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Abstract

This thesis investigates ultrasonic guided waves (GW) in multi-layered plates with the
focus on higher order modes. The aim is to develop techniques for hybrid structures such as of
adhesive bonds and composite pressure vessels (COPV) which are widely used in automotive
and aerospace industries and are still challenging to inspect non-destructively. To be able
to analyse GW, numerical methods and precise material properties are required. For this
purpose, an efficient semi-analytical approach, the Scaled Boundary Finite Element Method,
is used. The material properties are inferred by a GW-based optimisation procedure and a
sensitivity study is performed to demonstrate the influence of properties on GW. Then, an
interesting feature, called mode repulsion, is investigated with respect to weak and strong
adhesive bonds. The results show that the coupling between two layers influences the distance
between coupled modes in a mode repulsion region, thus allowing for the characterisation
of adhesive bonds. At next, wave-damage interaction is studied in the hybrid structure as
of the COPV. Results show that the wave energy can be concentrated in a certain layer
enabling damage localisation within different layers. Further investigations are carried out
on the hybrid plate with an impact-induced damage. Two well-known wavenumber mapping
techniques, which allow to quantify the damage in three dimensions, are implemented and
their comparison is done for the first time.

Zusammenfassung

In dieser Arbeit werden geführte Ultraschallwellen (GUW) in mehrschichtigen Platten un-
tersucht, wobei der Schwerpunkt auf Moden höherer Ordnung liegt. Ziel ist die Entwicklung
von zerstörungsfreien Prüfmethoden für hybride Strukturen wie Klebeverbindungen und
Komposit-Druckbehälter, die in Automobil-, Luft- und Raumfahrtindustrie weit verbreitet
sind und deren Prüfung immer noch eine Herausforderung darstellt. Für die GUW-Analyse
werden numerische Methoden und präzise Materialeigenschaften benötigt. Hier wird die
Scaled Boundary Finite Element Methode verwendet und die Materialeigenschaften werden
durch ein GUW-basiertes Optimierungsverfahren hergeleitet. Um den Einfluss der Eigen-
schaften auf GUW zu analysieren wird eine Sensitivitätsstudie durchgeführt. Anschließend
wird vermiedene Kreuzung in Bezug auf schwache und starke Klebeverbindungen unter-
sucht. Die Ergebnisse zeigen, dass die Kopplungsstärke den Abstand zwischen gekoppelten
Moden in einer vermiedenen Kreuzung beeinflusst und somit eine Charakterisierung von
Klebeverbindungen ermöglicht. Als Nächstes wird die Wechselwirkung zwischen GUW und
Schaden in einer Hybridstruktur wie beim Komposit-Druckbehälter untersucht. Die Ergeb-
nisse zeigen, dass die Wellenenergie in einer bestimmten Schicht konzentriert werden kann.
Damit wird die Schadenslokalisierung in dieser Schicht ermöglicht. Weiter wird die Quan-
tifizierung der Impakt-Schäden in der Hybridplatte angestrebt, die durch Erstellung einer
Wellenzahlkarte erfolgt.
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Nomenclature
Abbreviations

AE acoustic emission

CFRP carbon fibre-reinforced plastics

COPV composite over-wrapped pressure vessel

EMT Measurement Engineering Group

ET effective thickness

FBG fibre Bragg grating

FDIW frequency domain instantaneous wavenumber

FEM Finite Element Method

FFT fast Fourier transform

GFRP glass fibre-reinforced plastics

GW guided waves

IDT interdigital transducer

IW instantaneous wavenumber

LDV laser-Doppler vibrometer

LW local wavenumber

MWCNT multi-walled carbon nano-tube

NASA National Aeronautics and Space Administration

NDT non-destructive testing

OFDR optical frequency domain reflectometry

PC personal computer

PZT lead zirconate titanate

SAFE Semi-Analytical Finite Element Method
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SBFEM Scaled Boundary Finite Element Method

SH shear horizontal

SHM structural health monitoring

TOF time-of-flight

UD unidirectional

UT ultrasonic testing

WRMS weighted root mean square

ZGV zero group velocity

Greek letters

𝝐 strain vector

�̂� amplitudes of nodal displacements and forces

𝝈 stress vector

𝚲 eigenvalue matrix

𝜕𝑥 first-order partial derivative with respect to 𝑥

𝜕𝑦 first-order partial derivative with respect to 𝑦

𝜕𝑥𝑥 second-order partial derivative with respect to 𝑥

𝛼 parameter used in the sensitivity study

Δ𝛼 parameter variation

𝜖 strain

𝜂 local coordinate

𝜅𝑟 weighting function

𝜆 wavelength

𝜆𝑖 eigenvalues

𝜈 Poisson’s ratio

𝜔 angular frequency

𝜙 signal phase

Ψ eigenvector

𝜓 vector of nodal displacements and forces



𝜌 density

𝜎 normal stress

𝜏 shear stress

𝜃 rotation angle

Latin letters

q̂n amplitudes of inner forces

ûn amplitudes of nodal displacement

B1,B2 components of shape functions and their derivatives

b1, b2 component matrices

c1, c2 integration constants

D elasticity matrix

E0,E1,E2 SBFEM coefficient matrices

fi, fe external forces acting on the boundary at position 𝑥𝑖 = 0 and 𝑥𝑒 at a
certain length to 𝑥𝑖

M0 mass matrix

N matrix of shape functions

q inner forces

S∞ stiffness matrix for an unbounded domain

Sb stiffness matrix for a bounded domain

T transformation matrix

ui, ue displacements resulting from the forces fi, fe acting on the boundary
at position 𝑥𝑖 = 0 and 𝑥𝑒 at a certain length to 𝑥𝑖

un vector of nodal displacements

u displacement vector

Z Z-matrix

J Jacobian matrix

S modes sensitivity

𝐴 signal amplitude

𝑐𝐿 longitudinal wave velocity



𝑐𝑇 shear wave velocity

𝑐𝑔𝑟 group velocity

𝑐𝑝ℎ phase velocity

𝐷𝑖 𝑗 elasticity constants

𝐸 Young’s modulus

𝑓 frequency

𝑔 analytical signal

𝐻 Hilbert transform

ℎ half of the plate thickness

𝐾 number of points in the wavefield

𝑘 wavenumber

𝐿 domain length

𝑛 number of parameters in the material vector

𝑝 factor in Lamb equations expressed through 𝑘 , 𝜔, 𝑐𝐿

𝑄 factor to calculate the elasticity constants

𝑞 factor in Lamb equations expressed through 𝑘 , 𝜔, 𝑐𝐿

𝑟 weighting factor

𝑡 time signal

𝑊 wavefield

𝑥, 𝑦, 𝑧 Cartesian coordinates, also corresponding to the directions 1,2,3
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CHAPTER11
Introduction
Structural parts made of layered materials surround us: bridges and buildings made of glued
laminated timber, wind turbine blades and aircraft fuselage made of composite laminates,
windows of buildings and cars made of laminated glass, etc. Such materials are employed
due to different reasons, may it be lower costs, lighter weight, or higher strength, stiffness
or toughness when compared to common materials. Naturally, this improved performance
results in a more complex material behaviour, which in turn requires more intricate methods
of quality assurance during design, production, and lifetime of a structural component. Many
destructive and non-destructive testing (NDT) methods already serve this purpose, yet there
is still a place and need for further developments.

Both destructive and non-destructive methods are used during design, development,
certification, and production phases of a component. Moreover, they may accompany the
component during its lifetime, e.g., to be able to predict and prevent the reinforcement
corrosion of a concrete bridge, cores are drilled to measure the chlorine concentration and
penetration depth using NDT [1]. Note that drilling, by itself, is a destructive process, however
the overall effect on the bridge lifetime is negligible. If the regulations require quality control
only of some produced parts picked randomly out of one bunch, either destructive testing
or NDT can be performed. However, when all parts must be checked, NDT is the only
choice. For instance, all repaired parts of a jet engine must undergo NDT, with the typical
methods used being X-ray, electromagnetic and liquid penetrant testing 1. Other common
NDT methods include thermographic and ultrasonic testing which are used, e.g., for on-site
inspection of wind turbine blades [2] and in-service testing of rails [3, 4], respectively.

When it comes to structural parts, such as buried pipes or offshore wind turbines, which
are hardly accessible or which failures are related to high costs, it is preferable to install a

1Source: a guided tour at the Engine Overhaul Workshop of Air France
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monitoring system to remotely assess the condition of the part. This concept has emerged
in the 1970s [5], but first appeared in the wording structural health monitoring (SHM)
in the late 1980s [6]. According to Cawley [5], NDT and SHM fields aim at assessing
the condition of a structure non-destructively and can overlap depending on the definitions
employed. His definition of NDT comprises an inspection of a structure by a technician
using a removable measurement system without an attempt to compare current results to
those obtained previously. While SHM is thought of as a permanently attached system which
enables frequent measurements (not necessarily continuous) and signal comparison to the
measurements taken previously.

The field of SHM has grown over the years and much literature giving a good overview
of the field has been published by now [6–9]. Depending on the requirements, SHM can be
performed on the whole structure (global monitoring), some area of it (large area monitoring)
or a hot-spot (local monitoring) [5]. Global monitoring requires less sensors and is mainly
sensitive to severe damage, while both large area and local monitoring typically require a
dense network of sensors and thus may allow for early detection and localisation of small
damage.

There are passive and active monitoring approaches, for instance, global monitoring of
a bridge can be performed using a passive excitation caused by a traffic load or an active
excitation by shakers. The same principles apply to large area and local monitoring, which
can be done using acoustic emission (AE) or ultrasonic guided waves (GW). Both methods are
based on wave propagation, with the former being a passive method meaning that the waves
are generated while damage initiation, and the latter being an active method which requires
an active excitation of waves to sense damage. While AE necessitates continuous monitoring
so that no damage-related events are missed, monitoring using GW can be performed at time
intervals to reduce the amount of data but still being sufficient to find critical damage before
the failure of the component.

Many GW modes exist in a structure which behaviour is defined by material properties
(density and elastic constants), material thickness, boundary conditions and frequency [10–
13]. The art is that to find a right mode at a right frequency depending on a task for given
material properties, thickness, and boundary conditions.

Over the years, many investigations with guided waves were carried out [14–17]. Some of
these investigations resulted in the broad deployment and acceptance of the GW technique for
NDE of oil and gas pipelines [18–21]. Mainly the fundamental modes, i.e., first symmetric and
antisymmetric modes, are used in the lower frequency range, since those are well understood
and can be excited, measured and analysed without difficulty. Techniques based on GWs
are therefore still under investigation to explore more complex applications such as wave
propagation in multi-layered structures, e.g., made of metal and polymers, fibre-reinforced
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Chapter 1. Introduction

polymer composites, or metals in combination with fibre-reinforced polymer composites
[22–31].

Outline of thesis This thesis studies the propagation of guided waves in multi-layered
plates with the focus not only on the fundamental but also on high order modes. The
main goal is to achieve a better understanding of how these waves propagate in such plates,
what characteristic features exist and how they can be used for solving different engineering
problems. The numerical and experimental analysis is performed for isotropic materials
alone and in combination with anisotropic materials. Features are identified and described
with respect to the material characterisation, NDT and SHM.

Chapter 2 presents the theory of guided waves, gives a short overview on ways to calculate
the dispersion curves and model GW propagation. In many cases, material properties are
missing or not precisely known when it comes to the modelling of GW. Therefore, the state
of the art on the characterisation of effective elastic properties by ultrasonic bulk waves and
guided waves is presented. Then, the current state in the characterisation of adhesive bonds
is presented along with the research on GW mode repulsion. This is followed by the state of
the art on COPV monitoring and GW-based damage quantification. Finally, the scope of the
thesis is presented.

Overall methodology is presented in Chapter 3. It includes the basics on the Scaled
Boundary Finite Element Method used all along this work to calculate dispersion curves,
to model wave propagation and as a forward model in the optimisation procedure for the
characterisation of effective elastic constants. The chapter also describes the numerical
and experimental set-ups, and samples used. At last, the theory behind the optimisation
procedure, sensitivity calculation and signal processing techniques are presented.

Chapter 4 presents the main findings of this thesis. These include the sensitivity analysis
of GW to a change in material properties and the applicability of GW to infer these properties.
Furthermore, the effect of mode repulsion is analysed as well as its potential to characterise
weak and strong adhesive bonds is shown for the first time. The chapter concludes with the
numerical and experimental investigations on damage detection in multi-layered structures.

The last chapter summarises the results and gives an outlook.
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CHAPTER22
State of the Art and Scope

2.1 Guided wave principle

Ultrasonic guided waves (GW) is a term which groups the waves guided by a structural
boundary, i.e., surface (Rayleigh) and edge waves, or two boundaries, i.e., interface waves
and waves in plates, rods and cylinders. GW can propagate over long distances and interact
with different damage types. This work concentrates on plate waves which are also called
Lamb waves after Sir Horace Lamb, who described them in 1917 [32]. In his work, he
introduced two equations which can be found in [13] in the following form:

𝑡𝑎𝑛(𝑞ℎ)
𝑡𝑎𝑛(𝑝ℎ) = − 4𝑘2𝑝𝑞

(𝑞2 − 𝑘2)2 for symmetric modes, (2.1)

and

𝑡𝑎𝑛(𝑞ℎ)
𝑡𝑎𝑛(𝑝ℎ) = − (𝑞2 − 𝑘2)2

4𝑘2𝑝𝑞
for antisymmetric modes, (2.2)

with 𝑝 and 𝑞:

𝑝2 =
𝜔2

𝑐2
𝐿

− 𝑘2, 𝑞2 =
𝜔2

𝑐2
𝑇

− 𝑘2, (2.3)

where ℎ is the half of the plate thickness, 𝜔 the angular frequency, 𝑘 the wavenumber, 𝑐𝐿 and
𝑐𝑇 are the longitudinal and shear wave velocities.

From these equations, it becomes obvious that wave modes depend on the frequency, plate
thickness and wave velocities. The velocities are in turn dependent on material properties,
such as density, Young’s modulus, and Poisson’s ratio. Moreover, it is very interesting
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2.1. Guided wave principle

that both longitudinal and shear wave velocities contribute to symmetric and antisymmetric
modes, since both variables 𝑝 and 𝑞 are present in Eq. (2.1) and (2.2).

The roots of Eq. (2.1) and (2.2) define the wavenumber at which a particular wave mode
at a particular frequency will propagate within the plate of a certain thickness. The resulting
wavenumber-frequency diagram is also called a dispersion relation. However, in practical
applications, it is more common to work with phase and group velocities (wave speed) instead
of the wavenumber. Therefore, the wavenumbers are converted into phase velocities simply
by 𝑐𝑝ℎ = 𝜔

𝑘
, whereas the group velocities can found by 𝑐𝑔𝑟 = 𝑑𝜔

𝑑𝑘
.

Figure 2.1 presents dispersion curves for an aluminium plate up to the frequency-thickness
product of 20 MHz mm. The curves were calculated using in-house code based on the Scaled
Boundary Finite Element Method. The theory behind the method is described in Chapter 3.
Looking at the figure, it becomes apparent that many modes exist in this range. The higher the
frequency-thickness product gets, the more modes exist in the plate simultaneously. Second,
the phase velocity of a particular mode at a certain frequency-thickness product is not equal
to the group velocity of the same mode at the same frequency thickness product which is
due to the dispersive nature of GW. These two major characteristics of GW - their multi-
modality and dispersive character - can be explored in many ways. For instance, a mode in a
highly dispersive region (e.g., the S0 mode at around 1.8 MHz mm in Fig. 2.1b) can be used
for finding corrosion damage, since a small change in the thickness will result in a clearly
measurable change in the group velocity.

In Figure 2.1 symmetric and antisymmetric modes are marked as S0, S1, S2, etc., and
A0, A1, A2, etc., respectively. A0 and S0 modes are called fundamental modes because they
exist at every frequency. At higher frequencies their velocities approach the velocity of the
Rayleigh (surface) wave. All other modes are referred as higher order modes and appear at
different cut-off frequencies in the dispersion diagram. The velocities of higher order modes
converge to the velocity of the transverse wave at higher frequencies. Note that the maximum
value which phase velocity, and thus, the wavelength can have, is not restricted, and tends to
infinity, whereas the maximum group velocity is limited by the longitudinal velocity in the
material. Moreover, the group velocity at the cut-off frequencies is equal to zero.

Another interesting feature of guided waves is that every mode has its own mode shape
which as well depends on the frequency. A mode shape represents a wave structure and is
characterised by the displacement amplitude at every point along the plate’s thickness. It is
common to consider in-plane and out-of-plane components of a mode shape separately, with
the former being parallel and the latter being perpendicular to the plate’s surface.

Figures 2.2 and 2.3 present the mode shapes of the A0 and S0 modes at two frequency-
thickness products, 1.8 MHz mm and 3.6 MHz mm, respectively. The A0 mode has a larger
out-of-plane displacement, whereas the S0 mode has a larger in-plane displacement, i.e., see
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Chapter 2. State of the Art and Scope

(a) phase velocity vs. frequency

(b) group velocity vs. frequency

Figure 2.1: Dispersion curves for an aluminium plate.
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2.1. Guided wave principle

Fig. 2.2b and Fig. 2.3b, respectively. Thus, symmetric modes are typically referred to as
compressional and antisymmetric modes as flexural waves [13].

The out-of-plane displacement of the A0-mode is almost constant along the thickness of
the plate at a low frequency-thickness value (Fig. 2.2a) and becomes more concentrated at
the plate’s centre at a high frequency-thickness value (Fig. 2.2b). The same applies to the
in-plane displacement of the S0-mode (confer Fig. 2.2 and 2.3). It is very interesting that
the out-of-plane displacement of the S0 modes increases at the plate’s surface with a high
frequency-thickness value.

The knowledge of a predominant displacement direction can be used, for example, to
effectively excite one or another mode, i.e., by using a piezoelectric element with a certain
polarisation direction. Moreover, an improved sensitivity to certain defects located at a
certain position across the thickness can be achieved by using a mode with the mode shape
having dominant in-plane or out-of-plane displacement at this location [13].

(a) 1.8 MHz mm (b) 3.6 MHz mm

Figure 2.2: Mode shapes of the A0 mode of an aluminium plate.

Furthermore, the interaction of GWs with obstacles results in transmission, reflection,
and mode conversion of the waves. Let’s consider a 5 mm steel plate with a 1.125 mm crack
and the excitation using a 3-cycle Hann-windowed burst at the centre frequency of 200 kHz.
The selective excitation of the A0 mode or the S0 mode is realised by applying normal forces
at the opposite surfaces of the plate being in-phase or out-of-phase to each other, respectively.
The selectively excited modes can be seen in Figures 2.4a and 2.5a, where the top and
bottom figures show in-plane and out-of-plane displacement components, respectively. The
A0 mode has dominant out-of-plane displacement along the whole thickness of the plate,
whereas the in-plane displacement is high at the plate’s surfaces and getting smaller to the
plate’s middle (see Fig. 2.4a), and vice versa for the S0 mode (see Fig. 2.5a). At the crack,
the transmission and reflection of the A0 mode take place, as well as its conversion to the S0

8



Chapter 2. State of the Art and Scope

(a) 1.8 MHz mm (b) 3.6 MHz mm

Figure 2.3: Mode shapes of the S0 mode of an aluminium plate.

mode (see Fig. 2.4b). The same behaviour is also observed for the incident S0 mode which is
transmitted through the undamaged portion of the plate, reflected at the crack and converted
to the A0 mode. This behaviour is quite simple for the case of fundamental modes only but
becomes complex when higher order modes are present as well as when the structures are
anisotropic and consist of multiple layers [30, 31].

Due to dispersion and the multi-modal character of GWs, the development of damage de-
tection techniques requires careful numerical modelling such that a realistic analysis of wave
propagation and mode-damage interaction can be performed. The first step is to calculate dis-
persion curves, for which many approaches have been developed. One approach to derive the
dispersion curves analytically is by finding the roots of the characteristic function [13, 33–35].
Another approach is based on semi-analytical methods which solve an eigenvalue problem
[36–41]. One more possibility is to use a so-called spectral collocation method [37]. One of
the first methods for the calculation of dispersion curves numerically is called the Thin-Layer
Method [36]. Three methods that directly use finite elements for the approximation are the
Semi-Analytical Finite Element (SAFE) [38, 39, 42, 43], the Waveguide Finite Element [40]
and the Scaled Boundary Finite Element Method (SBFEM) [41]. These methods have early
predecessors in the 1970s [44, 45].

Based on the dispersion curves, appropriate modes can be identified and considered for
further analysis. At next, a numerical tool for modelling the propagation of the chosen GW
modes is required. Numerous methods have been applied to wave propagation problems such
as finite differences [46], finite volumes [47–49], finite element methods [28, 50], etc. An
extensive review of simulation methods for the GW propagation analysis can be found in
[51]. In general, each method has its advantages and disadvantages depending on the given
problem, and there is no universal method suitable for solving every problem efficiently.
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(a) 229.33 ms

(b) 296.69 ms

Figure 2.4: (a) Propagation of the A0 mode in a 5 mm steel plate, (b) reflection of the A0
mode and its mode conversion to the S0 mode at a 1.125 mm crack open to the bottom surface
of the plate.
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(a) 146.83 ms

(b) 188.67 ms

Figure 2.5: (a) Propagation of the S0 mode in a 5 mm steel plate, (b) reflection of the S0 mode
and its mode conversion to the S0 mode at a 1.125 mm crack open to the bottom surface of
the plate.
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2.2. Characterisation of effective elastic properties

In this work, the SBFEM is used in its two-dimensional representation for the analysis
of the GW propagation. Compared to finite differences, finite volumes, and finite element
methods, the SBFEM does not require full discretisation, thus reducing the computational
effort significantly. It is suitable for calculation of dispersion curves, mode shapes and
modelling of the GW propagation [41, 52–54]. The dispersion curves are computed with
the SBFEM by discretising the cross-section (e.g., the plate thickness) of an infinite domain
using high-order elements. Multi-layered structures can be easily modelled using one element
per layer having either isotropic or anisotropic material properties. This method is also
highly efficient for modelling of the wave propagation in structures which have a constant
cross-section. Because only the cross-section is discretised, the number of finite elements
used in the SBFEM reduces drastically when compared to common finite element methods.
Another feature of the SBFEM is that an infinite domain can be coupled with the domain of
interest, thus avoiding unwanted reflections and by that simplifying the analysis of the wave
propagation. The brief theory on the SBFEM is presented in Chapter 3.

2.2 Characterisation of effective elastic properties

A prior knowledge of effective elastic properties is crucial for modelling and analysis of
wave propagation in various materials as well as for prediction of their mechanical behaviour.
Depending on the material, different number of elastic moduli is required, starting from two
for a case of general isotropy and going up to nine for orthotropic materials. It is especially
challenging to obtain all elastic moduli for anisotropic materials such as polycrystalline metals
or fibre-reinforced polymer composites, because established procedures are either destructive,
require time consuming sample preparation and testing, or are not sensitive to all the moduli.
There is therefore a need in a non-destructive testing method for the reconstruction of all
elastic properties. Recent developments have shown that ultrasonic guided waves may tackle
the problem due to their multimodal and dispersive behaviour [55, 56]. Different guided
modes are sensitive to various elastic moduli, thus allowing more reliable reconstruction of
all material properties [57–60].

Initially, measurements of elastic properties required machining of samples to obtain flat
surfaces parallel to each other. The transmitter and receiver were placed on these surfaces to
measure the velocities of bulk waves, from which elastic moduli were reconstructed [61]. With
the growing use of fibre-reinforced polymer composites, the method for measuring elastic
moduli non-destructively has been improved [62]. The machining of samples to the required
shape was replaced by its rotation achieving the desired angle of incidence using immersion
testing [62, 63]. Further developments also allowed to reconstruct viscoelastic properties
of anisotropic materials using bulk waves [64, 65]. However, with this method it was not
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possible to characterise thin samples. To overcome this shortcoming, Castaings et al. [66]
proposed a new technique to infer elastic as well as viscoelastic properties of thin anisotropic
plates by inverting the spectrum of the transmitted plane waves rather than the transmission
coefficients only.

Another promising method for obtaining material properties in a non-destructive manner
is based on GWs. The main advantage lies in their dispersive and multimodal nature providing
sensitivity of various modes or frequency areas to different elastic moduli [57–60]. To
gain more information for the reliable reconstruction of material properties the broadband
excitation and acquisition is one of the key issues. These can be achieved using both a
broadband PZT transducer or laser-based systems for excitation and sensing [55, 67–72].
The obtained experimental results are fitted to theoretical dispersion curves so that the best fit
between two is achieved and thus the material properties are reconstructed. Here, two issues
must be addressed. First, a fast method for calculation of dispersion curves, and second, a
robust algorithm for the optimisation, must be chosen. The ways to calculate the dispersion
curves for multi-layered plates were covered above. Regarding optimisation algorithms,
many of them exist, such as gradient descent, simplex method, simulated annealing, genetic
algorithms (GA), to name a few. The simplex, GA and machine learning approaches have
been shown successful in the reconstruction of elastic constants [55, 56, 70, 72–79]. Note
that machine learning approaches do not require dispersion curves at the reconstruction stage,
but they do need a good database with dispersion curves of different materials for training and
validation purposes. The advantage of the simplex and genetic algorithms over, e.g., gradient
descent, is that they are multidimensional methods searching for a truly global minimum
value [6]. The simplex method has an advantage over the GA in its deterministic manner,
however, its convergence strongly depends on the initial guess [80]. In this thesis, the simplex
algorithm in combination of the SBFEM-based forward model is used in the optimisation
procedure.

2.3 Characterisation of adhesive bonding strength

Currently, both industry and academia are keen to find a direct link between measured
ultrasonic signals and the mechanical strength of the adhesive bonds, and to be able to
distinguish weak interfaces (adhesive failure) from weak adhesive layers (cohesive failure),
see these types of failure shown in Figure 2.6. In aerospace and automotive industries, where
the demand on the adhesively bonded joints is increasing due to safety reasons, it is necessary
to evaluate bond quality non-destructively.

Adhesive joints are preferred over mechanically fastened joints due to uniform distribu-
tion of stresses and thus higher fatigue resistance. Adhesive bonding is generally a process of
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Figure 2.6: A schematic demonstrating a difference between adhesive and cohesive failure.

choice when it comes to assembling similar or distinct materials for lightweight applications
in automotive and aerospace industries [81, 82]. Many NDT methods were developed over
the years for assessing the adhesive bond quality: resonance testing (Fokker bond testing),
AE, thermography, X-rays, shearography and ultrasonic testing [82]. However, mechanical
destructive tests are still the only widely accepted way to characterise the mechanical perfor-
mance of adhesive joints [83]. The main issue arises in inability to distinguish a weak bond
from a strong one using non-destructively measured signals and thus to draw a conclusion
about the mechanical strength of the joint. Nevertheless, researchers continue tackling the
problem by using bulk ultrasonic waves [84, 85], Lamb waves [86–88] or shear-horizontal
(SH) guided waves [89]. All these types of elastic waves have a potential in solving the
problem because they mechanically interact with a bond while propagating in the structure.

Bulk ultrasonic waves have been used in reflection by Rokhlin et al. [90] and transmission
by Budzik et al. [91] and shown to be more appropriate for the disbond detection, than for ad-
hesion characterisation (interfacial stiffness). Testing using thickness resonances, developed
by Fokker in the 1970s, is suitable for the defect detection such as delamination, voids, poros-
ity, corrosion as well as the determination of adhesive layer thickness. Mezil et al. [88, 92]
have followed the research on the thickness resonances by using the zero-group velocity
(ZGV) Lamb wave resonance. They have demonstrated the sensitivity of ZGV Lamb modes
to the interfacial stiffness under the condition that the bonding layer thickness is well known.
SH guided waves have been used by Castaings [89] to characterise samples consisting of two
aluminium plates adhesively bonded in a lap-joint. Different adhesion properties have been
obtained by sandblasting or using oily agent on aluminium plates prior to bonding. The waves
have been generated and measured at the part of the sample consisting of aluminium only.
Different signals have been measured after passing the adhesive joint and used to develop
numerical models accounting for strong and weak interfaces. In the follow-up research,
Siryabe et al. [93] have shown that a-priory isotropic materials reveal anisotropy when the
interfaces are degraded. However, to evaluate anisotropy level and to link it to the interface
strength, the elastic moduli must be known, or vice versa. Another limitation of the proposed
method is that interfacial properties cannot be resolved locally yet.

Different models exist to describe adhesive bonding in the context of ultrasonic waves -
the perfect 3-layer model [85, 94], the 5-layer model [86, 95–98], the cohesive [87, 88, 99,
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Figure 2.7: Models to describe the adhesive bonding behaviour for wave propagation prob-
lems.

100] and adhesive rheological models [89, 99]. A sketch presenting all models is shown
in Figure 2.7 and a description is given in the following. The perfect 3-layer model considers
the substrates and the adhesive as separate layers with continuity of stresses and displacements
across the interface. This model does not account for weak interfaces and it can be extended
to the 5-layer model by adding two thin layers representing the interfaces. In the cohesive
rheological model the adhesive layer and interfaces are mixed together and represented by
springs. As a result, one cannot distinguish between adhesive, ones of interfaces, and
cohesive properties, ones from adhesive layer itself. Whereas, the adhesive rheological
model considers uniform distribution of springs across the interfaces allowing for separation
of interfacial (adhesive) weakness from cohesive one, which for instance, may occur due to
incomplete curing [91]. Both, the 5-layer and adhesive rheological models, are plausible if
the properties of the adhesive layer must be separated from the actual adhesion between the
adhesive layer and the substrates. Siryabe et al. [93] used the adhesive rheological model
to account for apparent anisotropy, which has been shown to appear when interfaces are
weak. The 5-layer model can be used as well, however under assumption that the thickness
of interfaces is just a few micrometres. The latter model is used in this thesis to study the
influence of weak and strong coupling on mode repulsion.

2.4 Guided wave mode repulsion

Mode repulsion of phase velocity curves has been observed for a metal plate as well as for a
spherical shell when loaded by water [101]. It has been shown that the A0 mode of the plate
is modified by the Scholte-Stoneley wave of the fluid resulting in two modes which repel each
other at a certain frequency. Thus, the plate-borne Lamb mode (A0 mode) is coupled to the
fluid-borne Scholte-Stoneley mode (A mode). Even though both modes are well separated
in the phase velocity curve they exchange their character while passing through the repulsion
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region. There are portions of the dispersion curve where one coupled mode possess the
behaviour of the plate mode (A0 mode) which then changes the behaviour to the fluid mode
(A mode) after passing the mode repulsion region, and vice versa. Such exchange of the
behaviour of the waves has been known previously for the shift of atomic energy levels during
formation of molecules [102].

Another study of mode repulsion has been done by Deschamps et al. [103], who considered
limiting cases for two layers supporting only compressional (a fluid layer in vacuo) or shear
(an artificial layer in vacuo) waves. Since the Lamb waves are represented by a combination
of compressional and shear waves, it has been shown that adding a shear component to a
fluid layer (purely compressional case) modified the dispersion curves so that mode repulsion
regions appear. The resulting curves included Lamb modes of both purely compressional
and purely shear cases with the repulsion regions at the positions where the Lamb modes
of these two limiting cases intersected. This study has shown the influence of the coupling
between compressional and shear vibrations of the plate on the Lamb wave modes. The
less shear perturbation was present in the compressional case, the narrower was the distance
between modes in repulsion regions so that the modes approximated the curves of the purely
compressional case (fluid). Similar observations have been made by Maze et al. [104] for a
fluid-loaded cylindrical shell.

Further interesting observations have been made by Simonetti [105] who investigated
Lamb waves propagating in elastic plates coated with viscoelastic materials. It has been
shown that in the regions where modes repulse the energy transfer from the elastic into
viscoelastic layer is the highest, leading to high attenuation of Lamb wave modes at these
frequencies due to high damping of the viscoelastic material. This allows to conclude that
the mode repulsion region can be seen as a resonance phenomenon of both layers vibrating
together.

Zaitsev et al. [106] and Kuznetsova et al. [107] investigated the coupling of different
waves in piezoelectric plates. Authors refer to coupled acoustic waves as hybrid waves
and to the effect as waves’ hybridisation. Zaitsev et al. [106] have shown that for some
crystallographic orientations hybridisation of waves occurs when one of the surfaces of
the metallised piezoelectric plate is electrically shorted. Later Kuznetsova et al. [107]
demonstrated the hybridisation of acoustic waves in a different piezoelectric material with one
metallised surface being electrically shorted. If both surfaces have been electrically shorted
no hybridisation of waves occurred. Moreover, a quantitative coefficient characterising the
degree of hybridisation has been introduced. This result reinforced the study conducted by
Zaitsev et al. [106] showing that there is a coupling effect between different elastic waves
caused by electromechanical coupling. A similar effect has been observed earlier between
the elastic and electromagnetic waves which can be coupled via magnetoelastic interactions
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in ferromagnetic materials [108].
Therefore, mode repulsion represents the coupling between two waves which would

not interact otherwise. This coupling effect may be caused either by a rearrangement of
the internal material structure (e.g., for piezoelectric or ferromagnetic materials) or by a
modification of one wave propagating in a layer through another wave in another layer within
multi-layered structures. The latter case is addressed in this thesis with the hypothesis that
since mode repulsion appears in the dispersion curves of multi-layered structures then it should
reflect the coupling between the individual layers and thus may allow for the non-destructive
characterisation of adhesive joints.

2.5 Composite over-wrapped pressure vessels

Throughout the history of pressure vessel construction, five distinct types of vessel for gas
storage applications have been developed [109]. Apart from the first type, which is made of
metal, other types are composite vessels over-wrapped with fibre-reinforced polymer. These
vessels can be subdivided into two main categories - with a load-sharing metallic liner and
with a non-load-sharing plastic liner.

An example of a composite over-wrapped pressure vessel (COPV) with a load-sharing
metallic liner is shown in Figure 2.8.

Figure 2.8: A composite over-wrapped pressure vessel with a load-sharing metallic liner.
Adapted from own work published in [30].

According to NASA [110] four critical COPV failure modes exist:

1. Burst from over-pressurisation which occurs mainly during the design phase or in
service due to malfunction of the external pressurisation equipment. This failure mode
is well-understood and can be mitigated by appropriate design and testing.

2. Fatigue failure of the metallic liner is a failure mode occurring in service, which can be
mitigated by NDT during manufacturing or pressurisation testing during qualification.
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3. Burst resulting from metallic liner or composite damage may occur when a vessel was
subjected to an impact. This failure mode is mitigated by appropriate protection from
damage and damage-tolerance testing.

4. Stress rupture or static fatigue of the composite over-wrap due to composite degradation.
This degradation results in a sudden structural failure of the composite over-wrap
leading to serious injury and damage to the surroundings. This failure mode is not
well-understood and currently cannot be predicted or assessed. Its mitigation is partially
possible due to conservative design and thorough testing of COPV.

To date, a standard test procedure to assess the condition of COPV does not exist and
needs to be developed. Due to this, a service lifetime of the vessels has been limited to 15
to 20 years depending on the application [111]. Despite this limitation and cost of COPV,
the use is increasing due to their low weight. Therefore, to be able to ensure safe use of
composite vessels and extend their lifetime, reliable testing, assessment, and monitoring
procedures must be developed.

Conventional hydro-static pressure tests, used to assess the integrity of metal pressure
vessels, do not provide reliable information about the current degradation of composite
vessels [111, 112]. Therefore, various approaches have been proposed. Destructive tests
of some of the vessels running in parallel with vessels being in service were suggested by
Mair et al. [111]. An alternative approach is SHM, which would not only ensure a safer
usage and extended lifetime but would also remove the necessity for periodic inspection or
destructive tests.

One of the monitoring approaches is based on acoustic emission (AE) [113, 114]. Fischer
analysed AE signals using neural networks and multivariate statistical analysis to predict burst
pressures of COPV [113]. He showed that neural networks have a greater accuracy since they
are not limited to a linear burst pressure equation. He concluded that analysis of amplitude
distributions of the AE signals is not enough to adequately estimate burst pressure of the
pre-damaged vessels, thus additional parameters, such as energy and duration are needed.
Chou et al. [114] found that AE cannot distinguish fibre breakage from other damage events.
Moreover, they showed that the total number of AE hits cannot be reliably used to estimate the
remaining life of COPV. Alternatively, they proposed another indicator being a sudden rise in
the number of AE hits, which however, occurs prior to stress rupture and thus would require an
immediate removal of the COPV from service. All in all, AE monitoring showed promising
results, but it is limited to the source of the AE signals which, once having appeared, could
not be repeated.

Thus, continuous monitoring would be advantageous which can be done, e.g., by using
integrated optical fibres [115–119]. Mainly two approaches were investigated, one based
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on local measurements using fibres with Bragg grating sensors (FBG) and the other on a
distributed sensing by the Rayleigh-based optical frequency domain reflectometry (OFDR).
In the first case, the FBGs have a defined Bragg wavelength that shifts when thermal or
mechanical strain is applied, thus allowing for local strain and temperature sensing. In the
latter case, the whole fibre can be seen as a long FBG with a random period at the positions of
fibre imperfections [120]. The external change such as temperature or strain causes a spectral
shift in the Rayleigh scattering, which, when calibrated, can be used for distributed sensing.
Foedinger et al. [115] integrated the FGBs into a COPV and compared their response to the
conventional strain gauges. Later, Degrieck et al. [116] showed a linear relationship between
the Bragg wavelength and the pressure applied to COPV. Kang et al. [117] developed another
technique of embedding FBGs into the filament of COPV to monitor the strains during a
hydraulic test. The strains obtained by the FBGs at the hoop layers of a cylindrical part
were similar to the strains measured by conventional strain gauges. Gasior et al. [118] used
digital image correlation during the pressurisation of a COPV with the artificial defects to
calibrate FBGs, which are to be used for SHM. As for distributed sensing based on the
OFDR, Maurin et al. [121] first demonstrated the potential of the technique for SHM of
COPV. Later, Saeter et al. [119] developed four methods for monitoring of impact damage
using this technique. The most promising way of detecting the impact location was for the
optical fibres wound continuously in the near hoop direction. Both damage location and its
spread could be estimated to some extent. Thus, optical fibres can be used as strain sensors
for impact damage detection, but a correlation between the strain changes and the residual
life of COPV has yet to be found.

Xiao et al. [122] monitored the composite pressure vessels using multi-walled carbon
nano-tube (MWCNT) sensors integrated into the filament. The MWCNT measures electrical
resistance which changes due to the break of the conductive networks due to damage. How-
ever, it is not clear, what is the advantage of using MWCNT sensors to the conventional strain
gauges.

Another promising approach is guided wave-based monitoring [27, 123–125], which has
an advantage of being holistic with respect to detection and localisation of damage. Castaings
and Hosten [27] analysed effects of moisture and micro-cracking in the composite over-wrap
on the GW propagation in a COPV with a load-sharing metallic liner. They found out that the
sensitivity to moisture content of the A0-like mode is higher in the longitudinal direction than
in the circumferential direction of the vessel. Whereas for micro-cracking, it is the other way
around. The measurements were done using air-coupled transducers which is suitable for
periodic inspection rather than for online monitoring. However, their approach can be adapted
to SHM by replacing the air-coupled transducers with permanently installed ones, as it was
done by Bulletti et al. [123], who used interdigital transducers (IDT) permanently attached
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to a COPV. Monitoring was done in the circumferential direction. They demonstrated the
ability of the SHM system to detect and localise impacts having various energy. Moreover,
they stressed out the necessity of selective excitation to achieve better sensitivity to a certain
damage type. Yaacoubi et al. [124] performed 2D and 3D numerical analysis of guided
wave propagation in a plate mimicking a structure of a COPV and a metal pressure vessel,
respectively. Damage was modelled as a notch in the composite over-wrap and mode 2 was
found to have the highest sensitivity to this type of damage.

In this thesis, damage related to the second and the third failure modes are investigated
by means of guided waves. These failure modes are modelled as a crack in the metallic liner
and delamination between CFRP plies, respectively.

2.6 Damage quantification using guided waves

Guided waves can be used not only for the detection and localisation of damage but also for
its characterisation. On one hand, their multi-modal and dispersive nature allows different
features to be explored, on the other hand it complicates the analysis [126–131]. Thus, various
signal processing techniques have been developed for easier interpretation of signals and
extraction of information about damage [132–140]. One of such techniques is wavenumber
mapping which allows both quantification of size, depth and location of damage, i.e., corrosion
in metals [137] or impact-induced delamination in composite laminates [138, 140, 141].

Flynn et al. [137] and Rogge et al. [138] proposed two wavenumber mapping techniques
simultaneously which allow for the evaluation of the size and depth of corrosion in metals
and impact damage in composites, respectively. Both techniques are referred to as local
wavenumber (LW) analysis and use similar pre-processing steps to filter unwanted modes
leaving one mode of interest only. The difference between the techniques comes from the way
how the filtered data is treated afterwards to retrieve the local wavenumbers. Flynn et al. [137]
decreases the dimensionality of the data by three-dimensional enveloping and summing
across time to retrieve spatially-distributed wavenumber estimates. The resulting LW is
represented by the wavenumbers having the highest magnitudes at every spatial point. In
contrast, Rogge et al. [138] multiply the data by a spatial window of a defined size and
estimate wavenumbers locally within this window at the excitation frequency. The resulting
wavenumber map consists of the dominant wavenumbers which are retrieved through the
weighted sum of the windowed wavenumber spectra. Later, Mesnil et al. [140] developed
another technique called instantaneous wavenumber (IW) mapping and compared it to the
local wavenumber technique introduced by Rogge et al. [138]. The pre-processing of the
wavefield was done in a similar way as in [137, 138], so that the mode of interest was
isolated prior to the wavenumber mapping. The mapping itself is based on retrieving the
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phase of the signals using the Hilbert transform. An unwrapping step in each direction is
necessary to retrieve a continuous phase, which is then derived to calculate the wavenumber
vector. The IW is the magnitude of the resulting wavenumber vector at a time instant. The
authors also simplified the wavenumber mapping by introducing the concept of a single
frequency wavefield analysis, which allows straightforward correlation of wavenumbers with
the effective thicknesses and thus the damage depth. This technique is called Frequency
Domain Instantaneous Wavenumber (FDIW). Parallelly, Juarez et al. [141] used a similar
approach of one frequency to perform the local wavenumber mapping as of Rogge et al. [138]
showing that it can be done in a more efficient way.

The IW and LW are implemented in this thesis and their performance is evaluated on a
real impact-induced damage in a hybrid metal-composite plate for the first time.

2.7 Scope of the thesis

This thesis investigates the propagation of ultrasonic guided waves in multi-layered plates
with the focus on higher order modes. The aim is to develop techniques for hybrid structures
such as of adhesive bonds and COPV which are widely used in automotive and aerospace
industries and are still challenging to inspect in a non-destructive manner.

In many cases, material properties are missing or not precisely known when it comes to
the modelling of GW. Since the conventional testing is destructive and time-consuming, there
is a need in a robust, reliable, and non-destructive method for the reconstruction of material
properties. In this work, the GWs are used to infer the elastic properties of isotropic and
anisotropic materials. Here, the procedure developed by [56, 67, 75, 76], is modified in terms
of the experimental set-up and numerical model. The modified procedure is validated on an
example of isotropic material first before its application to an anisotropic material. Moreover,
the sensitivity study is performed to demonstrate the influence of different elastic moduli on
GW modes [60]. Finally, the capabilities and limitations of the procedure used are presented.
In this regard, the following questions will be addressed in section 4.1:

• Do elastic properties influence GW modes in a unique way?

• Do the fundamental modes contain enough information to infer the properties of
isotropic and anisotropic materials reliably?

• Are there characteristic features of GW modes which are affected by a change in elastic
properties the most?

• Is the dispersion information from one wave propagation direction enough to recon-
struct elastic constants of anisotropic materials?
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Knowing the material properties, the characteristic dispersion curves are calculated to
perform further analysis and develop the concepts for damage detection, localisation, and
evaluation for NDT and SHM of multi-layered structures. In this thesis, different aspects
are investigated in this regard. At first, a multi-layered plate consisting of an isotropic metal
layer bonded to an isotropic polymer layer is considered. An interesting feature, called mode
repulsion, appears in dispersion curves while considering this multi-layered structure. For
an uncoupled system represented by a single layer of an isotropic material, wave modes
cross, meaning that they have the same phase velocity (wavenumber) at a given frequency
but propagate with different group velocities without influencing one another [142]. In the
case of a coupled system of two or more layers having different acoustic properties, the
modes become coupled too. Two modes do not cross but converge instead. Their phase
velocities (wavenumbers) are not equal at a specific frequency while the group velocities tend
to the same value so that the modes propagate with the same velocity. Thus, a hypothesis is
postulated: Could mode repulsion be a measure of coupling between two (or more) layers?
To test the hypothesis, two systems - each having two isotropic layers bonded by a thin elastic
layer - are analysed numerically and experimentally. For experimental investigations, which
were conducted by Sarah Johannesmann from Measurement Engineering Group (EMT),
University of Paderborn, Germany, layers are bonded using a coupling gel and glued together
to represent weak and strong coupling, respectively. Additionally to the postulated hypothesis,
the following questions will be investigated in section 4.2:

• What features of mode repulsion can be used to characterise the coupling between
layers?

• Are all mode repulsion regions influenced in the same way by a change in the coupling
strength?

• What other influences besides the coupling state affect the modes in a repulsion region?

• Is it possible to distinguish between the longitudinal and transverse stiffnesses by means
of mode repulsion?

At next, a multi-layered plate consisting of an isotropic metal layer bonded to an
anisotropic carbon fibre-reinforced polymer (CFRP) laminate is considered. This hybrid
composite corresponds to the structure of a composite over-wrapped pressure vessels (COPV)
with a load-sharing liner used for gas storage in automotive and aerospace industries. Dif-
ferent damage scenarios occur in the metallic part compared to CFRP part of the vessel. In
this thesis, the interaction of GWs with a crack in the metallic part and delaminations in the
CFRP part is studied numerically. These damages correspond to the second and third failure
mode of COPV [110]. Two questions which motivated the investigation in section 4.3 are:
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• Is it possible to distinguish between damage in the metallic part from damage in the
CFRP part?

• Are the fundamental modes in the low frequency range sufficient to distinguish between
damage located in different parts of the structure?

Further investigations are carried out experimentally on a similar hybrid composite plate
studied previously. As a damage scenario, an impact-induced damage is considered, because
it is one of the critical damage types of COPV which drastically reduces their lifetime. The
goal is to localise and quantify the damage in three dimensions using wavenumber mapping
[137–141, 143] and compare it to conventional ultrasonic testing (UT). Two wavenumber
mapping approaches - local wavenumber [138] and instantaneous wavenumber [140] - are
implemented in section 4.4 and their performance is compared on the real impact-induced
damage for the first time.
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CHAPTER33
Methodology

3.1 The Scaled Boundary Finite Element Method

The SBFEM has been proposed by Wolf and Song in 1997 [144] and found many applications
in elastostatics [145, 146] and elastodynamics [147–149] over the years. The basic idea of
the SBFEM is to discretise the boundary of a computational domain only and to translate
the resulting mesh along a scaling direction so that the complete geometry can be described.
Thus, resulting in a reduction of a two-dimensional domain to a one-dimensional boundary,
and a three-dimensional domain to a two-dimensional surface. Gravenkamp et al. were the
first to recognise and demonstrate the effectiveness of the SBFEM for computation of the
dispersion curves [41, 150–154] and modelling of the guided waves propagation and their
interaction with damage [52, 53, 155].

There are several reasons why the SBFEM is well suited for guided waves problems.
First, the propagation of GW is typically analysed in large structures, which, however, have
a constant cross-section. Thus, only the cross-section needs to be discretised in the SBFEM
and an analytical solution is used in the wave propagation direction. Second, an analytical
solution can be used to describe a crack tip, thus avoiding the stress-singularity and mesh
refinement [52, 156–159]. Third, in NDT and SHM applications, parametric studies have to
be performed with slightly varying damage sizes or elastic constants. Therefore, the SBFEM
allows not only to analyse mode-damage interaction but also to solve inverse problems in an
efficient way (compared to standard finite element approaches), e.g., for the reconstruction
of elastic constants [160] or crack length from GW signals [161].

Only the key equations for plate with the constant thickness are summarised in the
following. The detailed derivation of the SBFEM formulation can be found in [41, 155].
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(a) (b)

Figure 3.1: Prismatic super elements: (a) bounded and (b) infinite.

The prismatic super element is suitable for modelling pieces with a constant cross-section.
There are two cases either the piece is bounded, as in Figure 3.1a, or it is a semi-infinite piece,
as in Figure 3.1b. All cross-sections are meshed with finite elements. For the bounded case,
the mesh on the right-hand side is a translated version of the mesh on the left-hand side.

The displacement field u in the plate is described by a semi-analytical approach as follows

u = N(𝜂)un(𝑥) (3.1)

where N denotes the matrix of shape functions and un is the vector of nodal displacements.
Note that each element is defined in its local coordinate 𝜂, which is equal to −1 and 1 at its
extremities.

Using the semi-analytical stress-displacement relationship and the virtual work principle,
the coefficient matrices E0, E1, E2 and the mass matrix M0 are obtained as [41]

E0 =

∫ 𝜂

−𝜂
B1

𝑇DB1 |J |𝑑𝜂 (3.2a)

E1 =

∫ 𝜂

−𝜂
B2

𝑇DB1 |J |𝑑𝜂 (3.2b)

E2 =

∫ 𝜂

−𝜂
B2

𝑇DB2 |J |𝑑𝜂 (3.2c)

M0 = 𝜌

∫ 𝜂

−𝜂
N𝑇N|J |𝑑𝜂 (3.2d)

where D and 𝜌 denote the elasticity matrix and the mass density, respectively, and J is
the Jacobian matrix. The matrix is related to the transformation from the global to local
coordinates. The matrices B1 and B2 are defined as
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B1 = b1N (3.3a)

B2 =
1
𝜕𝜂𝑦

b1𝜕𝜂N (3.3b)

with

b1 =

[
0 0 1
0 1 0

]𝑇
(3.4a)

b2 =

[
1 0 0
0 0 1

]𝑇
(3.4b)

Considering above definitions, an ordinary matrix differential equation for the displace-
ment functions un(𝑧) in the frequency domain can be derived [41]:

E0𝜕𝑥𝑥un(𝑥) + (E1
𝑇 − E1)𝜕𝑥un(𝑥) − E2un(𝑥) + 𝜔2M0un(𝑥) = 0 (3.5)

Eq. 3.5 can be rewritten as a homogeneous first order differential equation [41]

𝜕𝑥𝝍(𝑥) = −Z𝝍(𝑥) (3.6)

where

Z =

[
E0

−1E1
𝑇 −E0

−1

𝜔2M0 − E2 + E0
−1E1

𝑇 −E1E0
−1

]
(3.7)

and

𝝍(𝑥) =
{

un(𝑥)
qn(𝑥)

}
(3.8)

and with the inner nodal forces defined as
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qn(𝑥) = E0𝜕𝑥un(𝑥) + E1
𝑇un(𝑥) (3.9)

The general solution of Eq. 3.6 can be postulated as [53]

𝝍(𝑥) = exp𝚲𝑥 𝚿 (3.10)

where 𝚲 and 𝚿 are the solutions of the eigenvalue problem

−𝑍𝚿 = 𝚿𝚲 (3.11)

The diagonal entries of 𝚲 contain the eigenvalues 𝜆𝑖 connected through 𝜆𝑖 = 𝑖𝑘𝑖 to the
wavenumbers 𝑘𝑖 of modes existing in the structure.

The eigenvectors are represented by the columns of 𝚿 and thus contain the information
about the mode shapes of displacements and forces. Note that integration constants are
needed to calculate the amplitudes of the displacements and forces [53].

�̂� =

{
ûn

q̂n

}
(3.12)

The general solution of (3.6) consists of blocks which correspond to propagating or
decaying modes in negative and positive x-direction [53]:

𝝍(𝑥) =
[
𝚿11 𝚿12

𝚿21 𝚿22

] [
exp𝚲𝒑𝑥 0

0 exp𝚲𝒏𝑥

] {
c1

c2

}
(3.13)

where c1 and c2 are integration constants. Here, the wavenumbers having a negative (positive)
imaginary part describe evanescent modes decaying in the negative (positive) direction. The
propagation modes are the ones having real wavenumbers which must be identified using the
group velocity 𝑐𝑔𝑟 of the modes by [150]:

𝑐𝑔𝑟 =
𝑑𝜔

𝑑𝑘
= 𝑖

û∗
nq̂n − q̂∗

nûn

2𝜔û∗
nM0ûn

(3.14)

where the star denotes the conjugate transpose. Whereas the phase velocity 𝑐𝑝ℎ is simply
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defined as 𝑐𝑝ℎ = 𝜔
𝑘
.

Further, the boundary conditions can be introduced at both ends of the waveguide. For a
bounded domain (a domain of a finite length 𝐿 as shown in Figure 3.1a), the general solution
is evaluated at 𝑥𝑖 = 0 and 𝑥𝑒 = 𝐿, relating the displacements ui, ue to external forces fi, fe as
follows

{
fi

fe

}
=

[
−𝚿21 𝚿22 exp−𝚲𝒏𝐿

𝚿21 exp𝚲𝒑𝐿 𝚿22

]
×
[

𝚿11 𝚿12 exp−𝚲𝒏𝐿

𝚿11 exp𝚲𝒑𝐿 𝚿12

]−1 {
ui

ue

}
(3.15)

Hence, the stiffness matrix Sb for a bounded domain is given as [53]

Sb =

[
−𝚿21 𝚿22 exp−𝚲𝒏𝐿

𝚿21 exp𝚲𝒑𝐿 𝚿22

]
×
[

𝚿11 𝚿12 exp−𝚲𝒏𝐿

𝚿11 exp𝚲𝒑𝐿 𝚿12

]−1

(3.16)

For an unbounded domain as shown in Figure 3.1b, only the modes propagating or
decaying in the positive x-direction contribute to the stiffness matrix at the boundary, requiring
c2 = 0 in Eq. (3.13) and thus [53]:

fi = −𝚿21𝚿
−1
11 ui & S∞ = −𝚿21𝚿

−1
11 (3.17)

Analogously, c1 = 0 for a plate extending to −∞ resulting in S−∞ = 𝚿22𝚿−1
12 [53].

3.1.1 Plane strain and plane stress

For a linear elastic material, the stresses 𝝈 and strains 𝝐 are related by the Hooke’s law, which
in Voigt notation reads



𝜎𝑥

𝜎𝑦

𝜎𝑧

𝜏𝑦𝑧

𝜏𝑥𝑧

𝜏𝑥𝑦


=



𝐷11 𝐷12 𝐷13 0 0 0
𝐷22 𝐷23 0 0 0

𝐷33 0 0 0
𝑠𝑦𝑚. 𝐷44 0 0

𝐷55 0
𝐷66





𝜖𝑥

𝜖𝑦

𝜖𝑧

2𝜖𝑦𝑧
2𝜖𝑥𝑧
2𝜖𝑥𝑦


(3.18)

where𝐷𝑖 𝑗 are elasticity constants of the elasticity matrix 𝑫,𝜎 and 𝜏 stand for normal and shear
stresses, respectively. Note that the elasticity matrix of this form is suitable for isotropic,
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transversely isotropic and orthotropic material symmetries [162], which are described in
detail in the following subsection.

Often, it is desirable that the models are simplified such as a three-dimensional domain
is reduced to its two-dimensional representation. In linear elastodynamics this can be done
by using either the plane strain or plane stress assumption. Plane strain assumes that the
displacement field is independent of one coordinate, 𝑧 in this case, meaning that the domain
of interest is infinite in this direction. Hence, the strains are restricted to the 𝑥𝑦-plane and the
Hooke’s law is written as


𝜎𝑥

𝜎𝑦

𝜏𝑥𝑦

 =

𝐷11 𝐷12 0
𝐷12 𝐷22 0
0 0 𝐷66



𝜖𝑥

𝜖𝑦

2𝜖𝑥𝑦

 (3.19)

Note that because 𝜖𝑧 = 2𝜖𝑦𝑧 = 2𝜖𝑥𝑧 = 0, the associated columns 3, 4, and 5 in the elasticity
matrix can be simply removed.

On the other hand, the plane stress assumption is applied when the stresses are restricted
to one plane, i.e., 𝜎𝑧 = 𝜏𝑦𝑧 = 𝜏𝑥𝑧 = 0. To find the stiffness matrix in the plane stress
approximation, the operations are done over the compliance matrix, which is the inverse of
the stiffness matrix. First, the columns associated with the zero entries in the stress vector and
the rows associated with the strains 𝜖𝑧, 𝜖𝑦𝑧, 𝜖𝑥𝑧 in the compliance matrix are removed. Then
the stiffness matrix for an isotropic material is found by inverting the compliance matrix and
the Hooke’s law reads


𝜎𝑥

𝜎𝑦

𝜏𝑥𝑦

 =
𝐸

1 − 𝜈2


1 𝜈 0
𝜈 1 0
0 0 1 − 𝜈



𝜖𝑥

𝜖𝑦

2𝜖𝑥𝑦

 (3.20)

where 𝐸 is the Young’s modulus and 𝜈 is the Poisson’s ratio. The elasticity matrices for other
material symmetries are not presented here, because the plane stress assumption is not used
in this thesis.

3.1.2 Material symmetries

Various types of symmetries exist to capture the behaviour of different materials. For
instance, wood or cross-ply composite laminates are described by the orthotropic symmetry.
This symmetry requires 9 independent elastic constants in the elasticity matrix to be known
as can be seen in Eq. (3.18). The equations to calculate the elements of the elasticity matrix
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from the engineering constants are not stated here, because the orthotropic symmetry is out
of scope of this thesis.

Figure 3.2: A composite ply with the x-axis along the fibre direction, the y-axis in thickness
direction and the z-axis perpendicular to the fibre direction.

Another common type of material symmetry used for composite materials is the trans-
versely isotropic symmetry which is defined by 5 independent elastic constants as: 𝐷11,
𝐷12 = 𝐷13, 𝐷22 = 𝐷33, 𝐷55 = 𝐷66, whereas 𝐷22 = 𝐷23 + 2𝐷44. This symmetry class
includes unidirectional composite laminates and single unidirectional plies, and is typically
used to model multi-layered composites [162]. Note that the direction ’1’ is along the fibres
and correspond to the x-axis as it is shown in Figure 3.2, whereas the directions ’2’ and ’3’
correspond to the y-axis and z-axis, respectively. The elements of the elasticity matrix are
defined by engineering constants as:

𝐷11 =
1 − 𝜈23

1 − 𝜈23 − 2𝜈12𝜈21
𝐸1 (3.21a)

𝐷12 = 𝐷13 = 2𝜈12(𝑄 + 𝐺23) (3.21b)

𝐷22 = 𝐷33 = 𝑄 + 2𝐺23 (3.21c)

𝐷23 = 𝑄 (3.21d)

𝐷44 = 𝐺23 (3.21e)

𝐷55 = 𝐷66 = 𝐺12 (3.21f)

with

𝑄 =
𝜈12𝜈21 + 𝜈23

(1 − 𝜈23 − 2𝜈12𝜈21) (1 + 𝜈23)
𝐸2, 𝜈21 =

𝜈12𝐸2
𝐸1

(3.22)

The simplest material symmetry is the isotropic symmetry having only 2 independent
elastic constants, 𝐷12 and 𝐷44. For this symmetry, the relations are: 𝐷11 = 𝐷22 = 𝐷33 =

𝐷12 + 2𝐷44, 𝐷12 = 𝐷13 = 𝐷23, 𝐷44 = 𝐷55 = 𝐷66, where 𝐷12 and 𝐷44 are defined as
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𝐷12 = 2
𝐺𝜈

1 − 2𝜈
(3.23a)

𝐷44 = 𝐺 =
𝐸

2(1 + 𝜈) (3.23b)

3.1.3 Change of coordinate system

To account for different plies from which composite laminates are made of a change of
coordinate system is necessary. Assuming a composite ply with the fibre direction along
the x-axis, the thickness direction along y-axis and the z-axis being perpendicular to both
x- and y-axis as shown in Figure 3.2, for rotation by an angle 𝜃 counter clockwise (positive
direction) about the y-axis, the transformation matrix T𝑦 is

T𝑦 =



𝑐𝑜𝑠(𝜃)2 0 𝑠𝑖𝑛(𝜃)2 0 2𝑐𝑜𝑠(𝜃)𝑠𝑖𝑛(𝜃) 0
0 1 0 0 0 0

𝑠𝑖𝑛(𝜃)2 0 𝑐𝑜𝑠(𝜃)2 0 −2𝑐𝑜𝑠(𝜃)𝑠𝑖𝑛(𝜃) 0
0 0 0 𝑐𝑜𝑠(𝜃) 0 −𝑠𝑖𝑛(𝜃)

−𝑐𝑜𝑠(𝜃)𝑠𝑖𝑛(𝜃) 0 𝑐𝑜𝑠(𝜃)𝑠𝑖𝑛(𝜃) 0 𝑐𝑜𝑠(𝜃)2 − 𝑠𝑖𝑛(𝜃)2 0
0 0 0 𝑠𝑖𝑛(𝜃) 0 𝑐𝑜𝑠(𝜃)


(3.24)

For the rotation about the z-axis, the transformation T𝑧 is as follows

T𝑧 =



𝑐𝑜𝑠(𝜃)2 𝑠𝑖𝑛(𝜃)2 0 0 0 2𝑐𝑜𝑠(𝜃)𝑠𝑖𝑛(𝜃)
𝑠𝑖𝑛(𝜃)2 𝑐𝑜𝑠(𝜃)2 0 0 0 −2𝑐𝑜𝑠(𝜃)𝑠𝑖𝑛(𝜃)

0 0 1 0 0 0
0 0 0 𝑐𝑜𝑠(𝜃) −𝑠𝑖𝑛(𝜃) 0
0 0 0 𝑠𝑖𝑛(𝜃) 𝑐𝑜𝑠(𝜃) 0

−𝑐𝑜𝑠(𝜃)𝑠𝑖𝑛(𝜃) 𝑐𝑜𝑠(𝜃)𝑠𝑖𝑛(𝜃) 0 0 0 𝑐𝑜𝑠(𝜃)2 − 𝑠𝑖𝑛(𝜃)2


(3.25)

The rotation about the x-axis is not presented here, because it does not change the elasticity
matrix in the case of transverse isotropy.

The rotated elasticity matrix D𝜃 can be then obtained as

D𝜃 = T D T′ (3.26)

In the SBFEM, the rotated elasticity matrix is calculated first and then reduced to a 2D case
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using the plane strain assumption described above. This means that in the 2D approximation
not every elastic constant contributes to the elasticity matrix. For instance, considering 𝜃
equals to 0° (no rotation) the elastic constants 𝐷11, 𝐷22, 𝐷12 and 𝐷55 define the elasticity
matrix and thus the guided modes in the 0° direction (fibre direction). Whereas when 𝜃
equals to 90° for the rotation about the y-axis, 𝐷22, 𝐷23 and 𝐷44 influence the modes in the
90° direction (perpendicular to the fibre direction), as can be seen in Figure 3.3.

Figure 3.3: The components of an elasticity matrix defining a composite ply in 0° (no rotation)
and 90° rotation about the y-axis under the plain strain assumption.

3.2 Numerical set-up

Dispersion curves Dispersion curves used throughout this work are calculated by solving
the eigenvalue problem in Eq. (3.11) for an unbounded domain (Fig.3.1b) in the SBFEM.
For every case considered, material properties such as density and elastic constants, the
thicknesses of the plates and the number of layers, are changed accordingly.

Wavenumber mapping To demonstrate and validate the wavenumber mapping, the GW
propagation was modelled in 3D a 2 mm aluminium plate using the SHM module of the CIVA
software. This numerical example is used in subsection 4.4.1 to demonstrate wavenumber
mapping techniques. The SHM module of the software is based on a spectral finite element
method which allows for efficient 3D simulations of the GW propagation [163, 164]. The
maximum order of elements available in the software is the fifth order. The mesh size and
time steps are set automatically based on the frequency and mode chosen for modelling.
More details can be found in [165].

The numerical model including a damage of the dimension 40 x 40 mm2 at the depth of
1 mm is shown in Figure 3.4. The material properties listed in Table 3.1 were used. The
damage was modelled by disconnecting the nodes of the finite elements. The plate was
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excited by a 3 Hann-windowed burst at the centre excitation frequency of 150 kHz. The
transducer was not modelled physically but a force applied as an axisymmetric ring-shaped
excitation with the outer and inner diameter of 20 mm and 19 mm respectively, was used (see
the blue ring in Figure 3.4 marking the excitation area of the effective width of 1 mm).

Figure 3.4: The numerical model used to demonstrate the wavenumber mapping techniques
(not to scale) [166]. All dimensions are in millimetre.

Table 3.1: Material properties of aluminium.

𝜌 (kg/m3) 𝐸 (GPa) 𝜈

2770 70 0.33

Wave propagation in a composite laminate Further, the SBFEM was used to model the
wave propagation in a 2D plate made of an aluminium layer bonded to a CFRP laminate.
Such structure corresponds to the one of a COPV with a load-sharing liner. The cylindrical
structure of the vessel was approximated to a plate based on the criterion introduced by
Wilcox [167]. This criterion states that if the ratio of the COPV’s radius to its thickness is
larger than 10:1 the curvature has a negligible influence on the GW propagation. Thus, the
composite cylinder is approximated as a composite plate in this work. The plate consists of
the aluminium plate with the thickness of 2 mm and the CFRP plate of layup [0/90]2 with the
total thickness of 4 mm. The rotation for 90° is done using Eq. (3.25). The CFRP plies are
modelled individually being transversely isotropic with a 1 mm thickness of each. Note that
the use of such a thick composite ply is motivated by the application of composite pressure
vessels which have a very high fibre mass density, see section 3.3 for more details. Further, a
firm connection between the layers is considered as it is the case in the application of pressure
vessels. The material properties for aluminium and CFRP are listed in Table 3.1 and 3.2,
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respectively. The main damage types considered are longitudinal cracks in the metal liner
and delamination in the CFRP overwrap, e.g., which can be caused by an impact damage.

The schematic of the numerical model is shown in Figure 3.5, which consists of: an
excitation domain, an evaluation domain, a damage domain and two unbounded domains
at both ends of the plate. The excitation was performed in both horizontal and vertical
directions. The load distribution over the cross-section of the plate was in accordance to the
mode shape of a mode chosen for investigations described in section 4.3. Note that such an
excitation is impossible to realise in a real application, nevertheless, it has been used to study
the behaviour of a single mode. The excitation in time was a Hanning-windowed tone burst
with the centre frequency of the mode chosen for modelling. 4096 evaluation points were
used over a 500 mm distance resulting in a 0.12 mm step. A 1 mm long crack of zero width
was modelled in the aluminium part of the hybrid plate. Zero width is achieved simply by a
disconnection of two SBFEM domains. A 10 mm long delamination in the CFRP laminate
was modelled by disconnecting two SBFEM boundaries, thus representing a delamination
of zero width between two CFRP plies. The delamination was modelled at four different
positions as it can be seen in Figure 3.5 in separate simulation runs. The positions are counted
from bottom to the top starting from the delamination between the aluminium plate and the
CFRP laminate.

Figure 3.5: A schematic of the numerical model used in the SBFEM to model the GW
propagation and their interaction with damage in the aluminium-CFRP plate. Adapted from
own work published in [31].

Table 3.2: Material properties of the CFRP ply used, where 1 is in the fibre direction.

𝜌 (kg/m3) 𝐸1 (GPa) 𝐸2, 𝐸3 (GPa) 𝐺12, 𝐺13 (GPa) 𝜈12, 𝜈13 𝜈23
1490 121 8.6 4.7 0.27 0.4
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3.3 Samples

Optimisation of elastic constants Two isotropic metals are used in the experiments - a
4.98 mm steel plate (grade 1.4301) and a 2 mm aluminium plate (grade 3.3535). Further,
two anisotropic plates, an unidirectional (UD) and a cross-ply laminate, made of carbon
fibre-reinforced laminate with the lay-ups of [0]3 and [0/90]3 are considered, respectively.
SAERTEX®non-crimps fabrics with the total mass per unit area of 603 g/m2 were used to
produce the anisotropic laminates. This unidirectional fabric consists of ZOLTEK PANEX
35 50K carbon fibres which are held together with glass fibres and polyester sewing threads.
Resin MGS™RIMR 135 and curing agent MGS™RIMH 137 from EPIKOTE™were used.
Three and six layers of the fabric were used to produce the UD and cross-ply laminates,
respectively. The test specimen was produced using vacuum assisted resin transfer moulding
process. The thicknesses of the specimen was measured after the curing at different positions
and average values of 2.1 mm (UD) and 4.2 mm (cross-ply) were taken. Considering the
number of layers used in the lay-up, the resulting thickness of a single ply is equal to 0.7 mm.
Material properties were calculated using as initial guesses the values for high tenacity carbon
fibres and epoxy matrix given in AlfaLam Software from Darmstadt Technical University
[168]. Material properties for a single ply are given in Table 3.3, where ’1’ is in the fibre
direction, also called the 0° direction in the following. Density, 𝜌 was measured separately
and is equal to 1446 kg/m3.

Table 3.3: Elastic constants of the CFRP ply calculated using the engineering constants from
Table 3.2 considering 𝜌 = 1446 kg/m3.

𝐷11 𝐷12 𝐷23 𝐷44 𝐷55
GPa GPa GPa GPa GPa
123.1 3.9 4.2 3.1 4.7

Mode repulsion Two isotropic materials, aluminium and polycarbonate, are used to analyse
mode repulsion of guided waves. A single 1.5 mm aluminium plate was glued together with
a 3 mm polycarbonate plate using a thin layer of epoxy resin. The resulting multi-layered
plate represents the coupled system having strong interfacial coupling which is then used for
the investigation of mode repulsion. Weak coupling is realised using coupling gel between a
1.45 mm aluminium plate and a 3 mm polycarbonate plate. The material properties are listed
in Table 3.4.

Wavenumber mapping The sample is a 480 × 480 × 6 mm3 aluminium-CFRP composite
plate build using the same prepreg and the resin transfer moulding process described above.
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Table 3.4: Properties of the materials used in the investigations of mode repulsion.

Material 𝜌 𝐷11 𝐷12=𝐷21 𝐷22 𝐷44
kg/m3 MPa MPa MPa MPa

Aluminium 2562 102230 50354 102230 25940
Polycarbonate 1160 5860 3810 5850 993

The aluminium plate has the thickness of 2 mm and the CFRP plate of layup [0/90]3 is 4 mm
in thickness. A sketch of the sample is presented in Figure 3.6.

Figure 3.6: A sketch of the aluminium-CFRP composite plate used in the experimental
investigations [166].

To damage the plate, a drop weight impact tester (IM10, IMATEK) was used. The plate
was impacted from the CFRP side at three different locations with the impact energies of 5 J,
10 J and 30 J. The highest impact energy of 30 J used at the middle of the sample led to a
plate deformation of a few millimetre visible at the aluminium side, but without perforation
of the plate. Two smaller impacts were performed left and right from the centre of the plate
laying on the diagonal 70 mm away.

3.4 Experimental set-up

In the following subsections experimental set-ups are described. Three set-ups were used
in this work. The first one consists of a PZT for GW excitation and a 3D LDV for sensing.
The measurements from this set-up serve as an input for the optimisation of elastic constants
(line measurement) and wavenumber mapping (wavefield measurement). The second set-up
was developed and is available in the Electrical Measurement Group (EMT) at Paderborn
University. It is based on laser excitation of GW and their sensing with a PZT. This set-up
is used for the analysis of mode repulsion. The third set-up is dedicated to high frequency
ultrasonic testing in immersion which serves as a reference method for the characterisation
of impact-induced damage in the aluminium-CFRP composite plate.
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3.4.1 Guided waves measurement

The experimental set-up for the acquisition of GWs is shown in Figure 3.7. This set-up
was used for measuring of the experimental dispersion curves (one line measurement) which
serve as input in the optimisation procedure for obtaining elastic constants (see results in sec-
tion 4.1) as well as for wavefield measurements used as input for wavenumber mapping (see
results in section 4.4). Excitation is performed using a broadband PZT transducer (Pana-
metrics V101-RB/V102-RB Contact transducer, OLYMPUS Deutschland GmbH, Hamburg,
Germany) glued to the sample’s surface with the goal to excite as many wave modes as
possible. The resonance frequencies of the transducers are 0.5 MHz and 1 MHz, respectively.
Frequency characteristics of the PZT used are provided by the producer and listed in Table 3.5.
The minimum and maximum frequencies are measured at the full width at half maximum.
The signal is generated using a function generator (TG5011, AIM-TTI Instruments, RS Com-
ponents GmbH, Mörfelden-Walldorf, Germany), then amplified by a high-voltage amplifier
(HVA-400-A, Ciprian, Grenoble, France) up to 400 Vpp, before driving the transducer. Two
types of signals are used - a rectangular pulse and a sine burst. The rectangular pulse allows
to excite the PZT at its resonance frequency, whereas the sine burst of a certain number
of cycles at other non-resonance frequencies. Note that the more cycles are in the burst,
the narrower is the frequency range. The signals are captured over an equally-spaced grid
by a 3D laser-Doppler vibrometer (3D LDV) [PSV-500-3D-HV, Polytec GmbH, Waldbronn,
Germany]. The white spray was used on the sample’s surface to improve the amplitude of
reflected light during the alignment of the vibrometer.

(a) (b)

Figure 3.7: The experimental set-up with a PZT and a 3D laser-Doppler vibrometer used for
the GW acquisition (a) a photograph [166] and (b) a sketch.

For the analysis of guided wave mode repulsion (described in section 4.2), the set-up
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Table 3.5: Frequency characteristics of the piezoelectric transducers used. The minimum
and maximum frequencies are stated at the full width at half maximum.

Transducer Resonance frequency Minimum frequency Maximum frequency
MHz MHz MHz

V101-RB 0.5 0.28 0.78
V102-RB 1 0.52 1.43

depicted in Figure 3.8a developed in the Electrical Measurement Group (EMT) at Pader-
born University is used. Ultrasonic broadband waves are generated thermo-acoustically by
focusing short high energy laser pulses line-shaped on the specimen’s surface [169]. The
propagating waves are recorded by a purpose-built broadband PZT transducer working in the
frequency range from 1 kHz to 10 MHz [67]. By moving the linear actuator, the specimen is
excited at multiple distances to the receiver which measures the generated waves.

The measurement result is a temporal and spatial dependent signal matrix which is
then converted into a frequency-wavenumber matrix using a two-dimensional fast Fourier
transform (2D FFT) [170]. Figure 3.8b shows the resulting dispersion map of an aluminium
plate, in which the propagating modes become visible as ridges. This image is called a
dispersion map because of its similarity to dispersion curves. The higher the matrix values,
the higher is the modes’ displacement at the plate’s surface [56, 67, 74, 75].

(a) (b)

Figure 3.8: (a) A sketch of the laser-induced broadband measurement system developed at
EMT for the generation and detection of Lamb waves [67]. (b) A dispersion map for a 1.5 mm
aluminium plate retrieved using the 2D FFT from the signals measured using the system.

3.4.2 Ultrasonic immersion testing

As a reference method for the characterisation of the impact damage in the aluminium-CFRP
plate, ultrasonic bulk wave testing in immersion was used. The reference measurement
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is needed to benchmark the wavenumber mapping results presented in section 4.4. The
experimental set-up is shown in Figure 3.9. The scan was performed in the pulse-echo
mode from the side of impacts (the CFRP side) with a focused 10 MHz PZT transducer
(IAP10.20100E, Krautkrämer). The transducer’s diameter is 20 mm, its focus is at 100 mm
and its focal point is of approx. 0.75 mm. The transducer was positioned so that the focus
was at the specimen’s surface. The sampling frequency used was 100 MHz. The excitation
signal was a needle pulse. The scan was performed over an area of 240 x 240 mm2 centred
on sample’s middle using a 1.2 mm step. The amplification was set to 9 dB.

Figure 3.9: A photograph of the experimental set-up for ultrasonic immersion testing.

3.5 Characterisation of elastic constants

Figure 3.10 demonstrates the overall methodology used for the characterisation of elastic
constants with the main constituents being the experimental set-up, forward model, cost
function and optimisation algorithm. The main idea in the characterisation of elastic constants
is to achieve the best fit between experimental and theoretical results by introducing a cost
function, which is to be optimised iteratively. When the cost function is at its minimum, the
optimal elastic properties are retrieved.

First, a fast method for calculation of dispersion curves and second, a robust optimisation
algorithm have to be chosen. In this work, the procedure developed by [56, 67, 75, 76] is
adapted by replacing the SAFE-based solver with the SBFEM-based solver. This leads to
a faster optimisation due to higher order elements implemented in the SBFEM. Next, the
experimental set-up is modified. Instead of the laser excitation and sensing using a broadband
PZT, the set-up described in subsection 3.4.1 is used. Compared to a PZT transducer which is
mainly sensitive to out-of-plane displacement used for GW acquisition in [56], the 3D LDV

40



Chapter 3. Methodology

Figure 3.10: The flow chart of the procedure used for the GW-based characterisation of
material properties.

allows to sense both in-plane and out-of-plane components of the propagating waves and
thus gain more information for later characterisation procedure. Note that many averages are
required to obtain a good signal-to-noise ratio while using the 3D LDV. For instance, 100 to
2000 averages per measurement point can be required depending on the material. Generally,
more averages are needed for composite materials due to smaller displacements and high
damping. However, a higher repetition frequency can be used because waves attenuate much
faster, e.g., for metals, the maximum repetition frequency which could be used was 100 Hz,
whereas for composites it was 1 kHz. All in all, typical measurement times for one line of
150 points span between 30 minutes to 1.5 hours. Finally, acquired signals are transformed
into a dispersion map using the 2D FFT [170]. Dispersion maps for in-plane and out-of-plane
components for a steel plate can be seen in Figure 4.4.

Starting with an initial guess of elastic constants, the SBFEM-based forward model is
used to calculate the dispersion curves which are then compared to the measured dispersion
map. However, the direct comparison of the dispersion curves and the dispersion map is
not possible because of different dimensionality of the theoretical and measured data (a set
of discrete functions vs. the discrete matrix) [56]. Instead, Webersen et al. [56] proposed
an elegant solution for obtaining the cost function without tedious image processing, which
is usually required to extract the dispersion curves [171–173]. Every point obtained from
the theoretical dispersion curve is directly evaluated on the experimental dispersion map to
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extract the amplitude values. These points which are defined by frequency-wavenumber pairs
correspond to wave modes. Then the amplitude values are averaged and inverted, so that an
optimisation algorithm can converge to the minimum of the cost function. At the minimum
value of the cost function, the best fit between measured and theoretical results is achieved
and thus desired material parameters are reconstructed.

The Nelder-Mead simplex algorithm is used to find the minimum of the cost function.
Ideally, at the minimum of the function, the theoretical predictions agree with the experimental
results and, therefore, the optimal material parameters are retrieved. The algorithm is based
on the work of Lagarias et al. [174] and provided by a fminsearch function in MATLAB.

Figure 3.11 shows the flow chart of the algorithm, which has the following steps: (i)
construct the initial simplex; (ii) order the points in the simplex from the best (lowest
function value) to the worst (highest function value); (iii) modify the simplex repeatedly using
reflection, expansion, contraction, shrinkage transformations till the termination criterion is
met.

Figure 3.11: The flow chart of the Nelder-Mead simplex algorithm.

As an input for the algorithm, an initial guess of material properties is needed. In this
work, there are 2 and 5 parameters in the material vector for the case of general and transverse
isotropy, respectively. The density and the thickness of the material stay constant during the
optimisation procedure and are measured in advance.

The initial simplex is constructed based on the initial guess and has 𝑛 + 1 points, where
𝑛 is the number of parameters in the material vector. Every point in the initial simplex
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is represented by the vector of initial parameters, based on which additional vectors are
calculated. These vectors are calculated by adding 5 % of each component to the respective
component of the initial vector. Then the associated functions are evaluated and the points
in the simplex are ordered from the lowest (best) to the highest (worst) function value. In
every iteration step, simplex is first modified by using a reflection transformation, in which
a new point and its corresponding function are calculated. If this point delivers a better
function value than the worst point in the simplex, then the new point is accepted into the
simplex and the iteration is terminated. Otherwise, the algorithm proceeds with an expansion
transformation. An expansion point and its function value are calculated and then compared
to the reflection point. The point which delivers the best function value is accepted into the
simplex and the iteration is terminated. A contraction transformation is performed only in
the case, when the reflected point is strictly better (has lower function value) than the second
worst point. If the contraction point delivers better function value, it is accepted into the
simplex and the iteration is terminated like in the previous cases. Otherwise, a shrinkage
transformation is performed, where all points except the best one are replaced. The iterations
proceed until both convergence and termination criteria are met. In this work, both criteria
were set to 1𝑒 − 4. The output of the algorithm is a vector containing optimised material
parameters.

3.6 Sensitivity calculation

In previous studies in the context of GW and the SBFEM [41, 150, 175], the modes are com-
puted by prescribing the angular frequency 𝜔ℓ and solving the quadratic eigenvalue problem
for the wavenumber 𝑘 . For the sensitivity study the parametrisation via the wavenumber is
used and the frequency of each mode 𝑓ℓ is computed by 𝑓ℓ = 𝜔

2
ℓ
/2𝜋 [60].

The sensitivity of the frequency 𝑆 𝑓ℓ as a function of the wavenumber at a given parameter
𝛼 is evaluated by a finite difference as [60]

S 𝑓ℓ (𝑘;𝛼) = 𝛼

100
𝑑𝑓ℓ

𝑑𝛼
(𝑘) ≈ 𝛼

100
Δ 𝑓ℓ

Δ𝛼
(𝑘) =

𝛼

100
𝑓ℓ (𝑘;𝛼 + 0.5Δ𝛼) − 𝑓ℓ (𝑘;𝛼 − 0.5Δ𝛼)

Δ𝛼

(3.27)

with Δ𝛼 being a parameter variation. For example, in an isotropic plate, the parameter 𝛼 can
be the Young’s modulus 𝐸 , Poisson’s ratio 𝜈 or density 𝜌. Note that too small parameter
variations can lead to significant round-off errors for finite differences. After investigating
the differences between steps of the type 2−𝑚𝛼 the optimal parameter variation Δ𝛼 was found
to be 2−7𝛼 [60].
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3.7 Signal processing

Apart from the 2D FFT [170], also a 3D FFT [132] is used in this thesis to identify guided wave
modes and filter unwanted modes prior to wavenumber mapping. The filtering procedure and
the wavenumber mapping technique are described in subsection 3.7.2. Additionally, energy
maps [176–178] described in the following are calculated and compared to wavenumber
maps.

3.7.1 Energy maps

An energy map of propagating waves allow to visualise the distribution of energy in the
measured signal and may highlight damage regions if there is a re-distribution of energy
due to the mode conversion and reflection at damage [176]. A weighted root mean square
(WRMS) approach of Segers et al. [177] is implemented in this work which allows to
compensate for the attenuation of waves. To calculate the energy map, time signals at each
spatial point of the wavefield are taken [177]:

WRMS(𝑥, 𝑦) =

√√√
1
𝐾

𝐾∑︁
𝜅=1

𝑊 (𝑥, 𝑦, 𝑡𝜅)2 · 𝜅𝑟 (3.28)

where𝑊 is the wavefield and 𝑟 is a positive weighting factor which is automatically calculated
by [177]. The weighting function 𝜅𝑟 in the WRMS is used to compensate the attenuation. The
signal is cut to the part with a relevant amplitude because the weighting function increases
rapidly for a longer signal. Note that other approaches for the attenuation compensation such
as a geometric weighting can be applied [178] which requires the exact transducer position.
This approach was not used in this work because the transducer is not present in the area
scanned.

3.7.2 Wavenumber mapping

The idea of the wavenumber mapping comes from the fact that wave modes change their
wavelength (wavenumber) with the thickness. Consider a guided wave travelling in a waveg-
uide made out of two materials, Material 1 and Material 2, with different acoustic properties
as shown in Figure 3.12. This wave has a certain wavelength, 𝜆𝑡𝑜𝑡𝑎𝑙 in the areas of the
waveguide where no damage is present. However, when travelling over the damaged area,
e.g., a delamination between Material 1 and Material 2, the guided wave will split into two
wave modes - one travelling in Material 1 with 𝜆1 and the other in Material 2 with 𝜆2. Thus,
the wavenumbers measured locally at one or the other side over the damaged region will be
different from the ones of the pristine waveguide.
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Figure 3.12: A sketch demonstrating the idea behind the wavenumber mapping.

To estimate the defect depth through the wavenumber mapping, it is necessary to find a
relation between the wavenumber and defect depth. For this purpose, the effective thickness
(ET) is defined, which is equal to the through-thickness distance between the measured
surface and the defect closest to it. Note that for pristine regions, the ET is locally equal to
the thickness of the plate, while for delaminated or corroded areas, it highlights the depth of
the delamination or the residual thickness of the plate, respectively.

One issue when estimating the ET from the wavenumbers lies in the dispersive nature of
guided waves meaning that the wavenumbers vary continuously with the frequency. Many
wavenumbers which are present in the measured wavefield complicate the analysis. To avoid
this, it is advantageous to work with one mode at one frequency at which the mode is most
sensitive to the thickness changes. Therefore, an additional signal processing [132] is used
prior to wavenumber mapping which is summarised in the following and in Figure 3.13.

The 3D FFT [132] is applied to the measured wavefield to separate the wavenumbers of the
propagating modes for each frequency. The difference to the 2D FFT mentioned previously
is that the 2D FFT is applied to a 1D domain (waves propagate along one spatial dimension,
e.g., in x), whereas the 3D FFT is applied to a 2D domain (waves propagate in two spatial
dimensions, e.g., in x and y, as can be seen in Figure 3.13). After applying the 3D FFT to
the measured wavefield, the modes are separated according to their respective wavenumber
for every propagation direction and frequency. Then the frequency of interest is selected and
only the most sensitive mode is left by filtering other modes in the wavenumber domain. The
filter is applied as a radial filter mask as it is shown in Figure 3.13, where the yellow area is
equal to 1 and the dark blue area to 0. Note that the edges are smoothed using a median filter
to decrease artefacts. In the last step, the resulting frequency slice which contains only one
mode is transformed using the inverse 2D FFT to retrieve a single frequency wavefield.

There are different ways to estimate the wavenumbers locally [137, 138, 140]. Two
approaches are used in this work - the instantaneous wavenumber approach of [140] and the
local wavenumber approach of [138] - which are described in the following.
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Figure 3.13: A diagram showing the workflow for the pre-processing of wavefield data prior
to the wavenumber mapping [166].

Instantaneous wavenumber Mesnil et al. [140] differentiate between the instantaneous
wavenumber (IW) and the frequency domain instantaneous wavenumber (FDIW). While the
IW estimates the wavenumber from a wavefield at a single time instant, the FDIW measures
it from a single frequency wavefield. The main difference lies in the reduction of data
using a similar pre-processing procedure as shown in Figure 3.13 and described above. The
core mathematical operations to calculate the wavenumbers out of displacement (or particle
velocity) are the same for both the IW and the FDIW techniques [179, 180]. The short
description of relevant steps is presented below, for more details the reader is referred to
[179, 180]. For the sake of brevity, the name instantaneous wavenumber (IW) will be used
instead of FDIW from hereafter and compared to the local wavenumber (LW) mapping, which
is a different approach for the wavenumber estimation.

To calculate the IW the analytical signal 𝑔(𝑥, 𝑦, 𝑡) of the wavefield 𝑊 (𝑥, 𝑦, 𝑡) has to be
calculated first. This is done by applying the Hilbert transform 𝐻 to the wavefield data [180]:

𝑔(𝑥, 𝑦, 𝑡) = 𝑊 (𝑥, 𝑦, 𝑡) + i𝐻 (𝑊 (𝑥, 𝑦, 𝑡)) = 𝐴(𝑥, 𝑦, 𝑡)𝑒i𝜙(𝑥,𝑦,𝑡) (3.29)

The output of the transform are the amplitude 𝐴(𝑥, 𝑦, 𝑡) and the phase 𝜙(𝑥, 𝑦, 𝑡) of the
wavefield. Then the first order derivatives of the phase have to be taken along both spatial
dimensions separately resulting in two wavenumber vectors [180]:

𝑘𝑥 (𝑥, 𝑦, 𝑡) = 𝜕𝑥𝜙(𝑥, 𝑦, 𝑡)
𝑘𝑦 (𝑥, 𝑦, 𝑡) = 𝜕𝑦𝜙(𝑥, 𝑦, 𝑡)

(3.30)

The IW is eventually given by the magnitude of these vectors [180]:

𝐼𝑊 (𝑥, 𝑦, 𝑡) =
√︃
𝑘𝑥 (𝑥, 𝑦, 𝑡)2 + 𝑘𝑦 (𝑥, 𝑦, 𝑡)2 (3.31)
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Local wavenumber The procedure for the LW mapping used in this work is based on the
mapping procedure first described by Rogge et al. [138] and later used by Mesnil et al. [140]
and Juarez et al. [141]. The basic idea of the approach is to multiply the wavefield data with a
windowed function to be able to estimate the dominant wavenumber in a smaller region of the
wavefield. The estimated wavenumber is assigned to the middle of the small region and the
window is moved to the next, and so on till the whole area of the wavefield is fully covered.
This procedure is analogous to a short time Fourier transform. The evaluation region and
the assignment point for the window are shown in light and dark red colour in Figure 3.14,
respectively. The spatially distributed displacements (particle velocities) are transformed
within the window using the 2D FFT into the wavenumber domain. The wavenumber with
the highest amplitude is then chosen and assigned to the midpoint. An important factor in
the resolution of the technique is the spatial window size: a too large window results in the
poor spatial resolution, whereas a too small window leads to low wavenumber resolution
[138, 141]. It was found that the window size of twice the wavelength of the dominant mode
provides an adequate wavenumber resolution [138, 141]. This window size is used in this
work.

The last processing step applied to both IW and LW maps is filtering by a median filter
to reduce the influence of the measurement noise. Then the filtered wavenumber maps are
converted into ET maps using the respective dispersion relation.

Figure 3.14: A sketch of a window used for the local wavenumber estimation. The evaluation
region and the assignment point are shown in light and dark red colour, respectively [166].
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Results

4.1 Characterisation of elastic constants

Two material symmetries - isotropic and transversely isotropic - were chosen to analyse
the influence of the material properties on GW modes and to demonstrate the GW-based
characterisation of material properties.

4.1.1 Isotropic material

At first, the dispersion curves of two common metals are compared. For these two sets of
material properties available in literature for aluminium and steel are taken. The material
properties, named as Set 1 and Set 2, are listed in Table 4.1. Figures 4.1a and 4.1b present the
dispersion curves of the 2 mm aluminium and steel plates. From Figure 4.1a it is observable
that the first three modes (counted with respect to the frequency axis) have exactly the same
behaviour for both materials. The small differences between the modes start from the fourth
mode and increase with both the mode’s order and frequency. As for the dispersion curves
calculated using material properties of Set 2 (Figure 4.1b), the variation in dispersion curves
between two metals is bigger and can already be observed for first three modes in the frequency
range from 1 MHz.

Table 4.1: Isotropic materials properties used to calculate dispersion curves in Figure 4.1.

Set 1 Set 2
Property Aluminium Steel Aluminium Steel
E (GPa) 70 200 72 211

𝜈 0.33 0.3 0.42 0.24
𝜌 (kg/m3) 2700 7850 2650 7830
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This difference can be explained as follows. If Young’s moduli of aluminium and steel are
scaled by the respective densities, the resulting moduli for Set 1 are then equal to 25.9 MPa
and 25.5 MPa, and for Set 2 are equal to 27.2 MPa and 27 MPa, respectively. These small
differences in the moduli have little influence on the modes. Therefore, the main difference
between two sets of materials comes from the difference in their Poisson’s ratios, which is
10 % for Set 1 and 75 % for Set 2. It can be concluded that the influence of the Poisson’s
ratio on guided modes becomes more pronounced with higher frequencies (see Figure 4.1).
In the following, the sensitivity analysis is performed to analyse this influence in detail.

(a) Set 1 (b) Set 2

Figure 4.1: Comparison of dispersion curves of steel and aluminium plates with the same
thickness calculated using (a) Set 1 and (b) Set 2 material properties from Table 4.1.

Sensitivity analysis For the sensitivity analysis, a 2 mm aluminium plate with the material
properties from Set 1 (Table 4.1) is considered. All three material parameters, the Young’s
modulus, Poisson’s ratio 𝜈 and density 𝜌 are examined. The sensitivity analysis is performed
as described in section 3.6.

Figure 4.2a shows the effect of the Young’s modulus variation on the dispersion curves.
In this diagram, the typical dispersion curves are extended by a colour value that corresponds
to the modes sensitivity in Hz to a 1 % change in the modulus. In Figure 4.2a all sensitivity
values are positive meaning that all curves move up with an increase in the Young’s modulus.
The diagram for the density (Figure 4.2b) is identical to the one for the Young’s modulus
apart from a changed sign. Both material parameters lead to a linearly changing sensitivity
S 𝑓ℓ with increasing frequency.

More interesting is the effect of the Poisson’s ratio on the dispersion curves which leads
to local non-linear changes in sensitivity as can be seen in Figure 4.2c. In this figure both
negative and positive sensitivity values can be observed. Consequently, some parts of the
mode curves move downwards, whereas others move upwards. The S1 mode and the S2 mode
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are the modes with the lowest cut-off frequencies which show a high value of sensitivity S 𝑓ℓ .

(a) S 𝑓ℓ (𝑘; 𝐸) (b) S 𝑓ℓ (𝑘; 𝜌)

(c) S 𝑓ℓ (𝑘; 𝜈)

Figure 4.2: Comparison of mode sensitivity S 𝑓ℓ to a 1 % change of aluminium material
properties.

Optimisation based on synthetic data To evaluate the performance of the optimisation
algorithm described in section 3.5, the synthetic data were generated using the SBFEM. This
allows to have reference material properties for the validation of the optimisation procedure.
The same 2 mm aluminium plate with the material properties from Set 1 listed in Table 4.1
is used for modelling in the SBFEM. The resulting dispersion map is shown in Figure 4.3a.
Eight modes are successfully excited with the chosen numerical set-up providing a lot of
information for the optimisation procedure.

To test the reliability of the optimisation procedure in the dependence of number of modes
available, the initial dispersion map is cut in the frequency and wavenumber domains to reduce
the number of modes used in the optimisation procedure. Three cases are considered: the
whole dispersion map with 8 modes and two reduced dispersion maps with 5 and 2 modes
corresponding to Case 1, 2 and 3, respectively. The overview of the cases along with
maximum number of modes, frequency and wavenumber used is presented in Table 4.2.
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The initial guess for the Young’s modulus and Poisson’s ratio is 60 GPa and 0.4, respec-
tively. These values are taken so that the calculated dispersion curves (white dots) do not
overlay with the simulated dispersion map as it can be seen in Figure 4.3b. The initial guess
is the same for all three cases considered. The resulting optimised values for the Case 1 are
69.984 GPa and 0.3296 which is in the close agreement with the reference values of 70 GPa
and 0.33 for the Young’s modulus and Poisson’s ratio, respectively. The dispersion map
superimposed with the dispersion curves (white dots) calculated using the optimised elastic
constants is presented in Figure 4.3c. Other two cases with the reduced number of modes,
which are not shown here for brevity, deliver similar values and converge to the reference
values. The results are summarised in Table 4.3.

(a)

(b) (c)

Figure 4.3: Dispersion maps for the aluminium plate generated using synthetic data (a) initial
map, initial map superimposed with dispersion curves (white dots) calculated using (b) initial
and (c) optimised elastic constants (Case 1 in Table 4.2 and Table 4.3), respectively.
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Table 4.2: Cases used to test the performance of the optimisation algorithm to infer material
properties of aluminium.

Case Number 𝑓𝑚𝑎𝑥 𝑘𝑚𝑎𝑥

number of modes MHz rad m−1

1 8 4 4000
2 5 2 2000
3 2 0.8 2000

Table 4.3: Initial, optimised and reference material properties of aluminium. Density 𝜌 =

2700 kg/m3 is used in all cases considered.

Property Material properties
Initial Case 1 Case 2 Case 3 Reference

E (GPa) 60 69.984 69.977 69.974 70
𝜈 0.4 0.3296 0.3296 0.3269 0.33

Optimisation based on experimental data In the experimental work a steel plate of
4.98 mm thickness was used. More modes can be excited in a thicker plate for the same
bandwidth available of up to 𝑓 = 1.43 MHz (see Table 3.5). Figure 4.4 shows the measured
dispersion maps of the steel plate for in-plane and out-of-plane components. In the case
of the out-of-plane component (Figure 4.4b), more dispersion information is obtained when
compared to the in-plane component (Figure 4.4a). A reason for the various intensities is
that displacement amplitudes of modes at the plate’s surface vary from mode to mode and
change with the frequency. There are some modes which have predominant displacement
in one direction and little displacement in the other, e.g., the mode with the out-of-plane
component only in the frequency range between 1.1 MHz − 1.4 MHz with wavenumbers
between 100 rad m−1 − 700 rad m−1 (compare Figure 4.4b to Figure 4.4a). Moreover, the
3D LDV used to acquire the data is less sensitive to the in-plane than to the out-of-plane
component.

(a) in-plane component (b) out-of-plane component

Figure 4.4: Experimental dispersion maps for 4.98 mm steel plate.
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For the optimisation of elastic constants, it is better to have as much dispersion information
as possible. Therefore, both in-plane and out-of-plane components are first normalised
separately and then summed to obtain one dispersion map shown in Figure 4.5. This allows
to enhance the amplitude of some modes which have a predominant in-plane displacement,
i.e., the S1 mode around its cut-off frequency of 330 kHz. Furthermore, two different post-
processing techniques are applied to this map to test if this may enhance the optimisation
procedure.

Figure 4.5: Combined experimental dispersion map for the 4.98 mm steel plate calculated
using both components.

The first technique is a gamma correction which is simply defined by 𝑈𝑜𝑢𝑡 = 𝑈𝛾

𝑖𝑛
, where

𝑈𝑖𝑛 and 𝑈𝑜𝑢𝑡 are amplitude input and output of the dispersion map, respectively, and 𝛾

is a correction factor between 0-1. The result of the correction with 𝛾 = 0.3 is shown
in Figure 4.6a. Due to the correction factor weaker modes become more pronounced.
Bringing the modes to a similar amplitude level has an advantage that all modes have a
comparable influence on the cost function optimised by the algorithm. One drawback of the
gamma correction is that the noise level increases.

The second technique is thought to minimise the side lobes around the modes by applying
a window function to the measured data prior to the Fourier transform, i.e., the Hanning
window. Note that the side lobes in the wavenumber domain come through the point-wise
measurement which can be seen as a rectangular window function. Figure 4.6b presents the
dispersion map after applying the Hanning window. This post-processing reduces the side
lobes, however, at a cost of the broadening of the main lobe.

Based on these two post-processing techniques four cases are considered for the opti-
misation: data as it is, with both post-processing techniques applied simultaneously, and
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(a) without Hanning window

(b) with Hanning window

Figure 4.6: Experimental dispersion maps for the 4.98 mm steel plate with gamma correction.
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with one or another technique used separately. Table 4.4 provides initial guess, literature
values and summarises the optimisation results. For all cases considered, the optimisation
algorithm converges to very similar values of E and 𝜈 ranging between 198.5 − 199.5 GPa
and 0.289 − 0.291, respectively. The optimised values of E are in a very good agreement
with the literature values, whereas 𝜈 differs for about 4 %. Note that steel from [181] has a
different density than steel used in the experiments and thus the Young’s modulus was scaled
to the density of 7795 kg/m3 to have comparable values.

Even though post-processing techniques do not influence the optimised values, it affects
the computational costs. The gamma correction led to the faster convergence with 97 s and
115 s, where the longer computation time is in the case of the Hanning window used. The
computational time without gamma correction were 168 s and 178 s for the data set without
any post-processing and with the Hanning window applied, respectively. Thus, the gamma-
corrected data set without Hanning window is used further to test the convergence of the
optimisation algorithm.

Table 4.4: Initial and optimised elastic constants of steel with 𝜌 = 7795 kg/m3.

Elastic Initial Optimised values Literature
constant guess no correction, correction, no correction, correction, values

window window no window no window [181]
E (GPa) 196 199.17 198.53 199.45 199.21 199

𝜈 0.28 0.289 0.291 0.289 0.289 0.278

According to [80], the accuracy of the optimisation results strongly depends on the initial
guess. Therefore, the convergence of the algorithm to physically plausible values is tested
using 50 randomly generated pairs of E and 𝜈. The initial values for E and 𝜈 are in the range
117.6 − 274.4 GPa and 0.168 − 0.392, respectively, which are ±40 % of the initial values
stated in Table 4.4.

Figure 4.7 presents the convergence results. For the optimised Young’s modulus, 12
out of 50 values do not converge to physically plausible modulus (see pink dots with cost
function equal to about 10 in Fig. 4.7a). These values lay in the lower (< 150 GPa) and
upper (> 250 GPa) extremes of the initial Young’s moduli. Most of the values converge to
E ≈ 199 GPa with the cost function value of 7 (see cyan dots in Fig. 4.7a). Based on the lower
and upper bounds, it can be concluded that the Young’s modulus can be still reconstructed
even if the initial guess is within ±20 % from the actual value. Note that five values of the
optimised E are overestimated as 208 GPa (see light blue dots Figure 4.7a for cost function
values of around 8). These higher value of the cost function is due to the poor results with
respect to the optimised Poisson’s ratios, which range between 0.38 − 0.39 (confer light blue
dots in Figure 4.7a and Figure 4.7b).

The optimised Poisson’s ratios converge mostly to the values around 0.289 (see cyan dots
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in Fig. 4.7b). In this figure some of the pink dots (the cost function value of 10) which can
be found among expected values of 𝜈 are connected to the lower and upper extremes of E
mentioned above. Except these, all other values converge to the Poisson’s ratio of 0.289
allowing for a bigger variation of at least ±25 % between the initial guess and the effective
𝜈. This behaviour may be attributed to the strong contribution of the mode 5 present in the
measured dispersion curves in Figure 4.6a. This mode is quite sensitive to the change in the
Poisson’s ratio as can be seen on the example of the aluminium plate in Figure 4.2c.

(a) E (b) 𝜈

Figure 4.7: Convergence results of the optimisation algorithm based on 50 randomly gener-
ated pairs of E and 𝜈.

4.1.2 Transversely isotropic material

In this subsection, the UD and cross-ply laminates with the lay-ups of [0]3 and [0/90]3

are considered, respectively. Following the definitions presented in subsection 3.1.2, a
transversely isotropic material is defined by 5 independent elastic constants: 𝐷11, 𝐷12 = 𝐷13,
𝐷22 = 𝐷33, 𝐷55 = 𝐷66, whereas 𝐷22 = 𝐷23 + 2𝐷44 and the direction ’1’ is along the fibres.
Note that the sensitivity of guided waves to 𝐷22 is not analysed in this work, because this
constant is defined through 𝐷23 and 𝐷44. The material properties used to create the synthetic
data set and for the sensitivity analysis are called initial material properties in Table 3.3.
To obtain the material properties for 90° ply, the elasticity matrix of 0° ply is rotated using
Eq. (3.24). Note that for the experimental investigations, the laminates were made of the
same prepreg as described in section 3.3.

Sensitivity analysis At first, the sensitivity analysis is performed on the UD laminate
as described in section 3.6. The sensitivity to a 1 % change in the density and 5 elastic
constants is analysed with respect to two wave propagation directions, along the fibres (0°)
and perpendicular to the fibres (90°). The results are presented in Figure 4.8 and 4.9,
respectively. The modes are less sensitive to the change in the constants than in the case of
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the isotropic material. For instance, the maximum sensitivity of the modes to the change in the
density for the UD laminate is in the order of 2000 Hz (Figure 4.8a), whereas the maximum
sensitivity for the isotropic material is 15 000 Hz (Figure 4.2b). This is also valid for other
elastic constants, which however cannot be directly compared to the Young’s modulus and
Poisson’s ratio.

For the 0° direction, the sensitivity values of all constants are positive except for 𝐷12, for
which both positive and negative values exist. It is very interesting that the behaviour of the
modes is totally different in a sense that only certain parts of the same mode can be sensitive to
the change and that the sensitivity not necessarily increase with the frequency. For example,
the mode 3 is sensitive to the variation of 𝐷55 at its cut-off frequency 𝑓 = 440 kHz and a
decrease in the sensitivity with the frequency is observed (Figure 4.8f).

Another interesting observation is connected with the mode repulsion (an explanation of
the mode repulsion and its detailed analysis are presented in section 4.2). Only one mode
repulsion region exists in the investigated frequency range which can be seen in Figure 4.8
around 𝑓 = 600 kHz and 𝑘 = 400 rad m−1. The modes in this region are very sensitive to
the variation in all elastic constants (and density) with the exception of 𝐷55. Moreover, the
modes in the repulsion region demonstrate a non-uniform behaviour when it comes to 𝐷12,
the mode 2 has the negative sensitivity, whereas the mode 4 has the positive sensitivity (see
Figure 4.8c). Furthermore, it can be seen in Figure 4.8f that the modes 1, 3, and 5 (the
antisymmetric modes) are sensitive to 𝐷55 which is defined by the shear modulus 𝐺12.

Regarding the 90° wave propagation direction presented in Figure 4.9, the elastic constants
𝐷11, 𝐷12, 𝐷55 do not have any influence on the modes. The elastic constant 𝐷44 has a linear
behaviour as it is the case for the density - the sensitivity increases with the frequency - with
the only difference in the positive sensitivity for the former and negative for the latter, see
Figures 4.9e and 4.9a, respectively. As for the elastic constant 𝐷23, the modes 4 and 5 have
high sensitivities.

All in all, it can be concluded that the modes in the 0° wave propagation direction only
are not enough to obtain the full elasticity matrix, since the elastic constants 𝐷23 (Fig. 4.8d)
and 𝐷44 (Fig. 4.8e) affect the same mode parts. Note that these constants define 𝐷22 which
contributes to the stiffness matrix for the 0° wave propagation direction. Thus, the additional
information from the 90° wave propagation direction may be required because the modes in
this direction are influenced by these two constants in a unique way. This hypothesis is tested
on synthetic data later in this subsection.

Further, the sensitivity of modes to a 1 % change in the elastic constants is analysed for
the cross-ply laminate. This laminate has the [0/90]3 lay-up with each ply being made of
the same prepreg as the UD laminate. Note that for such lay-up, the dispersion curves for
the 0° and 90° wave propagation directions are equal. Figure 4.10 presents the sensitivity
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(a) S 𝑓ℓ (𝑘; 𝜌) (b) S 𝑓ℓ (𝑘;𝐷11)

(c) S 𝑓ℓ (𝑘;𝐷12) (d) S 𝑓ℓ (𝑘;𝐷23)

(e) S 𝑓ℓ (𝑘;𝐷44) (f) S 𝑓ℓ (𝑘;𝐷55)

Figure 4.8: Comparison of mode sensitivity S 𝑓ℓ to a 1 % change in the density and elastic
constants of the UD laminate for the 0° wave propagation direction.
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(a) S 𝑓ℓ (𝑘; 𝜌) (b) S 𝑓ℓ (𝑘;𝐷11)

(c) S 𝑓ℓ (𝑘;𝐷12) (d) S 𝑓ℓ (𝑘;𝐷23)

(e) S 𝑓ℓ (𝑘;𝐷44) (f) S 𝑓ℓ (𝑘;𝐷55)

Figure 4.9: Comparison of mode sensitivity S 𝑓ℓ to a 1 % change in the density and elastic
constants of the UD laminate for the 90° wave propagation direction.
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results. The dispersion curves showing the sensitivity to the change in density are omitted
because the behaviour is the same as for the UD laminate. In Fig. 4.10 the change in every
constant leads to an unique behaviour of the modes. The sensitivities are in a similar range of
about 𝑓 = 500 Hz with the exception for 𝐷12 which has least influence on the modes with the
lowest sensitivity of 𝑓 = ±50 Hz but interestingly has both positive and negative sensitivities.
The elastic constants 𝐷11 and 𝐷44 are dominating the behaviour of the modes as can be seen
in Figure 4.10a for up to 𝑘 = 700 rad m−1 and Figure 4.10d for the whole wavenumber range,
respectively. It can be concluded that it should be possible to reconstruct full elasticity matrix
of a composite material by optimising the elastic constants of one transversely isotropic ply
based on the dispersion curves of the cross-ply laminate.

Optimisation based on synthetic data A 2.1 mm UD laminate with the material properties
stated in Table 3.3 was modelled in the SBFEM to obtain the dispersion maps. Two simula-
tions were done for the 0° (Fig. 4.11a) and 90° (Fig. 4.11b) wave propagation directions. The
synthetic data is used as the reference to test the performance of the optimisation procedure.

It was shown in the previous subsection which dealt with the isotropic material that
if not all modes are excited with similar amplitudes, the dispersion map can be enhanced
using the gamma correction. This led to the faster convergence during the optimisation.
Therefore, the simulated dispersion maps for the UD laminate are enhanced using 𝛾 = 0.3.
Note that there is a high amplitude offset around 0, which is a modelling artefact. This
artefact is removed by setting the first 10 frequencies to zero so that it does not influence
the optimisation procedure. The resulting dispersion maps superimposed with the dispersion
curves calculated using initial elastic constants from Table 4.5 are shown in Figure 4.11c (0°)
and 4.11d (90°). The reference elastic constants were reduced by 10 % to obtain the initial
guess for the optimisation. Note that the mismatch between dispersion maps and dispersion
curves increases with frequency.

From the sensitivity analysis done previously, it became apparent that two wave prop-
agation directions, 0° and 90°, may be needed to obtain all 5 elastic constants. Thus, two
optimisations are run - one with the 0° direction only and the other with both directions used
simultaneously. The results are shown in Figure 4.12 and the optimised material properties
are listed in Table 4.5.

The dispersion curves calculated using optimised material properties match perfectly the
simulated dispersion map for the 0° propagation direction irrespective of how many direction
are used in the optimisation as can be seen in Fig. 4.12a (one direction) and Fig. 4.12c (two
directions). However, there is a difference for the 90° direction - dispersion curves are slightly
higher in frequency if only one direction is used (confer Fig. 4.12b and Fig. 4.12d).

Comparing the optimised values in Table 4.5, it becomes apparent that 𝐷11, 𝐷44 and 𝐷55
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(a) S 𝑓ℓ (𝑘;𝐷11) (b) S 𝑓ℓ (𝑘;𝐷12)

(c) S 𝑓ℓ (𝑘;𝐷23) (d) S 𝑓ℓ (𝑘;𝐷44)

(e) S 𝑓ℓ (𝑘;𝐷55)

Figure 4.10: Comparison of mode sensitivity S 𝑓ℓ to a 1 % change in the elastic constants of
the cross-ply laminate for the 0° and 90° wave propagation directions.

Table 4.5: Initial, optimised and reference material properties of one CFRP ply with 𝜌 =

1446 kg/m3. The values in brackets stand for the accuracy of the optimisation result calculated
in relation to the reference values.

Material 𝐷11 𝐷12 𝐷23 𝐷44 𝐷55
GPa GPa GPa GPa GPa

Reference 123.1 3.9 4.2 3.1 4.7
Initial 110.79 3.51 3.78 2.79 4.23
Optimised, 0° 123.5 (99.7 %) 3.76 (96.4 %) 3.96 (94.3 %) 3.2 (96.9 %) 4.69 (99.8 %)
Optimised, 0°+90° 122.25 (99.3 %) 3.4 (87.2 %) 4.16 (99.1 %) 3.1 (100 %) 4.69 (99.8 %)
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(a) 0° (b) 90°

(c) 0° initial (d) 90° initial

Figure 4.11: (a) and (b) simulated dispersion maps of the UD laminate (c) and (d) which are
superimposed with the dispersion curves (white dots) calculated using initial elastic constants.
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match the reference values closely. Note that 𝐷11 and 𝐷44 are slightly overestimated, if only
one direction is used. The elastic constant 𝐷12 is reconstructed better with the difference of
4 % to the reference value, whereas the difference goes up to 13 %, if one and two directions
are used, respectively. One could think that adding a second direction should not make a
difference, since the modes in the 90° direction are not sensitive to 𝐷12 at all (see Figure 4.9c).
However, this is not true because the optimisation of 𝐷12 is indirectly influenced by 𝐷23 and
𝐷44 which contribute strongly in the 90° direction as can be seen from their sensitivities in
Fig. 4.9d and Fig. 4.9e, respectively. Thus, resulting in the shift of the second mode for 𝐷23

(Fig. 4.8d) and 𝐷44 (Fig. 4.8e) opposite to the shift of 𝐷12 (Fig. 4.8c). This shift dominates
the optimisation in favour of 𝐷23 and 𝐷44 because there are many modes of high amplitudes
present in the simulated dispersion map (see Fig. 4.11b). Finally, the elastic constant 𝐷23 is
better reconstructed if two directions are used with the difference to the reference value of only
1 %, whereas the optimised value in the case of one direction is 6 % off the reference. This
can be also attributed to the explanation given above. To avoid such influence of dominating
modes and still be able to reconstruct the properties reliably, two optimisation runs can be
done. One using the 0° direction for the reconstruction of 𝐷11, 𝐷12 and 𝐷55 with 𝐷23 and
𝐷44 being fixed. After the former are optimised, the 90° direction can be used to characterise
the remaining constants.

In terms of computational cost, the optimisation took 5 min and 10 min for one direction
and two directions, respectively. It is longer than for the isotropic material mainly due to the
higher number of layers used for the UD laminate which increases the computational time for
one dispersion curve in the SBFEM. One and three layers were used to model the isotropic
material and the UD laminate, respectively.

Optimisation based on experimental data Figure 4.13a and Figure 4.13b show the mea-
sured dispersion maps for the 2.1 mm UD laminate for 0° and 90° wave propagation directions,
respectively. Both in-plane and out-of-plane components are used. In this figures, it can be
seen that different modes are excited in the frequency range from 50 kHz to 1 MHz, see yellow
and light blue ridges. The measured dispersion maps are superimposed with the dispersion
curves (white dots) calculated using the initial material parameters which show a bigger
discrepancy between experimental and numerical results than in the case of the isotropic
material. This is because not all the elastic moduli required to obtain the full stiffness matrix
are given by the manufacturer and need to be guessed. For both 0° and 90° wave propagation
directions two modes are easily identifiable in the measured dispersion map in the lower
frequency range up to 400 kHz and can be assigned to two modes in the dispersion curves.
However, for the 0° wave propagation direction in the upper frequency range two modes lay
in a close proximity to each other, see white dots in the frequency range 600 kHz − 1 MHz
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(a) 0°, one direction (b) 90°, one direction

(c) 0°, two directions (d) 90°, two directions

Figure 4.12: Simulated dispersion maps of the UD laminate superimposed with the dispersion
curves (white dots) calculated using optimised elastic constants: (a) and (b) only one wave
propagation direction is used in the optimisation; (b) and (c) two wave propagation directions
are used simultaneously.
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in Figure 4.13a, thus making correlation of the measured guided modes and theoretical dis-
persion curves harder in this range. Regarding the 90° wave propagation direction, only two
modes are visible in the measured dispersion map shown in Figure 4.13b.

(a) 0° initial (b) 90° initial

(c) 0° optimised (d) 90° optimised

Figure 4.13: Measured dispersion maps of the UD laminate superimposed with the dispersion
curves (white dots).

Based on the sensitivity study and the above results a use of both directions not necessarily
improves the optimisation of elastic constants, because some of the modes may dominate the
cost function. Nevertheless, since only a limited number of modes is excited with the current
experimental set-up (see section 3.4) both directions, 0° and 90°, are used in the optimisation
procedure. Figure 4.13c and Figure 4.13d show the dispersion maps superimposed with the
dispersion curves after the optimisation procedure which was run for two wave propagation
directions simultaneously. The best agreement between the experimental data and estimated
guided modes is achieved in the frequency range up to 400 kHz for the 0° and 90° directions
as it can be seen in Figures 4.13c and 4.13d, respectively. Moreover, the theoretical modes in
the mode repulsion region match the measured modes well (see modes around 𝑓 = 600 kHz
and 𝑘 = 400 rad m−1 in Figure 4.13c). This region was shown previously in Figure 4.8 to be

66



Chapter 4. Results

particularly sensitive to the variation in all elastic constants except𝐷55. As already mentioned,
it is hard to judge about the agreement between experimental and theoretical results based
on the modes in the frequency range starting from 650 kHz, because the measured modes are
not clearly distinguishable (Figure 4.13c). The initial and optimised elastic moduli are listed
in Table 4.6. The biggest variation is found for 𝐷44 for which the optimised value decreased
by 26 % compared with the initial value. However, this is not surprising since the properties
of composite materials strongly depend on the manufacturing procedure and thus may vary
a lot. The elastic moduli 𝐷12 has the least variation of 7 % compared with the initial value
which is possible due to lowest sensitivity of the modes to this constant (see Figures 4.8c and
4.9c).

Table 4.6: Initial and optimised material properties of one CFRP ply within different laminates
with 𝜌 = 1446 kg/m3. The values in brackets show the deviation between initial and optimised
values.

Material 𝐷11 𝐷12 𝐷23 𝐷44 𝐷55
GPa GPa GPa GPa GPa

Initial 123.1 3.9 4.2 3.1 4.7
Optimised (UD) 98 (-20 %) 4.2 (+7 %) 4.8 (+13 %) 2.3 (-26 %) 3.8 (-19 %)
Optimised (Cross-ply) 102.2 (-17 %) 3.6 (-8 %) 5.6 (+25 %) 2.7 (-13 %) 3.4 (-28 %)

At next, the measurements were done on the cross-ply laminate and the results for the 0°
and 90° wave propagation directions are presented in Figure 4.14c and 4.14d, respectively.
For this cross-ply laminate, the dispersion curves are the same because the effective stiffness
matrix does not change. However, the amplitudes of the excited modes are not the same,
for instance, the mode 3 is better excited in the 0° direction, whereas the mode 4 in the
90° direction. This can be explained by the mode shapes which have different amplitudes
depending on the stacking sequence, [0/90]3 vs. [90/0]3. Thus, it is beneficial to combine
the information from both dispersion maps which is then to be used in the optimisation
procedure.

Since both laminates are made of the same prepreg, it is expected that the optimised
material properties of the UD laminate, when used for the calculation of the dispersion
curves with the lay-up of the cross-ply laminate, should result in a perfect match to the
measured dispersion maps of latter. Thus, the optimised elastic constants from the UD
laminate is used to calculate the dispersion curves shown in Figure 4.14a and 4.14b. Both
are matching well up to the frequency of 250 kHz and deviate from this frequency on. These
deviations may be attributed to the variation of properties due to manufacturing as well as due
to the optimisation procedure run on the limited number of experimental modes. Therefore,
the optimisation is run again with the material properties optimised on the UD laminate
used as the initial guess. After the optimisation, the measured modes match the theoretical
dispersion curves very well (see Figures 4.14c and 4.14d). The optimised elastic constants
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are listed in Table 4.6.

(a) 0° (b) 90°

(c) 0° (d) 90°

Figure 4.14: Measured dispersion maps of the cross-ply laminate superimposed with the
dispersion curves (white dots) calculated using (a) and (b) material properties optimised
on the UD laminate as an initial guess; (c) and (d) resulting material properties after the
optimisation.

4.1.3 Summary and key messages

It has been shown that guided wave modes are sensitive to a change in elastic constants of
isotropic and transversely isotropic materials. The sensitivity analysis carried out in this
section allowed to analyse the relation between elastic constants and GW modes in detail. It
has been found that the constants affect different modes or mode parts in a certain frequency-
wavenumber region in a unique way.

In case of the isotropic material, a positive change in the Young’s modulus resulted
in a positive and linear shift of the modes with frequency. Whereas a positive change in
the Poisson’s ratio led to a non-uniform behaviour meaning that both positive and negative
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movements of the modes are present. For both parameters, an increase in the sensitivity with
the frequency has been observed.

For the transversely isotropic material, two wave propagation directions were analysed.
For the wave propagation along the fibres (0°), all elastic constants influence GW modes
showing both positive and negative sensitivities with a positive change of the constants.
The elastic constants 𝐷23 and 𝐷44 affect the same modes, thus, these constants cannot
be reconstructed reliably only from the 0° direction. Nevertheless, these constants can be
reconstructed by adding one more direction, in this case, the wave propagation perpendicular
to fibres (90°). Therefore, at least two wave propagation directions are required to be able to
reconstruct all five elastic constants by means of GWs in the frequency range examined.

Regarding the 90° direction, only two elastic constants influence the modes. This is an
expected behaviour, since only constants 𝐷23 and 𝐷44 contribute to the stiffness matrix in
this direction as it was explained in subsection 3.1.3 and demonstrated in Figure 3.3. Note
that in this figure, 𝐷22 is also contributing to the stiffness matrix, however, it is a dependent
constant which is calculated using 𝐷23 and 𝐷44, and therefore it was not optimised.

Another interesting observation is that the cut-off frequencies and mode repulsion regions
are very sensitive to a change in some elastic constants. Especially, the mode repulsion regions
observed for the UD and cross-ply laminates are influenced by all elastic constants except for
𝐷55. All in all, it can be concluded from the sensitivity study that two lower order modes
are not enough for the reliable reconstruction of elastic constants of transversely isotropic
materials. Moreover, two wave propagation directions are needed, if the UD laminate is used
in the optimisation.

Furthermore, the optimisation procedure from [56, 67] was modified in terms of the
experimental set-up and forward model. Its performance was tested on the simulation data
first before applying it on the experimental data. Considering the isotropic material, it was
possible to excite eight modes in the simulation. Thus, the dependence between the accuracy
of the reconstructed elastic constants and the number of modes used in the optimisation
procedure could be analysed by reducing the number of modes consequently. In all cases, the
optimisation algorithm converged to the reference values with the accuracy of 99.9 %. Even
though, it has been shown that the lower order modes are least sensitive to elastic constants,
especially to the Poisson’s ratio, the optimisation on these modes worked reliably. This may
be attributed to the definition of the sensitivity which estimates the mode’s movement at one
frequency and neither considers the relation of frequencies to each other nor the characteristic
shape of the modes.

At next, the optimisation was run on the experimental data. In this case, seven modes
were excited with one mode being especially strong. To compensate the difference in
amplitudes which have the direct influence on the cost function and may affect the result, the
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gamma correction was applied. Both original and gamma-corrected dispersion maps led to
very similar values, however, in the latter case the algorithm converged faster. Thus, it is
advantageous to use the gamma correction if modes are excited with different intensities to
achieve faster convergence.

It is known that the accuracy of the optimisation results strongly depends on the initial
guess [80], therefore, the algorithm was tested on randomly generated values distributed
within ±40 % of the initial guess. The results showed that the Young’s modulus and Poisson’s
ratio can be accurately recovered when the initial guess is within ±20 % and ±25 % of the
actual values, respectively. Further, the transversely isotropic material was considered.
The optimisation based on the simulated data showed that the dispersion map for the wave
propagation along the fibres (0°) was enough to recover 𝐷11 and 𝐷55, and 𝐷12 and 𝐷44 with
the accuracy of at least 99.7 % and 96.4 %, respectively. The elastic constant 𝐷23 has the
lowest accuracy of 94.2 % because the change of this constant influences the same modes as
𝐷44 but it is less sensitive. The former could be reconstructed with 99 % accuracy when two
directions were used in the optimisation. However, this reduced the optimisation accuracy of
𝐷12 to 87.2 % which is attributed to the higher sensitivity of the modes in the 90° direction
over 𝐷12 and 𝐷44 and thus their dominance in the optimisation procedure.

Regarding the experimental validation, the optimisation was carried out for two laminates
- UD and cross-ply - made of the same prepreg. Since not all modes could be excited in the
UD laminate in the frequency range investigated, it was harder to evaluate the performance
of the optimisation algorithm on this example. Nevertheless, the dispersion curves after
optimisation match the experimental results well. As for the cross-ply laminate, also two
wave propagation directions were used but not because the dispersion curves differ between
two (as it is the case for the UD laminate) but because different modes can be excited
depending on the direction considered. Moreover, since many modes are excited and after
the optimisation the dispersion curves fit the experimental data well which allows for a greater
confidence in the optimised values.

Altogether, the measurement procedure and optimisation approach presented here allow
to recover the elastic constants in a non-destructive way without a need for a special sample
preparation. The optimisation of the elastic constants is especially relevant for composite
materials which properties strongly vary from sample to sample. Moreover, based on this
approach, the material ageing can be studied too. Further, the results presented here will
allow to improve the numerical models which are necessary, e.g., for the model-assisted
quality assessment of SHM systems [182, 183].

Key messages The studies performed in this section were motivated by the questions stated
in section 2.7, to which the following answers can be given.
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• Do elastic properties influence GW modes in a unique way? The sensitivity results
showed that the elastic properties of isotropic as well as anisotropic materials have a
unique influence on GW modes. This allows to use GW for the characterisation of the
elastic properties.

• Do the fundamental modes contain enough information to infer the properties of
isotropic and anisotropic materials reliably? It has been shown that the fundamental
modes are enough to characterise the isotropic material properties reliably. However,
this is not the case for transversely isotropic materials. Therefore, higher order modes
are required to be able to infer the elastic constants of such materials reliably.

• Are there characteristic features of GW modes which are affected by a change in elastic
properties the most? The sensitivity study demonstrated that cut-off frequencies of
some modes are especially sensitive to a change in the Poisson’s ratio of isotropic
materials and elastic constants 𝐷23, 𝐷44 and 𝐷55 of transversely isotropic materials.
Also, the mode repulsion regions appearing in the dispersion curves of UD and cross-
ply laminates are very sensitive to a change in all elastic constants except for 𝐷55.
This is very advantageous, because the modes in the mode repulsion regions have high
amplitudes and have shown to get excited easily.

• Is the dispersion information from one wave propagation direction enough to re-
construct elastic constants of anisotropic materials? Five to six modes exist in the
investigated frequency range in the UD and cross-ply laminates, respectively. It was
found that this number of modes should be sufficient to infer the elastic properties of
transversely isotropic materials. In two cases considered, the UD and the cross-ply
laminate, both wave propagation directions, 0° and 90° should be used, however due
to different reasons. For the UD laminate, the reason is that dispersion curves differ,
whereas for the cross-ply laminate, both directions have the same dispersion curves,
but different modes are excited depending on the direction considered.

The material properties optimised in this section are used in the following sections to
calculate the dispersion curves which are then compared to experimental results. In the next
section, the repulsion of GW modes is analysed in detail on an example of coupled isotropic
plates.

4.2 Guided waves mode repulsion

The results presented in this section originated from the joint work of Electrical Measurement
Group (EMT) at Paderborn University and the Division of Acoustic and Electromagnetic
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Methods at BAM. The experimental investigations were carried out by Sarah Johannesmann
from EMT, whereas the numerical modelling was performed by the author of this thesis.

4.2.1 Effect of mode repulsion

Two sets of dispersion curves were calculated in the SBFEM to illustrate mode crossing and
repulsion. In the first example, a 1 mm polycarbonate plate is considered, for which the
dispersion curves are presented in Figure 4.15. Figure 4.15a demonstrates mode crossing of
a A2-S2 mode pair at 𝑓 = 1.44 MHz. This frequency range was chosen because here the
first mode crossing appears. Note that mode crossings can be observed for other higher-order
modes too when isotropic non-viscoelastic materials are considered. At this frequency the
A2 and S2 modes have the same phase velocity, however, as it can be seen in Figure 4.15b,
they have different group velocities. Thus, these two modes propagate independently without
influencing each other and they are not coupled. Figure 4.16 compares the mode shapes
of the A2 and S2 modes at two frequencies of 1.42 MHz and 1.51 MHz - before and after
the mode crossing - respectively. The modes keep their behaviour after passing the mode
crossing, only the displacement amplitude changes with the frequency, thus the A2 mode is
not coupled with the S2 mode.

(a) (b)

Figure 4.15: Illustration of mode crossing on the example of a A2-S2 mode pair. (a) Phase
and (b) group velocity dispersion curves of a 1 mm polycarbonate plate.

In the second example, a 1 mm polycarbonate plate is firmly bonded to a 1 mm aluminium
plate. Both materials are isotropic, and continuity of the displacement and stresses is con-
sidered at the polycarbonate-aluminium interface. Figure 4.17 present the dispersion curves
of the coupled system. Figure 4.17a demonstrates mode repulsion of a A0-S0 mode pair
at 𝑓 = 422 kHz. This frequency range was chosen because here the first mode repulsion
region appears. Note that as soon as a multi-layered structure is considered consisting of
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(a) S2 mode, 1.42 MHz (b) A2 mode, 1.42 MHz

(c) A2 mode, 1.51 MHz (d) S2 mode, 1.51 MHz

Figure 4.16: Mode shapes in the 1 mm polycarbonate plate for the points (a), (b), (c) and (d)
marked in Figure 4.15, respectively.
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materials with different acoustic properties, no mode crossings are observable in the phase
velocity dispersion curves, but mode repulsions. At this frequency the A0 and S0 modes have
different phase velocities, however, as it can be seen in Figure 4.17b, they have the same group
velocity meaning that these two modes propagate with the same velocity and therefore they
are considered as coupled modes. The modes are named A0 and S0 using the notations for
single plates, however it must be noted that the modes in multi-layered structures which are
not symmetric with respect to the mid-plane cannot be considered purely symmetric or anti-
symmetric. After passing the mode repulsion region the modes exchanged their behaviour, as
it can be seen by analysing the mode shapes in Figure 4.18. The A0 mode becomes S0* and
the S0 mode becomes A0*. This figure compares the mode shapes of the A0 and S0 modes at
two frequencies of 350 kHz and 500 kHz - before and after the mode repulsion - respectively.
The modes exchange their behaviour after passing the mode repulsion region, however, for
this region it happens only within the polycarbonate layer. The displacement of the A0
mode at 𝑓 = 350 kHz (Fig. 4.18a) becomes almost zero at 𝑓 = 500 kHz (Fig. 4.18c). The
same applies to the S0 mode which has almost zero displacement amplitude at 𝑓 = 350 kHz
(Fig. 4.18b) and gets the behaviour of the A0 mode after passing the mode repulsion region
(Fig. 4.18d).

(a) (b)

Figure 4.17: Illustration of mode repulsion on the example of a A0-S0 mode pair. Dispersion
curves of (a) phase and (b) group velocities of a 1 mm polycarbonate plate firmly bounded to
a 1 mm aluminium plate.

4.2.2 Numerical analysis

Figure 4.19 shows dispersion curves calculated using the SBFEM for two single plates made
of aluminium and polycarbonate, respectively. Each respective plate is of a 1 mm thickness
and there is no connection between these two. In Figure 4.19 different number of GW
modes appear in the aluminium plate compared to the polycarbonate plate for the same
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(a) A0 mode, 350 kHz (b) S0 mode, 350 kHz

(c) S0* mode, 500 kHz (d) A0* mode, 500 kHz

Figure 4.18: Mode shapes in the bi-layer plate made of a 1 mm polycarbonate plate firmly
bounded to a 1 mm aluminium plate for the points (a), (b), (c) and (d) marked in Figure 4.17,
respectively.
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thickness. This is because of the different elastic properties of both materials. Aluminium as
a stiffer (high impedance) material allows to excite the waves with higher velocities, whereas
polycarbonate is a polymer, which is softer (low impedance) and therefore it has a smaller
density and lower acoustic wave velocities compared to metals.

Now, if both plates considered are firmly bonded together, dispersion curves change and
show the combined behaviour as it can be seen in Figure 4.20. The firm bonding means that
the stresses and displacements are continuous across the polycarbonate-aluminium interface.
It is remarkable that in the coupled system, wave modes do not cross at all but repulse only.
Box 1 in Figure 4.20a indicates mode crossing of two modes in the single polycarbonate plate.
This region corresponds to an illustration of mode crossing previously shown in Figure 4.15.
It should be noted that other regions of mode crossing exist for the polycarbonate plate as
well as for the aluminium plate at higher frequencies. Box 2 indicates one out of many
mode repulsion regions appearing in the coupled system, this region was shown in detail
in Figure 4.17. Moreover, it can be observed that mode repulsion regions appear at the
vicinity of the intersection of uncoupled modes of the individual layers.

(a) (b)

Figure 4.19: Comparison of the dispersion curves of two single plates: (a) phase and (b)
group velocities for a 1 mm aluminium plate (grey squares) and a 1 mm polycarbonate plate
(pink circles).

Influence of the coupling strength on mode repulsion To demonstrate the effect of the
coupling strength on the mode repulsion the following model is built. The model consists
of three layers - 1 mm aluminium, 0.999 mm polycarbonate and an 1 µm interface layer. In
this case, the half of the adhesive bond is considered, in which the aluminium plays a role
of the substrate and the polycarbonate of the adhesive. This is done so that the influence of
one interfacial layer on mode repulsion can be analysed. Note that a thin elastic layer is one
of the ways to model different interfacial qualities of the adhesive bonds as it was described
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(a) (b)

Figure 4.20: Comparison of the dispersion curves of two single plates to a coupled system
consisting of two bonded plates (blue crosses): (a) phase and (b) group velocities for a 1 mm
aluminium plate (grey squares) firmly bonded to a 1 mm polycarbonate plate (pink circles).
Boxes 1 and 2 indicate the regions of mode crossing and repulsion, respectively. Adapted
from own results published in [142].

in section 2.3. Moreover, it was found that the interface thickness of 1 µm has no influence
on the modes and mode repulsion in the chosen frequency range.

The elastic constants of the interface layer are varied to model different interfacial coupling
states. Three cases were considered - strong, intermediate and weak coupling - corresponding
to three states of interface degradation defined by Siryabe et al. [93]: nominal, intermediate
and highly degraded states, respectively. The nominal state corresponds to the perfect bonding
and thus the interface has 100 % of adhesive properties which is the polycarbonate in our
case. Based on [93], the intermediate and highly degraded states correspond to an interface
having 2 % and 1 % of the initial properties, respectively. The initial material properties
of aluminium and polycarbonate (Table 3.4) were obtained by the EMT using the Laser-
induced broadband Lamb wave based measurement system, which measurement principle
was described in subsection 3.4.1. Note that the optimisation of the elastic constants was
done for 3 elastic constants instead of 2 assuming that 𝐷11 is not equal to 𝐷22. Table 4.7 list
the material properties used for modelling of different interfacial coupling states.

Table 4.7: Properties used to model the interface degradation with 𝜌 = 1160 kg/m3.

Coupling state 𝐷11 𝐷12=𝐷21 𝐷22 𝐷44
MPa MPa MPa MPa

Strong 5860 3810 5850 993
Intermediate 117.2 76.2 117 19.86
Weak 58.6 38.1 58.5 9.93

The modelling results for three coupling states considered as well as GW modes of the
polycarbonate and aluminium plates having no connection between each other are presented
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in Figure 4.21. In this figure two examples of mode repulsion regions are taken in the vicinity
of polycarbonate modes intersecting with aluminium modes. Figure 4.21a demonstrates the
intersection of the S0 mode of the polycarbonate plate with the A0 mode of the aluminium
plate compared with the coupled modes of the multi-layered plate. Figure 4.21b shows the
intersection of the S1 mode of the polycarbonate plate with the S0 mode of the aluminium plate
compared with the coupled modes of the multi-layered plate. For the coupled system the real
crossing of two modes (as it was demonstrated in Figure 4.15) is not permitted because one
part of the system is in direct contact with another. This results in mode repulsion in regions
where uncoupled modes of the individual layers (polycarbonate and aluminium) intersect
(Fig. 4.21). In Figure 4.21a the gap in terms of the phase velocity between modes in the
coupled system is wider when the coupling between the layers is weaker. The coupled modes
are heading towards the intersection of uncoupled modes of the individual layers, namely the
S0 mode of polycarbonate and A0 mode of aluminium. Whereas, for another mode repulsion
region, shown in Figure 4.21b, the frequency gap between two modes in the mode repulsion
region is narrower, the weaker the coupling between the layers is. The coupled modes in
this frequency range are also heading towards the intersection of the uncoupled modes of the
individual layers, the S1 mode of polycarbonate and S0 mode of aluminium. These results
support the hypotheses stated in section 2.7 that the coupling between two layers influences
coupled modes in a mode repulsion region.

(a) (b)

Figure 4.21: Influence of the interfacial coupling on mode repulsion shown together with
the uncoupled modes of the individual layers - the 1 mm aluminium plate (grey squares)
and 1 mm polycarbonate plate (pink circles). The multi-layered plate is represented by the
1 mm aluminium plate and 0.999 mm polycarbonate plate coupled by the 1 µm interface layer
with strong (blue triangles), intermediate (blue diamonds) and weak (blue stars) coupling.
Adapted from own results published in [142].

Figure 4.22 demonstrates the same mode repulsion region shown in Figure 4.21a, but
now with the frequencies marked at the mode repulsion points. A mode repulsion point is
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referred to as a point where the coupled modes have the same group velocity as it can be seen
in Figure 4.22b. A decrease in the interfacial coupling shifts the mode repulsion point to a
lower frequency. Also, the interfacial coupling influences the distance between the coupled
modes in terms of the phase velocity. For this mode repulsion region, the width between the
modes increases with the decreasing of the interfacial coupling as it is shown with the arrows
in Figure 4.22a.

(a) (b)

Figure 4.22: Influence of the interfacial coupling on (a) phase and (b) group velocities
considering a low frequency mode repulsion region on an example of the multi-layered plate
consisting of the 1 mm aluminium plate and 0.999 mm polycarbonate plate coupled by the
1 µm interface layer. Blue, green and red crosses indicate strong, intermediate and weak
coupling, respectively.

The mode repulsion region described previously layers in the low frequency range with
phase velocities close to those of the A0 mode of aluminium and the S0 mode of polycarbonate.
Therefore, two other regions were taken for further analysis, which are positioned at higher
frequencies and their phase velocities are close to the S0 mode of the aluminium plate and
higher order modes of the polycarbonate plate. These regions are presented in Figure 4.23.
A common thing between these two regions and the one shown in Figure 4.22a is that the
frequency of the mode repulsion point shifts to the lower values with the weaker coupling.
The gap between the modes becomes wider with the weaker coupling for both high and
low frequency mode repulsion regions shown in Figure 4.23a and Figure 4.22a, respectively.
However, in the latter case this gap is in terms of the phase velocity and not the frequency.
Regarding the second high frequency mode repulsion region shown in Figure 4.23b, the
behaviour is opposite to other two examples - the frequency gap between two modes becomes
narrower with the weaker coupling.
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(a) (b)

Figure 4.23: Influence of the interfacial coupling on phase velocity dispersion curves consid-
ering two high frequency mode repulsion regions at (a) 0.55-1 MHz and (b) 0.95-1.3 MHz.
The multi-layered plate consists of the 1 mm aluminium plate and 0.999 mm polycarbonate
plate coupled by the 1 µm interface layer. Blue, green and red crosses mark strong, interme-
diate and weak coupling, respectively.

Sensitivity of mode repulsion to elastic moduli Further work has been done to investigate
the sensitivity of mode repulsion regions to longitudinal and transverse stiffnesses. The aim
is to be able to distinguish between these two stiffnesses and by that be able to correlate
them with tensile and shear strengths, respectively. The same model is used as described
previously with the interface layer considered to have the intermediate coupling state. The
elastic moduli 𝐷22 and 𝐷44 of the interface layer are further reduced by 50 % each in two
separate simulation runs to account for the variation in longitudinal and transverse stiffnesses,
respectively.

The results shown in Figure 4.24 reveal that different mode repulsion regions are sensitive
to changes in longitudinal and transverse stiffnesses. A region around 1.7 MHz is sensitive
to the reduction of the longitudinal stiffness 𝐷22, see the mode repulsion region indicated
with black arrows in Fig. 4.24a. In the case of the transverse stiffness there is a region
around 1.1 MHz sensitive to a change in the shear modulus 𝐷44, see the mode repulsion
region indicated with black arrows in Fig. 4.24b. Moreover, the vertical branches of the
modes around repulsion regions change significantly, i.e., modes 6 and 7 in Fig. 4.24a or
modes 5 and 6 in Fig. 4.24b. Possibly these sensitivities of different modes to a change in
stiffness can be attributed to wave modes having predominant symmetric or antisymmetric
behaviour. According to Rose [13] symmetric modes can be considered as compressional
waves and antisymmetric modes as flexural waves, thus one being more sensitive to a change
in the Young’s modulus (longitudinal stiffness) and another to the shear modulus (transverse
stiffness). These changes can be obtained from separate mode repulsion regions and can
be used for the development of a non-destructive characterisation method for the adhesive
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(a) (b)

Figure 4.24: Comparison of phase velocity dispersion curves of a coupled system (black
crosses) to curves calculated with: (a) the reduced longitudinal stiffness (red crosses) and
(b) reduced transverse stiffness (blue crosses) of the 1 µm interface layer between a 1 mm
aluminium plate and a 0.999 mm polycarbonate plate. Black arrows indicate two different
mode repulsion regions sensitive to the 50 % reduction of either (a) longitudinal 𝐷22 or (b)
transverse 𝐷44 elastic moduli.

bonding strength. Additional investigations are necessary to show the correlation between
longitudinal and transverse stiffnesses and tensile and shear strengths, respectively.

Sensitivity of mode repulsion to temperature For the investigation of the coupling
strength only and its influence on the dispersion curves, other influences on the measurements
must be avoided. One omnipresent influence is always temperature. Therefore, the influence
of thermal expansion on the plate thickness has been investigated. The thickness changes
were determined assuming a thermal expansion of 65 × 10−6 K−1 [184] for 3 mm thin poly-
carbonate for the temperature change of ±10 K. The resulting thickness change is ±19.5 µm.
Assuming a thermal expansion for 1.5 mm thin aluminium of 23.1 × 10−6 K−1 [185] for the
temperature change of ±10 K, the thickness change is ±3.5 µm. Considering these thickness
changes caused by a temperature change of ±10 K and a frequency range of up to 2 MHz the
dispersion diagrams lie almost exactly on each other (not shown here for brevity). Hence, the
influence of a smaller temperature variation on the thickness change can be neglected.
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Figure 4.25: Temperature influence on a mode repulsion region modelled by changing the
elastic moduli of two plates made of aluminium and polycarbonate with the thickness of
1 mm each. The blue line represents initial elastic moduli, the red line elastic moduli of
both materials reduced by 5 %, the black line elastic moduli of both materials increased by
5 %, the red dashed line elastic moduli of polycarbonate and aluminium reduced by 5 % and
1 %, respectively, and the black dashed line elastic moduli of polycarbonate and aluminium
increased by 5 % and 1 %, respectively.

A higher influence due to the temperature variation is expected on the elastic moduli
[186]. The previous coupled model of the 1 mm aluminium plate firmly bonded with the
1 mm polycarbonate plate was used to investigate this influence on the mode repulsion regions.
Two cases were considered: the first case is when elastic moduli of both materials change
in the same way, modelled by a ±5 % change, the second case is when the elastic moduli of
polycarbonate are influenced more (a ±5 % change) than the elastic moduli of aluminium (a
±1 % change). According to [187], the Young’s modulus of aluminium decreases of about
3 % when the temperature increases from 20°C to 80°C. The results are shown in Figure 4.25.
The same change in the elastic moduli of both materials leads to a shift of the modes, without
influencing the width of the mode repulsion region. Different changes in elastic moduli of
the materials lead to a similar shift of the modes with a small influence on the width of the
mode repulsion region. Thus, it is necessary to control temperature during the measurements
to avoid any influence on the measurement results.

4.2.3 Experimental results

The measurements are performed using a single 1.5 mm aluminium plate to identify the
elastic constants of the material. The density and thickness are measured separately and stay
constant during the optimisation procedure. The same is done for a 3 mm polycarbonate
plate. Then both plates are glued together using a thin layer of epoxy resin. The resulting
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multi-layered plate represents the coupled system having strong interfacial coupling which is
then used for the investigation of mode repulsion. Weak coupling is realised using coupling
gel (typically used in UT) between a 1.45 mm aluminium plate and a 3 mm polycarbonate
plate with the material properties measured in advance. The results of measurements for
weak and strong interfacial coupling are presented in the following.

Strong Coupling The measured dispersion map of the coupled system is overlapped with
the simulation results for the single layers (white for aluminium, red for polycarbonate)
in Figure 4.26a and with the simulation results for the coupled system in Figure 4.26b. It
appears in Figure 4.26a that the excited modes of the coupled system trace the modes of the
single aluminium plate, with the discontinuities at some of the regions where polycarbonate
modes cross the aluminium modes. In turn, the measurement result compared to the calculated
dispersion diagram of the coupled system in Figure 4.26b, reveals many mode repulsion
regions at the positions of the measured discontinuities.

(a) (b)

Figure 4.26: Measurement results for strong coupling (colourful dispersion map) overlapped
with simulation-based dispersion curves (shown with dots laid over the colourful dispersion
map): (a) dispersion curves of the single layers (red for polycarbonate and white for alu-
minium), (b) dispersion curves of the coupled system. Adapted from own results published
in [142].

Weak Coupling Next to a strong coupling through epoxy resin, a weak coupling between
the aluminium and polycarbonate plates realised by a thin layer of coupling gel is considered.
Figure 4.27 compares the weak coupling through coupling gel (Figure 4.27a) to the strong
coupling using a thin layer of cured epoxy resin (Figure 4.27b). The dispersion maps look
like those shown in the previous subsection - the modes of the coupled systems mainly trace
the modes of the single aluminium layer, with the discontinuities representing mode repulsion
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regions. It can be observed that the discontinuities in the ridges vary in their width depending
on the coupling between the layers and mode repulsion region considered. For instance, a
mode repulsion region becomes wider with the stronger coupling (cured epoxy resin in this
case) at a frequency of 𝑓 ≈ 0.8 MHz and an angular wavenumber of 𝑘 ≈ 2 rad mm−1, confer
the regions marked with the white ellipse for the weak (Figure 4.27a) and strong (Figure 4.27b)
coupling. This is in accordance with the modelling results presented in Figure 4.21b, where
the gap between the modes is wider if the coupling gets stronger. However, there are other
mode repulsion regions which become narrower or completely disappear with the stronger
coupling. For example, mode repulsion regions completely disappear in the frequency range
around 1.25 MHz and angular wavenumbers around 1.5 rad mm−1, confer the regions marked
with the red ellipse for the weak (Figure 4.27a) and strong (Figure 4.27b) coupling. This
is also in agreement with the modelling results presented in Figure 4.21a, where the gap
between the modes becomes narrower if the coupling gets stronger. Overall, the modelling
and experimental results strongly support the hypotheses that coupling strength between two
layers influences the distance between two coupled modes in mode repulsion regions. It must
be noted, that depending on the regions the distance may become wider or narrower with the
stronger coupling.

(a) (b)

Figure 4.27: Comparison of measurement results for (a) weak and (b) strong coupling.
Adapted from own results published in [142].

4.2.4 Summary and key messages

The effect of the mode repulsion occurring in the multi-layered structures was demonstrated
and analysed on an example of two coupled isotropic plates having different acoustic proper-
ties. Note that this effect is not unique to the isotropic materials and can be also observed for
anisotropic and viscoelastic materials or structures subjected to a disturbance, e.g., a voltage
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applied to piezoelectric plates or structures loaded with fluid. Therefore, mode repulsion can
be considered as a mechanical or electromechanical coupling between two waves. Only the
mechanical coupling was investigated in this thesis.

Since the mode repulsion appears in the multi-layered structures, it was assumed that
this effect can be used as an indicator of a coupling strength between two or more layers.
Consequently, it was shown both numerically and experimentally that two coupled modes
in a mode repulsion region are influenced by a change in the coupling between two layers.
It was observed that the distance between the coupled modes changes in terms of the phase
velocity (wavenumber) or frequency. Moreover, a mode repulsion point shifts to lower
frequencies with the weaker coupling between two plates. In addition, different mode
repulsion regions sensitive to a change either in the longitudinal or transverse stiffnesses were
identified numerically. This result may be used to estimate the tensile and shear strengths,
respectively. Further investigations are necessary in which features of mode repulsion regions
depending on the coupling state must be correlated to different adhesive bonding strengths.

Overall, the numerical modelling and experimental results strongly support the hypotheses
that the coupling strength between two layers influences the distance between two coupled
modes in a mode repulsion region. It must be noted that depending on the regions the distance
may become wider or narrower with the stronger coupling. Therefore, mode repulsion could
be very promising, e.g., in the estimation of the coupling between layers to allow for the
non-destructive characterisation of the adhesive bonding strength.

Key messages The outstanding questions posed in section 2.7 and the main finding of this
section are as follows.

• Could mode repulsion be a measure of coupling between two (or more) layers? Nu-
merical and experimental investigations have demonstrated that the mode repulsion
appearing in the multi-layered structures can be used to distinguish between a strong
and a weak coupling provided that the substrate properties are known in advance. It
was found that the modes are coupled in areas of mode repulsion and change depending
on the interfacial coupling state.

• What features of mode repulsion can be used to characterise the coupling between
layers? The following features can serve as criteria for the characterisation of the
coupling strength between two layers: the width with respect to the frequency and
phase velocity (wavenumber), the position and the number of mode repulsion regions
in a given bandwidth.

• Are all mode repulsion regions influenced in the same way by a change in the coupling
strength? It was found that depending on the region the distance between modes
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may become wider or narrower with the stronger coupling. Therefore, the numerical
modelling is necessary to analyse such influence in advance to be able to draw right
conclusions about the coupling state from the measurement results.

• What other influences besides the coupling state affect the modes in a repulsion region?
The main limitation of the approach based on the mode repulsion is that the thickness,
density, and elastic constants of constituent plates of the adhesive joint have to be
known, since these affect the modes in a mode repulsion region. Only then, mode
repulsion can be used to estimate the interfacial coupling state reliably. Moreover,
guided waves are sensitive to temperature influence which also affects the modes in a
mode repulsion region. Therefore, the temperature must be kept constant so that the
coupling strength is the only influencing factor affecting the modes in a mode repulsion
region.

• Is it possible to distinguish between the longitudinal and transverse stiffnesses by
means of mode repulsion? The numerical investigations have shown that different
mode repulsion regions exist which are sensitive to either the longitudinal or transverse
stiffness. This has a potential for the characterisation of tensile and shear strengths by
means of mode repulsion.

Next sections proceed with the numerical and experimental analysis of the mode-damage
interaction in a multi-layered plate which combines both isotropic and anisotropic materials.

4.3 Guided waves in laminates

In the previous sections, the GW analysis was done for isotropic and anisotropic single
layers, as well as for multi-layered plates combining multiple isotropic materials or the same
anisotropic material. This section proceeds with the investigation on a multi-layered plate
which combines both isotropic metal and anisotropic CFRP. This structure corresponds to
the one of a composite pressure vessel with a load-sharing metal liner used for storing gases
in aerospace and automotive industries. The main goal of this study is to demonstrate that
the guided waves can detect and distinguish damage in any part of the structure, be it the
aluminium liner or the CFRP overwrap. This will allow to bring the GW-based SHM for
COPV further in their acceptance as a monitoring technique.

Dispersion curves for the aluminium-CFRP hybrid plate (Fig. 4.28) are presented in Fig-
ure 4.29. The modes chosen for the numerical modelling are marked with the circles. These
points correspond to the centre excitation frequencies and were selected to have a minimal
dispersion (minimal change of group velocity). Moreover, many cycles were used in the ex-
citation signal to limit the frequency bandwidth which also allows to minimise the dispersion
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Figure 4.28: A sketch of the aluminium-CFRP composite plate used in the numerical inves-
tigations. The wave propagation is along the x-axis.

of modes. All values from the dispersion curves and number of cycles in a tone burst used
for modelling are summarised in Table 4.8. The number of cycles was chosen based on the
frequency, hence, the higher the frequency was, the more cycles were used in the pulse. This
allows the frequency bandwidth to be kept narrow, which reduces the computational time in
the SBFEM because the model is solved in the frequency domain.

(a) (b)

Figure 4.29: Dispersion curves of (a) phase and (b) group velocities of the aluminium-CFRP
plate. The circles mark modes, as chosen for numerical modelling. Own results published in
[31].

4.3.1 Fundamental modes in a low frequency range

First, the simplest case of propagation of fundamental wave modes below cut-off frequencies
of higher-order modes is considered. The details of the numerical model and excitation are
described in section 3.2 (’Wave propagation in a composite laminate’). The mode 1 and
mode 2 are excited at the centre excitation frequency of 100 kHz. The operation points are
shown with circles in Figure 4.29 and details are listed in Table 4.8.
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Table 4.8: Modes used for numerical modelling.

Mode Frequency Group velocity Phase velocity Wavelength Number of cycles
kHz m s−1 m s−1 mm

1 100 2033 1562 15.6 10
2 100 5953 6029 60.29 10
2 475 2565 2507 5.3 20
3 950 2864 2761 2.9 30
4 400 4981 5839 14.6 20
5 475 3175 7132 15 20
6 700 4238 5431 7.8 20
7 860 5440 10005 11.6 30

Taking a look at mode shapes of these two modes presented in Figure 4.30, it becomes
apparent that the modes are not fully antisymmetric or symmetric. Note that antisymmetric
or symmetric behaviour is typically considered with respect to the mid-plane of the plate.
The shape of the mode 1 shown in Figure 4.30a resembles the behaviour of the A0 mode,
which mode shape at the same frequency-thickness product in an aluminium plate can be
seen in Figure 4.31a. The same applies to the mode shape of the mode 2 when compared to
the S0 mode, confer Figure 4.30b and Figure 4.31b. Nevertheless, the general trend holds:
the mode 1 (A0-like) has a dominant out-of-plane displacement component, whereas the
mode 2 (S0-like) has a dominant in-plane component. Moreover, at the opposite surfaces
of the plate, the in-plane and out-of-plane components are out-of-phase and in-phase for the
mode 1, respectively, mimicking the behaviour of the A0 mode. For the mode 2 (S0-like) is
the other way around.

(a) (b)

Figure 4.30: Mode shapes of the (a) mode 1 and (b) mode 2 at 100 kHz in the 6 mm
aluminium-CFRP plate.

The mode shapes of the mode 1 and 2 were used as excitation and applied at the cross-
section of the aluminium-CFRP composite plate as it is schematically shown in Figure 3.5.
The signals obtained from the evaluation points, were analysed by means of the 2D FFT. All
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(a) (b)

Figure 4.31: Mode shapes of the (a) A0 and (b) S0 modes at 100 kHz in a 6 mm aluminium
plate.

examples shown hereinafter are for the evaluation points positioned at the aluminium-CFRP
interface.

Figure 4.32 show the resulting frequency-wavenumber spectra which reveal different
modes propagating in the plate and reflecting from the crack in the aluminium liner. To be
able to identify different modes, the frequency-wavenumber spectra are superimposed with
the dispersion curves. The negative and positive wavenumbers stand for the incident and
reflected waves, respectively. To highlight the excited modes, the amplitude values around
zero are coloured white. The amplitudes of the excited modes are analysed for both in-plane
and out-of-plane components.

A crack in the aluminium part When using the mode shape of the mode 1, it is possible
to excite the mode 1 only as can be seen at around −400 rad m−1 in Figure 4.32a and
Figure 4.32b for the in-plane and out-of-plane components, respectively. While the mode
shape of the mode 2 leads to the excitation of both modes, to be seen at around −400 rad m−1

and −100 rad m−1 in Figure 4.32d, respectively. In the case of excitation of the mode 1
(A0-like), this mode reflects from the crack (Fig. 4.32b) and converts to the mode 2 (S0-like)
[Fig. 4.32a]. Note that the in-plane component of the mode 1 (A0-like) is very small in
comparison with its out-of-plane component at the aluminium-CFRP interface, which is in
agreement with the mode shape shown in Figure 4.30a. In the case of the mode 2 excitation,
this mode weakly reflects from the crack (Fig. 4.32c) and most of its energy converts to the
mode 1 (A0-like) [Fig. 4.32d]. At the aluminium-CFRP interface the mode 2 (S0-like) has
very small out-of-plane displacement compared with the in-plane displacement, which is also
in agreement with the mode shape shown in Figure 4.30b.
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(a) (b)

(c) (d)

Figure 4.32: Interaction with the crack in the aluminium part of the hybrid plate. Frequency-
wavenumber spectra of incident and reflected modes (a) for in-plane and (b) out-of-plane
components while exciting the mode 1 (A0-like) at 100 kHz, (c) for in-plane and (d) out-of-
plane components while exciting the mode 2 (S0-like) at 100 kHz.
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A delamination in the CFRP part Four delamination positions were modelled as shown
in Figure 4.28 and the case for the delamination at position (2) is presented in Figure 4.33.
Nothing has changed from the excitation point of view from the previous case, thus the mode 1
is purely excited, whereas the excitation using the mode shape of the mode 2 leads to the
excitation of both modes, confer Figure 4.32 and Figure 4.33. In the case of the excitation of
the mode 1 (A0-like), this mode reflects from the delamination, to be seen for both in-plane
and out-of-plane components in Fig. 4.33a and 4.33b, respectively. Also, as it was the case
for the crack, there is a small amplitude at around 100 rad m−1 showing the conversion to the
mode 2 (S0-like). This can be seen only for the in-plane component in Figure 4.33a. In the
case of the excitation of the mode 2 (S0-like), this mode does not reflect from the delamination
at position (2) (no amplitude is observed in Fig. 4.33c and 4.33d at 𝑘 = 100 rad m−1) and most
of its energy converts to the mode 1 (A0-like), see the amplitudes at around 𝑘 = 400 rad m−1

in Fig. 4.33d.

The modelling results are summarised in Table 4.9. For the first case, the excitation of
the mode 1 (A0-like) leads to both its reflection from modelled damage and conversion to
the mode 2 (S0-like) for both the crack and delamination, later being modelled for different
positions. For the second case, the mode 2 is excited but it reflects only from the delamination
placed at Position (4). Such behaviour of the S0 mode was described by Guo and Cawley
[126] and is associated with the presence of the shear stress at the interface. When there is no
shear stress across the interface, delamination does not affect the wave propagation, thus there
is no reflection of the mode. However, this behaviour could not be observed in this work.
The shear stress is not zero (not shown for brevity) at the interfaces at the positions (1)-(3).
Moreover, no correlation between the power (energy) flux and damage detection could be
found. Nevertheless, an indirect interaction of the mode 2 with damage can be observed,
meaning that there is mode conversion to the mode 1 which takes place both at the crack and
delamination at every position modelled.

Table 4.9: Comparison of the interaction of the fundamental modes at the centre excitation
frequency of 100 kHz with damage. ✓- behaviour is observed, ✗- behaviour is not observed.

Mode Behaviour Crack Delamination Position
(1) (2) (3) (4)

Case 1: Excitation of mode 1
1 Reflection ✓ ✓ ✓ ✓ ✓
2 Conversion ✓ ✓ ✓ ✓ ✓

Case 2: Excitation of mode 2
2 Reflection ✗ ✗ ✗ ✗ ✓
1 Conversion ✓ ✓ ✓ ✓ ✓
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(a) (b)

(c) (d)

Figure 4.33: Interaction with the delamination at position (2) in the CFRP part of the hybrid
plate. Frequency-wavenumber spectra of incident and reflected modes (a) for in-plane and
(b) out-of-plane components while exciting the mode 1 at 100 kHz, (c) for in-plane and (d)
out-of-plane components while exciting the mode 2 at 100 kHz.
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4.3.2 Modes beyond cut-off frequencies

In this subsection the mode-damage interaction is analysed for the modes beyond cut-off
frequencies, meaning that 3 or more modes exist simultaneously at each frequency. First, a
crack in the aluminium part is considered followed by the analysis of the modes’ interaction
with a delamination positioned at different locations along the plate’s thickness.

A crack in the aluminium part The results are presented in Figure 4.34. Two cases are
compared in this figure, for the excitation of the mode 2 at 475 kHz, see Figure 4.34a and
Figure 4.34b for the in-plane and out-of-plane components, respectively, and of the mode 5
at 475 kHz, see Figure 4.34c and Figure 4.34d for the in-plane and out-of-plane components,
respectively. Despite that the excitation was performed by applying a corresponding mode
shape at the central frequency of the desired mode to be excited, other undesired modes
were excited too. However, these modes have much smaller displacements (about 10 times
smaller). In the case of the mode 2 excitation, the mode 4 is excited too, whereas the excitation
of the mode 5 leads to the excitation of the modes 1, 2 and 4, as to be seen in Figure 4.34.
Even though, the same excitation frequency and number of cycles in the pulse are used in
both cases, different modes are excited due to the different mode shapes used. The results
show that regardless of how many modes are excited in the plate in the chosen frequency
range, only the mode 2 and mode 4 interact with the crack.

Considering the shapes of the mode 2 and mode 5 shown in Figure 4.35a and Figure 4.35b,
respectively, it is observed that the mode 5 has a very small displacement in the aluminium at
475 kHz, when compared to the CFRP part and the mode 2. The displacement of the mode 5
at this frequency is concentrated mainly in the CFRP laminate which might be the reason
why this mode does not interact with a crack in the aluminium layer.

The modelling results for the modes beyond the cut-off frequencies are summarised in Ta-
ble 4.10. Since many different modes are excited and propagating in the plate simultaneously,
it is not possible to analyse mode conversion and thus only the reflection is analysed. As
regards the crack in the aluminium liner, only the mode 5 and mode 7 do not interact. Con-
sidering the mode shapes, the mode 5 has a very small displacement in the aluminium layer
compared to the CFRP plies (Fig. 4.35b). The same holds for the mode 7, not shown here
for brevity. In contrast, other modes have comparable amplitudes in both aluminium and
CFRP parts, see the mode shapes of the mode 2 (Fig. 4.35a), mode 4 (Fig. 4.35c) and mode 6
(Fig. 4.35d). To understand this behaviour, the dispersion curves of the single aluminium
plate and single CFRP plate are calculated separately and compared to the dispersion curves
of the coupled aluminium-CFRP plate.

In Fig. 4.36a and 4.36b the dispersion curves of the coupled 6 mm aluminium-CFRP
plate are compared to the dispersion curves of the single 2 mm aluminium plate and 4 mm
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(a) (b)

(c) (d)

Figure 4.34: Interaction with the crack in the aluminium part of the hybrid plate. Frequency-
wavenumber spectra of incident and reflected modes (a) for in-plane and (b) out-of-plane
components while exciting the mode 2 at 475 kHz, (c) for in-plane and (d) out-of-plane
components while exciting the mode 5 at 475 kHz. Own results published in [31].

Table 4.10: Comparison of the mode-damage interaction for the damage positioned in
different parts of the structure. ✓- modes which reflect from the damage, ✗- modes which
did not reflect from the damage. Own results partially published in [31].

Mode Frequency Wavelength Crack Delamination Position
kHz mm (1) (2) (3) (4)

2 475 5.3 ✓ ✓ ✓ ✓ ✓
3 950 2.9 ✓ ✓ ✓ ✓ ✓
4 400 14.6 ✓ ✓ ✗ ✓ ✓
5 475 15 ✗ ✓ ✓ ✓ ✓
6 700 7.8 ✓ ✗ ✓ ✗ ✗
7 860 11.6 ✗ ✓ ✗ ✓ ✓
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CFRP laminate, respectively. The dashed lines represent four guided wave modes in the
2 mm aluminium plate. The modes propagating in the CFRP laminate are marked with
dashed-dotted lines. The combination of these two structures produces a set of GW modes
shown with black lines. Hollow and filled circles mark modes which did not and did interact
with a 1 mm crack in the aluminium layer, respectively. In Fig. 4.36a the modes of the
combined structure are close to the modes of the single aluminium plate (marked with red
dashed lines) which showed characteristic interaction with the crack (marked with filled
circles). Note that the mode 2 (S0-like) interacts with the crack indirectly, as it was described
in subsection 4.3.1, it does not reflect but converts to the mode 1 (A0-like). For all other
modes the reflection is considered only. Modes marked with the hollow circles lay on the
CFRP modes and did not reflect from the crack (red dashed-dotted lines in Figure 4.36b).
These modes have a very small displacement in the aluminium part, e.g., as can be seen
in Figure 4.35b. Thus, modes of the combined structure can have different behaviour, either
CFRP or aluminium dominated, or both. The fundamental modes in a low frequency range,
for instance demonstrate the combined behaviour meaning that the energy propagates in
both CFRP laminate and aluminium layer simultaneously. For the modes beyond cut-off
frequencies, it is possible to have modes which displacement is concentrated either in the
CFRP plies or in the aluminium layer. Thus, the energy "steering" depending on the mode and
frequency can be used to allow for damage detection in different constituent parts of the hybrid
plate. This result is supported by the experimental investigations of Kundu et al. [23] who
showed that it is possible to find a damage positioned at different locations across the thickness
of a laminate by changing the excitation frequency and transducer angle combinations (the
air-coupled set-up was used in their studies).

A delamination in the CFRP part The same analysis was done for the delamination being
modelled at different positions across the thickness of the CFRP laminate (Fig. 4.28). The
results are summarised in Table 4.10. The modes 2, 3 and 5 interact with the delamination at
every position. The interaction of other modes with the delamination depends on its position
across the laminate’s thickness. As in the case of the crack in the aluminium part, this
can be attributed more to the mode shape than to its wavelength. For instance, the mode 1
(Table 4.9) and mode 5 (Table 4.10) reflect from the delamination even though having longer
wavelength than the modes 4, 6 and 7 (Table 4.10). Every mode has comparable or bigger
displacement amplitudes between the aluminium and CFRP parts, see example shown for
some modes in Fig. 4.35. By analysing the mode shapes, it is hard to say, why some modes
interact with the delamination, whereas the others do not. For example, both the mode 2 and
mode 5 reflect from the delamination, even though the in-plane displacement of the mode 2 is
almost zero at positions (2) to (4) [Fig. 4.35a], whereas for the mode 5, it is the out-of-plane
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(a) (b)

(c) (d)

Figure 4.35: Mode shapes of (a) the mode 2 at 475 kHz, (b) the mode 5 at 475 kHz, (c)
the mode 4 at 400 kHz and (d) the mode 6 at 700 kHz. Red-dotted lines mark delamination
positions. Adapted from own results published in [31].
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(a) (b)

Figure 4.36: Combined phase velocity dispersion curves of (a) the 2 mm aluminium plate
(dashed lines) and the 6 mm aluminium-CFRP plate (solid lines); (b) the 4 mm CFRP plate
with a [90/0/90/90] layup (dash-dotted lines) and the 6 mm aluminium-CFRP plate (solid
lines). The hollow and filled circles mark modes, which did not and did interact with a
1 mm crack in aluminium, respectively. Red dashed and red dash-dotted lines highlight two
aluminium modes and two CFRP modes, respectively. Own results published in [31].

displacement which is close to zero at position (1) [Fig. 4.35b]. The mode 4 interacts with
the delamination placed at positions (1), (3), (4), but not at the position (2). The out-of-plane
displacement is almost equal at positions (1), (2), (3), and the in-plane displacement is equal
at positions (2) and (3). The analysis was also done for normal and shear stresses, and for
the power flux which is not presented here for brevity since no correlation between damage
detection and stress or the power flux could be found.

4.3.3 Summary and key messages

In this section, a plate consisting of an isotropic metal bonded to anisotropic carbon fibre-
reinforced layered material was considered. Dispersion curves were calculated to identify
less dispersive modes for further numerical analysis of the GW propagation and interaction
with different damage types.

Results show that there are modes which are sensitive to damage being located in the
composite or the metallic part of the structure. This allows to distinguish between damage
in different parts which is in agreement with the results published by Kundu et al. [23]. One
has to be careful here, in the sense that right modes are used and that a damage in the CFRP
laminate will not be mistaken for a damage in the aluminium liner. Which is why, it is
important to be able to excite modes in different constituent parts of the component and that
chosen modes show characteristic interaction only with the damage in one of the parts.

One solution for the reception as well as the excitation of the desired modes could be
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an interdigital transducer (IDT) being specifically “tuned” to the frequency and wavelength
sensitive to the respective damage to be monitored [188–194]. Figure 4.37 presents a sketch
of such arrangement with the IDT being an additional layer integrated between the CFRP
laminate and aluminium plate. The idea is to have two modes, let’s call them arbitrarily𝑚𝑜𝑑𝑒𝑁

and 𝑚𝑜𝑑𝑒𝑀 , which ideally have the same wavelength (𝜆𝑁 = 𝜆𝑀) at different frequencies,
i.e., 𝑓1 and 𝑓2, respectively. Assuming 𝑚𝑜𝑑𝑒𝑁 at 𝑓1 is mainly propagating in the CFRP
part and is particularly sensitive to damage in this part of the structure, whereas 𝑚𝑜𝑑𝑒𝑀 at
𝑓2 is mainly propagating in the aluminium part and it is sensitive to damage in this part.
Such an arrangement would allow to independently excite two modes by driving the IDT at
respective frequencies and by that to find and differentiate damage located in different parts
of the structure.

Figure 4.37: A sketch of an arrangement for an interdigital SHM system for composite
pressure vessel monitoring. Adapted from own work published in [31].

Key messages

• Is it possible to distinguish between damage in the metallic part from damage in the
CFRP part? The results showed that different modes exist in the multi-layered plate
studied here and that their energy can be frequency steered to allow not only for damage
detection but also for its localisation within different layers.

• Are the fundamental modes in the low frequency range sufficient to distinguish between
damage located in different parts of the structure? The numerical modelling demon-
strated that the fundamental modes in the low frequency range reflect and convert from
both damage in the aluminium and CFRP part. Thus, it is not possible to tell in which
part of the structure damage is present. Nevertheless, it was found that it is possible to
distinguish between damage located in different parts of the structure by higher order
modes.

In the next section, the same structure having a real impact damage at different locations is
investigated experimentally. Two quantitative techniques for damage sizing based on guided
wavefield measurements and wavenumber mapping are compared.
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4.4 Damage quantification using GW-based wavenumber
mapping

This section is dedicated to the damage quantification using the GW-based wavenumber
mapping. Two approaches - instantaneous and local wavenumber - are implemented and
their comparison on real impact-induced damage is done for the first time. At first, the
numerical validation is performed on a simple example of a ’delamination’ damage in an
aluminium plate. At next, the wavenumber mapping approaches are applied to quantify a
real impact-induced damage in the aluminium-CFRP plate.

4.4.1 Numerical validation

Figure 4.38 shows an example of a modelled wavefield at the time instant of 117.36 µs. The
numerical set-up is described in section 3.2 ("Wavenumber mapping"). This figure presents
the out-of-plane displacement only, thus the expected amplitude of the A0 mode is much
larger than of the S0 mode. At this time instant the faster S0 mode has travelled to the right
edge of the plate, reflected from it and travels back to the damaged area. In Figure 4.38a the
interaction of the slower A0 mode with the damage can be observed.

(a) (b)

Figure 4.38: (a) A modelled wavefield at a time instant of 117.36 µs of guided waves
propagating and interacting with damage in a 2 mm aluminium plate. (b) a single frequency
wavefield obtained using a pre-processing workflow shown in Figure 3.13. The delamination
is denoted by the white rectangle. Own results published in [166].

As it was discussed in subsection 3.7.2, in order to estimate the depth of a damage, it is
advantageous to work with a single frequency and a single mode sensitive to the thickness
changes. For this the dispersion relation as a function of effective thickness (ET) must be
calculated in advance. Figure 4.39 presents the relation for the S0 and A0 modes at 𝑓 =
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150 kHz for aluminium. At this frequency the A0 mode is especially sensitive to the thickness
change between 0.1 mm and 4 mm. Higher wavenumbers correspond to smaller thicknesses,
and vice versa. From the thickness of 4 mm on, the difference between two respective
wavenumbers in relation to the ET decreases. Thus, the estimation of the actual thickness
while working in this range becomes harder. Regarding the S0 mode, its wavenumber does
not change with the thickness at this frequency and so this mode cannot be used for the ET
estimation.

Figure 4.39: Dispersion relation for the A0 and S0 modes at 𝑓 = 150 kHz in aluminium as a
function of the effective thickness. Own results published in [166].

Hence, the A0 mode at 𝑓 = 150 kHz is a good choice for the ET estimation. Following
the pre-processing steps described in subsection 3.7.2, the S0 mode is filtered out and the
150 kHz frequency wavefield shown in Figure 4.38b is obtained. After the pre-processing
steps, the wavefield covers the entire area, as if the plate was excited continuously.

Next, the wavenumber maps using the IW and LW approaches are calculated as described
in subsection 3.7.2. Figure 4.40 presents the resulting wavenumber maps. Both maps clearly
indicate the actual damage size and its position (highlighted with a white square). This is
possible because the A0 mode propagating in the pristine region of the 2 mm plate has a
completely different wavenumber than the A0 mode propagating in the delaminated region
which is represented by an independent 1 mm plate. The A0 mode has the wavenumbers
of 809 rad m−1 and 610 rad m−1 at the chosen frequency for the 1 mm and 2 mm plates,
respectively (see Fig. 4.39). These wavenumbers are clearly identifiable in Figure 4.40:
𝑘 = 809 rad m−1 at the delaminated region and 𝑘 = 610 rad m−1 at the pristine region. Since
the evaluation is performed at the plate’s surface, the delamination region visible on the
wavenumber maps corresponds to the upper 1 mm plate. Thus, it is not possible to estimate
any potential damage underneath the delamination region if it is smaller or in the order of
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the delamination size due to the shadowing effect. Moreover, there are diagonal lines in the
shadowed region behind the delamination (Fig. 4.40) which come from a phase discontinuity
due to the scattering of waves at damage [179]. This artefact is very pronounced in the case
of the IW, whereas the LW is less susceptible to it. Finally, an almost vertical artefact is
visible on the extreme right side of each wavenumber map which is due to the end of the
modelling time before the A0 mode reaches the end of the inspected area (Fig. 4.38b), hence
the wavenumber values reach a discontinuity in this area.

(a) (b)

Figure 4.40: Wavenumber maps calculated using the (a) IW and (b) LW approaches for the
2 mm aluminium plate with a 40 × 40 mm2 delamination at the depth of 1 mm. Own results
published in [166].

Using the dispersion relation in Figure 4.39, the wavenumber maps are converted into
the ET maps shown in Figure 4.41. This conversion allows to recover the damage depth
with respect to the plate’s surface. Both IW and LW approaches closely indicate the actual
depth of the delamination while the size is slightly over-estimated in the wave propagation
direction.

For the quantitative comparison of the wavenumber mapping approaches, a cross-sectional
cut along the x-axis is taken at the middle of the plate with respect to the y-axis, as shown
with the red and dashed blue lines in Fig. 4.41a and 4.41b, respectively. The quantitative
comparison presented in Figure 4.42 indicates that the LW approach overestimates the damage
depth as 1.07 mm instead of 1 mm when compared to the reference and the IW approach.
This is due to the window size required for the LW which is chosen to be twice the size
of the wavelength expected in the pristine plate. This wavelength is bigger than that of the
damaged area leading to the smoothing of the wavenumbers in this area. Therefore, the
damage position across the thickness is estimated closer to the surface as it is. Note that
none of the methods estimates the ET uniformly. In the edge regions of damage, the ET
monotonously decreases from the thickness of the pristine plate to the thickness at which the
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(a) (b)

Figure 4.41: Effective thickness maps of the 2 mm aluminium plate with a 40 × 40 mm2

delamination at the depth of 1 mm estimated using the dispersion relation from Fig. 4.39 and
the (a) IW and (b) LW maps from Fig. 4.40a and 4.40b, respectively. Own results published
in [166].

Figure 4.42: Comparison of cross-sectional cuts of wavenumber approaches from Fig. 4.41
to the reference. Own results published in [166].
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damage is present resulting in the overestimated in-plane size of the damage.

The calculations were done in MATLAB for a 512 x 512 x 2048 wavefield data set on a
64-bit Windows 10 PC with 16 GB RAM. In terms of computational performance, the IW
and LW took 0.1 s and 856 s to compute, respectively. The high computational cost in the
case of LW is due to the zero padding inside the window (up to 512 points in both spatial
directions).

4.4.2 Experimental validation

Ultrasonic immersion testing As the reference method, high frequency ultrasonic testing
in immersion is used, which excites bulk waves in the sample. Figure 4.43 presents a time-
of-flight (ToF) image in the aluminium-CFRP plate estimated with respect to the first wall
echo (water/CFRP interface). Only two out of three impacts lead to the visible damage in the
CFRP laminate. The impact in the left-upper corner did not cause any visible damage, see
Fig. 4.43 [top] for reference. The impact damages are framed by a white dashed rectangle
and their enlarged view is shown in Fig. 4.43 [bottom]. In this figure in the left-upper corner
delaminations across the thickness of the CFRP caused by the impact of 30 J are present.
Their size increases with depth. The impact of 10 J caused a smaller damage as can be seen
in the right-bottom corner. The biggest delamination is present at interface ’6’ and it seems
that the damage due to the biggest impact of 30 J extends over the two other impacts of 5 J
and 10 J. The extent of the delamination at interface ’6’ is 192 mm and 184.4 mm in the x-
and y-directions, respectively.

Taking a closer look at the enlarged view in Figure 4.43 (bottom), a typical pattern of
delaminations between the CFRP plies can be observed [195]. This is especially pronounced
in the case of the biggest impact of 30 J (see the left-upper corner in Figure 4.43 [bottom]).
The size of delaminations increases through the thickness of the plate and are visible at
interfaces ’1’ through ’3’, as well as ’5’. Only the delamination at interface ’4’ seems not to
extend so much over delaminations from the previous interfaces and only tiny areas of it are
visible (see green colour in Figure 4.43 [bottom]). The total size of the damage within the
CFRP laminate caused by the 30 J impact is 54.4 mm and 32.8 mm in the x- and y-directions,
respectively. According to [196], the shape of an impact damage can be approximated to an
ellipse. Using this approach the resulting area is estimated as≈ 1400 mm2. As for the damage
caused by the 10 J impact, which can be seen in the right-bottom corner of the enlarged view
in Figure 4.43 (bottom), it is not possible to clearly identify the borders of delaminations at
individual CFRP plies due to their small sizes and the scan resolution used. Thus, only the
overall extent of this impact damage is estimated. The size is equal to 14.3 mm and 14.9 mm
in the x- and y-directions, respectively, resulting in the area of ≈ 167 mm2.
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Figure 4.43: A ToF image (top) and its enlarged view (bottom) of the aluminium-CFRP
plate obtained using immersion testing. The white dashed rectangle marks the area used for
the enlarged view. Black dotted line marks the position of the cross-sectional cut which is
presented in Figure 4.51. Black solid lines mark contour of the impact damage. Numbers
show the interfaces at which the delamination is present across the sample thickness as can
be seen in Figure 4.44. Own results published in [166].
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Choice of excitation frequencies for wavenumber mapping To be able to select a centre
excitation frequency wisely, dispersion curves for a given structure have to be calculated
and analysed in advance. Using the dispersion curves, a trade-off between mode sensitivity
to thickness changes and required spatial resolution has to be found. Typically, it is better
to avoid higher frequencies because they require finer grid so that the smallest expected
wavelength (highest wavenumber) can be appropriately resolved. According to [49, 138, 141]
approximately ten spatial steps per wavelength are necessary to be able to resolve the desired
wavelength. Moreover, because of the asymmetry of the composite specimen used in this
study two sets of dispersion curves have to be considered: one from the Al-side and one
from the CFRP-side. Using these relationships, a wavenumber map can be converted to
an ET map and thus the delamination depth can be estimated. It is expected that in the
pristine region the ET is equal to the total thickness of the aluminium-CFRP composite plate.
Whereas, in the delaminated region the value of the ET corresponds to the depth at which the
delamination is present and thus it is smaller than the total thickness of the hybrid composite
plate. Since a delamination may only appear in-between plies, the ET values are discretised
to match the number of interfaces. Figure 4.44 shows the schematic of the wavenumber
(wavelength) dependence on the ET with the interfaces marked from ’1’ to ’6’ with respect
to the CFRP-side (side of the impacts). Based on this figure, seven ETs are considered –
six for each interface plus one for the pristine plate. The calculations in the SBFEM were
performed for seven composite plates made of a single CFRP ply, two CFRP plies, etc. up to
the total thickness of the aluminium-CFRP composite plate. The material properties listed
in Table 3.1 and 4.11 were used.

Figure 4.44: Schematic showing dependence of damage depth (effective thickness) on the
wavelength of guided waves. Interfaces are numbered from 1 to 6 with respect to the CFRP-
side [166].

Since the aluminium-CFRP plate is not symmetric with respect to its middle, the modes
cannot be separated into antisymmetric and symmetric. The first two modes only resemble
the S0 and A0 modes and therefore, they will be called the S0- and A0-like modes in the
following. Figure 4.45 presents the dispersion relation considered with respect to the CFRP-
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side as a function of the ET for 100 kHz (Fig. 4.45a), 150 kHz (Fig. 4.45b) and 200 kHz
(Fig. 4.45c). All relations are non-monotonous meaning that the ET cannot be estimated
uniquely in this case. It is remarkable from Figure 4.45 that the wavenumber increases
when a 90° CFRP-layer is added to the plate (wavenumbers marked with arrows), while an
addition of a 0° layer and aluminium plate leads to a decrease in the wavenumber. This
behaviour is observed also when other frequencies and modes are used (not shown here),
which allows to conclude that this non-monotonous relation comes from the plate’s layup
and its anisotropy. The difference in the material properties and therefore in the behaviour of
GW for 0° and 90° layers is so big in the case of CFRP that it leads to the non-monotonous
relation between wavenumber and thickness (Figure 4.45). Similar behaviour for a CFRP
laminate was observed in [141], which was not the case for a glass fibre-reinforced plastic
(GFRP) laminate [140]. This is because glass fibres have a lower strength than carbon fibres
and thus the difference in wave velocities in the 0° and 90° directions are less pronounced.

It can be observed from Figure 4.45 that the A0-like mode is sensitive to the thickness
variation for all three frequencies. With the frequency increase, the wavenumbers consid-
ered with respect to the same thickness increase too. Moreover, the difference between
the wavenumbers for one CFRP ply and the aluminium-CFRP plate increases with the fre-
quency, e.g., the wavenumber difference for 100 kHz, 150 kHz and 200 kHz are 300 rad m−1,
374 rad m−1 and 423 rad m−1, respectively. These differences were calculated based on the
fitted values shown with the dashed lines in Figure 4.45. To eliminate the ambiguity in the
wavenumber-thickness relation, a quadratic interpolation of the wavenumbers was used.

It can be concluded that 𝑓 = 200 kHz is very advantageous for the ET estimation, since it
has the biggest variation of the wavenumbers, however, it would require a spatial resolution of
≈ 0.6 mm, which is not possible with the current experimental set-up with the 3D LDV system
as shown in Figure 3.7a and described in subsection 3.4.1. As for the frequencies of 100 kHz
and 150 kHz, the maximum expected wavenumbers are 700 rad m−1 and 970 rad m−1, respec-
tively. Thus, the spatial step of 0.81 mm defined by the measurement set-up results in 11 and
8 points per wavelength, respectively. Therefore, the frequency of 100 kHz is chosen to fulfil
the requirement of ten spatial steps per wavelength [49, 138, 141]. Moreover, for this complex
experimental case, it is assumed that the ET-wavenumber relationship is monotonous. Note
that for GFRP laminates which have bĳective ET-wavenumber relationships, a discretised set
of ET values corresponding to the laminate layup may be used [140].

As for the dispersion relation considered with respect to the Al-side, the behaviour is the
same as for the CFRP-side – an decrease or an increase in the wavenumbers can be observed
when adding a 0° or a 90° layer. The results are not shown here for brevity. The result
from the conventional UT demonstrates that the biggest delamination is at the aluminium-
CFRP interface (interface ’6’ in Figure 4.43 and Figure 4.44). Thus, it is expected that
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(a) 100 kHz (b) 150 kHz

(c) 200 kHz

Figure 4.45: Dispersion relations with respect to the CFRP-side of the A0- and S0-like
modes at different frequencies as a function of the effective thickness. The arrows mark the
wavenumbers resulting from the addition of a 90° CFRP layer. Own result published in [166].
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this delamination will hide all other smaller delaminations within the CFRP laminate when
measured from the Al-side due to the shadowing effect. Therefore, the dispersion relation
is simplified by considering only two ET-wavenumber pairs at one frequency. The biggest
difference of 50 rad m−1 between two wavenumbers is found to be for 𝑓 = 100 kHz and
this frequency is used in the experiment as the centre excitation frequency. The expected
wavenumbers are 432 rad m−1 for the 6 mm pristine aluminium-CRRP composite plate and
482 rad m−1 for the 2 mm aluminium plate, both of which can be resolved with the spatial
step of 0.8 mm defined by the measurement set-up.

Table 4.11: Material properties of a single transversely isotropic ply, where the direction ’1’
is along the fibres.

𝜌 (kg/m3) 𝐷11 (GPa) 𝐷12 (GPa) 𝐷23 (GPa) 𝐷44 (GPa) 𝐷55 (GPa)
1446 98.9 5.8 3.5 2.6 3.6

Energy maps Figure 4.46 presents the energy maps of the measured wavefields calcu-
lated using Eq. (3.28). The biggest delamination at interface ’6’ becomes visible in both
measurements, from the aluminium side (Fig. 4.46a) and from the CFRP side (Fig. 4.46b).
Additionally, the damaged area at the site of the biggest impact becomes visible in the middle
of the scanned area for the measurement performed on the CFRP-side, see red colour in the
middle of the scan area in Fig. 4.46b. This high amplitude when compared to the rest of
the damaged area is possibly due to the mode trapping between delamination boundaries.
The smaller impact damage visible in the reference measurement (Fig. 4.43) could not be
observed in the WRMS maps (Fig. 4.46). It is very interesting that the WRMS values increase
at the delamination at interface ’6’ when compared to the values of the pristine plate, confer
Fig. 4.46b and 4.46a for the measurement on the CFRP side and the aluminium side, respec-
tively. This is possibly due to the amplitude of the A0 mode being higher in this frequency
range in the pure aluminium plate and the CFRP laminate when compared to the amplitude
of the A0-like mode propagating in the pristine aluminium-CFRP plate.

Furthermore, the SNR were calculated for both measurements using the following for-
mula: 𝑆𝑁𝑅 = 20 log 𝑆

𝑁
, where S and N are the maximum amplitudes of time signal and

noise signal, respectively. The noise level was estimated by taking the maximum value at the
first 100 µs of the time signal (marked in red in Figure 4.47). Time signals of a middle point
along with SNRs for both measurements are shown in Figure 4.47. SNR is the highest for the
measurement performed on the Al-side and is equal to 22 dB. The SNR for the measurement
on the CFRP side is 18 dB, resulting in the difference between the SNR of two measurements
of a factor of 1.8.

108



Chapter 4. Results

(a) (b)

Figure 4.46: WRMS-maps for the measurement on the (a) aluminium side and (b) CFRP side
at the centre excitation frequency of 100 kHz. Own result published in [166].

(a) (b)

Figure 4.47: Time signals of a middle point for the measurement on the (a) aluminium side
and (b) CFRP side. First 100 µs marked in red were taken to estimate the noise level.
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Wavenumber mapping from the CFRP side Figure 4.48a shows the interaction of the
S0- and A0-like modes with the impact damage at 366.4 µs for the measurement performed
on the CFRP surface. The S0-like mode is faster, has bigger wavelength and lower amplitude
when compared to the A0-like mode. At this instant of time the S0-like mode is all over the
scanned region, whereas the A0-like mode arrives at the left edge of the delaminated region.
The propagation of the S0-like mode over the damaged area leads to its conversion to the
A0-like mode. The converted mode scatters in all directions highlighting the delamination
contour. Note that the mode and frequency filtering described previously will incorporate the
mode contribution from both the incident and converted A0-like mode, since the wavenumber
within the delamination is equal for both phenomena.

(a) (b)

Figure 4.48: Interaction of the excited modes with the impact damage measured from the
CFRP side. (a) Original snapshot of the wavefield at 366.4 µs and (b) the 100 kHz frequency
A0-like-only wavefield obtained using a pre-processing workflow shown in Figure 3.13. Own
result published in [166].

The pre-processing of the data was done in the same way as for the aluminium plate
(Fig. 3.13) such that the one-mode-one-frequency wavefield can be obtained. The only
difference is that wavenumbers for the A0-like mode were taken for every angular direction
to capture the scattering at the delamination which also happens in every direction. To be
able to calculate the 3D FFT in MATLAB for a 512 x 512 x 4096 wavefield data set, time
signals were cut in the beginning and at the end (where only noise is present), but without
reducing the time resolution. The calculations were done on a 64-bit Windows 10 PC with
32 GB RAM. In terms of computational performance, the IW and LW took 0.1 s and 676 s
to compute, respectively. The resulting wavefield is shown in Figure 4.48b to which the
wavenumber mapping algorithms are then applied.

Figure 4.49 presents the resulting wavenumber maps. While the impact damage is
not observable in the single frequency wavefield in Figure 4.48b, every wavenumber map
presented in Figure 4.49 highlights the damage size and shape. The most uniform damage
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indication is delivered by the LW approach (Fig. 4.49b) due to its insensitivity to the directional
information of scattered waves. The estimated wavenumbers of the pristine region are
between 380 rad m−1 and 419 rad m−1. In the case of the delaminated region (at interface
’6’) the wavenumbers are spread between 470 rad m−1 and 559 rad m−1. In the middle of the
scanned area the highest wavenumber of 676 rad m−1 is observed, thus, indicating a shallower
delamination.

(a) IW (b) LW

Figure 4.49: Comparison of wavenumber estimation results for the aluminium-CFRP plate
while scanning on the CFRP-side. Solid red and dashed blue lines mark the position of
cross-sectional cut which is presented in Figure 4.51. Own result published in [166].

The fitted dispersion relation (see the dashed-line in Figure 4.45a) is applied to the
wavenumber maps to retrieve the ET maps presented in Figure 4.50. The contours of the
damage obtained from the conventional UT and WRMS mapping are plotted over the ET
maps with black and red dashed lines, respectively. The shape of the damage obtained
using wavenumber mapping approaches slightly deviates from the ones using the UT and
WRMS mapping, to be seen in Fig. 4.50, Fig. 4.43 and Fig. 4.46b, respectively. The ET
maps estimate correctly the total thickness of the plate in most of the pristine region (see
yellow colour for the thickness of 6 mm in Figure 4.50). For the whole damaged region, blue,
green and orange colours are present, corresponding to the thickness values around 2 mm,
4 mm and 4.5 mm, respectively. The largest delaminated region is at the aluminium-CFRP
interface (interface ’6’ in Figure 4.43), thus the expected value for the ET is 4 mm which
correlates with the estimate obtained from the ET maps (see green colour in Figure 4.50).
Also, the ET maps indicate the shallower delamination in the middle of the sample (the ET
values between 1.1 mm (blue) and 2.94 mm (light blue) in Figure 4.50). However, no clear
indication of the multiple delaminations in the CFRP laminate (due to the biggest impact) and
their shape can be observed, as it can be done for the reference measurement. Moreover, there
is no indication of other impact damage which is expected in the right-bottom area. Note
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orange colour visible in the damaged region, corresponding to the ET of ≈ 4.5 mm, which
is impossible in this case because the aluminium plate has no damage in it. This is due to
the continuous wavenumber-ET relation considered - the wavenumbers between 490 rad m−1

and 430 rad m−1 get assigned to the thickness values between 4 mm and 6 mm (Fig. 4.45a).

(a) IW (b) LW

Figure 4.50: Comparison of ET estimation results for the aluminium-CFRP plate while
scanning on the CFRP-side. Black and red dashed lines show the damage contours extracted
from the UT and WRMS-maps shown in Figure 4.43 and 4.46b, respectively. Own result
published in [166].

Further, the wavenumber mapping results are analysed quantitatively through a cross-
sectional view shown in Figure 4.51. This figure shows the overlap of the wavenumber
techniques with the ToF measured by conventional UT. The alignment has been made by
hand as the UT and GW measurements do not have the same coordinate system. Note that
the y-scale of wavenumber and ToF are not directly comparable because the ToF variation is
linear with the depth of the defect, whereas the wavenumber is not (Fig. 4.45a). Nevertheless,
the wavenumber techniques succeed to detect the shallower defect at the appropriate location,
i.e., shortest ToF (called defect peak in the following), with sensibly similar extreme values.
It seems that the x-extent of the damage peak is better captured by the IW approach, however,
this result might not be generalisable. On the left-hand side, which is between the wave
excitation and the defect peak, the wavenumber estimate is spatially constant and equal for
both techniques. This is not the case on the right-hand side of the defect, where the IW result
oscillates, while the LW is relatively constant but seems to overestimate the wavenumber.
The difference between right and left sides with respect to the damage peak can be either
attributed to the scattered waves from the damage peak or to the lower amplitude of the wave
due to attenuation. Moreover, the fact that the wavenumbers are equal but slightly over the
expected 432 rad m−1 value on the left side of the defect peak might indicate the shortcoming
of the model described in Figure 4.44 with respect to effective ply thickness and material
properties.
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Figure 4.51: Comparison of cross-sectional cuts of three wavenumber approaches shown
in Fig. 4.49 and conventional UT from Fig. 4.43. Own result published in [166].

(a) IW (b) LW

Figure 4.52: Comparison of ET estimation results for the aluminium-CFRP plate while
scanning on the Al-side. The red dashed line shows the damage contour extracted from the
WRMS-map shown in Figure 4.46a. Own result published in [166].
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Wavenumber mapping from the aluminium side Figure 4.52 shows the ET maps for
the measurement done on the Al-side. It is not possible to clearly identify the shape of the
damage from the ET maps as in the case of the analysis performed from the CFRP-side (confer
Figure 4.52 and Figure 4.50). The ET maps for the measurement performed on the Al-side
are distorted and it seems that aluminium is delaminated from the CFRP in different regions
of the area scanned (see blue colour in Figure 4.52). Since the SNR of the measurement
performed on the Al-side is higher than the one done on the CFRP-side (Fig. 4.47), the
poor result with respect to the Al-side probably comes from the small difference between the
wavenumbers for the pristine composite and single aluminium plate of only 50 rad m−1 rather
than the measurement noise. Note that in the case of the LW (Fig. 4.52b) a similar damage
pattern appears as for the ET maps estimated from the CFRP-side (Fig. 4.50), however, it is
much harder to recognise without knowing the shape in advance. Finally, the computational
costs were 756.3 s (LW) and 0.1 s (IW).

4.4.3 Summary and key messages

In this section, the instantaneous and local wavenumber mapping techniques were compared.
First, the techniques were demonstrated on a numerical example of a damaged aluminium
plate before their application to an experimental case. For the numerical case, both approaches
showed similar performance in terms of quantification of damage size and depths. The in-
plane size of the damage was slightly overestimated in the direction of the incidence wave
for all approaches. For the experimental case, an aluminium-CFRP composite plate with real
impact damage was measured and analysed. This structure corresponds to composite pressure
vessels with a load-sharing metal liner used for storing gases in aerospace and automotive
industries. Due to asymmetry of the plate, two cases were considered - for the measurements
performed from the CFRP- and Al-sides.

The energy maps for both measurements revealed the biggest delamination present be-
tween aluminium and CFRP parts. As for the wavenumber mapping for the measurement
from the CFRP-side, it has also revealed the biggest delamination between aluminium and
CFRP parts and delivered an indication of impact damage in the CFRP part. In general, the
damage quantification results from the wavenumber mapping techniques are in a good agree-
ment with the results from conventional ultrasonic testing. All techniques delivered similar
estimations of the in-plane size and depth of the biggest delamination present between alu-
minium plate and CFRP part. The main limitation of the wavenumber mapping approaches
presented here is that it was not possible to quantify every delamination between CFRP plies
caused by the impact as it is the case for conventional UT. Only some parts of the impact
damage were visible in the wavenumber and thickness maps. Another limitation is that the
relation between wavenumber and effective thickness is non-monotonous. This comes from
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the complexity of the laminate lay-up used in the experiments and its anisotropy. In this
work, a quadratic interpolation of the wavenumbers was used to eliminate this ambiguity.

Key messages The key messages of this section are as follows:

• Even though both wavenumber mapping approaches show similar performance in dam-
age quantification, the local wavenumber mapping approach is less prone to artefacts
related to the wave scattering from the damage.

• Both mapping approaches are limited in the characterisation of damage depth in the
cross-ply laminates made of CFRP due to the strong anisotropy leading to the non-
monotonous relation between the wavenumbers and effective thicknesses.
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CHAPTER55
Concluding remarks
Guided waves (GW) for damage detection in multi-layered plates were investigated both
numerically and experimentally in this thesis with the focus on higher order modes. For
the numerical modelling, a semi-analytical approach, the Scaled Boundary Finite Element
Method, was used. In the experimental work, a laser-vibrometer-based sensing system and
a laser-based excitation system were used for guided waves measurements, and ultrasonic
immersion testing for the reference measurement of the impact-induced damage.

It was shown that the elastic properties of isotropic and anisotropic materials can be
inferred from the GW modes since different modes are affected by a change in the properties
in a unique way. The sensitivity study was performed to demonstrate this influence and to
identify the modes sensitive to various elastic properties. One of the existing GW-based
optimisation procedures was modified in terms of the experimental set-up and forward model
and validated on isotropic materials first before its application to anisotropic materials. It
was demonstrated that the optimisation algorithm converges to the actual material properties
in the case of isotropic materials when the initial guess lays within ±20 %. Regarding the
transversely isotropic materials, in two cases considered, the UD and the cross-ply laminate,
both wave propagation directions, 0° and 90° should be used in the optimisation, however,
due to different reasons. For the UD laminate, the reason is that dispersion curves differ,
whereas for the cross-ply laminate, both directions have the same dispersion curves, but
different modes are excited depending on the direction considered. Speaking of an advantage
of the GW-based optimisation procedure over existing methods is that it does not require
special sample preparation, thus, ageing of real structures can be analysed non-destructively.
Further, the availability of accurate effective material properties allows to improve numerical
models necessary, e.g., for the model-assisted quality assessment of SHM systems.

Knowing the material properties, the characteristic dispersion curves were calculated to
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perform further analysis and develop the concepts for the damage detection, localisation,
and quantification for NDT and SHM of multi-layered structures. Two cases were addressed
in this thesis, an adhesive bond made of isotropic materials and a composite over-wrapped
pressure vessel made of isotropic metal and an anisotropic fibre-reinforced polymer. These
are widely used in automotive and aerospace industries and are still challenging to inspect in
a non-destructive manner.

In the first example, an interesting phenomenon, called mode repulsion, was investigated
in detail. Mode repulsion was observed in some literature; however, it was neither extensively
studied nor thought to be used for the characterisation of coupling between layers. Thus, the
mode repulsion was investigated numerically and experimentally with respect to weak and
strong adhesive bonds for the first time. The results show that the coupling strength between
two layers influences the distance between coupled modes in a mode repulsion region in terms
of frequency or phase velocity (wavenumber). Therefore, mode repulsion can be used for
the characterisation of the adhesive bond’s quality. To enable this, characteristic quantities
related to mode repulsion have to be correlated with reference values from mechanical tests
performed on weak and strong adhesive joints. To obtain the characteristic quantities, a
local or a global approach can be used. For the local approach, one mode repulsion region
especially sensitive to the coupling state of the adhesive bond needs to be chosen and the
distance between the modes within this repulsion region has to be quantified. This distance
either in terms of frequency or wavenumber will change with the coupling and thus the
information about the quality of the adhesive bond can be gained from it. Furthermore, it
was found that there are high frequency mode repulsion regions which are sensitive to either
the longitudinal stiffness or transverse stiffness. Thus, by using the local approach one can
investigate two characteristic regions each sensitive to either the longitudinal or transverse
stiffnesses and potentially characterise tensile or shear strengths, respectively. Regarding
the global approach, a certain frequency-wavenumber range which contains many mode
repulsion regions needs to be chosen. The number of mode repulsion regions will change
in the fixed range – more regions may appear, or some may disappear – depending on the
coupling state. To quantify many mode repulsion regions simultaneously, a global indicator
should be introduced. All in all, it was demonstrated that mode repulsion is a very interesting
feature of GW in multi-layered structures, whose characteristics have a lot of potential for
NDT of such structures.

At next, the analysis of the GW propagation was carried out for the hybrid structure as of
a composite over-wrapped pressure vessel (COPV) with a load-sharing liner. The cylinder
consisting of an aluminium liner and a carbon fibre-reinforced polymer (CFRP) over-wrap
was approximated to a plate for this investigation. Dispersion curves and mode shapes were
calculated for the aluminium-CFRP composite plate, based on which the appropriate modes
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were identified, and their propagation and interaction with damage were studied. Two damage
cases were considered – a crack in the metal layer and delamination between the CFRP plies.
These damage cases are linked to two failure modes of COPV: the fatigue failure of the
metallic liner and the failure of the composite over-wrap due to the impact damage. The
GW analysis showed that most of the wave energy can be concentrated in a certain layer
depending on the mode and frequency used, thus, allowing not only damage detection but
also its localisation within the different layers. The energy steering is possible only if the
modes beyond cut-off frequencies are used. In the case of the fundamental modes in the low
frequency range, they interrogate the whole thickness of the aluminium-CFRP composite
plate and thus are sensitive to damage located in both parts of the plate. Based on the results,
a concept for an SHM system for COPV monitoring was proposed.

Further investigations were carried out experimentally on a similar hybrid composite
plate with an impact-induced damage. The goal was to localise and quantify the dam-
age in three dimensions using the wavenumber mapping. The technique allows estimating
wavenumbers locally which can then be transformed into an effective thickness (ET) based
on the dispersion relation. The resulting ET map provides a three-dimensional representation
of the impact-induced damage in terms of the in-plane size and depth. Two well-known
wavenumber mapping techniques were implemented in this thesis and their comparison on
real impact damage was done for the first time. Both techniques delivered similar values
of the in-plane size and depth of the biggest delamination present at the aluminium-CFRP
interface. However, only an indication of the damage within CFRP plies could be observed
using the wavenumber mapping approaches without a clear separation of every delamination
between the plies as it was the case for high frequency ultrasonic testing in immersion. An-
other limitation comes from the non-monotonous relation between wavenumbers and their
respective thicknesses. The relation is due to the strong anisotropy of the CFRP which was
not the case for weak anisotropy found in glass fibre-reinforced laminates [140]. To eliminate
this ambiguity, a quadratic interpolation of the wavenumber was used.

Outlook One of the areas for further investigations can be the improvement of the GW-based
optimisation procedure by including a weighting factor based on the sensitivity information.
Meaning that unique areas of modes which are most sensitive to a certain material parameter
will get a weighting factor and thus will have a higher influence on the cost function. This
may improve the reconstructed properties when amplitude of modes sensitive to a certain
parameter is not so high as the amplitude of modes sensitive to other parameters.

Another definition of the sensitivity may be useful too which estimates not only the
mode shift at one frequency but considers the relation of frequencies to each other and
the characteristic shapes of the modes. Moreover, the GW-based optimisation procedure
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can be extended to account for damping (viscoelastic) behaviour of the material. The
benchmark of the procedure can be then performed based on the reference measurements in
the ultrasonic frequency range, i.e., using the procedures developed by Castaings et al. [66]
and Martens et al. [197].

More effort can be put into the correlation of features of mode repulsion with weak and
strong adhesive joints using the reference strength values from the mechanical testing.

Further, the experimental validation of energy steering in multi-layered plates is important.
For this, the integration of IDTs between the layers may be necessary.
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