1 S Z,j S n, (521)
n n

Zuikujk = Zukiukj = 6ij, 1 S Z,j S n, (522)
k=1 k=1

Ui Uik, = —UipWij, Ujillyg = —Upilljs, k #3,

Ui Uk = Ui Uy, i#k,j#L
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For n = 3, SO; ! appeared in [7], where Banica and Bichon showed SO;* = S}
Our main result in this paper is that for n odd, SO, ! is the quantum automorphism
group of the folded n-cube graph.

Definition 5.2.2. We define SO, ! = (C(SO,'),u) to be the compact matrix
quantum group, where C(SO, ') is the universal C*-algebra with generators u,;,
1 <i,7 <n, Relations (5.2.1) — (5.2.4) and

Z ua(l)l .. .ua(n)n =1. (525)

Lemma 5.2.3. Let (u;j)1<ij<n be the generators of C(SO,'). Then

Z Ug(1)1 -+ - Uo(n—1)n—1Ug(n)k = 0

O'GSn

for k #n.
Proof. Let 1 <k <n — 1. Using Relations (5.2.3) and (5.2.4) we get

Us(1)1 - - - Us(k)k + » - Ug(n—1)n—1Us(n)k = —Ug(1)1 - - - Uo(n)k - - - Yo(n—1)n—1Uc (k)k

= —Ur(1)1 - - - Ur(k)k - - - Ur(n—1)n—1Ur(n)k

for 7 = oo (kn) € S,. Therefore the summands corresponding to ¢ and 7 sum up
to zero. The result is then clear. O

The next lemma gives an equivalent formulation of Relation (5.2.5). One direc-
tion is a special case of [55, Lemma 4.6].

Lemma 5.2.4. Let A be a C*-algebra and let u;; € A be elements that fulfill Rela-
tions (5.2.1) — (5.2.4). Let j € {1,...,n} and define

Li={(i1,- - yin1) €{1,...,n}" " ia # iy for a # b,y # j for all s}.
The following are equivalent

(i) We have

(i) It holds

Ujn, = E U1 o Uiy _in—1, 1< J<n.
(i15eensin—1)€I}
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Proof. We first show that (ii) implies (i). It holds

n n
§ 2 § : 2

1= an = Uiq1 - - Ugpy _1n—1Ujn,
J=1

J=1 (i1, sin—1)€L;

where we used Relation (5.2.2) and (ii). Furthermore, we have

n
E E Uiy1 - o« Uiy _1n—1Ujn = E Uit -+ - Uipm

J=1 (i1,ein—1)€l; A 721’.%.7%;7%
1q#1p for a

= Z Us(1)1 + - - Ug(n)n

and thus (ii) implies (i).
Now we show that (i) implies (ii). We have

Z Ug (1)1 - (n)nWUjn = Z Z Ug(1)1 - + - Uo(n—1)n—1Ua(n)kUjk,

oS, k=1 o€Sy

since ZoESn Ug()1 - - - Ug(n—1)n—1Us(n)kUjt = 0 for & # n by Lemma 5.2.3. We get

Z Z Us(1)1 - - (n—1)n—1Ue(n)kUjk = Z Ug (1)1 - o(n—1)n—1 ;uo(n)kuﬂc

k=1 oc€S, oESH

= Z Us(1)1 - - - ua(n—l)n—léa(n)j

(J’GSn

= E Uiq1 -+« Ugpy_1n—1,

(i1yeerin—1)€I;

where we used Relation (5.2.2) and we obtain wj, = 32, er Uil - - - Ui in-1-
[

We now discuss representations of SO, " +1- For definitions and background for
this proposition, we refer to [12, 15, 47].

Proposition 5.2.5. The category of representations of SOQ_'rrlH-l is tensor equivalent
to the category of representations of SOqpi1.

Proof. We first show that C(SO,,, ;) is a cocycle twist of C'(SOgn+1) by proceeding
like in [15, Section 4]. Take the unique bicharacter o : Z3™ x Z3™ — {£1} with

o(ti,t;) =—1=—o(t;,t;), for 1 <i<j<2m,
O'(tl,tz) = (_1)m7 for 1 S 1 S 2m + ].,
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o(ti, tams1) = (—1)"" = =0 (tams1, i), for 1 <4 < 2m,

where we use the identification Z3™ = (t1,...,tomi1 |87 = 1,tt; = titi, tomsr =
t1...tom). Let H be the subgroup of diagonal matrices in SOy, .1 having 1 entries.
We get a surjective *-homomorphism

71 O(SOgmy1) — C*(Z3™)
Ujj > 5thz

by restricting the functions on SOy, to H and using Fourier transform. Thus we
can form the twisted algebra C'(SOg,,11)7, where we have the multiplication

i [wi] = o (ts, i) o (5, t) [wgjum] = o (b, tr)o(t, 6) [usum)].

We see that the generators [w;;] of C(SOgp41)? fulfill the same relations as the
generators of C'(SO,,,;) and therefore we get an surjective *-homomorphism ¢ :
C(SOzm1) = C(SO211)%, ui; + [u;]. This is an isomorphism for example by
using Theorem 3.5 of [29]. Now, Corollary 1.4 and Proposition 2.1 of [12] yield the
assertion. [l

5.3 The folded n-cube graph FQ),

In what follows, we will review folded cube graphs F'Q),, and show that for odd n,
the quantum automorphism group of F@Q, is SO,'. Folded cube graphs are for
example discussed in [18, Section 9.2].

Definition 5.3.1. The folded n-cube graph F(@), is the graph with vertex set V =

{(z1,...,2n1) | x; € {0,1}}, where two vertices (x1,...,2,_1) and (y1,...,Yy,_1) are
connected if they differ at exactly one position or if (y1,...,y,-1) = (1 —21,...,1—
xn—l)-

Remark 5.3.2. To justify the name, one can obtain the folded n-cube graph by
identifing every opposite pair of vertices from the n-hypercube graph.

It is known that the folded cube graphs are Cayley graphs, we recall this fact in
the next lemma.

Lemma 5.3.3. The folded n-cube graph FQ, 1is the Cayley graph of the group
Zy ' = (t1,...t,), where the generators t; fulfill the relations t? = 1,t;t; = tit; t, =
t1...th—1-

Proof. Consider the Cayley graph of Zi ' = (t,.. .ty). The vertices are elements

of Z5~!, which are products of the form g = t' ... ¢"~'. The exponents are in one
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to one correspondence to (z1,...,z,_1), ¥; € {0,1}, thus the vertices of the Cayley
graph are the vertices of the folded n-cube graph. The edges of the Cayley graph
are drawn between vertices g, h, where g = ht; for some i. For k € {1,...,n — 1},
the operation h — ht) changes the k-th exponent to 1 — iy, so we get edges between
vertices that differ at exactly one exponent. The operation h — ht, takes tJ ... t/"7}

to t}_jl .. .ti:jf”‘l, thus we get the remaining edges of F'Q),,. O
We will now discuss the eigenvalues and eigenvectors of the adjacency matrix of
FQ,. We write
Zy = {t} .. tirfiy, .0, € {0,1}},
C(Zy) = Span(etjl...tiﬁ |t .t e 7,

where

_ . N (4 Jn) — §. . o
etll . ZQ — (C, etzllmt:;ﬂ (tl c. tnn) = 611]1 Ce 5’ln]n‘

Lop

Lemma 5.3.4. The eigenvectors and corresponding eigenvalues of F'Q, are given
by

1
Wi, i, = Z (_1)i1j1+”.+in71jn716t{1,,_tin_*ll
jly"'7jn—1:0
Ail---infl = (_1)i1 +.o.+ (_1>in71 + (_1)i1+...+in,1’
when the vector space spanned by the vertices of FQ, is identified with C(Zy ™).

Proof. Let ¢ be the adjacency matrix of F'Q),,. Then we know for a vertex p and a
function f on the vertices that

efp)= > flo).

¢;(¢:p)EE
This yields
n
€ ; i prmnd (& 5 i —= € ; ; . e e . e ; . X
< P gt ttil Pt it + + P 1t + gt o1t
k=1
For the vectors in the statement we get
_ E 1171+ Fin—1Jn—1 )
gwil...in71 - (_]-) " " 8etjl tjnfl
1 """n—1

J1yedn—1
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— 7/1]1“!‘ +in—1Jn— 16 . g
Z Z st g

n—1
s=1 J1,esfn—1

+ g (_1)741]1“1‘""‘1‘177,71]”*1etj1+1 tjn—l"rl.
1

ey

J1yeess Jn—1

Using the index shift j. = j, 4+ 1 mod 2, for s € {1,...n — 1}, we get

n—
o _ i1j14 s (G514 Fin—1in—1
EWiy iy = E E (1) e o o s

. Y . o n71
s=1 j1,...5%,Jn—1

+ E Z1(]1"’1)"’ +ln 1(],” 1+1) -/
t 7, A
]17 Jn—l

n—1

s=1 j17 aj;7 ’jn 1
+ E 11+ Fip— 1( 1)%131+ Ain—1J]_ le o

:((—1)"1+...+( L)t 4 (=1) ity

= Niyovin 1 Wiy iy -
Since those are 277! vectors that are linearly independent, the assertion follows. [J

One can obtain a C*-algebra from the group Zj by either considering the con-
tinuous functions C(Z%) over the group or the group C*-algebra C*(Z%). Since Zj
is abelian, we know that C(Z}) = C*(Z%) by Pontryagin duality. This isomorphism
is given by the Fourier transform and its inverse. Here

CHZy) = C*(ty, ..., ta [ ti = 5,17 = 1, tit; = tt;).
The proof of the following proposition can be found in [4] for example.

Proposition 5.3.5. The *~homomorphisms

1

1 . S )
p:C(25) = C (L), ey = 5 D G S A
1 -tn n
j17~--,jn:0
and
Y CH(Z3) — C(ZY), till tzn N Z m1+ Hnjnet{l...tz;"’
jl: 7.77170
where iy, ...,i, € {0,1}, are inverse to each other. The map ¢ is called Fourier

transform, the map v 1s called inverse Fourier transform.
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The following lemma shows what the eigenvectors look like if we identify the
vector space spanned by the vertices of FQ,, with C*(Z5™1).

Lemma 5.3.6. In C*(Zy™ ') = C*(t1, ..., tn|t? = 1, tit; = titi,ty, =t ... t,_1) the
eigenvectors of F'Q), are

tin—l

N — 4
Wiy iy = b1 -y

corresponding to the eigenvalues N\;, ,; _, from Lemma 5.5.4.

Proof. We obtain w;, ; _, by using the Fourier transform on w;, ; , from Lemma
5.3.4. O

Note that certain eigenvalues in Lemma 5.3.4 coincide. We get a better descrip-
tion of the eigenvalues and eigenspaces of F'(), in the next lemma.

Lemma 5.3.7. The eigenvalues of F'Q, are given by Ay = n — 2k for k € 2Z N
{0,...,n}. The eigenvectors ti* ...t."~| corresponding to A, have word lengths k or
kE —1 and form a basis of Ey,. Here I\, denotes the eigenspace to the eigenvalue

-

Proof. Let k € 2ZN {0,...,n}. By Lemma 5.3.4 and Lemma 5.3.6, we get that an
eigenvector ti'...t,"" of word length k (here k # n, if n is even) with respect to
t1,...,t,_1 corresponds to the eigenvalue

(D" + . (D) () = kb (n—1—k) 4+ 1 =n— 2k

Now consider an eigenvector ¢! .. .ti"_‘ll of word length £ — 1. Then we get the
eigenvalue

(D)% . (=Dt (=)t — (1) 4 (n— k) —1=n— 2k

We go through all the eigenvectors of Lemma 5.3.6 in this way and we obtain exactly
the eigenvalues A\, = n — 2k. Since the eigenvectors of word lengths k£ or kK — 1 are
exactly those corresponding to ), they form a basis of E}, . O

5.4 The quantum automorphism group of F'()s,,.1

From now on, we restrict to the folded n-cube graphs, where n = 2m+1 is odd. We
show that in this case, the quantum automorphism group is SO, . It was asked in
[10] by Banica, Bichon and Collins to investigate the quantum automorphism group
of the Clebsch graph. Since the folded 5-cube graph is the Clebsch graph we get
G (Coepsen) = SO . At first, we need the following lemma.

109



Lemma 5.4.1. Let 7,...,7, be generators of C*(Zy™') with 72 = 1,7y7; = 773,
Tp = Ti...Th—1 and let A be a C*-algebra with elements w;; € A fulfilling Relations
(5.2.1) = (5.2.4). Let (iy,...,4) € {1,...,n} withi, # iy fora # b, where1 <1 < n.
Then

n
E le ...le ®Uj”'1 "'ujlil = E le ...le ®'Ll,j1i1 "'ujll'l'
j17“~’jl:1 . jlay]l’
Ja#jb for a#b

Proof. Let js = jsi1 = k and let the remaining j; be arbitrary. Summing over k, we
get

n
Tiv oo Thoor T Thann - Ty @ Uiy v o Uk Uiy - - - Uiy
k=1

:le ~'-Tj5717—j5+2 ...le ®uj1i1 ZukisukiHl "'ujziz
k=1
=0
by Relation (5.2.2) since is # i541. Doing this for all s € {1,...,1 — 1} we get
Z le...le®ujli1...ujlil= Z Tj1"'7_jl®uj1i1"'ujzil'
Jiengi=1 nFE#Eh
Now, let js = jsio = k and let j; # -+ # j;. Since k = js # jsi1 and i, # i for

a # b, we have up; U, i, = Uj, i, Uki,- We also know that 7,75, = 75, 7% and
thus

n
g Tiy oo Tie1 Tk Tjog1 Tk Tjass - - - Tj & Wjyiq -+ WhigWjgyqigpy Ukigpn - - - Wiy,
k=1

n

—le “'TjsflTjs+1Tj5+3 ...le ®uj1i1 ---uj5+1i5+1 E ukisukisﬁ ...Ujm
k=1

=0

by Relation (5.2.2) since i5 # is42. This yields
n
Z Tj1"-7_jl®uj1i1"'ujlil: Z le...le®Ujlil...u]'lil

Jiyendi=1 JlseesJls
JaFJp for 0<]a—b|<2

The assertion follows after iterating this argument [ times. O]
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We first show that SO ! acts on the folded n-cube graph.
Lemma 5.4.2. For n odd, the quantum group SO acts on FQ,.
Proof. We need to show that there exists an action

VEQn,|

a: C(Vig,) = C(Vig,) ® C(SO;Y), Z e; ®vj;

such that (v;;) commutes with the adjacency matrix of F'Q),,. By Fourier transform,
this is the same as getting an action

a:CHZEY) — CHZEY) ® O(SO Y,

where we identify the functions on the vertex set of FQ, with C*(Zj ). We claim
that

() => 7 ®uy;
j=1

gives the answer, where
Ti:tl...fi...tn_lfOI‘lSiSn-l, Tn:tn

for t; as in Lemma 5.3.6 and (u;;) is the fundamental representation of SO, !. Here {;
means that t; is not part of the product. These 7; generate C*(Z45 '), with relations
=711 =1 ,7iTj = 7;7; and 7, = 71 ... T,—1. Define

n
T, = g T; ®uﬂ.
Jj=1

To show that « defines a *-homomorphism, we have to show that the relations
of the generators 7; also hold for 7/. It is obvious that (77)* = 7/. Using Relations
(5.2.2)-(5.2.4) it is straightforward to check that (7{)* = 1 and 7/7] = 7/7/. Now, we
show 7/ =7 ...7/_,. By Lemma 5.4.1, it holds

/ / o 2 :
T - Th1 = Tip oo Tipq X Uiq1 - - Uiy _1n—1

U15eein—1;
ia;éib for a#b

= E E Til e Tin—l ® ui1l Ce uin_m,l,

=1 (i1,...,in-1)€I,



where I; = {(i1,...,in_1) € {1 ,n}" i, # 4y for a # b,is # j for all s} like in
Lemma 5.2.4. For all (i1,...,0,_ 1) € I;, we know that 7, ... 7, , =7 ...7j...T,.
Using 7, =71 ...Tp—1 and TZ =1, weget 7i...7;...7, = 7; and thus

E E Ti Ce Tin71 (29 uill N uinfln—l

= ('Lly Hln— 1) j

n
= Z T & Z Ujy1 -+ - Wiy n—1

j=1 (i1yeersin—1)€I;

The equivalent formulation of Relation (5.2.5) in Lemma 5.2.4 yields

n

/ / § : 2 : } : /

T Tp1 = Tj@ Uiyt oo - Ujpy_yn—1 = Tj@an:Tn.
j=1

j=1 (’i1,...,in_1)€1j

Summarising, the map « exists and is a *-homomorphism. It is straightforward to
check that « is unital and since u is a representation, « is coassociative.

Now, we show that a(C*(Zy1))(1 ® C(SO;1)) is linearly dense in C*(Z5 ™) ®
C(SO;"). Tt holds

n

Za(ﬂ')(l ® ;) = Z (Tj & Z%ﬂ%z) = ZTj ® 0, = T, ® 1,
j=1 i=1 j=1

i=1

thus (1, ®1) € a(C*(Z5 1)) (12 C(SO;Y)) for 1 < k < n. Since a is unital, we also
get 1 ® C(SO;Y) C a(C*(Z5 1)1 @ C(SO;Y)). By a standard argument, see for
example [52, Section 4.2], we get that a(C*(Z5™1))(1 ® C(SO; 1)) is linearly dense
in C*(Zy 1) @ C(SO; Y.

It remains to show that the magic unitary matrix associated to & commutes with
the adjacency matrix of F'Q),,. We want to show that a preserves the eigenspaces
of the adjacency matrix, i.e. a(E)) C E\ ® C(SO,') for all eigenspaces FE, then
Theorem 2.1.12 yields the assertion. Since it holds ¢; = 7;7,, by Lemma 5.3.6 we
have eigenvectors

il 7;n—l n—1 .
B g g )T T for >/ _, i even
21...tn—1 ~ Y1 " n—1 — 1—iq 1—tp—1 f anl . dd
T Ty or » ;i 0

corresponding to the eigenvalues \;, ; , as in Lemma 5.3.4. Using Lemma 5.3.7,

we see that the eigenspaces E), are spanned by eigenvectors 77" ...7," ;' of word

lengths k or n — k, where we consider the word length with respect to 7,...,7_1.
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Let 1 <1 <n—1. By Lemma 5.4.1, we have for 7y,...,4;, i, # i, for a # b:

a(Til---Til): E le...le®Uj1i1...u]‘lil.

C JLsendis

Ja#Fjp for aF#b
For 7;, ...7j,, where j; # n for all s, we immediately get that this is in the same
eigenspace as 7;, ... T; since Tj, ...7;, has the same word length as 7;, ... 7,. Take
now T7j, ...Tj, where we have j; = n for some s. We get

I

T =T e Ty oo T4 Ty

=Tjp o Tjg oo TjT1 - Tp—1,

which has word length n — 1 — (I — 1) = n — [, thus it is in the same eigenspace as
Tiy - - Ti,- This yields

a(Ey) C Ey® C(SO Y,
for all eigenspaces F and thus SO_! acts on FQ,, by Theorem 2.1.12. O
Now, we can prove the Theorem D.

Theorem 5.4.3. Forn odd, the quantum automorphism group of the folded n-cube
graph FQ,, is SO, .

Proof. By Lemma 5.4.2 we get a surjective map C(G/ ,(FQ,)) — C(SO;1). We

n

have to show that this is an isomorphism between C(SO,') and C(G{,(FQ,)).
Consider the universal action on F'Q),

B:CM(Zy™") = CN(Zy) @ C(GLu(FQu)).

Consider 7, ..., 7, like in Lemma 5.4.2. They have word length n — 2 or n — 1 with
respect to t1,...,t,_1 and they form a basis of £/_,, ;5 by Lemma 5.3.7. Therefore,
we get elements z;; such that

B(m) =) 7 ®wj
j=1

by Corollary 2.1.13. Similar to [9] one shows that z;; fulfill Relations (5.2.1)—(5.2.4).
It remains to show that Relation (5.2.5) holds. Applying 5 to 7, = 71 ...7,_1 and
using Lemma 5.4.1 yields

E Tj®xjn :6<Tn) = E Til"'Tin—l ®xi11---min71n—1
J Ulyenyin—1;

1q 71y for ab
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= E E Til ---Tin,1 ®xi11'--xin71n—1~

n
G=1 (i1,eensin—1)EL;

As in the proof of Lemma 5.4.2, we have 7;, ... 7, | = 7; for (i1,...,i,-1) € I; and
we get

n

n
E Tj (9 xjn = E Tj ® E (L’ill e xinfm_l
=1

Jj=1 (i150esin—1)€L;

We deduce

Tjn = E Tig1 -+ Lipy_1n—1,

(Z’1,...,7:n71)€[j

which is equivalent to Relation (5.2.5) by Lemma 5.2.4. Thus, we also get a surjective
map C(SO;') — C(GI.(FQ,)) which is inverse to the map C(GL (FQ,)) —

aut aut

C(SOM). 0

Remark 5.4.4. The folded 3-cube graph is the full graph on four points, thus our
theorem yields S = SO;*, as already shown in [7].

Remark 5.4.5. We do not have a similar theorem for folded cube graphs F'Q),, with
n even, since the eigenspace associated to the smallest eigenvalue behaves different
in the odd case. Recall from Lemma 5.3.7 that the smallest eigenvalue in the odd
case is —n+2, whereas it is —n in the even case. In the even case, the eigenspace E_,,
is one dimensional. In contrast, for n odd, the eigenspace E_, 2 is n dimensional.
The author did not succeed in finding an eigenspace for which a similar strategy as
in Lemma 5.4.2 and Theorem 5.4.3 could be applied, for n even.
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Chapter 6

A generating property for planar
algebras

In this chapter we review a generating property for planar algebras which is closely
related to quantum automorphism groups of graphs. This generating property was
introduced by Ren in [45] and the connection to quantum automorphism groups
is mentioned therein. We discuss in detail that the group-action planar algebra
associated to certain graphs is generated by its 2-boxes if and only if the graph
has no quantum symmetry. This especially holds for distance-transitive graphs.
Using the results of Chapter 4, we obtain many new examples of graphs having this
generating property.

Moreover, we use the equivalence to show that the Higman-Sims graph has quan-
tum symmetry (Theorem 6.3.3), where it was asked in [10] to investigate its quantum
automorphism group and to show whether or not it has quantum symmetry. We will
see that the Higman-Sims graph is another example of a graph that has quantum
symmetry and no disjoint automorphisms besides the graph in Example 7.2.7, which
yields that the converse direction of Theorem 3.1.2 does not hold.

6.1 Group-action planar algebra and a generating
property

At first, we briefly recall the definition of a planar algebra. For the definition of
planar tangles and more details see [24], [34].

Definition 6.1.1. A planar algebra P is a collection of finite-dimensional vector
spaces (Pp)nenu{—,+} such that each planar tangle 7" of degree k with n internal
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disks Dy, ..., D, of degree ki, ..., k,, respectively, yields a multilinear map

Zr: Q) Pr, — Pr.

1<i<n

The composition of those maps has to be compatible with the composition of planar
tangles.

The spin planar algebra P denotes the planar algebra of [24, Section 3.1]. Here
P, is the vector space of all linear functionals f : W* — C for all k € N and
Py =P_ =C, where W denotes a finite-dimensional vector space. We do not need
the definition of the map Zr for our purposes, it is given in [24, Section 3.1].

In the following, we identify linear functionals f : W* — C with elements in
Wk via

f:Wrk—=cC 3 Z f(el-l,...,eik)eh®~~-®eik€W®’“.

Definition 6.1.2. Let W be a d-dimensional vector space with basis {ey, ..., e} and
let P be the associated spin planar algebra. Let G be a subgroup of the symmetric
group Sg. Then G has the natural action oo : W x G =V, (e;, g) + €,4(;) which can
be extended diagonally to the action

P W x G — W®”,
(eiy ® - ®ei,, ) = €gliy) @ ® €y(i,)-

This induces an action of G on P. The group-action planar algebra P is the fixed
point algebra of the group action, that is

PY ={r € P,|a®(v,9) =z for all g € G}.

We furthermore need the notion of a planar algebra generated by a set of ele-
ments.

Definition 6.1.3. A planar algebra P is generated by a set of elements S, if for
every z € P,, there exists a planar tangle T', such that Zr(sq,. .., sx) = x for some
S; € S.

Definition 6.1.4. We denote by A% C P% the planar subalgebra generated by PS.

A natural question is now to ask for which groups G the planar algebras A% and
PC coincide. For a graph I' and G = Aut(T"), we have the following definition.

Definition 6.1.5. Let ' be a finite graph. Then I has the generating property if the

group-action planar algebra PAI) is generated by P! fe. PAUT) — fAut(T),
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Our definition differs from the one in [45], where a graph I' has the generating
property if PAI) is generated by the adjacency matrix € of I'. We use the previ-
ous definition to stress the importance of orbitals and quantum orbitals of T" (see
Definition 2.4.1). Note that both definitions coincide if and only if the orbitals and
the quantum orbitals are the same by Theorem 6.2.3. Moreover, remark that the
generating property is only defined for strongly regular graphs in [45], both defini-
tions are still valid for other graphs. The next definition is a quantum analogue of
the group-action planar algebra, see for example [3].

Definition 6.1.6. Let W be a d-dimensional vector space with basis {e1, ..., es} and
let P be the associated spin planar algebra. Let G* be a quantum subgroup of the
quantum symmetric group S, with fundamental respresentation v € My(C(GY)).
Then G has the natural action : W — W ®@ C(G7), ¢; = >, ¢; ® vj; which can
be extended to the action

B@n . W®n - W@n ® O(G+),
d
€y & Qe Z €jy &+ & €, O Ujyiy -+ Uiy, -
jlv"'7jn:1

This induces an action of G* on P. The quantum-group-action planar algebra PE"
is the fixed point planar algebra of the quantum group action, that is

PE = {z e P, | %" (x) =2z ®1}.

G+F0(1; )quantum automorphism groups of graphs, we have a nice description of
7) aut .

Theorem 6.1.7 ([3], Theorem 6.1). The planar algebra PCaue®) g equal to the
planar algebra generated by e, where € denotes the adjacency matriz of T.

6.2 Connection to graphs having no quantum
symmetry

We show that, for certain graphs, having the generating property is equivalent to
having no quantum symmetry. Note that one can also get this connection by using

the intertwiner spaces of G ,(T") (see Section 2.3), we give more direct arguments.

The following proposition is mentioned in [10, Section 13|, we give a proof here.
Proposition 6.2.1. Let I' be a graph. The following are equivalent:

(i) it holds PAMT) = PCau(®)
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(ii) we have R € Pf:“t(r), where R=73_, . e;®e; @ e; @ ey,
1) the gra as no quantum symmetry.
(iii) the graph T h q Y y
Proof. The equivalence of (i) and (i7) follows from Theorem 6.1.7, [24, Theorem 5.10]

and [24, Theorem 4.1]. We see the equivalence of (i) and (iz7) by the following. If
+
R € Pf““t(r), then

§ : E : _ p®4
ey @ e, @ €y Q €y Q UpyUpyjUpyiUgyj = B (R)

2,7 t1,...,ta
=R®I1
= Zetl ®€t2 ®€t1 ®6t2 ®1
t1,t2

which is equivalent to

Z Uty Uty jUtsi Uty = Otyt50tt4 1.

2
Choosing ', 7' € V' and multiplying by u;,» from the left and by w,; from the right
yields

utli/utgj/utgi/utU/ = 5t1t35t2t4utli/ut4j/ . (621)

Thus, we get

utli'ut4j/ = utli’ut4j/ut1i/ut4j/ = < E usli/> ut4j/ut1i/ ( E U’szj’) = ut4j/ut1’i/

S1 52

by using Equation (6.2.1) and Relation (2.1.2). Hence the generators of C(G/,,(T))
commute which means that [' has no quantum symmetry.
For the other direction, let C'(G,,(I')) be commutative. Then

aut

®4 _
B (R) - E E et @ e, ey Qe @ Uty Uty jUtsiUtys

4,J t1,...5l4

= § E €t & €ty X €3 X €ty X utliutgiutgjut4j

4,5 t1,..5ta

= E E ety @ €, @ €ry @ ety @ Upy iUty

5,J ti,t2
= Z@tl ®€t2 ®6t1 ®6t2 ®1
t1,t2
=R®I1,
. . . G (D)
by using Relation (2.1.2), i.e. R € P, . O
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The next lemma shows a connection of the 2-box space of PA"I) and PGau(T)
with the orbitals and quantum orbitals of I', respectively.

Lemma 6.2.2. Let x = Z” aij(e; ® e;) and let a = (a;j);; be the matriz with
entries a;;. We have

(i) x € P;ut(r) if and only if a € O(T),

g Gh.(D) . .
(i1) and x € Py if and only if a € QO(T).

Proof. For (i), we have that z € Py W@ if and only if

D ailei®@ey) =Y aiilegin @ eq))
i3 i,J

for all ¢ € Aut(I"). But this is equivalent to a being constant on the orbitals, i.e.
a € O(T). Statement (i7) follows from Lemma 2.4.7. O

We can now relate the equality of A2"(1) and Pl to the equality of the
orbitals and quantum orbitals of T".

Theorem 6.2.3. Let I' be a finite graph. The following are equivalent:

+

(i) AAD) = PGau) e, AR — PnG‘j"t(r) for all n,
(“) AQUt(F) — 7)2Ga+ut(r)’
(111)) QO(T') = O(T).

Proof. We first proof the equivalence of (i) and (i4). If AAT) = PCau®) | then we

. Aut(T) G (D) . .
particularly have A, =P, . For the other direction, we know by Theorem

6.1.7 that PCau(D) ig generated by e € Pﬁ w@ and by definition A*"1) is generated

by all elements of PQA ui(r), Thus, we get PCau) C AAD) | Since we have A§Ut(F) =
+

7320 ’““(F), the generators of AA"(I) are also contained in PGau™ and thus AAT)

PGt The equivalence of (ii) and (iii) follows from Lemma 6.2.2.

I

Combining the previous results, we get the following corollaries.

Corollary 6.2.4. Let I" be a graph with QO(I') = O(T'). Then T has the generating
property if and only if I' has no quantum symmetry.

Proof. Since we have QO(I') = O(I'), we know A1) = PCau(@) by Theorem 6.2.3.
By Proposition 6.2.1, we get A = PAuI) if and only if I' has no quantum
symmetry. O
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Corollary 6.2.5. Let I' be a graph. If T has no quantum symmetry, then it also
has the generating property.

Proof. If T' has no quantum symmetry, then we especially have QO(I") = O(I).
Then Corollary 6.2.4 completes the proof. O

Corollary 6.2.6. Let I' be a graph with QO(I') = O(T"). If Aut(I") contains disjoint
automorphisms, then I' does not have the generating property.

Proof. This follows from Corollary 6.2.4 and Theorem 3.1.2. ]

6.3 Applications
Looking at Example 2.4.13, we get a class of graphs with QO(I") = O(T').

Example 6.3.1. Let I' be a distance-transitive graph. Then I' has the generating
property if and only it has no quantum symmetry.

By the previous example, we find many graphs in Chapter 4 that have the
generating property. We see that the Kneser graphs K(n,2) for n > 5 have the
generating property, which is also discussed in [45]. Furthermore, restricting to
strongly regular graphs, we have the following.

Corollary 6.3.2.

(i) The Paley graphs Py, P13 and Py7, the Shrikhande graph and the Hoffman-
Singleton graph do have the generating property,

(ii) The Clebsch graph and the 4 X 4 rook’s graph do not have the genmerating
property.

It is mentioned in [45] and briefly discussed in [34, Example 2.8] that the Higman-
Sims graph does not have the generating property. We give an explicit proof here
to show that the Higman-Sims graph has quantum symmetry.

Theorem 6.3.3. The Higman-Sims graph HS has quantum symmetry.

Proof. We show that the Higman-Sims graph does not have the generating prop-
erty (see Definition 6.1.5). Then the statement follows from Corollary 6.2.4, since we
know that the Higman-Sims graph is distance-transitive, which yields
QO(HS) = O(HS). We will show that dim(A5™™)) 2 dim(PF" ™M) deducing
dim(AAut(HS)) ?é dim(PAut(HS)).
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The dimension of 73,? wHS) can be computed by the Cauchy-Frobenius-Burnside
formula, see [24, Section 3.2]. It holds

. Aut(HS)\ 1 Z k
g€Aut(HS)

where 7 : Aut(HS) — C maps g € Aut(HS) to the number of fixed points of g. We
have | Aut(HS)| = 88.704.000 and

100*
. Aut(HS) >
dim(P ) 2 TSy

since id € Aut(HS) and 7(id) = 100. We deduce

dim(Py )y > _100° 000
6 ~ | Aut(HS)| '

Regarding dim(AQUt(HS)), we know the following. Due to Jaeger [33], one can
define a spin model (X, R, @), where both matrices R, are linear combinations
of the adjacency matrix egg of the Higman-Sims graph, the all-ones matrix J and
the identity matrix I. Especially, {/, R,Q} forms a basis of AzAut(HS), since epg
and J can be obtained by linear combinations of those matrices and therefore R, )
generate AAMHS) Since R, Q) are obtained from a spin model, they fulfill Relations
(1)—(v) from [34, Example 2.4] and thus A*"(!S) is a planar subalgebra of the BMW

planar algebra. As shown in [34, Example 2.4], it holds dim(BMW,,) = (2n — 1)!!

and therefore we have dim( QUt(HS)) < (2n — D! In particular, we get

dim (AS" ) < 1111 = 10395.
Summarizing, we have
dim (A2 M9) < 11000 < dim(PEH),

Thus AMHS) £ PAWHS) which means that the Higman-Sims graph does not have
the generating property. L]

Remark 6.3.4. Using Sage [53], one can check that the Higman-Sims graph has
no disjoint automorphisms. Thus this gives another example of a graph that has
quantum symmetry but no disjoint automorphisms besides Example 7.2.7, which
shows that the converse direction of Theorem 3.1.2 is not true.

Remark 6.3.5. It would be nice to have an explicit surjective *-homomorphism
¢« G, (HS) — A, where A is a non-commutative C*-algebra. We have to leave

aut
this as an open question.
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Chapter 7

Quantum isomorphisms

Quantum isomorphisms constitute the main topic of this chapter. Similar to quan-
tum automorphisms being quantum analogues of graph automorphisms, quantum
isomorphisms are quantum versions of graph isomorphisms. Those quantum isomor-
phisms were first defined in [1]. In Section 7.1, we review the definition of quantum
isomorphisms and the nonlocal game associated to them. In Section 7.2, we start
by giving some basics in representation theory of compact quantum groups which
are needed at the end of this section.

By Theorem 3.1.2, we know that a graph with disjoint automorphisms has quan-
tum symmetry. Using monoidal equivalence, we prove that if a graph I' has disjoint
automorphisms, then any graph quantum isomorphic to I' also has quantum sym-
metry (see Theorem 7.2.6). This constitutes the main result of this chapter. We
obtain another example of a graph having quantum symmetry and no disjoint au-
tomorphisms from this theorem. The graph comes from a construction used in [36]
to obtain quantum isomorphic but non-isomorphic graphs.

7.1 Equivalent definitions and the isomorphism
game

Recall that for graphs I'y = (Vi, Ey), T's = (Va, E3) a graph isomorphism is a bi-
jection ¢ : Vi — V5 such that (i,5) € Ey if and only if (¢(i),p(j)) € E>. The
permutation matrix o with o;; = §,; then fulfills eMo = 5e®, where e, ¢@ are
the respective adjacency matrices of I'y, I'y. We get back a graph isomorphism from
such a permutation matrix by putting ¢(i) = j if 0;; = 1. We have the following
generalization, see [1].

Definition 7.1.1. Let I'y = (V4, Ey), 'y = (V3, E3) be finite graphs without multiple
edges and let €M, £®) be their respective adjacency matrices. We say that I'; and
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I'y are quantum isomorphic, denoted I'y =, I'y, if there exists a unital C*-algebra A
with elements w;; € A, i € Vi, j € V3, such that

wij = uj; = ul, ieVi,jeVy, (7.1.1)
D u=1="> wy, i €Vi,j € Va, (7.1.2)
keVa keVvy

eWy = ue®. (7.1.3)

Here Relation (7.1.3) means ), . 61(,1)7%]- =D kevs uika,(é).

The definition originates from a nonlocal game which we will discuss briefly. For
more details, see [1]. The nonlocal game is called isomorphism game. Given two
graphs I'; and T'y, the (I'y, I'y)-isomorphism game is played as follows.

A referee sends each of the two players, Alice and Bob, a vertex of I'y or I's.
Each player must respond to the referee with a vertex of I'; or I';. Alice and Bob
win the game if two condition are met. The first condition is the following.

(1) If a player receives a vertex of I'y, he must respond with a vertex of I'y and
vice versa.

If (1) holds, Alice receives or responds with a vertex of I'y, which we denote by 71 4,
and responds or receives a vertex of I'y, which we will call 73 4. Define v, 4 and
72, similarly for Bob. For two vertices vy and vy, we use rel(vy, v2) to denote the
relationship of the vertices, that is, whether they are equal, adjacent, or non-adjacent
(and distinct). Then we can express the second condition easily.

(2) It holds rel(y1,4,v1.58) = rel(V2,4, V2.8)-

Alice and Bob know the graphs before the game starts and can agree on a strategy.
They cannot communicate during the game and one round of the game is played.
A strategy is called perfect if it has winning probability 1, i.e. if Alice and Bob
always win the game. It is shown in [1] that there is a perfect strategy for the
("1, I's)-isomorphism game if and only if I'; and I'y are isomorphic.

To get to quantum isomorphisms, we have to consider quantum strategies of the
isomorphism game. In a quantum strategy, players share a quantum state ¢ € H,
which is a unit vector v in a Hilbert space H. Both players perform a quantum
measurement. Upon receiving a vertex x € Vp, U Vp,, this is modelled by positive-
operator valued measurements, &,, = {E,, € B(H)|y € Vp, U W, } for Alice and
Foy =A{Fw € B(H) |y € Vi, UV, } for Bob. Here E,,, F,/,, are positive operators,
where

Z E:cy =1= Z F:c’y’ and Eﬂ?yFl’/yl - Fx/ylExy
y v
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for all z,y, 2',y' € Vi, UVL,. The probability of Alice and Bob responding y, 3’ upon
receiving x and ', respectively, is given by the following formula:

p(ya y/ | X, Z’l) = ¢*Exny’y’¢'

The quantum strategy is perfect if and only if p(y,v' | x,2') = 1 for all z,y, 2",y €
Vp, U Vr,. Similar to classical isomorphisms, we have the next theorem, due to [36].

Theorem 7.1.2. Let I'y = (Vi, Ey), 'y = (Va, Ey) be finite graphs without multiple
edges. Then I'y and T's are quantum isomorphic if and only if there is a perfect
quantum strategy for the (I'y1, Ty )-isomorphism game.

Now, we come to an equivalent formulation of quantum isomorphism for con-
nected graphs. To check if two connected graphs are isomorphic, one can also look
at their disjoint union and then consider the orbits of its automorphism group. Then
the graphs are isomorphic if and only if one has vertices from different graphs in
the same orbit. The next theorem shows that there is a similar way to check if two
graphs are quantum isomorphic, now using quantum orbits (see Definition 2.4.1).

Theorem 7.1.3 (Theorem 4.5 in [36]). Let I'y = (Vi, Ey) and T'y = (Va, Es) be
connected graphs. Then T'y and I's are quantum isomorphic if and only if there exist
1 € V1 and j € Vy that are in the same quantum orbit of the disjoint union I'y U T;.

We use this to show that the quantum automorphism group of non-quantum-
isomorphic graphs is the free product of their quantum automorphism groups.

Corollary 7.1.4. Let 'y = (V, Ey), I'y = (Va, E3) be connected graphs that are not
quantum isomorphic. Then
G+

aut

(T1UTy) = GF,(T1) * G, (T2).

Proof. Let ep,ur,, €r, and er, be the adjacency matrices of the corresponding graphs.
Label I'y UT'g such that
Er 0
ETury, = ( 01 €F2> .

Since I'y and I's are not quantum isomorphic, we know by the previous theorem that
there are no ¢ € V4, j € V5 in the same quantum orbit of I'; U I's. Therefore, we
have u;; = 0 for all s € Vi, j € Vo or @ € V,, j € Vi, where u is the fundamental
representation of G, ,(T'y UTy). This yields

aut
(v O
v= 0 w/)’

(Fl U FQ))), w € M|V2|(C<G+

aut

where v € My, |(C(Goy (T; UTy))). We also see that
UEP,ur, = Erur,t is equivalent to vepr, = ep,v and wep, = ep,w. Now, look-
ing at the definition of the free product (Proposition 1.1.6), we get the desired *-

homomorphisms in both directions by using the respective universal properties. []
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The subsequent theorem is due to [38].

Theorem 7.1.5. Let I'y = (Vi, Ey), ['y = (Va, Es) be finite graphs without multiple
edges. Then I'y and I's are quantum isomorphic if and only if they admit the same
number of homomorphisms from any planar graph.

This theorem is particularly useful for showing that two graphs are not quantum
isomorphic. Indeed, if one finds a planar graph, where the number of homomor-
phisms to I'y and I'y differ, then the theorem shows that I'; and I'y are not quantum
isomorphic.

For ruling out that two graphs are quantum isomorphic, we have the following
corollary ([36, Corollary 4.7]). Recall the definition of the coherent algebra of a
graph from Section 2.4. See [36] for more on isomorphisms of coherent algebras.

Corollary 7.1.6. Suppose that I'y and I'y are quantum isomorphic graphs with ad-
jacency matrices €1 and €o, respectively. Then there exists an isomorphism ® of
their coherent algebras such that ®(g1) = €.

The next corollary is a direct consequence of the previous corollary and [39,
Theorem 6.12]. It is specific to distance-regular graphs.

Corollary 7.1.7. Let 'y be a distance-regular graph. If Uy is a graph that is quantum
1somorphic to I'y, then 'y is distance-reqular and cospectral to I'y.

Note that for connected distance-regular graphs, being cospectral is equal to
having the same intersection array. Therefore, we get that connected distance-
regular graphs which are quantum isomorphic have the same intersection array. It
is furthermore known that quantum isomorphic graphs have the same number of
connected components (this follows for example from [39, Corollary 6.2]). Thus, for
a connected distance-regular graph I' with unique intersection array, there are no
quantum isomorphic graphs that are not isomorphic to I'.

7.2 Quantum automorphism groups of quantum
isomorphic graphs

For the rest of this chapter, we work towards finding a graph that has quantum
symmetry but no disjoint automorphisms, giving another example that the converse
direction of Theorem 3.1.2 is not true. We get such an example by Theorem 7.2.6,
which says that if a graph I' has disjoint automorphisms, then any graph quantum
isomorphic to I' also has quantum symmetry. This is the main result of Chapter 7.
To prove it, we need some background in representation theory of quantum groups.
We recall some basics here, for more see [37], [42].
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Lemma 7.2.1. Any irreducible unitary representation of a compact quantum group
is finite-dimensional.

The following proposition can for example be found in [37, Propositions 7.1&7.3].

Proposition 7.2.2. Let G = (C(G),v) be a compact matriz quantum group and
let {u*|a € I} be a complete set of mutually inequivalent, irreducible unitary rep-
resentations. The subspace C(G)o of C(G) spanned by the matriz coefficients of all
finite-dimensional unitary representations is a dense *-subalgebra of C'(G) with basis
{ug, | € I,1 <p,qg <n(a)}.

We did not find a source for our next proposition. However, it looks like a known
fact.

Proposition 7.2.3. Let G = (C(G),u) be a compact matrix quantum group. Then
C(G) is infinite-dimensional if and only if G has infinitely many mutually inequiv-
alent, irreducible unitary representations.

Proof. The C*-algebra C(G) is infinite-dimensional if and only if the dense *-
subalgebra C(G)o (see Proposition 7.2.2) is infinite-dimensional. But this is true
if and only if {ug, |a € I,1 < p,q < n(a)} has infinitely many elements and since
n(«) is finite for all & by Lemma 7.2.1, this is equivalent to G having infinitely many
mutually inequivalent, irreducible unitary representations. O

For the subsequent definition, denote by Irr(G) the set of equivalence classes of
irreducible, unitary representations of G and by Mor(u,v) the intertwiner space of
u, .

Definition 7.2.4. Let G;, G3 be compact matrix quantum groups. We say that
G, Gy are monoidally equivalent if there exists a bijection ¢ : Irr(Gy) — Irr(Go)
together with linear isomorphisms

@ Mor(u1 @+ @ up,v1 ® -+ ®vpm) = Mor(p(ur) ® -+ @ (un), (v1) @ - -+ ® (Vi)

such that ¢(1g,) = ¢(lg,) and such that (S o T) = ¢(S) o ¢(T") whenever S o T is
well-defined, ¢(S*) = ¢(9)*, p(S®T) = ¢(S) ® p(T) for morphisms S, 7.

Now, we connect this to quantum isomorphic graphs and their quantum auto-
morphism groups.

Theorem 7.2.5 ([17]). Let T'y, Ty be quantum isomorphic graphs. Then G,(T';)
and G, (T's) are monoidally equivalent.

Our previous considerations yield the following.
Theorem 7.2.6. Let I'y,I'y be quantum isomorphic graphs. If one of the graphs I’y
or I'y has disjoint automorphisms, then both graphs have quantum symmetry.
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Proof. Assume that I'y has disjoint automorphisms. By Theorem 3.1.2 there exists a
surjective *-homomorphism ¢ : C(G¥ ,(T'y)) — C*(Z,*Z,,). This shows that 'y has
quantum symmetry and it especially yields that C(G,,(T1)) is infinite-dimensional.
Therefore, using Proposition 7.2.3, we see that G ,(I';) has infinitely many mutually
inequivalent, irreducible unitary representations. Since I'y and I'y are quantum
isomorphic, G, ,(T'y) and G, ,(T'y) are monoidally equivalent by Theorem 7.2.5. We

aut aut

deduce, that G ,(T's) also has infinitely many mutually inequivalent, irreducible
unitary representations. Again using Proposition 7.2.3, we obtain that C(G.,(T's))
is infinite-dimensional. But this implies that C(G,,(I's)) is non-commutative, as

otherwise C(G,,(T'3)) = C(Aut(I'y)), where C'(Aut(I'y)) is finite-dimensional. [

aut

The task is now to find quantum isomorphic graphs where one of them has
disjoint automorphisms, but the other one does not. Then our previous theorem
yields that both graphs have quantum symmetry, especially the one without disjoint
automorphisms. We give an explicit graph in the next example. David Roberson and
the author previously worked out another way to see that this graph has quantum
symmetry (unpublished). However, we use Theorem 7.2.6 now.

Example 7.2.7. Consider the complete bipartite graph K3 4. We obtain two linear
binary constraint systems (LBCS) in the following way (see [36, Section 4.4 & 4.5]).
For each i € V we will have a constraint C; and for each 7 € E we will have a
variable z; € Fy. Let S; := {j| the edge j is incident to the vertex ¢} and define C;

to be the constraint Zjesi x; = 0 over [Fy. For K34, this yields
T+ x2 + 23 + 14 = 0, 1+ x5 + 29 = 0,
JI5+LL’6—|—JI7+LL’8:0, $2+$6+I10:0,
$9+l’10+.’1311+33‘12:0, .’E3+l’7+.’1311:0,

Ty + Tg+ T1o = 0. (721)

We get the second LBCS by using the same construction as before, but we choose a
vertex i* € V', where we put » . g. z; = 1 over Fy. Besides this, we leave the LBCS
unchanged from the first one. For example one can get the following system

1+ 29+ a3+ x4 =0, T1+ x5+ 29 = 0,
x5+ we + 17 + 28 =0, Ty + 26 + 110 = 0,
Tg + T10 + 211 + 212 = 0, T3+ 27+ 211 =0,
Ty + 28+ 2190 = 1. (7.2.2)

We construct a graph from every LBCS as follows. Consider as vertices the partial
solutions over Fy of the constraints C; for every ¢ € V, for example we have the
solutions (0,0,0), (1,1,0),(1,0,1),(0,1,1) for x; + x5 + x9 = 0. Two vertices in the
graph are connected either if they are solutions of the same constraint or if they are
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solutions of constraints that share one the common variable, where the solutions have
different values on this variable. An example for the latter would be the solution
(0,0,0,0) of &y +x2+ 23+ x4 = 0 and the solution (1,1,0) of zy + x5+ 9 = 0 (Here
the constraints share the variable x;, where the value of x; differs for the solutions).

By [36, Theorem 4.9], the graphs assigned to the LBCS (7.2.1) and (7.2.2) are
quantum isomorphic but not isomorphic. Using Sage [53] one can show that the
graph associated to the LBCS (7.2.1) does not have disjoint automorphisms, whereas
the graph associated to the LBCS (7.2.2) has disjoint automorphisms. By Theorem
7.2.6, both graphs have quantum symmetry. In particular, the graph associated to
the LBCS (7.2.1) has quantum symmetry and no disjoint automorphisms.
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Chapter 8

Open questions

This chapter concerns open questions that occured during the research of the author
or are questions of the community of quantum automorphism groups of graphs. We
present those questions and give some insight and ideas on them.

8.1 Existence of graphs with quantum symmetry
that have trivial automorphism group

In [26], it was shown by Erdés and Rényi that almost every graph has trivial auto-
morphism group. The quantum counterpart has been proven by Lupini, Mancinska
and Roberson in [36] (see Theorem 2.4.10): Almost all graphs have trivial quantum
automorphism group. Therefore, it seems natural to have that Aut(I') = {e} implies
G, (T) = {e}. Until now, there is no proof of such a result. Also, we do not have

aut

any examples where Aut(T') = {e}, but G ,(T') # {e}. The existence of such an
example would mean that there are symmetry phenomena in the quantum situation,

which cannot be seen from the classical viewpoint. We ask the following question.

Question 8.1.1. Is there a graph with quantum symmetry that has trivial automor-
phism group?

We review an idea how one could get candidates for graphs with quantum sym-
metry that have trivial automorphism group. If one finds a pair of quantum iso-
morphic, but not isomorphic graphs that both have trivial automorphism group,
then their disjoint union would give an example with the desired properties. By
Corollary 7.1.6, we know that quantum isomorphic graphs have equivalent coherent
algebras. On the search for candidates, one should first make sure that this is true.
For example, strongly regular graphs with the same parameters have equivalent co-
herent algebras. Thus, strongly regular graphs that have the same parameters and
trivial automorphism group seem to be good candidates for a pair of graphs we are
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searching for. There are many such graphs for the parameters (36, 15, 6,6), but we
do not know if there is a quantum isomorphic pair with such parameters.

More generally, one can ask how much information the automorphism group
Aut(T") contains on the quantum automorphism group G ,(T'). For example, we
know that if there is a pair of disjoint automorphisms in Aut(I'), then we know
G ,(I) # Aut(I") by Theorem 3.1.2. The other way around, one may ask whether
there are groups GG where

Aut(l') =G = Gt

aut

(I) = G.

This question can especially be asked for small groups, for example {e} (which is
equivalent to Question 8.1.1), Zs and Zs. Here, we also do not have any example
of graphs that have quantum symmetry and automorphism group Z, or Zs. The
smallest group where we know that there are graphs with the same automorphism
group and different quantum automorphism group is Zs x Zs. For example, the
graph in Section 4.4 has automorphism group and quantum automorphism groups
Zo X 7o, whereas the graph

fulfills Aut(T") = Zy x Zy and G,,(T') = Zs * Zs (see Table 2.1).

aut

8.2 Unknown quantum automorphism groups of
some specific graphs

There are several cases of graphs, where the author does not how to compute the
quantum automorphism group and there are no results about them. Some of those
graphs already appeared in Table 2. We want to know the quantum automorphism
group of the following graphs.

(i) By Theorem 3.1.2, we know that the 4 x 4 rook’s graph does have quantum
symmetry. What is the corresponding quantum automorphism group?

(ii) Does the Johnson graph J(6, 3), or more generally the graph J(n, k) for k > 3,
have quantum symmetry? The author did not succeed in finding a similar
proof as for J(n,2).
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(iii) Regarding Table 1, it is known that there is only one cubic distance-regular
graph that is not distance-transitive. This is the Tutte 12-cage. We do not
know whether or not this graph has quantum symmetry.

(iv) In Theorem 5.4.3, we proved that the quantum automorphism group of the
folded n-cube graphs is SO, ! for n odd. What happens for the case where n
is even?

(v) On can obtain a pair of quantum isomorphic graphs by the same construction
as in Example 7.2.7, but choosing K3 3 instead of K34. Do those graphs have
quantum symmetry?

(vi) We know by Theorem 6.3.3 that the Higman-Sims graph has quantum sym-
metry. What is its quantum automorphism group?

8.3 The quantum automorphism groups of vertex-
transitive graphs on 12 vertices

As already mentioned in this thesis, the quantum automorphism groups of all vertex-
transitive graphs up to eleven vertices are known from [6] and Theorem 4.1.1. More
recently, Chassaniol [22] did the same for all vertex-transitive graphs on 13 vertices.
Note that there are way more vertex-transitive graphs on 12 vertices than on 13
vertices. The obvious question to ask is:

Question 8.3.1. What are the quantum automorphism groups of all vertex-transitive
graphs on 12 vertices?

There are 74 vertex-transitive graphs on 12 vertices. Up to complements, we end
up with 38 graphs we have to study. Using the strategy discussed in Section 3.3, one
should be able to get most, if not all, of the quantum automorphism groups of those
graphs. There are easy cases, for example, if the graph is a product of graphs where
the quantum automorphism group is known and where Theorem 2.2.2 applies. For
some instances, it is more difficult to compute the quantum automorphism group,
for example if one has to show that the graph has no quantum symmetry. As a first
test, one can use the Sinkhorn type algorithm by Nechita, Weber and the author
[41] to see whether one should try to show that some graph does not have quantum
symmetry. Also in [41], there is a table including four vertex-transitive graphs on
12 vertices, where the algorithm predicts that they do not have quantum symmetry.
Giving an explicit proof for those predictions would be a first step. Computing the
quantum automorphism group for all vertex-transitive graphs on 12 vertices could
be a lot of work, but it also looks like a doable task to the author.
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8.4 Graphs with quantum symmetry and finite
quantum automorphism group

For the quantum symmetric group S, it is known that C'(S;7) is infinite-dimensional
exactly when S,, # S, i.e. for n > 4. For the complete graphs on n points, this
means that if those graphs have quantum symmetry, then the C*-algebra associated
to the quantum automorphism group is infinite-dimensional. One might ask whether
this is true for arbitrary graphs or whether there is a graph I' with quantum sym-
metry, where C(G,,(T)) is finite-dimensional. Furthermore, we remark that graphs
with infinite-dimensional quantum automorphism group have quantum symmetry,

since otherwise C(G . (T)) = C(Aut(T)), where C(Aut(T")) is finite-dimensional.
Thus one might ask whether the converse direction is true. We have the following

question.

Question 8.4.1. Is there a graph T' with quantum symmetry, while C(G}, (T)) is
finite-dimensional?

Note that for graphs I' with a pair of disjoint automorphisms, the C*-algebra
C(Gf4(T)) is infinite-dimensional. This is the case, because there is a surjective
*-homomorphism to C*(Z,, * Z,) by Theorem 5.4.3. Therefore, the automorphism
group of an example we are searching for does not contain any disjoint automor-
phisms. At the moment, we only know two graphs with quantum symmetry and
no disjoint automorphisms, the Higman-Sims graph (see Theorem 6.3.3) and the
graph appearing in Example 7.2.7. By looking at the proof of Theorem 7.2.6, the
C*-algebra corresponding to the graph of Example 7.2.7 is infinite-dimensional. We

do not know if this is also the case for the Higman-Sims graph.

8.5 Quantum isomorphic but not isomorphic
graphs on a small number of vertices

In Example 7.2.7, we used the construction appearing in [36, Section 4] to obtain
quantum isomorphic but not isomorphic graphs. The smallest known pair of such
graphs is on 24 vertices, see also [36, Section 4]. One can get this pair by the same
construction as in Example 7.2.7, but choosing K3 3 instead of K3 4. This yields the
following natural question.

Question 8.5.1. Is there a pair of quantum isomorphic, not isomorphic graphs on
less than 24 vertices ¢

The fact that quantum isomorphic graphs have equivalent coherent algebras
(Corollary 7.1.6) shows that there are no graph on strictly less than 16 vertices
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that are quantum isomorphic but not isomorphic. Thus, for getting a new smallest
example, one should consider pairs of graphs on 16 to 23 vertices and try to show
the desired properties. The following theorem ([40, Corollary 4.15/5.4]) could be
helpful for those purposes.

Theorem 8.5.2. Let I' be a graph with no quantum symmetry. Then there is a
bijective correspondence between the following two sets:

1 ]somorphism classes Of mphs [ such that T' and T are quantum ’I:SO??LOT'ph,’I;C,
g
but not iSO?)LOTphZ'C,

(11) Non-trivial subgroups of central type (L, 1) of Aut(I") with coisotropic stabilizer
up to some equivalence relation.

Using the theorem our strategy of finding pairs of quantum isomorphic graphs
could be the following. We choose a graph on 16 to 23 vertices, where we know that
it has no quantum symmetry and then look for specific subgroups of its classical
automorphism group. If we find such subgroups, we know that there is a pair of
quantum isomorphic graphs and we are done.

Since this thesis contains many new examples of graphs that have no quantum
symmetry, it would not only be interesting to find a smallest pair of graph that are
quantum isomorphic but not isomorphic, but also search for graphs that are quantum
isomorphic to some known distance-regular graphs. For distance-regular graphs,
we know from Corollary 7.1.7 that quantum isomorphic graphs are also distance-
regular with the same parameters. Especially, if there is a distance-regular graph
with unique parameters, then we know that there is no graph quantum isomorphic
to this one. Still, there are lots of distance-regular graphs whose parameters are not
unique.
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