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Abs t r ac t

The r ecu r s ive  pa th  o rde r ing  i n t roduced  by  Der showi t z  can  p rove  t he  t e rmina t ion
of t e rm  r ewr i t i ng  sys t ems .  On  s t r i ng  r ewr i t i ng  sys t ems ,  t he  i t e r a t ed  sy l l ab l e  [or
co l l ec t i ng ]  o rde r ing  i s  a t o t a l  o rde r ing .  We  wi l l  p rove  tha t  t he  r ecu r s ive  pa th
o rde r ing  on  monad ic  " t e rms  i s  equ iva l en t  t o  t he  i t e r a t ed  sy l l ab l e  o rde r ing  on  the
r eve r se  words .





1 .  Mot iva t ion  and  No ta t i on

There  has  been  cons ide rab l e  i n t e r e s t  i n  r ewr i t e  sys t ems  because  t hey  a r e  a
usefu l  model  for non-de te rmin i s t i c  computa t ions  w i th  va r ious  appl ica t ions
i nc lud ing  au toma t i c  t heo rem p rov ing ,  p rog ram ve r i f i ca t i on  and  syn thes i s ,
abs t r ac t  da ta  type  spec i f i ca t i ons  and  a lgebra ic  s imp l i f i ca t i on .  Such  sys tems
may take  the  fo rm of t e rm  rewr i t ing  sys tems  (cf. [AMBQJ], s t r ing  rewr i t ing
systems (cf. [8087], [KN85]]‚ etc.

A t e rm  r ewr i t i ng  sys t em {R over  a s e t  of t e rms  1" i s  a f i n i t e  s e t  of ru l e s ,  each
of t he  fo rm 1 —-> r,  whe re  l and  r a r e  t e rms  in  1". The  s e t  I‘ of a l l  t e rms  i s
cons t ruc t ed  f rom e l emen t s  of a s e t  3 of ope ra to r s  [o r  func t ion  symbo l s ]  and
some  denumerab ly  i n f in i t e  s e t  QB of va r i ab l e s .  The  l ead ing  func t ion  symbol  and  the
multiset  of the  [direct]  arguments  of a term t a re  referred to  by  top[t] and arg[t],
respect ive ly .

A Thue  sys t em 3: ove r  a s e t  of s t r i ngs  2*  i s  a f i n i t e  s e t  of ru l e s ,  e ach  of
the  form 1 —> r, where l and  r are  words in 22*. 2*  is the  monoid freely generated
by  a f in i t e  a lphabe t  Z under  the  opera t ion  of concatenat ion ,  i.e. t he  se t  of all
f i n i t e  s t r i ngs  over  2. The  empty  s t r i ng  a i s  t he  i den t i t y  i n  t he  mono id .  The
length  func t ion  on s t r ings ,  deno ted  by  Iul, i s  de f ined  a s  usua l .  Especial ly,  Iula
i s  t he  number  of occur rences  of t he  l e t t e r  a i n  u .  Synonymous ly  t o  t e rms ,  top
and  a rg  deno te  t he  f i r s t  l e t t e r  and  the  r e s t  of a word ,  r e spec t ive ly .

A c lose  r e l a t i on  be tween  t e rm r ewr i t i ng  and  Thue  sys t ems  wi l l  ex i s t  if
monad ic  t e rms  a r e  u sed  on ly .  A monadic  t e rm on ly  con ta in s  una ry  func t ion

' symbols  and  e i the r  a cons tan t  o r  a var iab le .  The  subse t  of t he  monadic  t e rms
without  cons t an t s  can  unequ ivoca l ly  be  t r ans fo rmed  in to  s t r i ngs  and  v i ce
ve r sa :  Le t  be  $3 = { f1 , . . . , f n}  and  Z = {a1‚...,an}‚ t and  t '  E l"[{§,{x}], 11 and  u '  E 2*.

' 1 :1 :1"—>Z*

[ t ]  _ 8 if t = X E B
tl ' Eli-1:1[t'] if t = fi[t']

For example .  t1[f1[f1[f2[X]]]] = a1a1a2.

' 1:2 : 2*  -> 1"

_ fi[x] if u = ai
t2[u] ' fi[t2[u']] if u = ai-u' ,  u '  # 8

For example ,  122[a.18281] = f1[f2[f1[x]]].
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An ef fec t ive  ca l cu l a t i on  wi th  r ewr i t e  sy s t ems  p re sumes  t e rmina t ion .  A great

number  of o rde r ings  have been de f ined .  Mos t  of t hem a re  so—cal led p recedence
orderings using a special  ordering on operators [letters]. More precisely, a
precedence  i s  a pa r t i a l  o rde r ing  [> on  {43 [22] wh ich  i s  an  i r re f l ex ive  and  t rans i t ive
b inary  re la t ion .

This  r epo r t  dea l s  w i th  two  o rde r ings  based  on  a p r ecedence ,  t he  r ecu r s ive  path_
ordering of Ders‘howitz [[De82]] on term rewrit ing systems and  the  iterated
sy l l ab le  [or  co l l ec t i ng ]  o rder ing  [ s ee  for example  [Si87], [Wi88], [AWBQJ] on  s t r ing
r ewr i t i ng  sys t ems .  The  de f in i t i ons  of t he se  o rde r ings  a r e  t he  ma in  cons t i t uen t s
of t he  nex t  two  chap te r s .  The  ma in  r e su l t  of t h i s  pape r  cons i s t s  of a compar i son
be tween  these  o rde r ings .  I n  chap te r  4 ,  we  wi l l  p rove  tha t  t he  two  o rde r ings  a r e
equa l  if t hey  a r e  r e s t r i c t ed  t o  s t r i ngs .





2 .  RPG on .  s t r i n g s

The compar i son  w.r.t. t he  recurs ive  pa th  o rder ing  [RPO. for shor t ]  i s  ba sed  on  the
fo l lowing  idea :  A t e rm  i s  dec reased  by  r ep l ac ing  a sub t e rm wi th  any  numbers
of sma l l e r  t e rms  which  a r e  connec t ed  by  any  s t ruc tu re  of ope ra to r s  sma l l e r

[w. r . t .  a p r ecedence  l>] than  the  l ead ing  func t ion  symbo l  of t he  r ep l aced  sub te rm.

The r e l a t i onsh ip  be tween  the se  ope ra to r s  w. r . t .  D i s  r e spons ib l e  fo r  dec reas ing  one

of t he  [o r  bo th ]  t e rms  in  t he  r ecu r s ive  de f in i t i on  o f  t he  RPO. If one  of  t he  t e rms

is ' empty '  [i.e. totally decreased] then  the  other one is greater.

Definition 2.1 [The  recurs ive  pa th  order ing ,  [De82]]

Le t  be  s and  t two  t e rms  and  D any  pa r t i a l  o rde r ing  on  the  ope ra to r s .  Then ,

s >RPO t '
iff i] top[s] v top[t] A {s}  »RPO arg[t]

or  i i ]  top[s]  = t op [ t ]  A arg[s] ”RPo  arg[t]
or i i i ]  arg[s] ERPo {t}

D

Two t erms  a re  cons ide red  equ iva l en t  w.r.t.  t he  RPO if t hey  a r e  pe rmuta t i ona l ly

congruen t ,  i .e .  t hey  a r e  t he  s ame  excep t  fo r  pe rmuta t i ons  among  sub te rms

[e.g. f [x,y]  .=RPO f[y,x]]. »RPO i s  t he  ex tens ion  of >RPO t o  mu l t i s e t s  of terms.
Mul t i s e t s  a r e  l i ke  se t s ,  bu t  a l l ow  mul t ip l e  occur rences  of i den t i ca l  t e rms .  The

ex tens ion  of > R P o  on  mul t i s e t s  i s  de f ined  a s  fo l lows :  A mu l t i s e t  S i s  g rea t e r

than [w.r. t .  t he  RPO] a mul t i s e t  T [ i  S] over  I‘, deno ted  by

S »RPO T iff [Vt E T\S] [Es € S\T] s >RPO t

i.e. S »RPO T if T can  be  ob t a ined  f rom S by  r ep l ac ing  one  o r  more  t e rms  in

S by  any  f i n i t e  number  of t e rms ,  each  of wh ich  i s  sma l l e r  [w . r . t .  >RPO] t han

one  of t he  r ep l aced  t e rms .

Example 2.2

We would like to  prove tha t  t he  distributive l aw  x*[y+z] —-> [x*y]+[x*z]
t e rmina t e s .  We  use  t he  t o t a l  p r ecedence  * D +. There fore ,  we  mus t  show tha t
{s} >>RPO a rg [ t ] ,  i .e.  {s}  ”RPo  {xary , xekz}. The s ing l e  t e rm  on  the  l e f t  s i de  has

to  be  g rea t e r  t han  bo th  t e rms  on  the  r i gh t  s i de :  3 i s  g r ea t e r  t han  x*y  because
we have  t o  r emove  the  l ead ing  func t ion  symbo l s  and  can  show tha t
{x , y+z} ”RPo {x , y} because [after removing x] y+z >RPO y by using the
subterm property of the  RFC [2.1 iii]. 5 >RPO xarz i s  proved in the  same way.

El





Note tha t  t he re  a r e  s eve ra l  ex t ens ions  of th i s  ordering. The  r eade r  i s  r e f e r r ed

to  [De87]  o r  [S t89]  fo r  an  ove rv iew.  However ,  we  wou ld  l i ke  t o  cons ide r  a

specia l  ve r s ion  of t he  RPO: t he  RPO on s t r i ngs .  S ince  8 cons i s t s  of on ly  unary
operators , t he  mul t i se t  ex tens ion  i s  super f luous .

Lemma 2.3 [The recurs ive  pa th  o rder ing  on  s t r ings ]

Let be  u,v two words  over Z“ and  [> any partial  ordering on 2. Then,

u >RPO "
iff i ]  t op [u ]  D top[v]  A u >RPO arg[v]

or i i ]  t op [u ]  = top[v]  A arg[u] >RPO arg[v]
or  i i i ]  a rg [u ]  2RPO v

Proof: obv ious

Example 2.4

The  ru l e  abc  —> cba  i s  t e rmina t ing  s ince  t he re  i s  an  RPO which  shows  th i s

proper ty .  Assuming  b > c l> a ,  abc  >RPO cba i i i  bc  2RPO cba  i i i  bc  2RPO ba
i i i  c ZRPO a which  IS  va l id  S ince  c D a .

El





:3. The  i t e r a t ed  sy l l ab l e  o rde r ing

In con t r a s t  t o  t e rm  r ewr i t i ng  sys t ems ,  t he  un i fo rm t e rmina t ion  p rope r ty  of
Thue sys t ems  i s  dec idab le .  There  ex i s t  s eve ra l  t o t a l  o rde r ings  wh ich  gua ran tee
th is  p rope r ty ,  e . g .

' The  o rde r ing  i n  wh ich  words  a r e  o rde red  f i r s t  by  l eng th  and ,  if t he
l eng ths  a r e  equa l ,  l ex i cog raph ica l l y  acco rd ing  to  t he  p recedence .

' The  o rde r ing  of Knu th  and  Bend ix  a s s igns  na tu ra l  number s  t o  the
e l emen t s  of 2 and  then  to  words  by  add ing  the  number s  of t he  l e t t e r s
[called weight]  they  contain. Two words a r e  compared by comparing
t he i r  we igh t s ,  and  if t he  we igh t s  a r e  equa l ,  by  compar ing  the  top
symbo l s  w . r . t .  t he  precedence .  --

Ano the r  we l l—known  o rde r ing  on  s t r i ngs  i s  t he  so -ca l l ed  i t e r a t ed  sy l l ab l e  [or
col lec t ing]  o rde r ing  [ s ee  [Si87], [Wi88], [AWBQJ]. To desc r ibe  t h i s  s t r a t egy  we
need  some  he lp fu l  de f in i t i ons .

Definition 3.1 [Lex icograph ic  ex t ens ion ,  Sy l l ab i c  decompos i t ion ]

' Le t  be  > an  o rde r ing  on  s t r i ngs  and  u1, . . . .u  ,v1 , . . . ,v  words  ove r  Z" .  Then ,p q

[u1 . u2  , , up]  >10x [v1 , v2 , , vq]
if e i t he r  p > 0 A q = 0

or u1 > v1
or 111 = v1 A [u2 . , up] >1°x [v2 , , vq]

i s  t he  l ex i cog raph ic  ex t ens ion  of > on  tup l e s  of words .

" Le t  be  u = u0.'=1u1a...r.-1uk a word  wi th  k 2 O, u i  E 2*  and  a E 2 .  Then,

dec[u , a] = [no . u1 , . uk]

i s  t he  sy l l ab i c  decompos i t i on  of u w . r . t .  t he  l e t t e r  a .

We  wi l l  p r e sen t  a s l i gh t ly  mod i f i ed  ve r s ion  of t he  o r ig ina l  o rde r ing  con ta ined
i n  [ 5187 ]  [ c f .  [Wi88] ,  [AWBQJ] .  Bo th  o rde r ings  a r e  known  to  be  equ iva l en t  [ s ee
[Wi88] ] .





Definition 3.2 [The i terated syllable ordering]

Le t  be  u ,  v two  words  ove r  2* .  Fu r the rmore ,  a t o t a l  p r ecedence  D i s  g iven .

Then,

u >SYL v i f !  l u l a  > l v l a  l ex

or lula = Ivla A dec[u ,a ]  >SYL dec[v ,a ]

such t ha t  a i s  t he  g rea t e s t  [w . r . t .  D] l e t t er  i n  u o r  V.
[II

This  o rde r ing  was  a l r eady  used  imp l i c i t l y  i n  co l l ec t i ng  a lgo r i t hms  so lv ing  the

gene ra l i zed  word  p rob lem of po lycyc l i c  g roups .  The  no rma l  fo rm of a s t r i ng  i s

exac t ly  t he  co r r e spond ing  e l emen t  be ing  min ima l  r e l a t i ve  t o  t he  co l l ec t i ng
o rde r ing .

Furthermore, Bauer [[BaBIJ] applied the  basis [without iteration] of this ordering:
An e lement  u is  g rea te r than  v if lula > lvla or Iula = lvla A dec[u‚a] >1°x dec[v‚a]
where  a i s  a spec ia l  l e t t e r  and  > i s  t he  o rde r ing  on  the  l eng th  of e l emen t s
[11 > v i i i  lul > lvl]. No te  t ha t  the  i t e r a t ed  sy l l ab l e  o rde r ing  wi l l  be  wel l - founded
if t h i s  o rde r ing  has  t h i s  p rope r ty  s ince  a l ex i cog raph ic  o rde r ing  of f i xed - l eng th
tuples will be‘well—founded if the  orderings on components a r e  [see [De83l].

Example 3.3 [[Si87l]

We wi l l  p rove  the  t e rmina t ion  of t he  ru l e  u = baca  -> caba  = v w i th  the
he lp  of the  i t e r a t ed  sy l l ab l e  o rde r ing  based  on  the  p recedence  a D b D c .  S ince
lula = Iv la = 2 ,  t he  sy l l ab i c  decompos i t i ons  w. r . t .  a mus t  be  compared  :

[b  , c]  #52131 [ c  . b] because Iblb = 1 > 0 = Iclb .
Note  t ha t  caba >SYL b...b s ince  b.. .b does  no t  con ta in  any  a .  Th i s  i s  t he  bas i c
concept  of mult iset  orderings [see chapter  2].

' El





4 .  Compar i son  and  Conc lus ion

In  th i s  chap te r  we  compare  t he  power  of t he  p re sen t ed  o rde r ings  r e s t r i c t ed  to
s t r i ngs .  No te  t ha t  t he  RPO as  we l l  a s  t he  SYL a re  r educ t ion  o rde r ings .

Res t r i c t ed  t o  s t r i ngs ,  t he  r ecu r s ive  pa th  o rde r ing  on  reverse  words  and  the
i t e ra t ed  sy l l ab l e  o rde r ing  a r e  equ iva l en t .

Definit ion 4.1 [Reve r sa l  of a s t r i ng ]

Let be  u = alaz...an € 2*:

p[u] = an...a2a1

i s  t he  r eve r sa l  of u .  -

Theorem 4.2

Let be  u, v E 2*,  D a tota l  precedence:

u >SYL v i i i  p[u] >RPO p[v].

Proof:
_"fw>": We will prove th is  s ta tement  by  induction on Iul+lvl. Let be  a the  greatest

l e t t e r  occurr ing i n  u o r  v .

i] Iula > lvla
fw> u = uo.'=1u1a...aum , v = voav1a . . . avn  and  m > n

Le tbe  m=n+k‚k>0 .

Note  tha t  p[umk]a...ap[u1]ap[uo] >RPO p[vn]a...ap[v1]'ap[vo]
if
o[un‚k_1]a.--ao[ullaoluo] >Rpo olvn_,]a...ao[v1]ao[vo]

s ince  p[vn] cou ld  be  e l imina ted  by  app ly ing  2.3 i], p[un+k] could  be
r emoved  by  app ly ing  2 .3  i i i ]  and  bo th  a ’ s  can  be  r emoved  wi th  t he
help of 2.3 ii].

By induc t ion  on the  i ndex  of u and  v, r e spec t ive ly .  we  have  t o  verify

o[uk]a...ao[uo] >RPO olvo]

which  i s  va l i d  s ince  a i s  g r ea t e r  [w . r . t .  [>] t han  a l l  symbo l s  occu r r ing
i n  p[vo].





ii] Iul = l A dec[u‚a] >“?x dec[v,a]a a SYL
m l ex  V> [uo  , u1 , , un]  >SYL [vo  , v1 , , vn]

W.1.o.g. l e t  be  uo=vo ui_1=vi_1 A u i  >SYL v1 .  We  have  t o  show
tha t

p[un]ap[un_1]a...ap[uo] >RPO p[vn]ap[vn_1]a...ap[vo].

This i s  va l i d  if [ s ee  i ]
p[ui]a...ap[uo] >RPO plvi]a.„ap[v0]

which  i s  equ iva l en t  t o
p[u1]w >RPO p[V1]W , w E 2°“

smce uo=vo ui_1=vi_1 .

This i s  val id  since, by  induction hypothesis, p[u1] >RP0 "[Vil and the
'subterm' property "or the RFC.

<-" :  Ana logous  wi th  t he  o ther  d i r ec t i on  we  wi l l  p rove  th i s  a s se r t i on  by
induc t ion  on  lul+lv|. S ince  p[p[u]] = u, we  have  t o  show tha t  u >RPO v
impl ies  p[u] >SYL p[V].

i ] top[u] D top[v]

fw> u >RPO arg[v]
by  definition of the EPO [lemma 2.3 i]

-> plu] >v  oiarg[v}]
by  induc t ion  hypo thes i s

Let be  top[u] = a, top[v] = b. Therefore, we have to  prove that
olu] >SYL o[arg[v}]b

which  i s  equ iva l en t  t o
o[arg[u]]a >v  oiargfvnb.

Let  be  c t he  g rea t e s t  l e t t e r  occur r ing  i n  u o r  v .  Fur thermore .  l e t  be
a rg [u ]  = umc. . . cu lcuo  and  a rg[v]  = vnc. . .cvicvo :

'lc>[arg[u_]]l<= > | c>[arg[v}] |c

'W> Ip[u]lc > lp[v]lc
s ince  lo[v]lc = |p[arg[v]]lc [because  a D b and  therefore ,  c D b]

'|p[arg[u]]lc = |p[arg[v]]lc A p[ui] >SYL p[vi] ‚\ i < n
“> o[u] >v  o[V]

s ince  i < n A a D b





'|c>[arg[u]]|c = Ip [arg [v} ] l c  A dun] >v  o[vn]
“> p[un]a >v  olvnlb

s ince  lp[un]ala > Ip[vn]bla A a [> b

i i ]  t op [u ]  = t op [v ]  =: a

-> arg lu ]  >RPO arg lV]

by  definit ion of the  EPO [ lemma 2.3 i i ]

-> otarglun ”v p[arg[v}]
by  induct ion  hypothes i s

we o[arg[u]]a >v  olarg[v}]a
by  de f in i t i on  of the  SYL

i i i ] top[u]  <: top[v]

~v> arg[u] ZRPO v
by definition of the RPO [lemma 2.3 iii]

Let be  a := top[u]:

'arg [u ]  =RPO v
~v> arg[u] = v

by definition of the  RFC
“> olarglun = olv}

by  de f in i t i on  o f  p

m) p [arg [u ] ]a  >SYL Oh,]

by  de f in i t i on  of the  SYL

“> o[u] >s—n. plv}

'arg[u] >RPO v
“> o[arg[u}] >SYL p[v}

by  induct ion  hypothes i s

“> o[arg[u]]a >s—n_ o[v}
s ince  lo[arg[u]]ala > lp[arg[u)]la and  > i s  a partial ordering

Note  tha t  the  same  re la t ionsh ip  be tween  the  SYL and  the  RPO wi l l  ex i s t  if the

precedence i s  quasi-total. As usual, a quasi-ordered set (2*,2] consists of the set
2*  and  a t rans i t i ve  and  re f l ex ive  b inary  re la t ion  2 def ined  on e l ements  of 2*. A

quasi—ordering def ines  an  equ iva lence  relation = as  both 2 and S, and  a par t ia l
order ing  > as  2 but  no t  $ .





Lemma 4 .3

Let be u, v E 2*. _l>_ a quasi-total precedence:

u >SYL v i i i  p[u] >RPO p[v].

Proof: ana logous  wi th  t he  p roo f  of t heo rem 4 .2

In  conc lus ion ,  we wou ld  l i ke  t o  po in t  ou t  t ha t  o the r  we l l -known pa th  [and
decompos i t ion]  order ings  a r e  a l so  equ iva len t  [ i n  the  same sense  a s  t he  RFC] to
the  i t e ra ted  sy l l ab le  order ing .  This  asse r t ion  i s  based  on  the  fo l lowing  lemma:

Léfiiffia 4.4  [[S'tB'QJ]

Let  be  s ,  t monad ic  t e rms  and  D a t o t a l  p recedence .  Then .

3 >RPO t ?” S >r->so t
i i i  s >RDO t

El

PSO i s  t he  pa th  of sub te rms  o rde r ing  of P l a i s t ed ,  RDO i s  t he  abb rev i a t i on  of

' r ecu r s ive  decompos i t i on  o rde r ing '  deve loped  by  Lescanne  and  KNS s t ands  for

the  pa th  o rde r ing  of Kapur ,  S ivakumar  and  Narend ran .  A l l  t he se  o rde r ings  a r e

desc r ibed  in  [De87]  and  [81:89].
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