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Abstract

In this thesis we present a rigorous existence theory for a class of quasilinear analytic wave
equations. This theory is developed by writing both wave equations as infinite-dimensional
evolutionary systems via the spatial dynamics approach. Using methods from centre-
manifold theory and conserved quantities of the resulting evolutionary equations, we
construct a family of generalised pulse solutions on the entire real line. These generalised
pulses are exponentially close to a reversible homoclinic solution to either

ż1 = z2 + εRε
1(z1, z2),

ż2 = z1 − Cz2
1 + εRε

2(z1, z2)

or

ẋ1 = y1 + εRε
1,1(x1, y1, x2, y2),

ẏ1 = x1 − Cx1(x2
1 + x2

2) + εRε
1,2(x1, y1, x2, y2),

ẋ2 = y2 + εRε
2,1(x1, y1, x2, y2),

ẏ2 = x2 − Cx2(x2
1 + x2

2) + εRε
2,2(x1, y1, x2, y2),

for all times, where Ri are quadratic and Ri,j cubic reversible perturbations and ε is a
small parameter. As applications we consider steady gravity water waves with vorticity
and steady three-dimensional gravity capillary water waves.
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Zusammenfassung

In dieser Arbeit entwickeln wir eine rigorose Existenztheorie für eine Klasse quasilinearer,
analytischer Wellengleichungen indem wir diese mit Hilfe räumlicher Dynamik als un-
endlich dimensionaler Evolultionsgleichungen formulieren. Methoden aus dem Bereich
der Zentrumsmannigfaltigkeitstheorie kombiniert mit Erhaltungsgrößen der gegebenen
Evolutionsgleichungen ermöglichen es uns eine Familie verallgemeinerter Pulslösungen
für alle reellen Zeiten zu konstruieren. Diese Lösungen liegen für alle Zeiten exponentiell
dicht an einer reversiblen homoklinen Lösung des Systems

ż1 = z2 + εRε
1(z1, z2),

ż2 = z1 − Cz2
1 + εRε

2(z1, z2)

oder

ẋ1 = y1 + εRε
1,1(x1, y1, x2, y2),

ẏ1 = x1 − Cx1(x2
1 + x2

2) + εRε
1,2(x1, y1, x2, y2),

ẋ2 = y2 + εRε
2,1(x1, y1, x2, y2),

ẏ2 = x2 − Cx2(x2
1 + x2

2) + εRε
2,2(x1, y1, x2, y2),

wobei Ri quadratische und Ri,j kubische reversible Störterme sind und ε ein kleiner Para-
meter. Als Anwendungen betrachten wir permanente Wasserwellen unter Schwerkraft
und Vortizität sowie dreidimensionale Wasserwellen unter Schwerkraft und Oberflächen-
spannung.
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1 Introduction

1.1 Pulses

The system

ż1 = z2, (1.1)
ż2 = z1 − Cz2

1 (1.2)

with C ̸= 0 and z1, z2 : R → R is a simple example of a dynamical system admitting a
homoclinic solution (see Figure 1.1). This solution is given by the explicit formula(

z1
z2

)
=
(
h

ḣ

)
,

where
h(t) = 3

2C sech2
( t

2
)
.

Perturbations of equations (1.1) and (1.2) of the form

ż1 = z2 + εRε
1(z1, z2), (1.3)

ż2 = z1 − Cz2
1 + εRε

2(z1, z2), (1.4)

where
Rε

1(z1, z2) = O(|(z1, z2)|2)

and ε is small parameter, in general do not have homoclinic solutions. If we additionally
assume that equations (1.3) and (1.4) are reversible, i.e. equations (1.3) and (1.4) are
invariant under t 7→ −t, (z1, z2) 7→ (z1,−z2), we still are able to construct symmetric
homoclinic solutions by showing that the stable manifold W ε

s consisting of points on orbits
which converge to zero as t → ∞ intersects the symmetric section {z2 = 0}. Indeed

W 0
s =

{(
h(t)
ḣ(t)

)
: t ∈ R

}
,

which intersects {z2 = 0} transversally at (h(0), 0)T; since transversality is an open
phenomenon the intersection persists for small positive values of ε. (See Lemma 4.4 for a
functional-analytic proof of this result.)
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z1

z2

(a) The case C < 0.

z1

z2

(b) The case C > 0.

Figure 1.1: Phase portrait of equations (1.1) and (1.2).

An example of a system with a cubic nonlinearity and homoclinic solutions is given by

ẋ1 = y1, (1.5)
ẏ1 = x1 − Cx3

1, (1.6)

where C > 0 (Figure 1.2); they are given by the formula(
x1
y1

)
= ±

(
h

ḣ

)
,

where
h(t) =

( 2
C

) 1
2 sech(t).

The four dimensional system

ẋ1 = y1, (1.7)
ẏ1 = x1 − Cx1(x2

1 + x2
2), (1.8)

ẋ2 = y2, (1.9)
ẏ2 = x2 − Cx2(x2

1 + x2
2), (1.10)

also has homoclinic solutions since it admits the invariant plane {(x1, y1)}, the flow in
which is governed by equations (1.5) and (1.6).

Figure 1.2: Phase portrait of the invariant plane {(x1, y1)} of equations (1.7) – (1.10).
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Now consider the perturbed system

ẋ1 = y1 + εRε
1,1(x1, y1, x2, y2), (1.11)

ẏ1 = x1 − Cx1(x2
1 + x2

2) + εRε
1,2(x1, y1, x2, y2), (1.12)

ẋ2 = y2 + εRε
2,1(x1, y1, x2, y2), (1.13)

ẏ2 = x2 − Cx2(x2
1 + x2

2) + εRε
2,2(x1, y1, x2, y2), (1.14)

where
Rε

i,j(x1, y1, x2, y2) = O(|(x1, y1, x2, y2)|3),
assuming the reversibility t 7→ −t, (x1, y1, x2, y2) 7→ (x1, y1,−x2,−y2). In this case

W 0
c =



x1
y1
x2
y2

 :
(
x1
x2

)
= Rθ

(
h(t)

0

)
,

(
y1
y2

)
= Rθ

(
ḣ(t)

0

)
, t ∈ R, θ ∈ [0, 2π)

 ,

where Rθ is a rotation through θ, and this manifold intersects the symmetric section
{y1 = 0, x2 = 0} transversally in the points (±h(0), 0, 0, 0)T. We thus obtain the existence
of two symmetric homoclinic solutions for small positive values of ε. (See Lemma 4.12 for
a functional-analytic proof of this result.)

Equations (1.3) and (1.4) arise from the system

ż1 = z2 + . . . , (1.15)
ż2 = λεz1 − Cz2

1 + . . . , (1.16)

where λε = ε+ O(ε2), by the scaling

ť = λεt,

(
z1(t)
z2(t)

)
=
(

(λε)2ž1(ť)
(λε)3ž2(ť)

)
.

This system exhibits homoclinic bifurcation (from zero) associated with a 02 resonance
(the eigenvalues of the linearised system form a purely imaginary pair for ε < 0 which
collides at the origin as ε ↑ 0, forming a Jordan block, and splits into a real pair for
ε > 0; see Figure 1.3). Similarly, equations (1.11) – (1.14) arise from the system given in
complex coordinates by

ż1 = i(ω + σε)z1 + z2 + . . . , (1.17)
ż2 = (λε)2z1 + i(ω + σε)z2 − Cz2|z1|2 + . . . , (1.18)

where λε = ε+ O(ε2), σε = O(ε), by the scaling

ť = εt,

(
z1(t)
z2(t)

)
= ei(ω+σε)t

 λε
(
x̌1(ť) + ix̌2(ť)

)
(λε)2

(
y̌1(ť) + iy̌2(ť)

) .
This system exhibits homoclinic bifurcation associated with an (iω)2 resonance (the
eigenvalues of the linearised system form two purely imaginary pairs for ε < 0 which
collide pairwise as ε ↑ 0, forming two Jordan blocks, and split into a complex quartet for
ε > 0; see Figure 1.4).
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Im λ

Reλ

ε < 0

Im λ

Reλ

ε = 0

Im λ

Reλ

ε > 0

Figure 1.3: An 02 resonance at ε = 0.

Im λ

Reλ

ε < 0

Im λ

Reλ

iω

−iω

ε = 0

Im λ

Reλ

ε > 0

Figure 1.4: An (iω)2 resonance at ε = 0.

It is convenient to write system (1.15) and (1.16) or system (1.17) and (1.18) as

ż = Lε
whz + hε

wh(z), (1.19)

where z ∈ Rn, n ∈ {2, 4}, Lε
wh is the matrix associated with the 02 or (iω)2 resonance and

hε
wh is the (parameter-dependent) nonlinearity. Let us now couple equation (1.19) with a

second, possibly infinite-dimensional equation, to arrive at the system

ż = Lε
whz + gε

wh(z, u) + hε
wh(z), (1.20)

u̇ = Lε
shu+ gε

sh(z, u) + hε
sh(z), (1.21)

where the new nonlinearity gε
wh satisfies gε

wh(z, 0) = 0. The variable u belongs to a
Banach space Xsh, and Lε

sh : Dsh ⊆ Xsh → Xsh is a densely defined, closed linear operator,
while gε

sh : Rn × Dsh → Xsh and hε
sh : Rn → Xsh are nonlinearities with gε

sh(z, 0) = 0.
Under the assumption that the spectrum of Lε

sh lies in two wedge-shaped regions (see
Figure 1.5), the centre-manifold theorem asserts that all small, globally bounded solutions
to equations (1.20) and (1.21) lie on a locally invariant manifold

M ε
c = {(z, u) : u = rε(z)}

given as the graph of a nonlinear reduction function rε, where ε, z, u lie in neighbourhoods
of the origin in R, Rn and Dsh. The flow on the centre manifold is determined by the
reduced equation obtained by inserting u = rε(z) into equation (1.20). The reduced
equation is of the type (1.19), and one can investigate homoclinic bifurcation for this
equation, and hence system (1.20) and (1.21), using the above techniques. This method
has been particularly successful in studies of travelling gravity-capillary water waves.
Writing the hydrodynamic equation as evolutionary system in which the horizontal spatial
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coordinate plays the role of time (‘spatial dynamics’), one finds that the system has the
form (1.20), (1.21). The above procedure thus reduces the problem to a 02 resonance (see
Kirchgässner [16]) or (iω)2 resonance (see Iooss and Kirchgässner [10]) depending upon
the values of the physical parameters. The resulting homoclinic bifurcation generates
homoclinic solutions to system (1.20) and (1.21) known as solitary waves.

2η02η0

Im λ

Reλ

Figure 1.5: The spectrum of L0
sh is contained in wedges with spectral gap of distance 2η0

to the imaginary axis.

Alternatively, one can consider the coupled system

ż = Lε
whz + gε

wh(z, w) + hε
wh(z), (1.22)

ẇ = Lε
cw + gε

c(z, w) + hε
c(z), (1.23)

where w ∈ R2d and Lε
c is a matrix with d pairs of purely imaginary eigenvalues denoted by

±iω1, . . . ,±iωd (see Figure 1.6), and gε
c : Rn ×R2d → R2d, hε

c : Rn → R2d are nonlinearities
with gε

c(z, 0) = 0. In general system (1.22) and (1.23) does not have homoclinic solutions.
Each point on a homoclinic solution is a point of intersection of the stable and unstable
manifolds W ε

s andW ε
u , which are both n

2 -dimensional (dimW ε
s and dimW ε

u are the number
of eigenvalues of Lε

wh with respectively negative and positive real part), and in general
two n

2 -dimensional manifolds do not intersect in Rn+2d.

Im λ

Reλ

Figure 1.6: The spectrum of Lε
c consists of d pairs of purely imaginary eigenvalues.
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Equations of the form (1.22), (1.23) were considered in a series of papers by Groves
and Schneider [7, 8, 9] (they actually considered an infinite-dimensional version of these
equations which arise from nonlinear wave equations, but the issue is the same). In the
special case that hε

c = 0 system (1.22) and (1.23) has the invariant subspace {w = 0}, the
flow in which is determined by equation (1.19), and one can find a homoclinic solution
pε to equation (1.19), and hence a homoclinic solution (pε, 0) to (1.22), (1.23), using the
methods described above. Groves and Schneider showed that if hc(z) = O(|z|N) then
(1.22), (1.23) has reversible solutions (z, w) which satisfy

|
(
z(t) − pε(t), w(t)

)
| = O(εN), t ∈ [−t∗, t∗],

where t∗ = O(ε−N). Furthermore, a sequence of near-identity ‘normal-form’ transforma-
tions can be used to successively remove terms in the Maclaurin expansion of hε

c(z) and
hence achieve the condition hε

c(z) = O(|z|N). The result is thus a family of ‘generalised
pulses’ which exist and are approximated algebraically closely by pε over an algebraically
long time scale (here ‘algebraic’ means with respect to the amplitude of pε, which is O(εn

2 ).
This result can be considerably strengthened if the nonlinearities are analytic. In this
case one can find an optimal value of N so that hε

c(z) is exponentially small for values
of (z, ε) in an appropriately chosen neighbourhood of the origin. One then finds that
system (1.22) and (1.23) has reversible solutions (z, w) which satisfy

|(z(t) − pε(t), 0)| = O(e− 1
2

√
ε )

for t ∈ [−t∗, t∗], where t∗ = O(e1/2
√

ε). These generalised pulses exist and are exponentially
close to pε over an exponentially long time scale (see Figure 1.7).

(z, w, u)

t
−t∗ t∗

(pε, 0, 0)

Figure 1.7: A generalised pulse solution to equations (1.24) – (1.26) lies in an exponentially
thin tubular neighbourhood of (pµ, 0, 0) over an exponentially long time scale.

In this thesis we study the general coupled system

ż = Lε
whz + gε

wh(z, w, u) + hε
wh(z), (1.24)

ẇ = Lε
cw + gε

c(z, w, u) + hε
c(z), (1.25)

u̇ = Lε
shu+ gε

sh(z, w, u) + hε
sh(z) (1.26)

obtained by combining equations (1.20) and (1.21) with equations (1.22) and (1.23).
Assuming analyticity of the nonlinearities, we show that system (1.24) – (1.26) has
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generalised pulse solutions which exist and are exponentially close to pε (a homoclinic
solution in the invariant subspace {(w, u) = (0, 0)} over an exponentially long time scale.
(Note that this result cannot be achieved by the standard method of constructing a locally
invariant centre manifold of the form

{(z, w, u) : (w, u) = rε(z)}

since the reduction function rε typically does not inherit the analyticity of the equations.)
We improve this result further for systems with a conserved quantity which is positive
definite on the subspace {(z, u) = (0, 0)}, showing that the generalised pulse can be
extended to the entire real line. These solutions do not necessarily decay to zero at
infinity but they are exponentially close to pε for all times. A similar result was obtained by
Groves and Schneider [9] for algebraic approximations to pε in the context of system (1.22)
and (1.23).

1.2 The main result

In this thesis we consider the system

ż = Lε
whz + gε

wh(z, w, u) + hε
wh(z), (1.27)

ẇ = Lε
cw + gε

c(z, w, u) + hε
c(z), (1.28)

u̇ = Lε
shu+ gε

sh(z, w, u) + hε
sh(z), (1.29)

for (z, w, u) : R → Rn×R2d×Dsh, where n ∈ {2, 4}, d ∈ N and Dsh is a dense subspace of a
Banach space Xsh. (We use the terminology ‘weakly hyperbolic’, ‘strongly hyperbolic’ and
‘centre’ and the subscripts ‘wh’, ‘sh’ and ‘c’ in analogy with finite-dimensional dynamical
systems.) We abbreviate Rn×R2d×Xsh, Rn×R2d×Dsh to respectively X , D and R2d×Xsh,
R2d × Dsh to respectively Xc,sh, Dc,sh. Similarly we write Lε instead of (Lε

wh, L
ε
c, L

ε
sh). On

the right-hand side we make the following assumptions.

(A1) The bounded linear operators Lε
wh : Rn → Rn, Lε

c : R2d → R2d and Lε
sh : Dsh → Xsh

depend analytically upon ε.

(A2) The functions g(·)
wh, g(·)

c , g(·)
sh , h(·)

wh, h(·)
c , h(·)

sh take values in respectively Rn, R2d, Xsh,
Rn, R2d, Xsh and are analytic at the origin in respectively R × D and R × Rn. We
suppose that

gε
wh(z, w, u), gε

c(z, w, u), gε
sh(z, w, u) = O(∥(z, w, u)∥D∥(w, u)∥Dc,sh),

hε
wh(z), hε

c(z), hε
sh(z) = O(|z|2).

(A3) The spectrum of the complexified operator Lε
c ∈ C2d×2d consists of finitely many

simple purely imaginary eigenvalues ±iωε
1, . . . ,±iωε

d, where ωε
1, . . . , ω

ε
d > 0 (see

Figure 1.6).

(A4) The system (1.27) – (1.29) is reversible, i.e. there exist Swh ∈ Rn×n, Sc ∈ R2d×2d and
Ssh ∈ L(Dsh) ∩ L(Xsh) such that system (1.27) – (1.29) is invariant under t 7→ −t,
(z, w, u) 7→ (Swhz, Scw, Sshu).
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(A5) There exists a real-valued function I(·) which is analytic at the origin in R × D,
satisfies

Iε(z, w, u) = O(∥(z, w, u)∥2
D)

and
I0(0, w, 0) = |w|2 + O(|w|3)

and is such that Iε a conserved quantity of system (1.27) – (1.29).

(A6) The linear operator L0
sh : Dsh ⊆ Xsh → Xsh is closed and satisfies the estimate

∥(isI − L0
sh)−1∥L(Xsh) ≲

1
1 + |s|

for s ∈ R.

For the weakly hyperbolic component we treat two distinct cases. For n = 2 we assume
the following properties.

(B1) The spectrum of the linear operator Lε
wh ∈ R2×2 exhibits a 02 resonance at ε = 0,

meaning that as ε ↑ 0 a pair of purely imaginary eigenvalues of Lε
wh collides at the

origin (forming a Jordan block) and splits into a pair of real eigenvalues for ε > 0
(see Figure 1.3). We write z ∈ R2 as

z = z1e+ z2f,

where L0
whe = 0, L0

whf = e, and assume that

Lε
wh =

(
0 1

(λε)2 0

)
,

where λε is an analytic function of ε with

λε = ε+ O(ε2).

Additionally, we assume that Swh(z1, z2) = (z1,−z2).

(B2) The coefficient of z2
1e in the Maclaurin expansion of hε

wh(z1, z2) denoted by −C does
not vanish.
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For n = 4 we make the following assumptions.

(C1) The right-hand side of equations (1.27) – (1.29) satisfies the estimates

hε
wh(z) = O(|z|3),

hε
c(z), hε

sh(z) = O(|z|2).

(C2) The spectrum of the complexified linear operator Lε
wh ∈ C4×4 exhibits an (iω)2

resonance at ε = 0, meaning that there exists ω ≥ 0 such that as ε ↑ 0 two pairs
of purely imaginary eigenvalues of Lε

wh collide to form geometrically simple and
algebraically double eigenvalues ±iω and split into a complex eigenvalue quartet for
ε > 0 (see Figure 1.4). When working with complex coordinates we write z ∈ R4 as

z = z1e+ z2f + z̄1ē+ z̄2f̄, z1, z2 ∈ C,

where (L0
wh − iωI)e = 0, (L0

wh − iωI)f = e, and assume that

Lε
wh =


i(ω + σε) 1 0 0

(λε)2 i(ω + σε) 0 0
0 0 −i(ω + σε) 1
0 0 (λε)2 −i(ω + σε)

 ,

where λε, σε are analytic functions of ε with

λε = ε+ O(ε2), σε = O(ε).

Additionally, we assume that Swh(z1, z2) = (z̄1,−z̄2) and kω ̸= ω0
j for all j ∈

{1, . . . , d} and k ∈ N.

(C3) The conserved quantity Iε satisfies

Iε((z1, z2), w, u) = O(∥(z2, w, u)∥R2×R2d×Dsh∥(z1, z2, w, u)∥D + ε∥(z1, z2, w, u)∥2
D)

(in complex coordinates).

(C4) The coefficient of z1|z2|2f in hε
wh(z) − gε

wh(z,Xc(z, z), Xsh(z, z)) denoted by −C,
where X(z, z) is the unique solution of the equation

−L0
c,shX(z, z) +X(z, 2L0

whz) = −1
2 d2h0

c,sh[0](z, z),

is positive.
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We prove the following results for each fixed ν ∈ (0, 1).

Theorem 1.1. Suppose n = 2 and Assumptions (A1) – (A6) and Assumptions (B1)
and (B2) hold. There exist positive constants ε0 and c∗ with the property that for each
ε ∈ (0, ε0) equations (1.27) – (1.29) admit a family of generalised pulse solutions satisfying

(z(−t), w(−t), u(−t)) = S(z(t), w(t), u(t))

and ∣∣∣∣
(
z1(t)
z2(t)

)
−
(

(λε)2p̌ε
1(λεt)

(λε)3p̌ε
2(λεt)

) ∣∣∣∣ ≤ e− c∗
2

√
ε ,

∥(w(t), u(t))∥Dc,sh ≤ e− c∗
2

√
ε

for all t ∈ R, where

p̌ε
1(t) = 3

2C sech2
( t

2
)

+ O(εe−ν|t|),

p̌ε
2(t) = d

dt

( 3
2C sech2

( t
2
))

+ O(εe−ν|t|).

Theorem 1.2. Suppose n = 4 and Assumptions (A1) – (A6) and Assumptions (C1) – (C4)
hold. There exist positive constants ε0 and c∗ with the property that for each ε ∈ (0, ε0)
equations (1.27) – (1.29) admit a family of generalised pulse solutions satisfying

(z(−t), w(−t), u(−t)) = S(z(t), w(t), u(t))

and
∣∣∣∣
(
z1(t)
z2(t)

)
− ei(ω+σε)t

 λε
(
p̌ε

1(λεt) + ip̌ε
2(λεt)

)
(λε)2

(
q̌ε

1(λεt) + iq̌ε
2(λεt)

) ∣∣∣∣ ≤ e− c∗
2

√
ε ,

∥(w(t), u(t))∥Dc,sh ≤ e− c∗
2

√
ε

for all t ∈ R, where

p̌ε
1(t) = ±

( 2
C

) 1
2 sech(t) + O(εe−ν|t|),

q̌ε
1(t) = ± d

dt

(( 2
C

) 1
2 sech2(t)

)
+ O(εe−ν|t|)

p̌ε
2(t), q̌ε

2(t) = O(εe−ν|t|).

Remark 1.3. Theorems 1.1 and 1.2 hold for t ∈ [−e−c∗/2
√

ε, ec∗/2
√

ε] rather than t ∈ R if
Assumption (B2) or Assumption (C4) is not satisfied.
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The proofs of Theorems 1.1 and 1.2 make heavy use of techniques employed in the
proof of the centre-manifold theorem for quasilinear evolution equations, and we therefore
begin with a thorough review of this proof in Chapter 2. In the construction of the centre
manifold it is necessary to solve equations of the form

u̇ = L0
shu+ f(t) (1.30)

with a function f : R → Xsh (in the above notation). For this purpose we use a max-
imal regularity result by Arendt et al. [1] which states that for each f ∈ Cα

b (R; Xsh)
equation (1.30) has a unique solution u ∈ Cα

b (R; Dsh) ∩ C1,α
b (R; Xsh) provided that

∥(isI − L0
sh)−1∥L(Xsh) ≲

1
1 + s

for all s ∈ R (here α ∈ (0, 1) is fixed). In general this result does not hold for α = 0,
which necessitates the use of Hölder spaces in the entire construction. In particular we
discuss composition operators in such spaces. Our proof is a slight modification of the
proof given by Kirrmann [17]. It is also possible to replace Cα

b with Lp for p > 1 (see
Arendt et al. [1]), and a proof of the centre-manifold theorem in this setting was given
by Mielke [21].

In Chapters 3 and 4 we adapt the normal-form theory given by Groves and Schneider
[9] on the basis of earlier work by Iooss and Lombardi [11] to construct a sequence of
near-identity changes of variable which systematically remove the jth order terms of the
Maclaurin expansion of hε

c,sh for j ∈ {1, . . . , p} while preserving the overall structure of the
system. In general it is not possible to remove hε

c,sh completely but we can at least make
an optimal choice of p so that the remaining terms are exponentially small in comparison
to ε in a suitable neighbourhood of the origin. This normal-form theory requires that L0

wh
is diagonalisable. Since this condition is evidently not met we use the following change of
parameter to ‘replace’ it with a diagonal matrix.

In the case of a 02 resonance we write ε = µ2 and introduce the scaled variables(
Z1
Z2

)
=
(

(λ̃µ)−1z1
(λ̃µ)−2z2

)
,

(
W
U

)
= (λ̃µ)−1

(
w
u

)
, λ̃µ = λε|ε=µ2

to convert equations (1.27) – (1.29) into

Ż = Lµ
whZ +Gµ

wh(Z,W,U) +Hµ
wh(Z), (1.31)

Ẇ = Lµ
cW +Gµ

c (Z,W,U) +Hµ
c (Z), (1.32)

U̇ = Lµ
shU +Gµ

sh(Z,W,U) +Hµ
sh(Z), (1.33)

where

Lµ
wh

(
Z1
Z2

)
=
(

0 λ̃µ

λ̃µ 0

)(
Z1
Z2

)
,

Gµ
wh(Z,W,U) = O(∥(W,U)∥Dc,sh∥(Z,W,U)∥D),

Gµ
c (Z,W,U), Gµ

sh(Z,W,U) = O
(
µ2∥(W,U)∥Dc,sh∥(Z,W,U)∥D

)
,

Hµ
wh(Z) = O(|Z|2),
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Hµ
c (Z), Hµ

sh(Z) = O(µ2|Z|2),

and we have abbreviated Lε
c|ε=µ2 , Lε

sh|ε=µ2 to Lµ
c , Lµ

sh.

In the case of an (iω)2 resonance we again write ε = µ2 after an additional preliminary
transformation (this step is necessary since the scaling leads to slightly worse estimates
for the nonlinearities) and introduce the different scaled variables

λ̃µ = λε|ε=µ2 ,

σ̃µ = σε|ε=µ2 ,(
Z1
Z2

)
=
(

(λ̃µ)− 1
2 z1

(λ̃µ)− 3
2 z2

)
,

W = (λ̃µ)−1w,

U = (λ̃µ)− 3
2u.

This transformation converts equations (1.27) – (1.29) into

Ż = Lµ
whZ +Gµ

wh(Z,W,U) +Hµ
wh(Z), (1.34)

Ẇ = Lµ
cW +Gµ

c (Z,W,U) +Hµ
c (Z), (1.35)

U̇ = Lµ
shU +Gµ

sh(Z,W,U) +Hµ
sh(Z), (1.36)

where

Lµ
wh =


i(ω + σ̃µ) λ̃µ 0 0

λ̃µ i(ω + σ̃µ) 0 0
0 0 −i(ω + σ̃µ) λ̃µ

0 0 λ̃µ −i(ω + σ̃µ)


(in complex coordinates), and

Gµ
wh(Z,W,U) = O

(
|W |∥(Z,W,U)∥D + µ∥U∥Dsh∥(Z,W,U)∥D

)
,

Gµ
c (Z,W,U) = O

(
µ|W |∥(Z,W,U)∥D + µ2∥U∥Dsh∥(Z,W,U)∥D

)
,

Gµ
sh(Z,W,U) = O

(
∥(W,U)∥Dc,sh∥(Z,W,U)∥D

)
,

Hµ
wh(Z) = O(|Z|3),

Hµ
c (Z), Hµ

sh(Z) = O(|(Z, µ)||Z|2)

and we have abbreviated Lε
c|ε=µ2 , Lε

sh|ε=µ2 to Lµ
c , Lµ

sh.
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The result of the normal-form theory is the existence of an optimal value of p and δ > 0,
c∗ > 0 such that the transformed system

Ż = Lµ
whZ + G̃µ

wh(Z,W,U) + H̃µ
wh(Z), (1.37)

Ẇ = Lµ
cW + G̃µ

c (Z,W,U) + H̃µ
c (Z), (1.38)

U̇ = Lµ
shU + G̃µ

sh(Z,W,U) + H̃µ
sh(Z) (1.39)

satisfies

∥H̃µ
c,sh(Z)∥Xc,sh ≲ µ2e− c∗

2µ ,

∥dH̃µ
c,sh(Z)∥L(R3;Xc,sh) ≲ µe− c∗

2µ

for |(Z, µ)| < δ.

The normal-form theory is presented in a general context in Chapter 3 and applied
to our specific problems in Chapter 4. Chapter 4 also contains the following results for
the ‘approximate pulses’ in the invariant subspace {(w, u) = (0, 0)} obtained by selecting
hε

c,sh(z) = 0, and estimates for the transformed nonlinearities are given in Remarks 4.8
and 4.16.

Lemma 1.4.

(i) Suppose n = 2. For fixed ν ∈ (0, 1) and ε > 0 the system

ż = Lε
whz + hε

wh(z)

has a reversible homoclinic solution of the form(
pε

1(t)
pε

2(t)

)
=
(

(λε)2p̌ε
1(t)

(λε)3p̌ε
2(t)

)
,

where
|p̌ε

j(t)| ≲ e−ν|t|

for all t ∈ R. The scaled equation

ż = Lµ
whZ +Hµ

wh(Z)

has the reversible homoclinic solution

P µ(t) =
(
P µ

1 (t)
P µ

2 (t)

)
=
(
λ̃µp̌ε

1(λ̃µt)|ε=µ2

λ̃µp̌ε
2(λ̃µt)|ε=µ2

)
,

which satisfies the estimate

|P µ(t)| ≲ λ̃µe−νλ̃µ|t|

for all t ∈ R.
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(ii) Suppose that n = 4. For fixed ν ∈ (0, 1) and ε > 0 the system

ż = Lε
whz + hε

wh(z)

has a pair of reversible homoclinic solutions of the form

ei(ω+σε)t
(
λε(p̌ε

1(λεt) + ip̌ε
2(λεt))

(λε)2(q̌ε
1(λεt) + iq̌ε

2(λεt))

)
,

where
|p̌ε

i (t)|, |q̌ε
i (t)| ≲ e−ν|t|

for all t ∈ R. The scaled equation

ż = Lµ
whZ +Hµ

wh(Z)

has the reversible homoclinic solutions

P µ(t) =
(
P µ

1 (t)
P µ

2 (t)

)
= ei(ω+σ̃µ)

(
(λ̃µ) 1

2 (p̌ε
1(λ̃µt) + ip̌ε

2(λ̃µt))|ε=µ2

(λ̃µ) 1
2 (q̌ε

1(λ̃µt) + iq̌ε
2(λ̃µt))|ε=µ2

)
,

which satisfy the estimate

|P µ(t)| ≲ (λ̃µ) 1
2 e−νλ̃µ|t|

for all t ∈ R.

In Chapter 5 we turn to the construction of generalised pulses. Writing

Z = P µ +R,

we obtain the system

Ṙ = KµR +Nµ(R,W,U), (1.40)
Ẇ = Lµ

cW + G̃µ
c (P µ +R,W,U) + H̃µ

c (P µ +R), (1.41)
U̇ = Lµ

shU + G̃µ
sh(P µ +R,W,U) + H̃µ

sh(P µ +R), (1.42)

where

KµR = Lµ
whR + dH̃µ

wh[P µ](R),
Nµ(R,W,U) = H̃µ

wh(P µ +R) − H̃µ
wh(P µ) − dH̃µ

wh[P µ](R) + G̃µ
wh(P µ +R,W,U).
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Since we anticipate the W -component to grow linearly (being the centre part of the
system), we cannot expect solutions of equations (1.40) – (1.42) to be bounded in their
W -component. We therefore modify system (1.40) – (1.42) by replacing W in the nonlin-
earities by ϕ(W ) = ψ(e

c∗
2µ |W |)W , where ψ : R → R is a smooth cut-off function with

ψ(t) =

1, |t| ≤ 1,
0, |t| > 2

and |ψ(l)(t)| ≤ 2l for t ∈ R and l ∈ N0. We write the modified system as

Ṙ = KµR +
¯
Nµ

wh(R,W,U), (1.43)
Ẇ = Lµ

cW +
¯
G̃µ

c (P µ +R,W,U) + H̃µ
c (P µ +R), (1.44)

U̇ = Lµ
shU +

¯
G̃µ

sh(P µ +R,W,U) + H̃µ
sh(P µ +R). (1.45)

In Section 5.2 we establish the following theorem by formulating equations (1.43) –
(1.45) as a fixed-point problem.

Theorem 1.5. Fix ν ∈ (0, 1). For each W0 ∈ R2d with ScW0 = W0 and |W0| ≤ µe− c∗
2µ

there exists a reversible solution (R∗
W0 ,W

∗
W0 , U

∗
W0) of equations (1.43) – (1.45) withW (0) =

W0 in
Eνλ̃µ = Cα

νλ̃µ(R;Rn) × C1
νλ̃µ(R;R2d) × Cα

νλ̃µ(R; Dsh)
(where the subscript refers to the use of the exponential weighting e−νλ̃µ|t| in the norms)
satisfying

sup
t∈R

|R∗
W0(t)| ≲ µe− c∗

2µ ,

sup
t∈[−e

c∗
2µ ,e

c∗
2µ ]

|W ∗
W0(t)| ≲ µδe− c∗

2µ ,

sup
t∈R

∥U∗
W0(t)∥Dsh ≲ µe− c∗

2µ

for some δ > 0. These solutions thus in particular solve equations (1.37) – (1.39) for
t ∈ [−ec∗/2µ, ec∗/2µ]. In analogy with familiar dynamical-systems theory we define

W cs
loc = {(R∗

W0 ,W
∗
W0 , U

∗
W0)(0) : ScW0 = W0, |W0| ≤ µe− c∗

2µ }

and refer to W cs
loc as the local centre-stable manifold for reversible solutions to equa-

tions (1.37) – (1.39). The behaviour of functions with initial values lying on W cs
loc is

summarised in Figures 1.8 – 1.10.

The proof of Theorems 1.1 and 1.2 is completed by showing that in fact

sup
t∈R

|W ∗
W0(t)| < e− c∗

2µ ,

so that (R∗
W0 ,W

∗
W0 , U

∗
W0) solves equations (1.37) – (1.39) for all t ∈ R. We accomplish

this result in several stages in Sections 5.3 and 5.4, by proving the following results.
Theorems 1.6 and 1.8 are more precise than usual versions of familiar results in centre-
manifold theory, while Lemma 1.7 is proved using the conserved quantity Iε|ε=µ2 as a
Lyapunov functional.
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W

t
−e

c∗
2µ e

c∗
2µ

Figure 1.8: The central part of functions with initial values on W cs
loc satisfies |W (t)| ≤ e− c∗

2µ

for t ∈ [−e
c∗
2µ , e

c∗
2µ ]. It may leave this neighbourhood of the origin for larger

values of |t|.

Z

t

P µ

P µ +R

Figure 1.9: The weakly hyperbolic part of functions with initial values on W cs
loc lies in a

tubular neighbourhood of P µ such that |(Z(t) − P µ(t))| ≤ e− c∗
2µ for all t ∈ R.

U

t

Figure 1.10: The strongly hyperbolic part of functions with initial values on W cs
loc satisfies

∥U(t)∥Dsh ≤ e− c∗
2µ for all t ∈ R.
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Theorem 1.6. The equations

Ż = Lµ
whZ +

¯
Nµ

wh(Z,W,U) + H̃µ
wh(Z), (1.46)

Ẇ = Lµ
cW +

¯
G̃µ

c (Z,W,U) + H̃µ
c (Z), (1.47)

U̇ = Lµ
shU +

¯
G̃µ

sh(Z,W,U) + H̃µ
sh(Z) (1.48)

obtained from equations (1.37) – (1.39) using the cut-off function have a centre manifold

W c = {(Z,W,U) : (Z,U) = Ψ(W )},

where Ψ: B̄e−c∗/2µ(0) → Rn × Dsh satisfies the estimate

∥Ψ(W )∥Rn×Dsh ≲ |W |2.

Any solution (Z,W,U) to equations (1.46) – (1.48) satisfying

∥Z∥Cb(R;Rn), ∥Ẇ − Lµ
cW∥Cb(R;R2d), ∥U∥Cb(R;Dsh) ≤ e− c∗

2µ

lies completely on W c.

Furthermore, any solution to equations (1.37) – (1.39) with

∥Z∥Cb(R;Rn), ∥W∥Cb(R;R2d), ∥U∥Cb(R;Dsh) ≤ e− c∗
2µ

lies on
W c

loc = {(Z,W,U) : (Z,U) = Ψ(W ), |W | ≤ e− c∗
2µ },

and any solution passing through a point on W c
loc remains on W c

loc as long as it remains in

{(Z,W,U) ∈ D : |Z|, |W |, ∥U∥Dsh ≤ e− c∗
2µ }.

Lemma 1.7. Any solution (Z,W,U) of system (1.46) – (1.48) lying on the manifold W c

with |W (t0)| ≤ 1
2e− c∗

2µ (so that (Z,W,U)(t0) ∈ W c
loc) satisfies |W (t)| ≤ 3

4e− c∗
2µ (and hence

(Z,W,U)(t) ∈ W c
loc) for all t ≥ t0.

Theorem 1.8. Let (R∗
W0 ,W

∗
W0 , U

∗
W0) be a solution to equations (1.37) – (1.39) with

(R∗
W0 ,W

∗
W0 , U

∗
W0)(0) ∈ W cs

loc. There exists a solution (Z,W,U) of equations (1.46) – (1.48)
on W c such that

sup
t∈[t∗,∞)

|W ∗
W0(t) −W (t)| ≤ µe− c∗

2µ

for t∗ = c∗

µνλ̃µ (see Figure 1.11).

Noting that t∗ < e− c∗
2µ , we find from the estimate

sup
t∈[0,e− c∗

2µ ]

|W ∗
W0(t)| ≲ µδe− c∗

2µ

that |W ∗
W0(t∗)| ≤ 1

2e− c∗
2µ and hence |W ∗

W0(t)| ≤ 3
4e− c∗

2µ for t ≥ t∗. The fact that
|W ∗

W0(t)| ≤ e− c∗
2µ for all t ∈ R follows from the symmetry of W ∗

W0 . The generalised
pulses in Theorems 1.1 and 1.2 are obtained from (P µ +R∗

W0 ,W
∗
W0 , U

∗
W0) by reversing the

scaling from ε to µ.
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W

W ∗
W0

0

W

t

e− c∗
2µ

e− c∗
2µ

t∗ e
c∗
2µ

Figure 1.11: The central part W ∗
W0 of a function with initial values on W cs

loc converges
exponentially to the central part W of a solution to equations (1.46) – (1.48)
on W c.

1.3 Applications

1.3.1 Generalised solitary waves on rotational flows

In Section 6.2 we consider gravity-driven steady waves on the surface of water in a
uniform rectangular channel bounded below by a rigid horizontal bottom and above by a
free surface. In a Cartesian coordinate system moving with the wave the fluid domain is

{(x, y) : x ∈ R, 0 < y < η(x)}

for some profile function η : R → (0,∞). Working in dimensionless coordinates, we seek
the velocity field in the form (ψy,−ψx), where the stream function ψ : R2 → R satisfies
the boundary-value problem

ψxx + ψyy + ωε(ψ) = 0, 0 < y < η, (1.49)
ψ = 0, y = 0, (1.50)
ψ = 1, y = η, (1.51)

ψ2
x + ψ2

y + 2η = 3r, y = η (1.52)

(see Keady and Norbury [14]). Here the vorticity function ω(·) is a real-valued function
which is analytic at the origin in R × R and r is a parameter referred to as the Bernoulli
constant. A solitary wave is a solution (η, ψ) to equations (6.8) – (6.11) such that η decays
to a constant, while a generalised solitary wave instead decays to small ripples far up-
and downstream. Solitary waves were found by Kozlov et al. [19] under the assumption
that ω is a large negative constant. In this section we apply the results of Chapter 5
to establish the existence of generalised solitary waves with exponentially small tails for
linear vorticity functions (see Figure 1.12).
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y = η(x)

y = 0

Figure 1.12: A generalised solitary wave on the surface of a stream solution.

We start by interpreting our flow as a perturbation of a stream solution (Λε, h) of
equations (1.49) – (1.52), that is a solution (η, ψ) with ψ = Λε(ỹ) and η = h, so that

(Λε)′′ + ωε(Λε) = 0, 0 < ỹ < h,

Λε = 0, y = 0,
Λε = 1, y = h,

((Λε)′)2 + 2h = 3r, y = h

(see Kozlov and Kuznetsov [18] for a complete discussion of stream solutions); we assume
that Λε ∈ H2(0, h) depends analytically upon ε. Equations (1.49) – (1.52) are equivalent
to the spatial evolutionary system

Φ̃x̃ = Ψ̃ +N ε
1 (Φ̃, Ψ̃), 0 < ỹ < h, (1.53)

Ψ̃x̃ = −Φ̃ỹỹ − (ωε)′(Λε)Φ̃ +N ε
2 (Φ̃, Ψ̃), 0 < ỹ < h, (1.54)

Φ̃ = 0, y = 0, (1.55)
Ψ̃ = 0, y = 0, (1.56)

Φ̃ỹ − κεΦ̃ = N ε
3 (Φ̃, Ψ̃), y = h, (1.57)

in terms of the new coordinates

x̃ = x, ỹ = h

η(x)y

and variables

Φ̃ = Φ − Λε − ỹ
(Λε)′

h
ζ,

Ψ̃ = Ψ,

ζ = η − h− Φ̃(·, h)
(Λε)′(h) ,

where

Φ(x̃, ỹ) = ψ(x, y),

Ψ(x̃, ỹ) = η

h
(Φx̃ − ηx̃

η
ỹΦỹ).
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The nonlinearities are given by

N ε
1 (Φ̃, Ψ̃) = − ζ

ζ + h
Ψ̃ + yζx̃

ζ + h

(
Φ̃ỹ + y

h
(Λε)′′ζ

)
,

N ε
2 (Φ̃, Ψ̃) = − ζ

h
(ωε)′(Λε)Φ̃ + ζx̃

ζ + h
(ỹΨ̃)ỹ

+ ζ

ζ + h

(
Φ̃ỹỹ − ζ

h
ωε(Λε) − ζ + 2h

h
(ωε)′(Λε)(Λε)′ỹ

ζ

h

)
− ζ + h

h

(
ωε
(
Φ̃ + Λε + ỹ(Λε)′ ζ

h

)
− ωε(Λε) − (ωε)′(Λε)

(
Φ̃ + ỹ(Λε)′ ζ

h

))
,

N ε
3 (Φ̃, Ψ̃) = 1

2(Λε)′

(
− Ψ̃2 −

(
Φ̃ỹ −

(1
h

+ (Λε)′′

(Λε)′ Φ̃
)2

+ P
(
h− Φ̃

(Λε)′

)
− P (h)

+ P ′(h) Φ̃
(Λε)′

))

with

κε =
( 1

(Λε)′

)2
− ωε(1)

(Λε)′ ,

P (η) = η2

h2 (3r − 2η).

Equations (1.53) – (1.57) have the conserved quantity

H̃ε(Φ̃, Ψ̃) =
∫ h

0

(
h

2(ζ + h)

(
Ψ̃2 −

(
Φ̃ỹ + (Λε)′ + (ỹ(Λε)′)′

h
ζ
)2
)

+ ζ + h

h
Ωε
(
Φ̃ + Λε + ỹ(Λε)′ζ

h

))
dỹ + 1

2(ζ + h)2 − 3
2r(ζ + h).

Using spatial dynamics we write equations (1.53) – (1.57) as the evolutionary system(
Φ̃
Ψ̃

)
x̃

= f ε(Φ̃, Ψ̃), (1.58)

where
f ε(Φ̃, Ψ̃) =

(
Ψ̃ +N ε

1 (Φ̃, Ψ̃)
−Φ̃ỹỹ − (ωε)′(Λε)Φ̃ +N ε

2 (Φ̃, Ψ̃)

)
;

note that f ε takes values in X and is analytic at the origin in R × Y , where

Y =
{
(Φ̃, Ψ̃) ∈ H2(0, h) ×H1(0, h) : Φ̃|ỹ=0 = 0, Ψ̃|ỹ=0 = 0

}
,

X =
{
(Φ̃, Ψ̃) ∈ H1(0, h) × L2(0, h) : Φ̃|ỹ=0 = 0

}
.

The domain of the vector field on the right-hand side of equation (1.58) is

{(Φ̃, Ψ̃) ∈ Y : Φ̃ỹ − κεΦ̃ = N ε
3 (Φ̃, Ψ̃) for y = h}.

To linearise the nonlinear boundary condition associated with equation (1.58) we introduce
new coordinates Γ̃, ξ̃ given by
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Γ̃ = Φ̃ + ỹ

h

∫ h

ỹ
N ε

3 (Φ̃, Ψ̃)(s) ds,

ξ̃ = Ψ̃.

This change of variable transforms equation (1.58) into the evolutionary system(
Γ̃
ξ̃

)
x̃

= kε(Γ̃, ξ̃), (1.59)

where kε(Γ̃, ξ̃) takes values in X and is analytic at the origin in R × Y . The domain of
the vector field on the right-hand side of equation (1.59) is

Dε =
{

(Γ̃, ξ̃) ∈ H2(0, h) ×H1(0, h) : Γ̃(0), ξ̃(0) = 0, Γ̃ỹ(h) − κεΓ̃(h) = 0
}

and H̃ε is transformed into a conserved quantity for equation (1.59).

We note that the linearisation of kε is given by Ľε : Dε ⊆ X → X with

Ľε

(
Γ̃
ξ̃

)
=
(

ξ̃

−Γ̃ỹỹ − (ωε)′(Λε)Γ̃

)

and study the spectrum of Ľε for the specific choice ωε(Ψ) = (b + ε)Ψ. We show that
for each N ∈ N there exists a choice b = b∗

N for which the spectrum σ(Ľε) consists of
purely imaginary eigenvalues ±i(−µε

1)1/2, ±i(−µε
2)1/2, . . . ,±i(−µε

N)1/2, real eigenvalues
±(µε

N+2)1/2, ±(µε
N+3)1/2, . . . and additionally

(i) a pair of purely imaginary eigenvalues ±i(−µε
N+1)1/2 for ε > 0,

(ii) a pair of real eigenvalues ±(µε
N+1)1/2 for ε < 0,

(iii) a zero eigenvalue for ε = 0

(see Figure 1.13).

We proceed by decomposing X = X ε
wh ⊕ X ε

c ⊕ X ε
sh, where Xwh = P ε

wh[X ], Xc = P ε
c [X ]

and Xsh = P ε
sh[X ], P ε

c and P ε
sh are the spectral projections corresponding to respectively

{±i(−µε
1)1/2, . . . ,±i(−µε

N)1/2} and {±(µε
N+2)1/2,±(µε

N+3)1/2, . . .} and P ε
wh = I−P ε

c −P ε
sh.

A further near-identity change of variable maps X ε
wh, X ε

c and X ε
sh into the fixed spaces

X 0
wh,X 0

c and X 0
sh (see Section 6.1 for full details of the procedure) and thus converts

equation (1.59) into a system of the form equations (1.27) – (1.29). The following theorem
is finally obtained by verifying Assumptions (A1) – (A6) and Assumptions (B1) and (B2).
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Im λ

Reλ

ε < 0

Im λ

Reλ

ε = 0
Im λ

Reλ

ε > 0

Figure 1.13: The spectrum of Ľε.

Theorem 1.9. For each n ∈ N there exist positive constants b∗
N , ε0 and c∗ such that

for each ε ∈ (0, ε) equations (1.53) – (1.57) admit a family of generalised pulse solutions
satisfying in particular η(x̃) = h+ ζ(x̃), where ζ(x̃) = ζ(−x̃) and

∣∣∣ζ(x̃) + 1√
γbN∗

tan(
√
bN∗h)(λε)2p̌ε(λεx̃)

∣∣∣ < e− c∗
2

√
ε .

Here γ and (−1)NC are positive numbers (given by equation (6.41) with b = b∗
N and

equation (6.42)),
p̌ε(t) = 3

2C sech2
( t

2
)

+ O(εe−ν|t|)

and ±λε are the two real eigenvalues of the linearised problem with λε = O(ε).

1.3.2 Periodic steady gravity-capillary water waves with localised
transverse profiles

In Section 6.3 we consider gravity-capillary steady waves on the surface of water bounded
below by a rigid horizontal bottom and above by a free surface. In a dimensionless
Cartesian coordinate system moving with the wave the fluid domain is

{(x, y, z) : x, y, z ∈ R, 0 < y < 1 + η(x, z)}

for some profile function η : R2 → (−1,∞) which is 2π/τ -periodic in the x-direction.

32



Working in dimensionless variables, we seek the velocity field in the form (ϕx, ϕy, ϕz),
where the velocity potential ϕ : R3 → R satisfies the boundary-value problem

τ 2ϕxx + ϕyy + ϕzz = 0, 0 < y < 1 + η, (1.60)
ϕy = 0, y = 0, (1.61)
ϕy = τ 2ηxϕx − ηzϕz − τηx, y = 1 + η (1.62)

and

− τϕx + 1
2(τ 2ϕ2

x + ϕ2
y + ϕ2

z) + αη

− βτ 2
[

ηx√
1 + τ 2η2

x + η2
z

]
x

− β
[

ηz√
1 + τ 2η2

x + η2
z

]
z

= 0, y = 1 + η. (1.63)

Here the period in the x-direction has been normalised to 2π and α, β are dimensionless
parameters which measure respectively the speed of the wave and the strength of surface
tension (see Groves [6]). In this section we establish the existence of solutions to equa-
tions (1.60) – (1.63) with localised profiles which decay to small ripples in the transversal
direction (see Figure 1.14). Waves with localised profiles which decay to zero in the
transverse direction were found by Groves [6]. We introduce a bifurcation parameter by
writing (β, α) = (β0, α0 + ε), where the values (β0, α0) are chosen later.

x

z

Figure 1.14: A steady wave which is periodic in the direction of travel and spatially
localised in the transverse direction.
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Equations (1.60) – (1.63) are equivalent to the spatial evolutionary system

ηz̃ =
( 1 + τ 2η2

x̃

β2
0 −W 2

) 1
2
W, (1.64)

ωz̃ = W

(1 + η)2

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
∫ 1

0
Ψ′ỹΦ′

ỹ dỹ − τ 2
[
ηx̃

(
β2

0 −W 2

1 + τ 2η2
x̃

) 1
2
]

x̃

+
∫ 1

0

(Ψ′2 − Φ′
ỹ

2

2(1 + η)2 + τ 2

2

(
Φ′

x̃ −
Φ′

ỹỹηx̃

1 + η

)2

+ τ 2
(

Φ′
x̃ −

Φ′
ỹỹηx̃

1 + η

)Φ′
ỹỹηx̃

1 + η

+ τ 2
[(

Φ′
x̃ −

Φ′
ỹỹηx̃

1 + η

)
Φ′

ỹỹ
]

x̃

)
dỹ

+ (α + ε)η − τΦ′
x̃|ỹ=1, (1.65)

Φ′
z̃ = Ψ′

1 + η
+
( 1 + τ 2η2

x̃

β2
0 −W 2

) 1
2 ỹΦ′

ỹW

1 + η

− 1
2π

∫ 2π

0

∫ 1

0

(−ηΨ′

1 + η
+
( 1 + τ 2η2

x̃

β2
0 −W 2

) 1
2 ỹΦ′

ỹW

1 + η

)
dỹ dx̃, (1.66)

Ψ′
z̃ = −

Φ′
ỹỹ

1 + η
− τ 2

[
(1 + η)

(
Φ′

x̃ −
Φ′

ỹỹηx̃

1 + η

)]
x̃

+ τ 2
[
ỹηx̃

(
Φ′

x̃ −
Φ′

ỹỹηx̃

1 + η

)]
ỹ

+ W (ỹΨ′)ỹ

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
, (1.67)

with boundary conditions

Φ′
ỹ = 0, ỹ = 0, (1.68)

τηx̃ +
Φ′

ỹ

1 + η
= τ 2ηx̃

(
Φ′

x̃ −
Φ′

ỹηx̃

1 + η

)
+ WΨ′

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
, ỹ = 1, (1.69)

where

W = ω + 1
1 + η

∫ 1

0
Ψ′ỹΦ′

ỹ dỹ.

The coordinates and variables are

x̃ = x, ỹ = y

1 + η(x, z) , z̃ = z

and

Φ′ = Φ − 1
2π

∫ 2π

0

∫ 1

0
Φ dỹ dx, Ψ′ = Ψ − 1

2π

∫ 2π

0

∫ 1

0
Ψ dỹ dx,

where
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Φ(x̃, ỹ, z̃) = ϕ(x, y, z),

ω = −
∫ 1

0

(
Φz̃ − ỹ

Φỹηz̃

1 + η

)
ỹΦỹ dỹ + β0

ηz̃√
1 + τ 2η2

x̃ + η2
z̃

,

Ψ =
(

Φz̃ − ỹ
Φz̃ηz̃

1 + η

)
(1 + η).

We define the spaces

Xs = Hs+1
per (S) ×Hs

per(S) × H̊s+1
per (Σ) × H̊s

per(Σ)

for s ≥ 0, where S = (0, 2π) and Σ = (0, 1) × (0, 2π) and

H̊s
per(Σ) =

{
u ∈ Hs

per(Σ) :
∫

Σ
u dỹ dx̃ = 0

}
,

and X = X0, Y = X1. We can then formulate equations (1.64) – (1.67) and boundary
conditions (1.68) and (1.69) as the evolutionary system

η
ω
Φ′

Ψ′


z̃

= f ε(η, ω,Φ′,Ψ′); (1.70)

the domain of the vector field on the right-hand side of this equation is given by

D = {(η, ω,Φ′,Ψ′) ∈ Y : (1.68) and (1.69) are satisfied}.

To linearise the nonlinear boundary conditions associated with equation (1.70), we note
that they are equivalent to

Φ′
ỹ + ỹτηx = F (η, ω,Φ′,Ψ′), ỹ ∈ {0, 1},

where

F (η, ω,Φ′,Ψ′) = −ỹτηηx̃ + ỹτ 2ηx̃(Φ′
x̃(1 + η) − Φ′

ỹηx̃) + ỹWΨ′
( 1 + τ 2η2

x̃

β2 −W 2

) 1
2 .

The requisite change of variable is given by

(ρ, θ,Γ, ξ) = (η, ω,Φ′ − χỹ,Ψ′)

with χ = ∆−1F (ρ, ω,Φ′,Ψ′) being the unique solution to the elliptic boundary value
problem

τ 2χx̃x̃ + χỹỹ = F (ρ, ω,Φ′,Ψ′), (x̃, ỹ) ∈ Σ,
χ = 0, ỹ ∈ {0, 1}.

This change of variable transforms equation (1.70) into the evolutionary system
ρ
θ
Γ
ξ


z̃

= kε(ρ, θ,Γ, ξ), (1.71)
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where kε(ρ, θ,Γ, ξ) takes values in X and is analytic at the origin in R × Y , and Hε is
transformed into a conserved quantity for equation (1.71). The domain of the vector field
on the right-hand side of equation (1.71) is

D =
{
(ρ, θ,Γ, ξ) ∈ Y : Γỹ|ỹ=0 = 0, τρx + Γỹ|ỹ=1 = 0

}
.

We note that the linearisation of kε is given by Ľε : D ⊆ X → X with

Ľε


ρ
θ
Γ
ξ

 =


1

β0
θ

−τΓx̃|ỹ=1 + (α0 + ε)ρ− τ 2β0ρx̃x̃

ξ
−τ 2Γx̃x̃ − Γỹỹ


and study the spectrum of this operator using Fourier series in the x̃-coordinate.

Lemma 1.10.

(i) The eigenvalues of Ľ0 with eigenvector in the 0th Fourier mode are ±(α0/β0)1/2 and
±nπ, n ∈ N.

(ii) Suppose m ∈ N. A complex number λ is an eigenvalue of Ľ0 with corresponding
eigenvectors in the mth Fourier mode if and only if

(α0 − β0σ
2
m)σm sin σm +m2τ 2 cosσm = 0, (1.72)

where
σ2

m = λ2 −m2τ 2.

In particular λ is either real or purely imaginary.

For each m ∈ N equation (1.72) has at most two purely imaginary solutions ±ism which
correspond to geometrically double eigenvalues of Ľ0. The eigenvalues ±ism collide at the
origin at points of the line

Cm = {(β0, α0) : (α0 + β0m
2τ 2) sinhmτ = mτ coshmτ}

in (β0, α0) parameter space (see Figure 1.15). At these points the two zero eigenvectors
each have a Jordan chain of length 2. We proceed by choosing

(β0, α0) ∈ Cm \ {P1,m, . . . , Pm−1,m, Pm,m+1, Pm,m+2},

defining X ε
wh, X ε

c and X ε
sh in the obvious fashion using spectral projections and map-

ping those spaces to X 0
wh, X 0

c and X 0
sh. The following theorem is obtained by verifying

Assumptions (A1) – (A6) and Assumptions (C1) – (C4) and applying Theorem 1.2 to
equation (1.71).
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Figure 1.15: The line Cm consists of points in β, α parameter space at which two real ei-
genvalues in the mth Fourier mode become purely imaginary by passing
through 0. It connects ((mτ)−1 coth(mτ), 0) with (0,mτ coth(mτ)) and
crosses Cm+1, Cm+2, . . . at the points Pm,m+1, Pm,m+2, . . ..

Theorem 1.11. Suppose that (β0, α0) ∈ Cm \ {P1,m, . . . , Pm−1,m, Pm,m+1, Pm,m+2, . . .}
and β0 ∈

(
tanh(mτ)

3mτ
, coth(mτ)

mτ

)
for m ∈ N. There exist positive constants ε0 and c∗ such that

for each ε ∈ (0, ε0) equations (1.64) – (1.67) and boundary conditions (1.68) and (1.69)
admit a family of generalised pulse solutions satisfying in particular η(x̃, z̃) = η(−x̃,−z̃),
η(x̃+ 2π, z̃) = η(x̃, z̃) and

∣∣∣η(x̃, z̃) − 2
√
γ0,m

sinh(mτ) cos(mx̃)λεp̌ε(λ̌εz̃)
∣∣∣ < e− c∗

2
√

ε .

Here γ0,m and C are positive numbers (given by equations (6.79) and (6.80)),

p̌ε(t) = ±
( 2
C

) 1
2 sech(t) + O(εe−ν|t|)

and ±λε are the two real mode m eigenvalues of the linearised problem with λε = O(ε).
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2 The centre-manifold theorem

The reduction of a (possibly infinite-dimensional) parameter-dependent evolution equation

ẋ = f(λ;x) (2.1)

to a low-dimensional dynamical system is an established method to analyse its local
bifurcations. The centre-manifold theorem states an existence criterion for a locally
invariant manifold which contains all small global solutions of equation (2.1). In contrast
to abstract methods such as the Lyapunov-Schmidt reduction the centre-manifold theorem
has the advantage of preserving the status of equation (2.1) as an evolution equation.
There is a huge and growing literature on centre-manifold theory, and here we mention
just a few key results. Early versions of the centre-manifold theorem were proved by
Kelley [15] and Pliss [22] for finite dimensional systems. Vanderbauwhede [23] wrote a
survey about the theorem for semilinear systems and Mielke [21] proved it for quasilinear
systems on Hilbert spaces.

In this chapter we present a complete proof of the centre-manifold theorem for quasilinear
systems on Banach spaces due to Kirrmann [17], the technical details of which form the
basis of the research we present later. While Mielke and Kirrmann both employ maximal
regularity results for the ‘hyperbolic’ part of the linearised equation, Mielke works in Lp-
based spaces while Kirrmann uses Hölder spaces. Kirrmann’s approach has the advantage
of being applicable in Banach spaces but involves many technical estimates for composition
operators in Hölder spaces which we review in particular detail as they are needed later.
We are also able to simplify Kirrmann’s proof slightly by using maximal regularity results
due to Arendt et al. [1].

2.1 Function spaces

First we introduce the function spaces used in our proof of the centre-manifold theorem.

Definition 2.1. Let ω : I → (0,∞) be a weight function, that is a non-constant, positive,
continuous function, n ∈ N, α ∈ (0, 1), I an interval and X,X1, . . . , Xn Banach spaces.

(i) We denote the space of all bounded functions from I to X by B(I;X).

(ii) We denote the Banach space of all bounded continuous functions from I to X by
Cb(I;X) and equip it with the usual norm

∥u∥Cb(I;X) := sup
t∈I

∥u(t)∥X .
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(iii) We denote the Banach space of all n-linear mappings from X1, . . . , Xn to X by
L(n)(X1, . . . , Xn;X). For notational simplicity we write L(n)(X1;X) instead of
L(n)(X1, . . . , Xn;X) if X1 = . . . = Xn.

(iv) We denote the Banach space of all bounded uniformly continuous functions from I
to X by Cb,u(I;X).

(v) We define the Banach space of bounded Hölder continuous functions from I to X
with Hölder exponent α as

Cα
b (I;X) :=

{
u ∈ C(I;X) : ∥u∥Cα

b (I;X) < ∞
}
,

where
∥u∥Cα

b (I;X) := ∥u∥Cb(I;X) + sup
t1,t2∈I
t2<t1

∥u(t1) − u(t2)∥X

|t1 − t2|α
.

The second term in the definition of ∥·∥Cα
b (I;X) is called the Hölder seminorm.

(vi) We define the Banach space of Hölder continuous weighted functions from I to X
with weight ω and Hölder exponent α as

Cα
ω (I;X) :=

{
u ∈ C(I;X) : ∥u∥Cα

ω (I;X) < ∞
}
,

where ∥u∥Cα
ω (I;X) := ∥ωu∥Cα

b (I;X).

For notational simplicity we write Cα
η (I;X) instead of Cα

e−η|·|(I;X) and Cα
η,±(I;X)

instead of Cα
e±η(·)(I;X).

(vii) The Banach space of k times continuously differentiable weighted functions from I
to X with weight ω : I → (0,∞) is defined as

Ck
b(ω; I,X) =

{
u ∈ Ck(I;X) : ∥u∥Ck

b (ω;I,X) < ∞
}
,

where
∥u∥Ck

b (ω;I,X) := sup
t∈I

ω(t)∥u(t)∥X +
k∑

j=1
sup
t∈I

ω(t)∥u(j)(t)∥X .

In the case ω = e−η|·| for η ∈ R we write Ck
η (I;X) instead of Ck

b(e−η|·|; I,X) and
abbreviate the case η = 0 to Ck

b(I;X).

(viii) We denote the Banach space of even continuous bounded functions from R to X by
Ce(R;X) and the Banach space of odd continuous bounded functions from R to X
by Co(R;X).

For some frequently used weight functions such as exponential functions there exists
an equivalent norm

|||u|||Cα
ω (I;X) := sup

t∈I
ω(t)∥u(t)∥X + sup

t1,t2∈I
t2<t1

min{ω(t1), ω(t2)}
∥u(t1) − u(t2)∥X

|t1 − t2|α

on Cα
ω (I;X) which is often easier to handle in Lipschitz estimates.
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Proposition 2.2. Suppose that ω is a weight function satisfying |||ω|||Cα
ω−1 (I;R) < ∞. The

norm |||·|||Cα
ω (I,X) is equivalent to ∥·∥Cα

ω (I;X).

Proof. We suppose that min{ω(t1), ω(t2)} = ω(t1) for fixed −∞ < t2 < t1 < ∞ (the other
case is handled similarly). We find that

∥ω(t1)u(t1) − ω(t2)u(t2)∥X ≤ ω(t1)∥u(t1) − u(t2)∥X + |ω(t1) − ω(t2)|∥u(t2)∥X

≤ |||u|||Cα
ω (I;X)|t1 − t2|α + |ω(t1) − ω(t2)|

|t1 − t2|αω(t2)
|||u|||Cα

ω (I;X)|t1 − t2|α

≤ |||u|||Cα
ω (I;X)|t1 − t2|α + |||ω|||Cα

ω−1 (I;R)|||u|||Cα
ω (I;X)|t1 − t2|α

= (1 + |||ω|||Cα
ω−1 (I;R))|||u|||Cα

ω (I;X)|t1 − t2|α

and

ω(t1)∥u(t1) − u(t2)∥X ≤ ∥ω(t1)u(t1) − ω(t2)u(t2)∥X + ∥ω(t2)u(t2) − ω(t1)u(t2)∥X

≤ ∥u∥Cα
ω (I;X)|t1 − t2|α + |ω(t1) − ω(t2)|

|t1 − t2|αω(t2)
∥u∥Cα

ω (I;X)|t1 − t2|α

≤ (1 + |||ω|||Cα
ω−1 (I;R))∥u∥Cα

ω (I;X)|t1 − t2|α

for t1, t2 ∈ I satisfying t2 < t1.

Corollary 2.3.

(i) The norms ∥·∥Cη(I;X) and |||·|||Cη(I;X) are equivalent.

(ii) The norms ∥·∥Cη,±(I;X) and |||·|||Cη,±(I;X) are equivalent.

Proof.

(i) Suppose that −∞ < t2 < t1 < ∞. In the case min{eη|t1|, eη|t2|} = eη|t2| we find that

|e−η|t1| − e−η|t2||
|t1 − t2|α

min{eη|t1|, eη|t2|} = |e−η|t1| − e−η|t2||
|t1 − t2|α

eη|t2|

≤ 1 − e−η(|t1|−|t2|)

|t1 − t2|α

≤ 1 − e−η|t1−t2|

|t1 − t2|α

≤ sup
t>0

1 − e−ηt

tα

< ∞. (2.2)

The other case is treated in the same manner, so that |||e−η|·||||C−η(I;X) < ∞. Pro-
position 2.2 therefore yields the equivalence of both norms.
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(ii) For eη(·) we consider that

e−ηt1
|eηt1 − eηt2|
|t1 − t2|α

= 1 − eη(t2−t1)

|t1 − t2|α

= 1 − e−η|t1−t2|

|t1 − t2|α

≤ sup
t>0

1 − e−ηt

tα

< ∞.

The case e−η(·) is treated in the same manner as eη(·), so that |||e±η(·)|||Cη,∓(I;X) < ∞.
Proposition 2.2 therefore yields the equivalence of both norms.

2.2 Cut-off functions

A cut-off function χ ∈ C∞(R) is a function with the properties

χ(r) =

1, |r| ≤ 1,
0, |r| ≥ 2,

and |χ(l)(r)| ≤ 2l for all r ∈ R and l ∈ N. Let the function hε : Rd → Rd be given by

hε(z) = χ(ε−1|z|)z

for all z ∈ Rd and ε > 0. The function hε induces a composition operator Hε : C(I;Rd) →
C(I;Rd) in a natural way with the formula

Hε(u)(t) = hε(u(t))

which satisfies
∥Hε(u)∥Cb(I;Rd) ≤ 2ε

by construction for all u ∈ C(I;Rd). In this section we study Hε as an operator
C1

η(I;Rd) → C1
η(I;Rd) and C1

b(I;Rd) → C1
b(I;Rd).

Proposition 2.4. The function hε : Rd → Rd satisfies the estimates

|hε(z)| ≤ 2ε,
∥djhε[z]∥L(j)(Rd;Rd) ≲ ε−j+1,

for all z ∈ Rd and j ∈ N.
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Proof. Clearly

|hε(z)| ≤ |χ(ε−1|z|)||z| ≤ 2ε

for all z ∈ Rd because χ(ε−1|z|) = 0 for all |z| ≥ 2ε. Similarly

dhε[z] = ε−1χ̇(ε−1|z|)zz
T

|z|
+ χ(ε−1|z|)I

and hence

∥dhε[z]∥L(Rd) ≤ ε−1|χ̇(ε−1|z|)||z| + |χ(ε−1|z|)| ≲ 1,

where we have used the facts that χ̇(ε−1|z|) = 0 for all |z| ≥ 2ε and |χ(ε−1|z|)| ≤ 1 for
all z ∈ Rd.

The higher-order estimates are obtained inductively in the same fashion.

Definition 2.5. Let η, ε > 0 and A ∈ Rd×d. We define

Eη,ε,A(I;Rd) =
{
u ∈ C1

η(I;Rd) : |u̇(t) − Au(t)| ≤ ε for all t ∈ I
}
.

In fact Eη,ε,A(I;Rd) is a closed and convex subset of C1
η(I;Rd).

Lemma 2.6. The set Eη,ε,A(I;Rd) is convex and (Eη,ε,A(I;Rd), ∥ · ∥C1
η(I;Rd)) is a complete

metric space.

Proof. The convexity of Eη,ε,A(I;Rd) follows directly from the calculation

|ru̇1(t) + (1 − r)u̇2(t) − rAu1(t) − (1 − r)Au2(t)| ≤ r|u̇1(t) − Au1(t)|
+ (1 − r)|u̇2(t) − Au2(t)|

≤ ε

for all u1, u2 ∈ Eη,ε,A(I;Rd), r ∈ (0, 1) and t ∈ I.

The space Eη,ε,A(I;Rd) is clearly closed in C1
η(I;Rd), so that it is complete.

Proposition 2.7.

(i) The operator Hε satisfies the estimate

∥Hε(u)∥C1
b(I;Rd) ≲

(
1 + ∥A∥Rd×d

)
ε

for all u ∈ Eη,ε,A(I;Rd).

(ii) We have that

∥Hε(u1) −Hε(u2)∥C1
η(I;Rd) ≲

(
1 + ∥A∥Rd×d

)
∥u1 − u2∥C1

η(I;Rd)

for all u1, u2 ∈ Eη,ε,A(I;Rd).
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(iii) The operator H2ε also satisfies the estimates given in (i) and (ii) for all u1, u2 ∈
Eη,ε,A(I;Rd).

Proof.

(i) From Proposition 2.4 it follows that |Hε(u)(t)| ≤ 2ε for all u ∈ Eη,ε,A(I;Rd) and
t ∈ I. Furthermore, Proposition 2.4 and dhε[z] = 0 for |z| ≥ 2ε yield

∣∣∣ d
dtHε(u)(t)

∣∣∣ = |dhε[u(t)]
(
u̇(t)

)
|

= |dhε[u(t)]
(
u̇(t) − Au(t) + Au(t)

)
|

≲
(
1 + ∥A∥Rd×d

)
ε

so that
∥Hε(u)∥C1

b(I;Rd) ≲
(
1 + ∥A∥Rd×d

)
ε

for all u ∈ Eη,ε,A(I;Rd).

(ii) Next, we find that

|Hε(u1)(t) −Hε(u2)(t)| =
∣∣∣ ∫ 1

0
dhε[σu1(t) + (1 − σ)u2(t)]

(
u1(t) − u2(t)

)
dσ
∣∣∣

≲ eη|t|∥u1 − u2∥Cη(I;Rd)

for u1, u2 ∈ Eη,ε,A(I;Rd) and t ∈ I.

Before considering d
dt
Hε we notice that for all v1, v2 ∈ Rd we obtain the estimate

∥dhε[z2] − dhε[z2]∥L(Rd) =
∥∥∥ε−1χ̇(ε−1|z1|)

z1z
T
1

|z1|
+ χ(ε−1|z1|)I

− ε−1χ̇(ε−1|z2|)
z2z

T
2

|z2|
− χ(ε−1|z2|)I

∥∥∥
L(Rd)

≤ ε−1|χ̇(ε−1|z1|) − χ̇(ε−1|z2|)||z1|

+ ε−1|χ̇(ε−1|z2|)|
∣∣∣∣z1z

T
1

|z1|
− z2z

T
2

|z2|

∣∣∣∣
+ |χ(ε−1|z1|) − χ(ε−1|z2|)|

≤ 2 sup
τ∈[0,1]

|χ̈((1 − τ)ε−1|z1| + τε−1|z1|)|ε−1|z1 − z2|

+ 4ε−1 sup
τ∈R

|χ̇(τ)||z1 − z2|

≲ ε−1|z1 − z2|,

where we have again used the facts that χ(ε−1|z|), χ̇(ε−1|z|), χ̈(ε−1|z|) = 0 for |z| ≥
2ε combined with the estimate∣∣∣|z2|z1z

T
1 − |z1|z2z

T
2

∣∣∣ ≤ 3|z1||z2||z1 − z2|.
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The above estimates imply that∣∣∣∣ d
dt

(
Hε(u1)(t) −Hε(u2)(t)

)∣∣∣∣
≤ ∥dhε[u1(t)]∥Rd×d|u̇1(t) − u̇2(t)|

+ ∥dhε[u1(t)] − dhε[u2(t)]∥Rd×d |u̇2(t) − Au2(t) + Au2(t)|
≲ |u̇1(t) − u̇2(t)| + (1 + ∥A∥Rd×d)|u1(t) − u2(t)|
≲
(
1 + ∥A∥Rd×d

)
eη|t|∥u1 − u2∥C1

η(I;Rd)

for all u ∈ Eη,ε,A(I;Rd).

(iii) The assertion follows by replacing ε by 2ε except in the estimate |u̇(t) −Au(t)| < ε.

Remark 2.8. Since the embedding Cα
η (I;Rd) ↪→ C1

η(I;Rd) is continuous for α ∈ [0, 1]
and η ≥ 0 we can change the norm from ∥ · ∥C1

η(R;Rd) to ∥ · ∥Cα
η (R;Rd) on the left-hand side

of the estimates in Proposition 2.7.

2.3 Localisation and composition operators

Suppose that X1, X2 are Banach spaces and U , V are neighbourhoods of the origin in
Rd and X2. The localisation of a continuous function g : U × V → X1 is the continuous
function gε : Rd × V → X1 defined by the formula

gε(z, y) = g(hε(z), y),

where ε > 0 is chosen such that B4ε ×B2ε ⊆ U × V . The localisation of g in turn defines
a composition operator Gε : C(I;Rd) × C(I;X2) → C(I;X1) by the formula

Gε(u, v)(t) = gε(u(t), v(t)).

For better readability we henceforth use the notation

Cζ := C1
ζ (I;Rd) × Cα

ζ (I;X2)

for ζ > 0. In this section we study Gε on the closed subset

Eα
η,ε,A(I) := Eη,ε,A(I;Rd) ×Bε = {(u, v) ∈ Eη,ε,A(I) × Cα

b (I;X2) : ∥v∥Cα
b (I;X2) ≤ ε}

of Cη for fixed η > 0, ε > 0 and A ∈ Rn×n. First we show that Gε and G2ε are well-defined
as operators into Cα

b (I;X1) or Cα
µ (I;X1) for µ > 0.
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Lemma 2.9. Suppose that g ∈ C1
b,u(U × V ;X1).

(i) The operators Gε and G2ε map Eα
η,ε,A(I) into Cα

b (I;X1) and satisfy

∥Gε(u, v)∥Cα
b (I;X1) ≲ sup

(z,y)∈B2ε×Bε

∥g(z, y)∥X1 + ε sup
(z,y)∈B2ε×Bε

∥dg[z, y]∥L(Rd×X2;X1)

and

∥G2ε(u, v)∥Cα
b (I;X1) ≲ sup

(z,y)∈B4ε×B2ε

∥g(z, y)∥X1 + ε sup
(z,y)∈B4ε×B2ε

∥dg[z, y]∥L(Rd×X2;X1)

for all (u, v) ∈ Eα
η,ε,A(I).

(ii) For each µ > 0 the operators Gε and G2ε map Eα
η,ε,A(I) uniformly continuously into

Cα
µ (I;X1).

Proof.

(i) We observe that

∥Gε(u, v)(t)∥X1 = ∥gε(u(t), v(t))∥X1 ≤ sup
(z,y)∈B2ε×Bε

∥g(z, y)∥X1

for all t ∈ I, and Proposition 2.7 and Remark 2.8 yield the estimate

∥Gε(u, v)(t) −Gε(u, v)(s)∥X1

= ∥gε(u(t), v(t)) − gε(u(s), v(s))∥X1

≤ sup
(z,y)∈B2ε×Bε

∥dg[z, y]∥L(Rd×X2;X1)|t− s|α
(
∥Hε(u)∥Cα

b (R;Rd) + ∥v∥Cα
b (R;X2)

)
≲ ε sup

(z,y)∈B2ε×Bε

∥dg[z, y]∥L(Rd×X2;X1)|t− s|α

for t, s ∈ I with s < t.

The proof for G2ε is identical.

(ii) First we prove uniform continuity with respect to the weighted supremum norm. To
that end let ρ > 0 be given and observe that

sup
t≥R

e−µ|t|∥(Gε(u1, v1) −Gε(u2, v2))(t)∥X1 ≤ 2 sup
(z,y)∈B2ε×Bε

∥g(z, y)∥X1e−µR

<
1
4ρ

for R > 0 sufficiently large. Since the function gε : Rd ×Bε → X1 is uniformly continuous,
there exists δ1 > 0 such that

∥gε(z1, y1) − gε(z2, y2)∥X1 <
1
4ρ

for all (z1, y1), (z2, y2) ∈ Rd × Bε with ∥(z1, y1) − (z2, y2)∥Rd×X2 < δ1. From this fact we
deduce that ∥(u1, v1) − (u2, v2)∥Cη < e−ηRδ1 implies

sup
|t|≤R

e−µ|t|∥Gε(u1, v1)(t) −Gε(u2, v2)(t)∥X1 <
1
4ρ.
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Hence
∥Gε(u1, v1) −Gε(u2, v2)∥Cµ(I;X2) <

1
2ρ

for all (u1, v1), (u2, v2) ∈ Eα
η,ε,A(I) with ∥(u1, v1) − (u2, v2)∥Cη < δ1.

It remains to prove uniform continuity with respect to the Hölder seminorm. For R > 0
sufficiently large and s < t with max{|s|, |t|} ≥ R we obtain the estimate

∥(Gε(u1, v1) −Gε(u2, v2))(t) − (Gε(u1, v1) −Gε(u2, v2))(s)∥X1

≤ ∥gε(u1(t), v1(t)) − gε(u1(s), v1(s))∥X1

+ ∥gε(u2(t), v2(t)) − gε(u2(s), v2(s))∥X1

≤ sup
(z,y)∈B2ε×Bε

∥ dg[z, y]∥L(Rd×X2;X1)|t− s|α
(
∥Hε(u1)∥Cα

b (R;Rd) + ∥Hε(u2)∥Cα
b (R;Rd) + 2ε

)
≲ ε|t− s|α max{eµ|t|, eµ|s|}e−µR

<
1
4ρ.

For −R < s < t < R we write

Gε(u1, v1)(t) −Gε(u2, v2)(t) −
(
Gε(u1, v1)(s) −Gε(u2, v2)(s)

)
= gε(u1(t), v1(t)) − gε(u1(s), v1(s)) −

(
gε(u2(t), v2(t)) − gε(u2(s), v2(s))

)
=
∫ 1

0
dg
[
r
(
hε(u1(t)), v1(t)

)
+ (1 − r)

(
hε(u1(s)), v1(s)

)](
hε(u1(t)) − hε(u1(s)),
v1(t) − v1(s)

)
dr

−
∫ 1

0
dg
[
r
(
hε(u2(t)), v2(t)

)
+ (1 − r)

(
hε(u2(s)), v2(s)

)](
hε(u2(t)) − hε(u2(s)),
v2(t) − v2(s)

)
dr.

The uniform continuity of the mapping

[0, 1] × Rd ×Bε × Rd ×Bε → L(Rd ×Bε;X1),
(r, z1, y1, z2, y2) 7→ dg[r(hε(z1), y1) + (1 − r)(hε(z2), y2)]

implies the existence of δ2 > 0 such that

∥ dg[r(hε(z1), y1) + (1 − r)(hε(z2), y2)]

− dg[r(hε(z′
1), y′

1) + (1 − r)(hε(z′
2), y′

2)]∥L(Rd×X2;X1) <
ρ

4ε

for all (r, z1, y1, z2, y2), (r′, z′
1, y

′
1, z

′
2, y

′
2) ∈ [0, 1] × Rd ×Bε × Rd ×Bε with

∥(z1, y1, z2, y2) − (z′
1, y

′
1, z

′
2, y

′
2)∥[0,1]×Rd×Bε×Rd×Bε

< δ2.

Proposition 2.7 and Remark 2.8 yield the estimates

∥hε(u1(t)) − hε(u1(s)), v1(t) − v1(s)∥Rd×X2 ≲
(
∥Hε(u1)∥Cα

b (I;Rd) + ∥v1∥Cα
b (I;X2)

)
|t− s|α

≲ ε|t− s|α
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and

∥hε(u1(t)) − hε(u2(t)) −
(
hε(u1(s)) − hε(u2(s))

)
, v1(t) − v2(t) −

(
v1(s) − v2(s)

)
∥Rd×X2

≲ |t− s|αeηR∥(u1 − u2, v1 − v2)∥C1
η(I;Rd)×Cα

b (I;X2)

for all (u1, v1), (u2, v2) ∈ Eα
η,ε,A(I) with

∥(u1, v1) − (u2, v2)∥Cη < δ2.

For δ := min{δ1, δ2} we thus obtain

∥Gε(u1, v1) −Gε(u2, v2)∥Cα
µ (I;X1) < ρ

for all (u1, v1), (u2, v2) ∈ Eα
η,ε,A(I) with

∥(u1, v1) − (u2, v2)∥Cη < δ.

The proof for G2ε is identical.

In fact Gε is Lipschitz continuous under the stronger assumption that g ∈ C2
b,u(U ×

V ;X1).

Lemma 2.10. Suppose that g ∈ C2
b,u(U×V ;X1). The operatorGε : Eα

η,ε,A(I) → Cη(I;X1)
is Lipschitz continuous; more precisely it satisfies the estimate

∥Gε(u1, v1) −Gε(u2, v2)∥Cα
η (I;X1)

≲

(
sup

(z,y)∈B2ε×Bε

∥ dg[z, y]∥L(Rd×X2;X1)

+ sup
(z,y)∈B2ε×Bε

∥ d2g[z, y]∥L(2)(Rd×X2;X1)ε

)
∥(u1 − u2, v1 − v2)∥Cη

for all (u1, v1), (u2, v2) ∈ Eα
η,ε,A(I).

Proof. We find that

∥Gε(u1, v1) −Gε(u2, v2)∥Cη(I;X1) = sup
t∈I

e−η|t|∥Gε(u1, v1)(t) −Gε(u2, v2)(t)∥X1

≤ sup
(z,y)∈B2ε×Bε

∥ dg[z, y]∥L(Rd×X2;X1)

×
(

∥Hε(u1) −Hε(u2)∥Cη(I;Rd) + ∥v1 − v2∥Cη(I;X2)

)
for all (u1, v1), (u2, v2) ∈ Eα

η,ε,A(I). The estimates from Proposition 2.7 now imply that

∥Gε(u1, v1) −Gε(u2, v2)∥Cη(I;X1)

≲ sup
(z,y)∈B2ε×Bε

∥ dg[z, y]∥L(Rd×X2;X1)∥(u1 − u2, v1 − v2)∥Cη .
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Next we reformulate the Hölder seminorm as

gε(u1(t), v1(t)) − gε(u1(s), v1(s)) − (gε(u2(t), v2(t)) − gε(u2(s), v2(s)))

=
∫ 1

0
dg
[
r
(
hε(u1(t)), v1(t)

)
+ (1 − r)

(
hε(u1(s)), v1(s)

)](
hε(u1(t)) − hε(u1(s)),
v1(t) − v1(s)

)
dr

−
∫ 1

0
dg
[
r
(
hε(u2(t)), v2(t)

)
+ (1 − r)

(
hε(u2(s)), v2(s)

)](
hε(u2(t)) − hε(u2(s)),
v2(t) − v2(s)

)
dr

=
∫ 1

0

∫ 1

0
d2g

[
σ
(
r
(
hε(u1(t)), v1(t)

)
+ (1 − r)

(
hε(u1(s)), v1(s)

))
+ (1 − σ)

(
r
(
hε(u2(t)), v2(t)

)
+ (1 − r)

(
hε(u2(s)), v2(s)

))]
(
r
(
hε(u1(t)) − hε(u1(s)), v1(t) − v1(s)

)
+ (1 − r)

(
hε(u2(t)) − hε(u2(s)), v2(t) − v2(s)

)
,(

hε(u1(t)) − hε(u1(s)), v1(t) − v1(s)
))

dσ dr

+
∫ 1

0
dg
[
r
(
hε(u2(t)), v2(t)

)
+ (1 − r)

(
hε(u2(s)), v2(s)

)]
((

hε(u1(t)) − hε(u1(s)) −
(
hε(u2(t)) − hε(u2(s))

)
,

v1(t) − v1(s) −
(
v2(t) − v2(s)

)))
dr.

and again use Proposition 2.7 to obtain

∥Gε(u1, v1)(t) −Gε(u2, v2)(t) − (Gε(u1, v1)(s) −Gε(u2, v2)(s))∥X1

≤ sup
(z,y)∈B2ε×Bε

∥d2g[z, y]∥L(2)(Rd×X2;X1)

× ∥
(
hε(u1(t)) − hε(u2(t)) −

(
hε(u1(s)) − hε(u2(s))

)
,

v1(t) − v2(t) −
(
v1(s) − v2(s)

))
∥Rd×X2

× ∥
(
hε(u1(t)) − hε(u1(s)), v1(t) − v1(s)

)
∥Rd×X2

+ sup
(z,y)∈B2ε×Bε

∥dg[z, y]∥L(Rd×X2;X1)

× ∥
(
hε(u1(t)) − hε(u2(t)) −

(
hε(u1(s)) − hε(u2(s))

)
,

v1(t) − v2(t) −
(
v1(s) − v2(s)

))
∥Rd×X2

≤ sup
(z,y)∈B2ε×Bε

∥d2g[z, y]∥L(2)(Rd×X2;X1)

×
(
∥Hε(u1) −Hε(u2)∥Cα

η (I;Rd) + ∥v1 − v2∥Cα
η (I;X2)

)
×
(
∥Hε(u1) −Hε(u2)∥Cα

η (I;Rd) + ∥v1 − v2∥Cα
η (I;X2)

)
× max{eη|s|, eη|t|}|t− s|α

+ sup
(z,y)∈B2ε×Bε

∥dg[z, y]∥L(Rd×X2;X1)

×
(
∥Hε(u1) −Hε(u2)∥Cα

η (I;Rd) + ∥v1 − v2∥Cα
η (I;X2)

)
max{eη|s|, eη|t|}|t− s|α
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≲
(

sup
(z,y)∈B2ε×Bε

∥d2g[z, y]∥L(2)(Rd×X2;X1)ε+ sup
(z,y)∈B2ε×Bε

∥dg[z, y]∥L(Rd×X2;X1)

)
× ∥(u1 − u2, v1 − v2)∥C1

η(I;Rd)×Cα
η (I;X2) max{eη|s|, eη|t|}|t− s|α.

The reformulation of the Hölder seminorm used in the proof of Lemma 2.10 can be
used as a general strategy for estimating the Hölder norm of composition operators on
Banach spaces.

Remark 2.11. Let B1, . . . , Bd, B be Banach spaces, I an interval, ω a weight function
satisfying ω ∈ Cα

ω−1(I; (0,∞)) and f : U1 × . . . × Ud → B an analytic function, where
U1, . . . , Ud are neighbourhoods of the origin in respectively B1, . . . , Bd. From the identities

f(u1, . . . , ud)(t) − f(v1, . . . , vd)(t) =
d∑

k=1

∫ 1

0
dkf [{vj(t)}k−1

j=1 , σuk(t) + (1 − σ)vk(t),
{uj(t)}d

j=k+1](uk(t) − vk(t)) dσ

and

f(u1, . . . , ud)(t) − f(v1, . . . , vd)(t)
−
(
f(u1, . . . , ud)(s) − f(v1, . . . , vd)(s)

)
=

d∑
k=1

∫ 1

0
dkf [{uj(s)}k−1

j=1 , σuk(t) + (1 − σ)uk(s), {uj(t)}d
j=k+1](

uk(t) − uk(s)
)

dσ

−
d∑

k=1

∫ 1

0
dkf [{vj(s)}k−1

j=1 , σvk(t) + (1 − σ)vk(s), {vj(t)}d
j=k+1](

vk(t) − vk(s)
)

dσ

=
d∑

k=1

∫ 1

0
dkf [{uj(s)}k−1

j=1 , σuk(t) + (1 − σ)uk(s), {uj(t)}d
j=k+1](

uk(t) − uk(s) − (vk(t) − vk(s))
)

dσ

+
d∑

k=1

∫ 1

0

∫ 1

0

( k−1∑
l=1

dk dlf [{vj(s)}l−1
j=1, τul(s) + (1 − τ)vl(s), {uj(s)}k−1

j=l+1,

σuk(t) + (1 − σ)uk(s), {uj(t)}d
j=k+1](

ul(s) − vl(s), vk(t) − vk(s)
)

+ d2
kf [{vj(s)}k−1

j=1 , τ
(
σuk(t) + (1 − σ)uk(s)

)
+ (1 − τ)

(
σvk(t) + (1 − σ)vk(s)

)
, {uj(t)}d

j=k+1](
σ(uk(t) − vk(t)) + (1 − σ, uk(s) − vk(s)), vk(t) − vk(s)

)
+

d∑
l=k+1

dk dlf [{vj(s)}k−1
j=1 , τul(s) + (1 − τ)vl(s),

σvk(t) + (1 − σ)vk(s), {vj(t)}l−1
j=k+1,

τul(t) + (1 − τ)ul(s), {uj(t)}d
j=l+1](

ul(s) − vl(s), vk(t) − vk(s)
))

dτ dσ
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we find that the composition operator F induced by f given by

F (u1, . . . , ud)(t) = f(u1(t), . . . , ud(t))

satisfies

∥F (u1, . . . , ud) − F (v1, . . . , vd)∥Cα
ω (I,B)

≤ sup
t,s∈I
s<t

( d∑
k=1

sup
σ∈[0,1]

∥ dkf [{uj(s)}k−1
j=1 , σuk(t) + (1 − σ)uk(s), {uj(t)}d

j=k+1]∥L(Bk;B)

× ∥uk − vk∥Cα
ω (I,Bk)

+
d∑

k=1

( k−1∑
l=1

sup
σ,τ∈[0,1]

∥dk dlf [{vj(s)}l−1
j=1, τul(s) + (1 − τ)vl(s), {uj(s)}k−1

j=l+1,

σuk(t) + (1 − σ)uk(s), {uj(t)}d
j=k+1]∥L(Bk×Bl;B)

× ∥ul − vl∥Cα
ω (I,Bl)∥vk∥Cb(I;Bk)

+ sup
σ,τ∈[0,1]

∥ d2
kf [{vj(s)}k−1

j=1 , τ
(
σuk(t) + (1 − σ)uk(s)

)
+ (1 − τ)

(
σvk(t) + (1 − σ)vk(s)

)
, {uj(t)}d

j=k+1]∥L(B2
k

;B)

× ∥uk − vk∥Cα
ω (I,Bk)∥vk∥Cb(I;Bk)

+
d∑

l=k+1
sup

σ,τ∈[0,1]
∥dk dlf [{vj(s)}k−1

j=1 , τul(s) + (1 − τ)vl(s),
σvk(t) + (1 − σ)vk(s), {vj(t)}l−1

j=k+1,

τul(t) + (1 − τ)ul(s), {uj(t)}d
j=l+1]∥L(Bk×Bl;B)

× ∥ul − vl∥Cα
ω (I;Bl)∥vk∥Cb(I;Bk)

))
.

for all (u1, . . . , ud), (v1, . . . , vd) ∈ Cα
ω (I, B1) × . . .× Cα

ω (I, Bd).

2.4 Composition operators induced by derivatives

In the sense of Section 2.3 the composition operator

G(j)
ε : C(I;Rd) × C(I;X2) → C(I; L(j)(Rd ×X2;X1)

induced by the jth derivative of gε ∈ Cj
b,u(Rd × V ;X1) is defined by the formula

G(j)
ε (u, v)(t) = djgε[u(t), v(t)].

In this section we study the operator

G̃(j)
ε : C(I;Rd) × C(I;X2) → L(j)

(
C(I;Rd) × C(I;X2);C(I;X1)

)
given by

G̃(j)
ε (u, v)({(ui, vi)}j

i=1)(t) = djgε[u(t), v(t)]({(ui(t), vi(t))}j
i=1)

and its connection to G(j)
ε , using the same notation as in Section 2.3.

51



Lemma 2.12. Suppose that g ∈ Ck+1
b,u (B4ε ×B2ε;X1). For all j ∈ {1, . . . , k} the operator

G(j)
ε has the following properties.

(i) The operator G(j)
ε maps Eα

η,ε,A(I) into Cα
b (I; L(j)(Rd ×X2;X1)) and satisfies

∥G(j)
ε (u, v)∥Cα

b (I;L(j)(Rd×X2;X1)) ≲
j+1∑
i=1

ε−j+i sup
(z,y)∈B4ε×B2ε

∥ dig[z, y]∥L(i)(Rd×X2;X1)

for all (u, v) ∈ Eα
η,ε,A(I).

(ii) For each µ > 0 the operator G(j)
ε maps Eα

η,ε,A(I) uniformly continuously into
Cα

µ (I; L(j)(Rd ×X2;X1)).

Proof.

(i) Notice that

djgε[z, y] = Sj

( j∑
i=1

∑
m∈Mj,i

i!
m1! . . .mi!

× Λj,m1,...,mi dig[h̃ε(z, y)](dm1h̃ε[z, y], . . . , dmih̃ε[z, y])
)
,

where

h̃ε(z, y) = (hε(z), y),
Mj,i =

{
(m1, . . . ,mi) : m1 + . . .+mi = j

}
,

Sj(L)(x1, . . . , xj) = 1
j!
∑

σ∈Sj

L(xσ(1), . . . , xσ(j)),

and

Λj,m1,...,mi

(
K(L1, . . . , Li)

)
(x1, . . . , xj)

= K
(
L1(x1, . . . , xm1), . . . , (xm1+...+mi−1+1, . . . , xj)

)
.

Using Proposition 2.4 yields

∥dmh̃ε[z, y]∥L(j)(Rd×X2;Rd×X2) ≲ ε−m+1,

and the calculation

ε−m1+1 · . . . · ε−mi+1 = ε−j+i

implies the estimates

sup
(z,y)∈B4ε×B2ε

∥ djgε[z, y]∥L(j)(Rd×X2;X1) ≲
j∑

i=1
ε−j+i sup

(z,y)∈B4ε×B2ε

∥ dig[z, y]∥L(i)(Rd×X2;X1)

for each fixed j ∈ {1, . . . , k}.
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Writing k = djgε and noting that

k(z, y) = djgε[z, y] = djgε[h2ε(z), y] = k2ε(z, y)

(since djgε[z, y] = 0 for |z| > 2ε and h2ε(z) = 1 for |z| ≤ 2ε), we find from Lemma 2.9
that

∥G(j)
ε (u, v)∥Cα

b (I;L(j)(Rd×X2;X1)) = ∥K2ε(u, v)∥Cα
b (I;L(j)(Rd×X2;X1))

≲ sup
(z,y)∈B4ε×B2ε

∥djgε[z, y]∥L(j)(Rd×X2;X1)

+ ε sup
(z,y)∈B4ε×B2ε

∥dj+1gε[z, y]∥L(j+1)(Rd×X2;X1)

and hence

∥G(j)
ε (u, v)∥Cα

b (I;L(j)(Rd×X2;X1)) ≲
j+1∑
i=1

ε−j+i sup
(z,y)∈B4ε×B2ε

∥ dig[z, y]∥L(i)(Rd×X2;X1).

(ii) This is a direct consequence of Lemma 2.9(ii).

Corollary 2.13. Suppose that g ∈ Ck+1
b,u (U × V ;X1) and ζ1, . . . , ζj ≥ η. The operator

G̃(j)
ε has the following properties.

(i) The operator G̃(j)
ε maps Eα

η,ε,A(I) into L(j)(Cζ1 , . . . , Cζj
;Cα

ζ1+...+ζj
(I;X1)) and satis-

fies

∥G̃(j)
ε (u, v)∥L(j)(Cζ1 ,...,Cζj

;Cα
ζ1+...+ζj

(I;X1))

≲
j+1∑
i=1

ε−j+i sup
(z,y)∈B4ε×B2ε

∥ dig[z, y]∥L(i)(Rd×X2;X1)

for all (u, v) ∈ Eα
η,ε,A(I).

(ii) Suppose that ζ > ζ1 + . . .+ ζj. The operator G̃(j)
ε maps the set Eα

η,ε,A(I) uniformly
continuously into the space L(j)(Cζ1 , . . . , Cζj

;Cα
ζ (I;X1)).

(iii) The operator G̃(j−1)
ε : Eα

η,ε,A(I) → L(j−1)(Cζ1 , . . . , Cζj−1 ;Cα
ζ (I;X1)) is differentiable

with
dG̃(j−1)

ε = G̃(j)
ε ,

where ζ1 + . . .+ ζj−1 < ζ − η.
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Proof.

(i) By definition

∥G̃(j)
ε (u, v)∥L(j)(Cζ1 ,...,Cζj

;Cα
ζ1+...+ζj

(I;X1))

= sup
{

∥G̃(j)
ε (u, v)({(ui, vi)}j

i=1)∥Cα
ζ1+...+ζj

(I;X1) : ∥(ui, vi)∥Cζi
= 1, i ∈ {1, . . . , j}

}
.

Estimating the weighted supremum norm by

∥G̃(j)
ε (u, v)({(ui, vi)}j

i=1)∥Cζ1+...+ζj
(I;X1)

= sup
t∈I

e−(ζ1+...+ζj)|t|∥ djgε[u(t), v(t)]({(ui(t), vi(t))}j
i=1)∥X1

≤ sup
t∈I

∥ djgε[u(t), v(t)]∥L(j)(Rd×X2;X1)

j∏
i=1

∥(ui, vi)∥Cζi

= ∥G(j)
ε (u, v)∥Cb(I;L(j)(Rd×X2;X1))

j∏
i=1

∥(ui, vi)∥Cζi

and the weighted Hölder seminorm by

∥G̃(j)
ε (u, v)({(ui, vi)}j

i=1)(t) − G̃(j)
ε (u, v)({(ui, vi)j

i=1})(s)∥X1

= ∥djgε[u(t), v(t)]({(ui(t), vi(t))}j
i=1) − djgε[u(s), v(s)]({(ui(s), vi(s))}j

i=1)∥X1

≤ ∥djgε[u(t), v(t)] − djgε[u(s), v(s)]∥L(j)(Rd×X2;X1)

j∏
i=1

∥(ui(t), vi(t))∥Rd×X2

+ ∥djgε[u(s), v(s)]∥L(j)(Rd×X2;X1)

j∏
i=1

∥(ui(t) − ui(s), vi(t) − vi(s))∥Rd×X2

≤ max{e(ζ1+...+ζj)|t|, e(ζ1+...+ζj)|s|}|t− s|α∥G(j)
ε (u, v)∥Cα

b (I;L(j)(Rd×X2;X1))

×
j∏

i=1
∥(ui, vi)∥Cζi

we therefore find that

∥G̃(j)
ε (u, v)∥L(j)(Cζ1 ,...,Cζj

;Cα
ζ1+...+ζj

(I;X1)) ≲ ∥G(j)
ε (u, v)∥Cα

b (I;L(j)(Rd×X2;X1)) (2.3)

for (u, v) ∈ Eα
η,ε,A(I). Lemma 2.12(i) and estimate (2.3) imply the desired estimate.

(ii) This is a direct consequence of Lemma 2.12(ii) and estimate (2.3).

(iii) For the weighted supremum norm we find that∥∥∥Gε(u, v) −Gε(ũ, ṽ) − G̃(1)
ε (u, v)(u− ũ, v − ṽ)

∥∥∥
Cζ(I;X1)

= sup
t∈I

e−ζ|t|
∥∥∥gε(u(t), v(t)) − gε(ũ(t), ṽ(t))

− dgε[u(t), v(t)]
(
u(t) − ũ(t), v(t) − ṽ(t)

)∥∥∥
X1

≤ sup
r∈[0,1]

sup
t∈I

e−µ|t|∥ dgε[ru(t) + (1 − r)ũ(t), rv(t) + (1 − r)ṽ(t)]
− dgε[u(t), v(t)]∥L(Rd×X2;X1)∥(u− ũ, v − ṽ)∥Cη
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≤ sup
r∈[0,1]

∥G(1)
ε (ru+ (1 − r)ũ, rv + (1 − r)ṽ) −G(1)

ε (u, v)∥Cµ(I;L(Rd×X2;X1))

× ∥(u− ũ, v − ṽ)∥Cη ,

where µ = ζ − η. For the weighted Hölder seminorm we find that∥∥∥Gε(u, v)(t) −Gε(ũ, ṽ)(t) − G̃(1)
ε (u, v)(u− ũ, v − ṽ)(t)

−
(
Gε(u, v)(s) −Gε(ũ, ṽ)(s) − G̃(1)

ε (u, v)(u− ũ, v − ṽ)(s)
)∥∥∥

X1

=
∥∥∥gε(u(t), v(t)) − gε(ũ(t), ṽ(t)) − dgε[u(t), v(t)]

(
u(t) − ũ(t), v(t) − ṽ(t)

)
−
(
gε(u(s), v(s)) − gε(ũ(s), ṽ(s))

− dgε[u(s), v(s)]
(
u(s) − ũ(s), v(s) − ṽ(s)

))∥∥∥
X1

≤
∥∥∥gε(u(t), v(t)) − gε(ũ(t), ṽ(t))

− dgε[u(t), v(t)]
(
u(t) − ũ(t), v(t) − ṽ(t)

)
− gε(u(s), v(s)) − gε(ũ(s), ṽ(s))
− dgε[u(s), v(s)]

(
u(s) − ũ(s), v(s) − ṽ(s)

)∥∥∥
X1

+
∥∥∥gε(u(t), v(t)) − gε(ũ(t), ṽ(t))

− dgε[u(t), v(t)]
(
u(t) − ũ(t), v(t) − ṽ(t)

)∥∥∥
X1

≤ sup
r∈[0,1]

∥G(1)
ε (ru+ (1 − r)ũ, rv + (1 − r)ṽ) −G(1)

ε (u, v)∥Cα
µ (I;L(Rd×X2;X1))

× max{eζ|t|, eζ|s|}|t− s|α∥(u− ũ, v − ṽ)∥Cη .

Lemma 2.12(ii) yields

∥G(1)
ε (ru+ (1 − r)ũ, rv + (1 − r)ṽ) −G(1)

ε (u, v)∥Cα
µ (I;L(Rd×X2;X1))∥(u− ũ, v − ṽ)∥Cη

= o(∥(u− ũ, v − ṽ)∥Cη)

as (u, v) → (ũ, ṽ), so that
dGε = G̃(1)

ε .

Now suppose that j ≥ 2. For the weighted supremum norm of G̃(j−1)
ε we find that∥∥∥(G̃(j−1)

ε (u, v) − G̃(j−1)
ε (ũ, ṽ) − G̃(j)

ε (u, v)(u− ũ, v − ṽ)
)(

{(ui, vi)}j−1
i=1

)∥∥∥
Cζ(I;X1)

= sup
t∈I

e−ζ|t|
∥∥∥( dj−1gε[u(t), v(t)] − dj−1gε[ũ(t), ṽ(t)]

− djgε[u(t), v(t)]
(
u(t) − ũ(t), v(t) − ṽ(t)

))(
{(ui(t), vi(t))}j−1

i=1

)∥∥∥
X1

≤ sup
t∈I

e−(η+µ)|t|∥dj−1gε[u(t), v(t)] − dj−1gε[ũ(t), ṽ(t)]
− djgε[u(t), v(t)]

(
u(t) − ũ(t), v(t) − ṽ(t)

)∥∥∥
L(j−1)(Rd×X2;X1)

×
j−1∏
i=1

∥(ui, vi)∥Cζi

≤ sup
r∈[0,1]

sup
t∈I

e−µ|t|∥ djgε[ru(t) + (1 − r)ũ(t), rv(t) + (1 − r)ṽ(t)]
− djgε[u(t), v(t)]∥L(j)(Rd×X2;X1)∥(u− ũ, v − ṽ)∥Cη
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≤ sup
r∈[0,1]

∥G(j)
ε (ru+ (1 − r)ũ, rv + (1 − r)ṽ) −G(j)

ε (u, v)∥Cµ(I;L(j)(Rd×X2;X1))

× ∥(u− ũ, v − ṽ)∥Cη ,

where µ = ζ − ζ1 − . . .− ζj−1 − η. For the weighted Hölder seminorm we find that

∥∥∥(G̃(j−1)
ε (u, v) − G̃(j−1)

ε (ũ, ṽ) − G̃(j)
ε (u, v)

(
u− ũ, v − ṽ

))(
{(ui, vi)}j−1

i=1

)
(t)

−
(
G̃(j−1)

ε (u, v) − G̃(j−1)
ε (ũ, ṽ) − G̃(j)

ε (u, v)
(
u− ũ, v − ṽ

))(
{(ui, vi)}j−1

i=1

)
(s)
∥∥∥

X1

=
∥∥∥( dj−1gε[u(t), v(t)] − dj−1gε[ũ(t), ṽ(t)]

− djgε[u(t), v(t)]
(
u(t) − ũ(t), v(t) − ṽ(t)

))(
{(ui(t), vi(t))}j−1

i=1

)
−
(

dj−1gε[u(s), v(s)] − dj−1gε[ũ(s), ṽ(s)]

− djgε[u(s), v(s)]
(
u(s) − ũ(s), v(s) − ṽ(s)

))(
{(ui(s), vi(s))}j−1

i=1

)∥∥∥
X1

≤
∥∥∥ dj−1gε[u(t), v(t)] − dj−1gε[ũ(t), ṽ(t)]

− djgε[u(t), v(t)]
(
u(t) − ũ(t), v(t) − ṽ(t)

)
− dj−1gε[u(s), v(s)] − dj−1gε[ũ(s), ṽ(s)]
− djgε[u(s), v(s)]

(
u(s) − ũ(s), v(s) − ṽ(s)

)∥∥∥
L(j−1)(Rd×X2;X1)

×
j−1∏
i=1

∥(ui(t), vi(t))∥Rd×X2

+
∥∥∥ dj−1gε[u(t), v(t)] − dj−1gε[ũ(t), ṽ(t)]

− djgε[u(t), v(t)]
(
u(t) − ũ(t), v(t) − ṽ(t)

)∥∥∥
L(j−1)(Rd×X2;X1)

×
j−1∏
i=1

∥(ui(t) − ui(s), vi(t) − vi(s))∥Rd×X2

≤ sup
r∈[0,1]

∥G(j)
ε (ru+ (1 − r)ũ, rv + (1 − r)ṽ) −G(j)

ε (u, v)∥Cα
µ (I;L(j)(Rd×X2;X1))

× max{eζ|t|, eζ|s|}|t− s|α∥(u− ũ, v − ṽ)∥Cη

j−1∏
i=1

∥(ui, vi)∥Cζi
.

Lemma 2.12(ii) yields

∥G(j)
ε (ru+ (1 − r)ũ, rv + (1 − r)ṽ) −G(j)

ε (u, v)∥Cα
µ (I;L(j)(Rd×X2;X1))

× ∥(u− ũ, v − ṽ)∥Cη

= o(∥(u− ũ, v − ṽ)∥Cη)

as (u, v) → (ũ, ṽ), so that
dG̃(j−1)

ε = G̃(j)
ε .
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2.5 Maximal regularity

The linear equation

u̇(t) = Lu(t) + f(t) (2.4)

has maximal Cα
b -regularity in a Banach space B if for all f ∈ Cα

b (R;B) it has a unique
solution u ∈ C1,α

b (R;B) ∩ Cα
b (R; D(L)). It follows from the closed-graph theorem that

this solution satisfies

∥u∥C1,α
b (R;B) + ∥u∥Cα

b (R;D(L)) ≲ ∥f∥Cα
b (R;B).

The following maximal regularity result by Arendt et al. [1, Theorem 6.1 and Remark
6.3(a)] implies a similar result for weighted spaces.

Lemma 2.14. Let α ∈ (0, 1) and L be a closed, densely defined linear operator on a
Banach space B. The equation

u̇(t) = Lu(t) + f(t)

has a unique solution u ∈ C1,α
b (R;B) ∩ Cα

b (R; D(L)) with

∥u∥C1,α
b (R;B) + ∥u∥Cα

b (R;D(L)) ≲ ∥f∥Cα
b (R;B)

for each f ∈ Cα
b (R;B) if and only if the operator L satisfies iR ⊆ ρ(L) and

∥(isI − L)−1∥L(B) ≲
1

1 + |s|

for all s ∈ R.

Remark 2.15. It was shown by Baillon [4] that when B is a reflexive Banach space
equation (2.4) has maximal Cb-regularity if and only if L is bounded.

Corollary 2.16. Let α ∈ (0, 1), ωη ∈ {e−η|·|, eη(·), e−η(·)} and L be a closed, densely
defined linear operator on a Banach space B which satisfies iR ⊆ ρ(L) and the estimate

∥(isI − L)−1∥L(B) ≲
1

1 + |s|
(2.5)

for all s ∈ R. There exists η0 > 0 such that the equation

u̇(t) = Lu(t) + f(t) (2.6)

has a unique solution
u ∈ C1,α

ωη
(R;B) ∩ Cα

ωη
(R; D(L))

for every f ∈ Cα
ωη

(R;B) and η ∈ [0, η0]. Furthermore,

∥u∥C1,α
ωη (R,B) + ∥u∥Cα

ωη
(R;D(L)) ≲ ∥f∥Cα

ωη
(R;B) (2.7)

uniformly over η ∈ [0, η0].
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Proof. Estimate (2.5) implies the existence of positive numbers γ, s0 such that

∥(λI − L)−1∥L(B;B) ≤ γ

|λ|
(2.8)

for all λ ∈ C with λ = is and |s| ≥ s0. We find that estimate (2.8) is extendable to a
cone |Reλ| ≤ q0|Im λ| and |s| = |Im λ| ≥ s0, where 0 < q0 < γ−1, by considering

∥(λI − L)−1∥L(B;B) = ∥
(
I − (λ− is)(L− isI)−1

)−1
(L− isI)−1∥L(B;B)

≤ (1 − ∥(λ− is)(L− isI)∥L(B;B))−1∥(L− isI)−1∥L(B;B)

≤ (1 + q0)γ
(1 − γq0)|λ|

.

Choosing η0 = 1
2 dist(σ(L), iR) therefore implies that L± ηI also satisfies estimate (2.5),

uniformly over η ∈ [0, η0].

Suppose that ωη = e−η|·|. We define

f+(t) = e−ηtχ(t)f(t),
f−(t) = eηt(1 − χ(t))f(t),

where χ ∈ C∞(R) is a smooth cut-off function such that

χ(t) =

0, t ≤ −1,
1, t ≥ 1,

so that f± ∈ Cα
b (R;B). From Lemma 2.14 we find that the problems

u̇(t) = (L∓ ηI)u(t) + f±(t)

have unique solutions u± ∈ C1,α
b (R;B) ∩ Cα

b (R; D(L)) satisfying the estimates

∥u±∥C1,α
b (R;B) + ∥u±∥Cα

b (R;D(L)) ≲ ∥f∥Cα
b (R;B) (2.9)

uniformly over η ∈ [0, η0]. The function u : R → D(L) defined by

u(t) = eηtu+(t) + e−ηtu−(t)

for t ∈ R solves equation (2.6) and satisfies

∥u∥C1,α
η (R;B) ≲ ∥eη(·)u+∥C1,α

η (R;B) + ∥e−η(·)u−∥C1,α
η (R;B)

≲ ∥u+∥C1,α
b (R;B) + ∥u−∥C1,α

b (R;B)

≲ ∥f+∥Cα
b (R;B) + ∥f−∥Cα

b (R;B)

≲ ∥f∥Cα
η (R;B).

uniformly over η ∈ [0, η0].

The cases ωη = eη(·) and ωη = e−η(·) are treated analogously by applying Lemma 2.14
to

g(t) = eηtχ(t)f(t)
and

g(t) = e−ηtχ(t)f(t).
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2.6 Proof of the centre-manifold theorem

In this section we give a complete proof of the centre-manifold theorem for autonomous
quasilinear evolutionary equations. Let (X, ∥·∥X and (Y, ∥·∥Y ) be Banach spaces with Y
continuously and densely embedded in X. We consider the nonlinear differential equations

u̇(t) = Au(t) + g1(u(t), v(t)), (2.10)
v̇(t) = Lv(t) + g2(u(t), v(t)) (2.11)

for t ∈ R, where A ∈ Rd×d has purely imaginary spectrum. Furthermore the linear
operator L : Y ⊆ X → X and the functions g1 : Rd × Y → Rd, g2 : Rd × Y → X satisfy
the following assumptions.

Hypothesis 2.17.

(i) The linear operator L : Y ⊆ X → X is closed.

(ii) The spectrum of L satisfies σ(L) ∩ iR = ∅ and

∥(isI − L)−1∥L(X) ≲
1

1 + |s|

for all s ∈ R.

(iii) There exist k ∈ N and neighbourhoods U and V of the origin in respectively Rd

and Y such that g1 ∈ Ck+1
b,u (U × V ;Rd) and g2 ∈ Ck+1

b,u (U × V ;X). Additionally we
assume that

g1(0, 0), g2(0, 0) = 0,
dg1[0, 0], dg2[0, 0] = 0.

Choose η > 0 and ε > 0 such that B4ε × B2ε ⊆ U × V . The following generalized
contraction result by Vanderbauwhede [23, pp. 105-106] is one of the main ingredients in
the proof of the centre-manifold theorem.

Lemma 2.18. Let k be a natural number and X0, . . . , Xk complete metric spaces. Addi-
tionally, let F : X1 × . . .×Xk → X1 × . . .×Xk be a function of the form

F (x0, . . . , xk) = (F0(x0), F1(x0, x1), . . . , Fk(x0, . . . , xk)),

where Fj : X0 × . . .×Xj → Xj is a contraction in its jth argument which is uniform in
its remaining arguments.

(i) The function F has a unique fixed point (x̄0, . . . , x̄k) ∈ X0 × . . .×Xk.

(ii) Suppose that the functions Fj(·, x̄j) : X0 × . . .×Xj−1 → Xj are continuous for all
j ∈ {0, . . . , k}. The fixed point of F is attractive, i.e.

lim
n→∞

F n(x0, . . . , xk) = F (x̄0, . . . , x̄k)

for all (x0, . . . , xk) ∈ X0 × . . .×Xk.
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In the proof of the centre-manifold theorem we consider the linear equations

u̇(t) = Au(t) + k1(t), u(0) = w, (2.12)
v̇(t) = Lv(t) + k2(t), (2.13)

where k1 ∈ Cα
b (R;Rd) and k2 ∈ Cα

b (R;X) for α ∈ (0, 1). The solution to equation (2.12)
is

u(t) = (Sw)(t) + (S0k1)(t),

where S ∈ L(Rd;C1
b(R;Rd)) is given by

(Sw)(t) = eAtw,

and

S0 ∈ L(Cα
b (R;Rd);C1,α

b (R;Rd)) ∩ L(Cα
η (R;Rd);C1,α

η (R;Rd))

is given by

(S0k1)(t) =
∫ t

0
eA(t−s)k1(s) ds.

Equation (2.13) is solved by maximal regularity methods (see Section 2.5). We denote its
solution by Mk2 and note that

M ∈ L
(
Cα(R;X);C1,α

b (R;Y )
)

∩ L
(
Cα

η (R;X);C1,α
η (R;Y )

)
with η ∈ (0, η0] for some η0 > 0 (see Lemma 2.14 and Corollary 2.16).

Theorem 2.19 (Centre-manifold theorem). Under Hypothesis 2.17 there exist neighbour-
hoods Ũ and Ṽ of the origin in respectively Rd and Y with Ũ ⊆ U and Ṽ ⊆ V , and a
function Ψ ∈ Ck(Ũ ; Ṽ ) with Ψ(0) = 0 and dΨ[0] = 0 such that the centre manifold

Mc =
{
(u0,Ψ(u0)) : u0 ∈ Ũ

}
⊆ Ũ × Ṽ

has the following properties.

(i) The manifold Mc is locally invariant, i.e. if (u, v) : [0, T ] → X for T > 0 is a solution
of equations (2.10) and (2.11) with (u, v)(0) ∈ Mc and (u, v)(t) ∈ Ũ × Ṽ for all
t ∈ [0, T ] then (u, v)(t) ∈ Mc for all t ∈ [0, T ].

(ii) Any solution of equations (2.10) and (2.11) with (u, v)(t) ∈ Ũ × Ṽ for all t ∈ R
satisfies (u, v)(t) ∈ Mc for all t ∈ R.

Proof. Let W ⊆ Rd be a bounded neighbourhood of the origin. For w ∈ W we consider
the system

u̇(t) = Au(t) + g1,ε(u(t), v(t)), u(0) = w, (2.14)
v̇(t) = Lv(t) + g2,ε(u(t), v(t)), (2.15)
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where g1,ε and g2,ε are the localisations of g1 and g2 in the sense of Section 2.3. First we
reformulate the above system as the fixed-point problem(

u
v

)
=
(

Sw + S0G1,ε(u, v)
MG2,ε(u, v)

)
=: F0(u, v), (2.16)

where G1,ε and G2,ε are the localised composition operators corresponding to g1 and g2
in the sense of Section 2.3.

We construct a k times (with respect to w) differentiable solution to equation (2.16) by
formally differentiating equation (2.16) with respect to w to obtain a fixed-point problem
suitable for Lemma 2.18. Denoting (dju[w], djv[w]) by (u(j), v(j)) we find that

u̇(j)(t) = Au(j)(t) + Sj

( j∑
l=1

∑
m∈Mj,l

l!
m1! · . . . ·ml!

Λj,m1,...,ml d(l)g1,ε[u(t), v(t)]({(u(mi)(t), v(mi)(t))}l
i=1)

)
,

v̇(j)(t) = Lv(j)(t) + Sj

( j∑
l=1

∑
m∈Mj,l

l!
m1! · . . . ·ml!

Λj,m1,...,ml d(l)g2,ε[u(t), v(t)]({(u(mi)(t), v(mi)(t))}l
i=1)

)

with u(1)(0) = I, v(j)(0) = 0 for j ∈ {2, . . . , k}, which leads to
(
u(1)

v(1)

)
=
(

SI + S0G̃
(1)
1,ε(u, v)(u(1), v(1))

MG̃
(1)
2,ε(u, v)(u(1), v(1))

)
=: F1(u, v)(u(1), v(1)), (2.17)

and
(
u(j)

v(j)

)
=

j∑
l=1

∑
m∈Mj,l

l!
m1! · . . . ·ml!

Sj

(
Λj,m1,...,mlS0G̃

(l)
1,ε(u, v)({(u(mi), v(mi))}l

i=1)
)

Sj

(
Λj,m1,...,mlMG̃

(l)
2,ε(u, v)({(u(mi), v(mi))}l

i=1)
)


=: Fj(u, v)({(u(i), v(i))}j
i=1), (2.18)

where G̃(l)
1,ε and G̃

(l)
2,ε are defined as in Section 2.4, and

Mj,i =
{
(m1, . . . ,mi) : m1 + . . .+mi = j

}
,

Sj(L)(x1, . . . , xj) = 1
j!
∑

σ∈Sj

L(xσ(1), . . . , xσ(j))

and

Λj,m1,...,mi

(
K(L1, . . . , Li)

)
(x1, . . . , xj)

= K
(
L1(x1, . . . , xm1), . . . , (xm1+...+mi−1+1, . . . , xj)

)
.
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Define

F = (F0, . . . , Fj),

and

X0 = Cb(W ;Eα
η,ε,A),

Xµ
j = B(W ; L(j)(Rd;Cjη+(2j−1)µ))

for j ∈ {1, . . . , k}, η > 0 and µ ≥ 0, where we use the notation

Cζ = C1
ζ (R;Rd) × Cα

ζ (R;Y ),
Dζ = Cα

ζ (R;Rd) × Cα
ζ (R;X)

for ζ > 0 and

Eα
η,ε,A = {(u, v) ∈ Eη,ε,A(R) × Cα

b (R;Y ) : ∥v∥Cα
b (R;Y ) ≤ ε},

which we consider as a closed subset of Cη. The calculations
∥∥∥ d

dt
(
Sw + S0G1,ε(u, v)

)
− A

(
Sw + S0G1,ε(u, v)

)∥∥∥
Cb(R;Rd)

≲ ∥G1,ε(u, v)∥Cα
b (R;X)

≲ ε2

(which is obtained from Lemma 2.9 and the facts g(0) = 0 and dg[0] = 0) and

∥MG2,ε(u, v)∥Cα
b (R;Y ) ≲ ∥G2,ε(u, v)∥Cα

b (R;X)

≲ ε2

(which is obtained from Lemma 2.9 and again the facts g(0) = 0 and dg[0] = 0) imply
that F0 maps X0 into itself. Corollary 2.16 yields the existence of η0 > 0 such that

∥F0(u, v) − F0(ũ, ṽ)∥X0 ≲ ∥Gε(u, v) −Gε(ũ, ṽ)∥B(W ;Dη)

for η ∈ (0, η0). Lemma 2.9 therefore implies that

∥F0(u, v) − F0(ũ, ṽ)∥X0 ≲ ε∥(u− ũ, v − ṽ)∥X0 ,

so that F0 : X0 → X0 is a contraction.

Turning to Fj we assume that µ satisfies

kη + (2k − 1)µ < η0

in order that Corollaries 2.13 and 2.16 remain applicable. We notice that

G̃(l)
ε :=

(
G̃

(l)
1,ε

G̃
(l)
2,ε

)

maps Eα
η,ε,A boundedly into L(j)(Cm1η+(2m1−1)µ, . . . , Cmlη+(2ml−1)µ;Dα

jη+(2j−l)µ) by Corol-
lary 2.13(i), since (m1, . . . ,ml) ∈ Mj,l satisfies

l∑
i=1

miη + (2mi − 1)µ = jη + (2j − l)µ
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by definition. Furthermore (u(mi), v(mi)) ∈ B(W ; L(mi)(Rd;Cmiη+(2mi−1)µ)). Thus(
(u, v), {(u(mi), v(mi))}l

i=1

)
7→ G̃(l)

ε (u, v)({(u(mi), v(mi))}l
i=1)

maps X0 ×Xµ
m1 × . . .×Xµ

ml
into B(W ; L(j)(Rd;Djη+(2j−l)µ)). The fact that

Djη+(2j−l)µ ↪→ Djη+(2j−1)µ

shows that Fj maps X0 ×Xµ
1 × . . .×Xµ

j into Xµ
j . Corollary 2.13 implies that

∥Fj

(
(u, v), {(u(i), v(i))}j

i=1

)
− Fj

(
(u, v), {(ũ(i), ṽ(i))}j

i=1

)
∥Xµ

j

=
∥∥∥ 1
j!

(
S0G̃

(1)
1,ε(u, v)(u(j) − ũ(j), v(j) − ṽ(j))

MG̃
(1)
2,ε(u, v)(u(j) − ũ(j), v(j) − ṽ(j))

)∥∥∥
Xµ

j

≲ ∥G̃(1)
ε (u, v)(u(j) − ũ(j), v(j) − ṽ(j))∥B(W ;L(j)(Rd;Djη+(2j−1)µ))

≲ ε∥(u(j) − ũ(j), v(j) − ṽ(j))∥Xµ
j
,

so that Fj((u, v), {(u(i), v(i))}j−1
i=1 , ·) is a uniform contraction.

It follows from Lemma 2.18 that F : X0 × Xµ
1 × . . . × Xµ

j → X0 × Xµ
1 × . . . × Xµ

j

has a unique fixed point
(
(ū, v̄), (ū(1), v̄(1)), . . . , (ū(j), v̄(j))

)
. Since (ū(i), v̄(i)) is unique and

X0
i ⊆ Xµ

i , we conclude that (ū(i), v̄(i)) ∈ X0
i for all i ∈ {1, . . . , j}.

Now we suppose that µ > 0. It remains to prove the differentiability of (ū, v̄). To
that end we first prove that Fj(·, (ū(j), v̄(j))) is continuous for all j ∈ {1, . . . , k}. Corol-
lary 2.13(ii) implies that

∥G̃(1)
ε (u, v)(ū(j), v̄(j)) − G̃(1)

ε (ũ, ṽ)(ū(j), v̄(j))∥B(W ;L(j)(Rd;Djη+(2j−1)µ))

≤ ∥G̃(1)
ε (u, v) − G̃(1)

ε (ũ, ṽ)∥B(W ;L(Cjη ;Djη+(2j−1)µ))∥(ū(j), v̄(j))∥X0
j

→ 0

as ∥(u, v) − (ũ, ṽ)∥X0 → 0. Similarly Corollaries 2.13(i) and 2.13(ii) yield that

∥G̃(l)
ε (u, v)({(u(mi), v(mi))}l

i=1) − G̃(l)
ε (ũ, ṽ)({(ũ(mi), ṽ(mi))}l

i=1)∥B(W ;L(j)(Rd;Djη+(2j−1)µ))

≤ ∥
(
G̃(l)

ε (u, v) − G̃(l)
ε (ũ, ṽ)

)
({(ũ(mi), ṽ(mi))}l

i=1)∥B(W ;L(j)(Rd;Djη+(2j−1)µ))

+ ∥G̃(l)
ε (ũ, ṽ)({(u(mi) − ũ(mi), v(mi) − ṽ(mi)))}l

i=1)∥B(W ;L(j)(Rd;Djη+(2j−1)µ))

≤ ∥G̃(l)
ε (u, v)∥B(W ;L(l)({Cmiη+(2mi−1)µ}l

i=1;Djη+(2j−l)µ))

×
l∏

i=1
∥(u(mi) − ũ(mi), v(mi) − ṽ(mi))∥Xµ

mi

+ ∥G̃(l)
ε (u, v) − G̃(l)

ε (ũ, ṽ)∥B(W ;L(l)({Cmiη+(2mi−1)µ}l
i=1;Djη+(2j−1)µ))

×
l∏

i=1
∥(u(mi), v(mi))∥Xµ

mi

→ 0

as ∥(u, v) − (ũ, ṽ)∥X0 → 0 for l ∈ {2, . . . , j}, where we used the fact that
l∑

i=1
miη + (2mi − 1)µ = jη + (2j − l)µ < jη + (2j − 1)µ,
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so that
Djη+(2j−l)µ ⊆ Djη+(2j−1)µ,

to apply Corollary 2.13(ii). Lemma 2.18 now yields that
(
(ū, v̄), (ū(1), v̄(1)), . . . , (ū(j), v̄(j))

)
is an attractive fixed point of F .

Now set

(u0, v0), (u(1)
0 , v

(1)
0 ), . . . , (u(j)

0 , v
(j)
0 ) = (0, 0)

and define(
(un+1, vn+1), (u(1)

n+1, v
(1)
n+1), . . . , (u

(j)
n+1, v

(j)
n+1)

)
= F

(
(un, vn), (u(1)

n , v(1)
n ), . . . , (u(j)

n , v(j)
n )

)
for n ∈ N0. By construction (un, vn) ∈ Cj(W ;Cjη+(2j−1)µ) with

(djun, djvn) = (u(j)
n , v(j)

n )

(see Corollary 2.13(iii)). Uniform convergence yields that (ū, v̄) ∈ Cj(W ;Cjη+(2j−1)µ) with
(djū, dj v̄) = (ū(j), v̄(j)) for all j ∈ {1, . . . , k}.

Set Ũ = Bε ⊆ Rd, Ṽ = Bε ⊆ Y and

Ψ(w) = v̄(w)|t=0.

The facts that
(ū(0), v̄(0)) = (0, 0), (ū(1)(0), v̄(1)(0)) = (0, 0)

imply Ψ(0) = 0, dΨ[0] = 0, and assertions (i) and (ii) are obtained as follows.

(i) We first show that Mc is a globally invariant manifold for equations (2.14) and (2.15).
Suppose that (uε, vε) ∈ Eα

η,ε,A is a solution to equations (2.14) and (2.15) with

vε(0) = Ψ(uε(0)).

We notice that
(ũε, ṽε)(t) = (uε(t+ s), vε(t+ s))

is also a solution to equations (2.14) and (2.15) in Eα
η,ε,A for each s ∈ R, so that

ṽε(0) = Ψ(ũε(0)),

which is equivalent to
vε(s) = Ψ(uε(s))

for all s ∈ R.

Now we take a solution (u, v) of equations (2.10) and (2.11) with

v(0) = Ψ(u(0))

and

(u, v)(t) ∈ Ũ × Ṽ
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for all t ∈ [0, T ]. Let (uε, vε) ∈ Eα
η,ε,A be the solution of equations (2.14) and (2.15)

with uε(0) = u(0). By construction

(u, v)(t) = (uε, vε)(t)

and

vε(t) = Ψ(uε(t))

for all t ∈ [0, T ], so that

v(t) = Ψ(u(t))

for all t ∈ [0, T ].

(ii) Next let (u, v) : R → Rd × Y be a solution to equations (2.10) and (2.11) with
(u, v)(t) ∈ Ũ × Ṽ for all t ∈ R, so that (u, v) is a solution of equation (2.16) with
(u, v) ∈ Eα

η,ε,A. This fact implies that

(u, v) = (ū, v̄)(u(0)),

and the result follows from (i).

Next we consider the parameter dependent system

u̇(t) = Au(t) + g1(λ;u(t), v(t)), (2.19)
v̇(t) = Lv(t) + g2(λ;u(t), v(t)) (2.20)

for t ∈ R. Instead of Hypothesis 2.17(iii) we now assume the following hypothesis.

Hypothesis 2.20. There exist k ∈ N and neighbourhoods Λ, U and V of the origin in
respectively Rp, Rd and Y such that g1 ∈ Ck+1

b,u (Λ×U×V ;Rd) and g2 ∈ Ck+1
b,u (Λ×U×V ;X).

Additionally we assume that

g1(0, 0, 0), g2(0, 0, 0) = 0,
d2g1[0, 0, 0], d2g2[0, 0, 0] = 0,

where d2 denotes the derivative with respect to (u, v).

Corollary 2.21. There exist neighbourhoods Λ̃, Ũ and Ṽ of the origin in respectively
Rp, Rd and Y with Λ̃ ⊆ Λ, Ũ ⊆ U and Ṽ ⊆ V , and a function Ψ ∈ Ck(Λ̃ × Ũ ; Ṽ ) with
Ψ(0, 0) = 0 and d2Ψ[0, 0] = 0 such that the centre manifold

Mλ
c =

{
(u0,Ψ(λ;u0)) : u0 ∈ Ũ

}
⊆ Ũ × Ṽ

has the following properties for each λ ∈ Λ̃.
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(i) The manifold Mλ
c is locally invariant, i.e. if (u, v) : [0, T ] → X for T > 0 is a solution

of equations (2.19) and (2.20) with (u, v)(0) ∈ Mλ
c and (u, v)(t) ∈ Ũ × Ṽ for all

t ∈ [0, T ] then (u, v)(t) ∈ Mλ
c for all t ∈ [0, T ].

(ii) Any solution of equations (2.19) and (2.20) with (u, v)(t) ∈ Ũ × Ṽ for all t ∈ R
satisfies (u, v)(t) ∈ Mλ

c for all t ∈ R.

Proof. We extend equations (2.19) and (2.20) to the system

λ̇ = 0,
u̇(t) = Au(t) + g1(λ;u(t), v(t)),
v̇(t) = Lv(t) + g2(λ;u(t), v(t)).

Set
Â =

(
0
A

)
∈ R(p+d)×(p+d),

define ĝ1 : Λ × U × V → Rp+d by

g̃1 =
(

0
g1

)

and apply Theorem 2.19 with A, g and U replaced by respectively Â, ĝ and Û = Λ × U .
Without loss of generality we may assume that the reduction function Ψ is defined on a
‘rectangular’ neighbourhood of the origin Λ̃ × Ũ in Rp+d. The properties of Ψ are deduced
by noting that all solutions (λ(t), u(t), v(t)) satisfy

λ = const;

in particular setting λ = 0 returns us to the ‘standard’ parameter-independent setting
and yields Ψ(0, 0), d2Ψ[0, 0] = 0.
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3 Normal-form theory

Suppose that D and X are Banach spaces with D continuously and densely embedded in
X . We consider the parameter-dependent evolutionary system

Ż = F µ(Z,Q), (3.1)
Q̇ = LµQ+Gµ(Z,Q) +Hµ(Z), (3.2)

for (Z,Q) : R → Rn ×D. Here Lµ : D ⊆ X → X is a closed linear operator such that Lµ ∈
L(D; X ) depends analytically upon µ and F (·) : R×Rn ×D → Rn, G(·) : R×Rn ×D → X ,
H(·) : R × Rn → X are functions analytic at the origin with

F µ(Z,Q) = O(|Z| + ∥(Z,Q)∥2
Rn×D),

Gµ(Z,Q) = O(∥Q∥D∥(Z,Q)∥Rn×D),
Hµ(Z) = O(µa|Z|b)

for some a ≥ 0 and b ≥ 2. Systems of this kind arise from scalings of an evolutionary
system (for Q) coupled to a dynamical system (for Z) which undergoes a change in the
number of its purely imaginary eigenvalues as a bifurcation parameter ε is varied through
zero; the spectrum of the linear operator for Q is on the other hand non-critical in the
sense that it is either purely imaginary or bounded away from the imaginary axis for all
values of ε.

This chapter is motivated by the observation that if the Q-independent term Hµ in
equation (3.2) is not present the set {Q = 0} is an invariant subspace of equations (3.1)
and (3.2), so that the solutions of the approximate system

Ż = F µ(Z, 0) (3.3)

also solve equations (3.1) and (3.2). We construct a normal-form theory consisting of a
sequence of changes of variable which systematically remove the jth order terms of the
Maclaurin expansion ofHµ with respect to (Z, µ) for all j ∈ {2, . . . , p} while preserving the
overall structure of the system. In general it is not possible to remove Hµ completely but
we can at least make an optimal choice of p so that the remaining terms are exponentially
small in comparison to (Z, µ) in a neighbourhood of the origin. In Chapter 4 we use
this fact to prove that under certain circumstances homoclinic solutions of equation (3.3)
approximate solutions of equations (3.1) and (3.2) with exponentially small remainder.
Our analysis is based upon a theory for finite-dimensional dynamical systems given by Iooss
and Lombardi [11], and we use their notation and refer to several of their combinatorial
results here.
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3.1 Banach-space valued polynomials

Before we begin the construction of our normal form we restate some useful facts about
Banach-space valued polynomials of n real variables. Suppose that B is a Banach space.

Definition 3.1. Let k ∈ N0.

(i) We call an expression

Ψk(x) =
∑

|α|=k

vαx
α1
1 · . . . · xαn+1

n+1 ,

where vα ∈ B, a homogeneous polynomial from Rn+1 to B of degree k and denote
the space of all such polynomial functions by Pk(Rn+1;B).

(ii) We call Ψ = ∑k
j=0 Ψj, where Ψj ∈ Pj(Rn+1;B) and Ψk ̸= 0, a polynomial from Rn+1

to B of degree k.

Additionally to the definition of homogeneous Banach-space valued polynomials given
above there is an equivalent one in terms of bounded symmetric operators. Since it is
quite easy to compute an abstract formula of the derivative of a given polynomial in this
alternative definition it is often more convenient to use in proofs.

Remark 3.2. Let k ∈ N.

(i) A given function Ψk : Rn+1 → B is a homogeneous polynomial of degree k if and
only if there exists a bounded symmetric k-linear operator Ak : Rn+1 → B satisfying

Ψk(x1, . . . , xn+1) = Ak

(
{(x1, . . . , xn+1)}(k)

)
for all (x1, . . . , xn+1) ∈ Rn+1, so that

vα =
(
k

α

)
Ak

(
{e1}(α1), . . . , {en+1}(αn+1)

)
in the notation of Definition 3.1, where {e1, . . . , en+1} is the standard basis of Rn+1.

(ii) The expression
|Ψk|2 :=

√∑
|α|=k

∥vα∥2
Bα1! · . . . · αn+1!

defines a norm on Pk(Rn+1;B).

(iii) The derivative of the polynomial function Ψk : Rn+1 → B is given by

dΨk[x](v) = kAk

(
{x}(k−1), v

)
where v ∈ Rn+1 and Ak is defined as in (i), so that dΨk ∈ Pk−1(Rn+1; L(Rn+1;B)).
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Next we introduce two additional norms for Pk(Rn+1;B). In a context where we consider
the polynomial function induced by Ψ we use the operator norm

|Ψ|0,k = sup
Y ∈Rn+1

∥Ψ(Y )∥B

|Y |k

and if we treat Ψ like a traditional polynomial we use

|Ψ|2,k = 1√
k!

|Ψ|2.

The relations between the two norms for Pk(Rn+1, B) are given in the following proposition
(see Iooss and Lombardi [11, Lemma 2.10 and 2.11]).

Proposition 3.3.

(i) The estimate

|Ψk|0,k ≤ |Ψk|2,k ≤

√√√√(k + 2
2

)
|Ψk|0,k ≤

√
n+ 1k|Ψk|0,k

holds for every Ψk ∈ Pk(Rn+1;B).

(ii) Let q ∈ N, i ∈ {0, . . . , q} and p1, . . . , pq−i ∈ N be given; additionally let the operator
Rq ∈ L(q)(R(n+1)i ×Bq−i; B̃) be q-linear and B̃ ∈ {B,Rn+1}.

For every polynomial function Ψpl
∈ Ppl

(Rn+1; B̃) and l ∈ {1, . . . , q − i} the
function Y 7→ Rq({Y }i,Ψp1(Y ), . . . ,Ψpq−i

(Y )) lies in Pi+p(Rn+1; B̃) with p = p1 +
· · · + pq−i and

|Rq({Y }i,Ψp1(Y ), . . . ,Ψpq−i
(Y ))|2,i+p

≤ |||Rq|||L(R(n+1)i×Bq−i;B̃)(
√
n+ 1)i|Ψp1(Y )|2,p1 · . . . · |Ψpq−i

(Y )|2,pq−i
.

(iii) Let k ∈ N, p ∈ N0 and Ψk ∈ Pk(Rn+1;B), Np ∈ Pp(Rn+1,Rn+1).

The polynomial function Y 7→ dΨk[Y ](Np(Y )) lies in Pk−1+p(Rn+1, B) and

|dΨk[Y ](Np(Y ))|2,k−1+p ≤
√
k2 + nk|Ψk(Y )|2,k|Np(Y )|2,p.

3.2 Construction of the normal-form transformation

Writing Y = (Z, µ) and appending the new equation

µ̇ = 0,

we reformulate equations (3.1) and (3.2) as

Ẏ = F (Y,Q),
Q̇ = LµQ+G(Y,Q) +H(Y ),

69



where

F (Y,Q) = F µ(Z,Q),
G(Y,Q) = Gµ(Z,Q),
H(Y ) = Hµ(Z).

To construct our normal form we opt for an near-identity transformation

Ỹ = Y, Q̃ = Q+ Φ(Y ).

This transformation leads to the equations

Ẏ = F̃ (Y,Q), (3.4)
Q̇ = LµQ+ G̃(Y,Q) + H̃(Y ), (3.5)

where Φ maps Rn+1 to D and

F̃ (Y,Q) =
(
F
(
Y,Q− Φ(Y )

)
− F

(
Y,−Φ(Y )

)
, 0
)
, (3.6)

G̃(Y,Q) = dΦ[Y ]
(
F
(
Y,Q− Φ(Y )

)
− F

(
Y,−Φ(Y )

))
+G

(
Y,Q− Φ(Y )

)
−G

(
Y,−Φ(Y )

)
,

(3.7)

H̃(Y ) = −LµΦ(Y ) + dΦ[Y ]
(
F
(
Y,−Φ(Y )

))
+G

(
Y,−Φ(Y )

)
+H(Y ). (3.8)

Here we have dropped the tildes on the variables for notational simplicity.

Restricting ourselves to polynomial transformations

Φ(Y ) =
p∑

k=2
Φk(Y )

preserves the analytic structure of our system and also enables us to explicitly compute
the normal form up to order p. To calculate a suitable polynomial transformation that
removes the mth order terms of H̃ we consider its linear and nonlinear (with respect to
Φ) parts which are given by

(LΦ)(Y ) = L0Φ(Y ) − dΦ[Y ]
(

d1F [0, 0](Y )
)

(3.9)

and
N(Y ) = −(Lµ − L0)Φ(Y ) +G

(
Y,−Φ(Y )

)
+H(Y )

+ dΦ[Y ]
(
F (Y,−Φ) − d1F [0, 0](Y )

)
.

We construct Φk by successively solving the equation

LΦk = Nk (3.10)

for k ∈ {2, . . . , p}, where Nk denotes the part of N that is homogeneous of degree k. This
choice of Φ ensures that the Maclaurin expansion of H̃ does not contain any terms of
order less than p+ 1 and that

Φ(Y ) = O(µa|Z|b).
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Hypothesis 3.4. We assume that L : Pm(Rn+1; D) → Pm(Rn+1; X ) is invertible with
operator norm a := |||L−1||| independent of m.

Remark 3.5. Hypothesis 3.4 typically requires that d1F [0, 0] is semi-simple (see Iooss
and Lombardi [11]).

3.3 Estimates for the transformation

Before tackling the estimates of H̃ and dH̃ it is necessary to derive precise estimates for
Φ and the transformed nonlinearities defined in equations (3.7) and (3.8). We calculate
the constants in order of magnitude explicitly and use the notation

Fi,j(Y1, . . . , Yi, Q1, . . . , Qj) = 1
(i+ j)! di

1 dj
2F [0, 0](Y1, . . . , Yi, Q1, . . . , Qj)

Gi,j(Y1, . . . , Yi, Q1, . . . , Qj) = 1
(i+ j)! di

1 dj
2G[0, 0](Y1, . . . , Yi, Q1, . . . , Qj)

and

Li(Y1, . . . , Yi) = 1
i! diL[0](Y1, . . . , Yi),

Hi(Y1, . . . , Yi) = 1
i! diH[0](Y1, . . . , Yi).

We also introduce the notation

Φp := (Φp1 , . . . ,Φpq)

and
ϕp =

q∏
i=1

|Φpi
|2,pi

for a polynomial Φ of degree of at most p and p ∈ Nq or p ∈ Nq
2 with q ∈ {0, . . . , p},

where N2 is the set of all natural numbers greater or equal than 2.

Using equation (3.10) and Hypothesis 3.4 yields

|Φm|2,m ≤ a|Nm|2,m

for m ∈ {2, . . . , p}. A straightforward calculation shows

Nm(Y ) =Hm(Y ) −
∑

2≤k≤m−1
Lm−k(Y )Φk(Y )

+
∑

2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

Gi,q−i({Y }i,−Φp(Y ))

+
∑

2≤k≤m−1
dΦk[Y ]

( ∑
2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

Fi,q−i({Y }i,−Φp(Y ))
)
.

(3.11)
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Since F , G and H are analytic, there exist constants c, ρ > 0 such that

|Fi,j(Y1, . . . , Yi, Q1, . . . , Qj)| ≤ c

2ρi+j
|Y1| · . . . · |Yi| · ∥Q1∥D · . . . · ∥Qj∥D,

∥Gi,j(Y1, . . . , Yi, Q1, . . . , Qj)∥X ≤ c

2ρi+j
|Y1| · . . . · |Yi| · ∥Q1∥D · . . . · ∥Qj∥D,

∥Li(Y )∥Xc,sh ≤ c

2ρi
|µ|i,

∥Hi(Y1, . . . , Yi)∥X ≤ c

2ρi
|Y1| · . . . · |Yi|.

Using Proposition 3.3 yields

|Nm|2,m ≤ c

ρm
(
√
n+ 1)m + 1

2
∑

2≤k≤m−1

c

ρm−k
(
√
n+ 1)m−kϕk

+ 1
2

∑
2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

c

ρq
(
√
n+ 1)iϕp

+
∑

2≤k≤m−1

√
k2 + nkϕk

∑
2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

c

ρq
(
√
n+ 1)iϕp

≤ c

ρm
(
√
n+ 1)m +

∑
2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

c

ρq
(
√
n+ 1)iϕp

+
∑

2≤k≤m−1

√
k2 + nkϕk

∑
2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

c

ρq
(
√
n+ 1)iϕp,

from which we construct a recursively defined sequence {βm}∞
m=1 ⊆ R bounding ϕm.

Proposition 3.6. Consider the sequence {βm}∞
m=1 ⊆ R defined recursively by

β1 = 1,

βm =
(
ρ

ac

)m−2 ∑
2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

(
ρ

ac

)q−2

βp

+ n
∑

2≤k≤m−1
kβk

∑
2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

(
ρ

ac

)q−2

βp

for m ≥ 2, where we have used the notation

βp =
q∏

j=1
βpj

.

The estimate

ϕm ≤
√
n+ 1

(√
n+ 1ac
ρ2

)m−1

βm (3.12)

holds for all m ≥ 2.
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Proof. We establish this result by mathematical induction. For m = 2 we have that β2 = 2
and

ϕ2 ≤ a|N2|2,2

≤ a
c

ρ2 (
√
n+ 1)2 + a

2∑
i=0

∑
p∈Nq−i

2
|p|=2−i

c

ρ2 (
√
n+ 1)iϕp

= 2
√
n+ 1

(ac
ρ2

√
n+ 1

)
=

√
n+ 1

(ac
ρ2

√
n+ 1

)
β2.

Now we assume that the result holds for all k < m with m ≥ 3. We find

ϕm ≤ ac

ρm
(
√
n+ 1)m +

∑
2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

ac

ρq
(
√
n+ 1)q

(
ac

√
n+ 1
ρq

)m−q

βp

+
∑

2≤k≤m−1

√
k2 + nk

√
n+ 1

(
ac

√
n+ 1
ρ2

)k−1
βk

×
∑

2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

(
ac

ρq
(
√
n+ 1)q

(
ac

√
n+ 1
ρq

)m−k−q+1
βp

)

≤
√
n+ 1

(
ac

√
n+ 1
ρ2

)m−1
(
ac

ρm

(
ρ2

ac

)m−1
+

∑
2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

ac

ρq

(
ac

ρ2

)1−q

βp

+
∑

2≤k≤m−1
nkβk

∑
2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

ac

ρq

(
ac

ρ2

)1−q

βp

)

=
√
n+ 1

(
ac

√
n+ 1
ρ2

)m−1
βm

using the facts
ac

ρq

(
ac

ρ2

)1−q

=
(
ρ

ac

)q−2
,

ac

ρm

(
ρ2

ac

)m−1
=
(
ρ

ac

)m−2
.

Remark 3.7. Because of β1 = 1 and
q∑

i=0

∑
p∈Nq−i

2
|p|=m−i

βp =
∑

p∈Nq

|p|=m

βp

we can write

βm =
( ρ
ac

)m−2
+

∑
2≤q≤m

∑
p∈Nq

|p|=m

( ρ
ac

)q−2
βp

+ n
∑

2≤k≤m−1
kβk

∑
2≤q≤m−k+1

∑
p∈Nq

|p|=m−k+1

( ρ
ac

)q−2
βp (3.13)
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for all m ≥ 2.

Finally, we construct a non recursively defined sequence {αm}∞
m=1 ⊆ R to estimate

{βm}∞
m=1.

Proposition 3.8. We define
αm = θm−2(m− 2)!

for m ≥ 2 and α1 = 1, where θ is chosen large enough to satisfy ρ/(acθ) < 1/n and

1
2 + 5(n+ 1)

2θ + 2
θ

+ 10(n+ 1)
θ

+ 1
8(n+ 1) ≤ 1.

The estimate
βm ≤ 2mαm (3.14)

is satisfied for all m ∈ N.

Proof. We prove the statement by mathematical induction. First we note that

β1 = 1 = α1 = α2

and
β2 = 2 ≤ 4α2.

Now we assume the estimate βk ≤ 2kαk to hold true for all k < m, where m ≥ 3.
Combining the inductive hypothesis with equation (3.13) we find that

βm ≤ 2m
(
∆1

m + ∆2
m + ∆3

m + ∆4
m

)
+
(
ρ

ac

)m−2
,

where

∆1
m =

∑
3≤q≤m

∑
p∈Nq

|p|=m

(
ρ

ac

)q−2
αp,

∆2
m = 2(n+ 1)

∑
2≤k≤m−1

kαk

∑
3≤q≤m−k+1

∑
p∈Nq

|p|=m−k+1

(
ρ

ac

)q−2
αp,

∆3
m =

∑
1≤k≤m−1

αkαm−k,

∆4
m = 2(n+ 1)

∑
2≤k≤m−1

kαk

∑
1≤j≤m−k

αjαm−k+1−j,

where we have used the notation
αp =

q∏
j=1

αpj

for p ∈ Nq.
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Using the same combinatorial arguments as Iooss and Lombardi [11, Steps 4 and 5 in
the proof of lEmma 2.13 ] we obtain that

∆1
m ≤

∑
3≤q≤m

2
(
ρ

acθ

)q−2
αm ≤

∑
3≤q≤m

2
( 1
n+ 1

)q−2
αm ≤ αm

2 .

The above estimate in conjunction with Iooss and Lombardi [11, Lemma 2.13 step 2]
yields

∆2
m ≤ n

∑
2≤k≤m−1

kαkαm−k+1

= n
∑

2≤k≤m−1
kθm−3(k − 2)!(m− k − 1)!

= n+ 1
θ

αm

∑
2≤k≤m−1

k(k − 2)!(m− k − 1)!
(m− 2)!

≤ 5(n+ 1)
2θ αm.

In the same fashion we estimate
∆3

m ≤ 2
θ
αm

and
∆4

m ≤ αm
4(n+ 1)

θ

∑
2≤k≤m−1

k(k − 2)!(m− k − 1)!
(m− 2)! ≤ 10(n+ 1)

θ
αm.

Finally we find (
ρ

ac

)m−2
=
(
ρ

acθ

)m−2
θm−2 ≤ 1

n+ 1θ
m−2 ≤ 2m

8(n+ 1)αm,

since n · 2m ≥ 8(n+ 1) for m ≥ 3.

Altogether we find

βm ≤
(1

2 + 5(n+ 1)
2θ + 2

θ
+ 10(n+ 1)

θ
+ 1

8(n+ 1)
)
2mαm ≤ 2mαm.

The preceding proposition implies that

ϕm ≤ 2
√
n+ 1

(
2
√
n+ 1ac
ρ2

)m−1

θm−2(m− 2)! = 4(n+ 1)ac
ρ2

(
2
√
n+ 1acθ
ρ2

)m−2

(m− 2)!

(3.15)
holds for m ≥ 2 and by imposing a mutual constraint on the order p of the normal-form
and δ, we can use estimate (3.15) to obtain an estimate of the supremum norm of Φ and
of the operator norms of dΦ and d2Φ.

Proposition 3.9. Let B be a Banach space and Φk : Rn+1 → B a homogeneous polyno-
mial of degree k. The derivative of Φk satisfies the estimate

|dΦk|2 ≤
√

(n+ 1)k|Φk|2.
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Proof. By Remark 3.2 there exists a symmetric k-linear operator Ak : R(n+1)k → B such
that

Φk(Y ) = Ak({Y }(k))
and the derivative of Φk is given by

dΦk[Y ] = kAk({Y }(k−1), ·),

so that

|dΦk|22 = k2 ∑
|α|=k−1

α1! · . . . · αn+1!
(
k − 1
α

)2

∥Ak({e1}(α1), . . . , {en+1}(αn+1), ·)∥2
L(Rn+1;B)

= k2 ∑
|α|=k−1

α1! · . . . · αn+1!
(
k − 1
α

)2

sup
|Ỹ |=1

∥Ak({e1}(α1), . . . , {en+1}(αn+1), Ỹ )∥2
B

≤ (n+ 1)k
∑

|α|=k

α1! · . . . · αn+1!
(
k

α

)2

∥Ak({e1}(α1), . . . , {en+1}(αn+1))∥2
B

= (n+ 1)k|Φk|22.

Proposition 3.10. We suppose δ > 0 and p to satisfy

δp ≤ ρ2

4
√
n+ 1acθ

(3.16)

and find the estimates
∥∥∥ ∑

2≤k≤p

Φk(Y )
∥∥∥

D
≤

√
n+ 1δ
θ

,

∥∥∥ ∑
2≤k≤p

d2Φk[Y ]
∥∥∥

L(Rn+1;D)
≤ 2(n+ 1)

θ
,

∥∥∥ ∑
2≤k≤p

d2
2Φk[Y ]

∥∥∥
L(2)(R2(n+1);D)

≤ 2(n+ 1) 3
2

θδ
,

to hold for |Y | ≤ δ.

Proof. Using Proposition 3.3 and estimate (3.15), we find that∥∥∥ ∑
2≤k≤p

Φk(Y )
∥∥∥

D
≤

∑
2≤k≤p

|Φk|0,k|Y |k

≤
∑

2≤k≤p

ϕkδ
k

≤
∑

2≤k≤p

4(n+ 1)acδ2

ρ2

(2
√
n+ 1acθδ
ρ2

)k−2
(k − 2)!

= 2
√
n+ 1δ
θ

∑
2≤k≤p

(2
√
n+ 1acθδ
ρ2

)k−1
(k − 2)!
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≤ 2
√
n+ 1δ
θ

∑
2≤k≤p

( 1
2p

)k−1
(k − 2)!

≤
√
n+ 1δ
θ

,

where we have used (k − 2)!/pk−1 ≤ 1/p for 2 ≤ k ≤ p.

The remaining estimates are obtained by similar calculations combined with Proposi-
tion 3.9.

3.4 Estimates for the transformed coupling term

Now we are in a position to construct an estimate for H̃(Y ) by computing an explicit
expression for it. Assuming the normal form has been constructed up to order p we find
that

H̃(Y ) =
∑

p+1≤q

Hq({Y }(q)) −
∑

2≤k≤p
p+1≤q

Lq−k(Φk(Y ))

+
∑
2≤q

q∑
i=0

∑
p∈Nq−i

2
|p|≥p+m−i

Gi,q−i({Y }(i),−Φp(Y ))

+
∑

k1+k2≥p+2
dΦk1 [Y ]

( ∑
2≤q≤k2

q∑
i=0

∑
p∈Nq−i

2
|p|=k2−i

Fi,q−i({Y }(i),−Φp(Y ))
)

(3.17)

=
∑

p+1≤q

Hq({Y }(q)) −
∑

2≤q≤p
p+1≤m

Lq(Φm−q(Y )) −
∑

p+1≤q

Lq(Y )
( ∑

2≤k≤p

Φk(Y )
)

+
∑

2≤q≤p

q∑
i=0

∑
p∈Nq−i

2
|p|≥p−i

Gi,q−i({Y }(i),−Φp(Y ))

+
∑

p+1≤q

q∑
i=0

Gi,q−i

(
{Y }(i),

{ ∑
2≤k≤p

Φk(Y )
}(q−i)

)

+
( p∑

k=2
dΦk[Y ]

)( ∑
2≤q≤p

q∑
i=0

∑
p∈Nq−i

2
|p|≥p−i

Fi,q−i({Y }(i),−Φp(Y ))

+
∑

p+1≤q

q∑
i=0

Fi,q−i

(
{Y }(i),

{ ∑
2≤k≤p

Φk(Y )
}(q−i)

))

+
∑

2≤k≤p
p+1≤m≤p+k−1

dΦk[Y ]
( ∑

2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

Fi,q−i({Y }(i),−Φp(Y ))
)
.

(3.18)
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In the neighbourhood Bδ of the origin, where p and δ satisfy

δp ≤ ρ2

4
√
n+ 1acθ

,

Proposition 3.10 yields

∥H̃(Y )∥X ≤ 1
2
∑

p+1≤q

c

ρq
(
√
n+ 1)qδq + 1

2
∑

2≤q≤p
p+1≤m

c

ρq
(
√
n+ 1)qδmϕm−q

+ 1
2
∑

p+1≤q

c

ρq

√
n+ 1
θ

δq+1

+
(1

2 + 2(n+ 1)
θ

) ∑
2≤q≤p
p+1≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

cδm

ρq
(
√
n+ 1)iϕp

+
(
1 + 2(n+ 1)

θ

) ∑
p+1≤q

q∑
i=0

c

ρq
(
√
n+ 1δ)i

(√
n+ 1δ
θ

)q−i

+
∑

2≤k≤p
p+1≤m≤p+k−1

√
n+ 1kϕk

∑
2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

c

ρq
(
√
n+ 1)iϕpδ

m

≤
(
2 + 2(n+ 1)

θ

) ∑
p+1≤q

c

ρq
(
√
n+ 1)qδq(q + 1)

+
(
1 + 2(n+ 1)

θ

) ∑
2≤q≤p
p+1≤m

∑
p∈{1,...,p}q

|p|=m

cδm

ρq
ϕp

+
∑

2≤k≤p
p+1≤m≤p+k−1

√
n+ 1kϕk

∑
2≤q≤m−k+1

∑
p∈Nq

|p|=m−k+1

c

ρq
ϕpδ

m,

where we have chosen θ ≥ 1 and defined ϕ1 =
√
n+ 1. From the above inequalities we

now conclude an estimate independent of Φ.

Proposition 3.11. Suppose that

δp ≤ ρ2

4
√
n+ 1eacθ

,

together with θ ≥ 1 and
r = ρ

acθ
<

1
n+ 1 .

The estimate
∥H̃(Y )∥X ≤ 2(n+ 1) + 1

n+ 1 c

(
(Cδ)p+1p! + 1

ep+1p2

)
,

holds for all Y ∈ Rn+1 with |Y | ≤ δ, where

C = 4
√
n+ 1acθ
ρ2 .
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Proof. We first note that the estimate

ϕm ≤ 4(n+ 1)ac
ρ2

(2
√
n+ 1ac
ρ2

)m−2
αm

continues to hold for m = 1 since

4(n+ 1)ac
ρ2

(2
√
n+ 1ac
ρ2

)−1
α1 = 2

√
n+ 1.

Furthermore, since θ ≥ 1 we have that

αm ≤ θm−1(m− 2)!,

for m ≥ 2, and the estimate also continues to hold for m = 1, since (−1)! = 1 and α1 = 1.

Now we define

∆1
p =

(
2 + 2(n+ 1)

θ

) ∑
p+1≤q

c

ρq
(
√
n+ 1)qδq(q + 1),

∆2
p =

(
1 + 2(n+ 1)

θ

) ∑
2≤q≤p
p+1≤n

∑
p∈{1,...,p}q

|p|=n+1

cδn+1

ρq
ϕpδ

n+1,

∆3
p =

∑
2≤k≤p

p≤n≤p+k−2

√
n+ 1kϕk

∑
2≤q≤n−k+2

∑
p∈{1,...,p}q

|p|=n−k+2

c

ρq
ϕpδ

n+1.

We note that
2
√
n+ 1δ
ρ

≤ ρ

2acpθ ≤ 1
4(n+ 1)

for p ≥ 2, so that

∑
p+1≤q

c

ρq
(q + 1)(

√
n+ 1)qδq ≤ c

(2
√
n+ 1δ
ρ

)p+1 ∞∑
q=0

( 1
4(n+ 1)

)q

≤ 4(n+ 1)c
4(n+ 1) − 1

(2
√
n+ 1δ
ρ

)p+1
,

and hence
∆1

p ≤ (2 + 2(n+ 1))4(n+ 1)c
4(n+ 1) − 1

(2
√
n+ 1δ
ρ

)p+1
.

Next we find∑
2≤q≤p

∑
p+1≤m

∑
p∈{1,...,p}q

|p|=m

cδm

ρq
ϕp

≤
∑

2≤q≤p

∑
p+1≤m

∑
p∈{1,...,p}q

|p|=m

cδm

ρq

(4(n+ 1)ac
ρ2

)q(2
√
n+ 1ac
ρ2

)m−2q

αp

≤ c
∑

2≤q≤p

rq
∑

p+1≤m

∑
p∈{1,...,p}q

|p|=m

(cδ)m(p1 − 2)! · . . . · (pq − 2)!
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≤ c
(1

e
)p+1 ∑

2≤q≤p

rq
∑

p+1≤m

∑
p∈{1,...,p}q

|p|=m

(1
p

)m
(p1 − 2)! · . . . · (pq − 2)!

≤ c
(1

e
)p+1 ∑

2≤q≤p

rq
( p∑

j=1

(1
p

)j
(j − 2)!

)q

≤ c
(1

e
)p+1 ∑

2≤q≤p

rq
(1
p

+ p− 1
p2

)q

≤ c
(1

e
)p+1 ∑

2≤q≤p

(2r
p

)q

≤ c
(1

e
)p+1 4r2

p2
1

1 − 2r
p

since 2/p ≤ 1. Hence

∆2
p ≤ (1 + 2(n+ 1)θ)4cr2

ep+1 · 1
p2 · 1

1 − r
.

Finally we obtain

∆3
p ≤ 1

a

∑
2≤k≤p

p+1≤n≤p+k−1

√
n+ 1k4(n+ 1)ac

ρ2

(2
√
n+ 1ac
ρ2

)k−2
αk

×
∑

2≤q≤n−k+2

∑
p∈Nq

|p|=n−k+2

ac

ρq

((4(n+ 1)ac
ρ2

)q(2
√
n+ 1ac
ρ2

)n−k+2−2q

αpδ
n+1

)

= 1
a

∑
2≤k≤p

p+1≤n≤p+k−1

√
n+ 1k4(n+ 1)ac

ρ2

(2
√
n+ 1ac
ρ2

)n−2
αk

×
∑

2≤q≤n−k+2

∑
p∈Nq

|p|=n−k+2

ac

ρq

((4(n+ 1)ac
ρ2

)q(2
√
n+ 1ac
ρ2

)1−2q

αpδ
n+1

)

= 1
a

∑
2≤k≤p

p+1≤n≤p+k−1

(
4(n+ 1)

√
n+ 1

(2
√
n+ 1ac
ρ2

)n−1
kαk

×
∑

2≤q≤n−k+2

∑
p∈Nq

|p|=n−k+2

( ρ
ac

)q−2
αpδ

n+1

︸ ︷︷ ︸
≤

2ρ
acθ

1 − ρ
acθ

αn−k+2

)

≤ 2(n+ 1) 3
2

a

∑
2≤k≤p

p+1≤n≤p+k−1

δn+1
(2

√
n+ 1ac
ρ2

)n−1
θn−3k(k − 2)!(n− k − 1)!

≤ 3ρ2

a2cθ3

∑
2≤k≤p

k(k − 2)!(Cδ)p+1 ∑
p≤n≤p+k−2

(Cδ)n−p−1(n− k − 1)!

≤ 3ρ2

a2cθ3

∑
2≤k≤p

k(k − 2)!(Cδ)p+1 ∑
p≤n≤p+k−2

(1
2
)n−p−1 (n− k − 1)!

pn−p−1 ,
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where we have used the fact Cδ ≤ 1/(ep) ≤ 1/(2p). Now we observe that

(m− k − 1)!
pm−p−1 ≤ (p− k)!

holds for p+ 1 ≤ m ≤ p+ k − 1, and thus we obtain

∆3
p ≤ nρ2

a2cθ3

∑
2≤k≤p

k(k − 2)!(Cδ)p+12(p− k)!

≤ 2(n+ 1)ρ2

a2cθ3 (Cδ)p+1p!
∑

2≤k≤p

1(
p
k

)
(k − 1)

≤ 2(n+ 1)ρ2

a2cθ3 (Cδ)p+1p!
∑

2≤k≤p

1
p− 1

= 2(n+ 1)ρ2

a2cθ3 (Cδ)p+1p!.

Altogether we have

∥H̃(Y )∥X ≤ (2 + 2(n+ 1))4(n+ 1)c
4(n+ 1) − 1

(2
√
n+ 1δ
ρ

)p+1
+ (1 + 2(n+ 1))4cr2

ep+1

+ 2(n+ 1)ρ2

a2cθ3 (Cδ)p+1p!

= (2 + 2(n+ 1))4(n+ 1)c
4(n+ 1) − 1 C(rCδ)p+1 + (1 + 2(n+ 1))4cr2

ep+1 · 1
p2 · 1

1 − r

+ 2(n+ 1)cr2

θ
(Cδ)p+1p!

≤ 2(n+ 1) + 1
n+ 1 c

(
(Cδ)p+1p! + 1

ep+1p2

)
.

Next we use Iooss and Lombardi [11, Lemma 2.19] to determine a sufficient order up
to which the normal form of H has to be constructed so that it is exponentially small.

Lemma 3.12. Let ε > 0 be given. We define fε : Z → R by fε(p) = εp+1p! and extend
fε to f̃ε : R → R by defining

f̃ε(x) = fε(⌊x⌋).
Choosing

popt =
⌊ 1
εe

⌋
we find

f̃ε

( 1
εe
)

≤ m

√
ε

ee− 2
εe ,

where
m = sup

p∈N

e2p!
pp+ 1

2 e−p
< ∞

(by Stirling’s formula).
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Setting ε = Cδ in the preceding lemma we obtain

popt =
⌊ 1

eCδ

⌋
and note that popt satisfies

δpopt ≤ 1
eC .

Clearly
2 ≤ popt ≤ 1

eCδ ≤ popt + 1

and
1
popt

≤ 2eCδ.

Hence for |Y | ≤ δ we find

∥H̃(Y )∥X ≤ 2(n+ 1) + 1
n+ 1 c

(
(Cδ)p+1p! + 1

ep+1p2

)

= 2(n+ 1) + 1
n+ 1 c

(
f̃Cδ(p) + 1

ep+1p2

)

≤ 2(n+ 1) + 1
n+ 1 c

(
m

√
Cδ

e e− 2
Cδe + 1

p2ep+1

)

≤ 2(n+ 1) + 1
n+ 1 c

(
m

√
Cδ

e e− 2
Cδe + (2eCδ)2e− 1

eCδ

)

≤ 2(n+ 1) + 1
n+ 1 c(eCδ)2e− 1

eCδ

(
m

e (eCδ)− n+1
2 e− 1

Cδe︸ ︷︷ ︸
≤ 1

+4
)

≤ 2(n+ 1) + 1
n+ 1 c(eCδ)2e− 1

eCδ

(
m

e + 4
)

= 2(n+ 1) + 1
n+ 1 cC2(me + 4e2)δ2e− 1

eCδ .

3.5 Estimates for the derivatives of the transformed
coupling term

Before we derive the corresponding estimates for dH̃ we introduce the following notation.
For a polynomial Φ and p ∈ Nq or p ∈ Nq

2 and l ∈ Nq
0 with q ∈ N we introduce the

notation
Φ(l)

p (Y ; Ỹ ) :=
(

dl1Φp1 [Y ](Ỹ1), . . . , dlqΦpq [Y ](Ỹq)
)

for Ỹ = (Ỹ1, . . . , Ỹq) with Ỹi ∈ (Rn+1)li for i ∈ {1, . . . , q}. In the case l = 0 we just write

Φ(0)
p (Y ; Ỹ ) = Φp(Y )

for notational simplicity.
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Remark 3.13. For a polynomial Φ and p ∈ Nq, l ∈ Nq
0 we obtain from Proposition 3.9

that

ϕ(l)
p =

q∏
i=1

|dliϕpi
|2,pi−li ≤ (

√
n+ 1)l

q∏
i=1

pi!
(pi − li)!

ϕp.

Differentiating equation (3.17) yields

dH̃c,sh[Y ](Ỹ )
=

∑
p+1≤q

qHq({Y }(q−1), Ỹ )

−
∑

2≤q≤p
p+1≤m

(
qLq({Y }(q−1), Ỹ )

(
Φm−q(Y )

)
+ Lq(Y ) dΦm−q[Y ](Ỹ )

)

−
∑

p+1≤q

(
qLq({Y }(q−1), Ỹ )

( ∑
2≤k≤p

Φk(Y )
)

+ Lq(Y )
∑

2≤k≤p

dΦk[Y ](Ỹ )
)

+
∑

2≤k≤p
p+1≤m≤p+k−1

d2Φk[Y ]
( ∑

2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

Fi,q−i({Y }(i),−Φp(Y )), Ỹ
)

+
∑

2≤k≤p
p+1≤m≤p+k−1

dΦk[Y ]
( ∑

2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

(
iFi,q−i({Y }(i−1), Ỹ,−Φp(Y ))

+
∑

l∈N(q−i)
0

|l|=1

Fi,q−i({Y }(i),−Φ(l)
p (Y ; Ỹ ))

))

+
∑

2≤q≤p

q∑
i=0

∑
p∈Nq−i

2
|p|≥p+1−i

(
iGi,q−i({Y }(i−1), Ỹ,−Φp(Y ))

+
∑

l∈Nq−i
0

|l|=1

Gi,q−i({Y }(i),−Φ(l)
p (Y ; Ỹ ))

)

+
∑

p+1≤q

q∑
i=0

(
iGi,q−i

(
{Y }(i), Ỹ,

{ ∑
2≤k≤p

Φk(Y )
}(q−i)

)

+ (q − i)Gi,q−i

(
{Y }(i),

{ ∑
2≤k≤p

Φk(Y )
}(q−i−1)

,
∑

2≤k≤p

dΦk(Y )(Ỹ )
))

+
( p∑

k=2
d2Φk[Y ]

)( ∑
2≤q≤p

q∑
i=0

∑
p∈Nq−i

2
|p|≥p+1−i

Fi,q−i({Y }(i),−Φp(Y ))

+
∑

p+1≤q

q∑
i=0

Fi,q−i

(
{Y }(i),

{ ∑
2≤k≤p

Φk(Y )
}(q−i)

)
, Ỹ

)
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+
( p∑

k=2
dΦk[Y ]

) ∑
2≤q≤p

q∑
i=0

∑
p∈Nq−i

2
|p|≥p+1−i

(
iFi,q−i

(
{Y }(q−i), Ỹ,−Φp(Y )

)

+
∑
l∈Nq

0
|l|=1

Fi,q−i

(
{Y }(i),−Φ(l)

p (Y ; Ỹ )
))

+
∑

p+1≤q

q∑
i=0

(
iFi,q−i

(
{Y }(i−1), Ỹ,

{ ∑
2≤k≤p

Φk(Y )
}(q−i)

,
∑

2≤k≤p

dΦk(Y )(Ỹ )
)).

(3.19)

By using Proposition 3.10 and Remark 3.13 we therefore have that

∥dH̃[Y ]∥L(Rn+1;X )

≤ 1
2
∑

p+1≤q

c

ρq
q(

√
n+ 1)qδq−1

+ 1
2

∑
2≤q≤p
p+1≤m

c

ρq

(
q(

√
n+ 1)q−1 +

√
n+ 1
θ

)
δm−1ϕk

+ 1
2
∑

p+1≤q

c

ρq
δq
(
q(

√
n+ 1)q−1 +

√
n+ 1
θ

)

+ 2(n+ 1)
θ

∑
2≤q≤p

∑
p∈Nq

|p|≥p+1

c

ρq
ϕpδ

|p|−1

+ 2(n+ 1)
θ

∑
p+1≤q

c

ρq
(
√
n+ 1)qδq−i(q + 1)

+
(
1 + 2(n+ 1)

θ

) ∑
2≤q≤p

∑
p∈Nq

|p|≥p+1

|p|cδ
|p|−1

ρq
ϕp

+
(
1 + 2(n+ 1)

θ

) ∑
p+1≤q

c

ρq
q(

√
n+ 1)qδq−1(q + 1)

+
∑

2≤k≤p
p+1≤m≤p+k−1

√
n+ 1kϕk

∑
2≤q≤m−k+1

∑
p∈Nq

|p|=m−k+1

m
c

ρq
ϕpδ

m−1

≤ 2
(
1 + 2(n+ 1)

θ

) ∑
p+1≤q

c

ρq
q(

√
n+ 1)qδq−1(q + 1)

+
(
1 + 2(n+ 1) + 2

θ

) ∑
2≤q≤p

∑
p∈Nq

|p|≥p+1

|p|cδ
|p|−1

ρq
ϕp

+
∑

2≤k≤p
p+1≤k≤p+k−1

√
n+ 1kϕk

∑
2≤q≤m−k+1

∑
p∈Nq

|p|=m−k+1

m
c

ρq
ϕpδ

m−1,

where we have chosen θ ≥ 1 and defined ϕ1 =
√
n+ 1.

An estimate for ∥dH̃∥L(Rn+1;D) is obtained from the above calculations and repeating
the proof of Proposition 3.11.
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Proposition 3.14. Suppose that

δp ≤ ρ2

4
√
n+ 1eacθ

,

that θ ≥ 1 and that
r = ρ

acθ
<

1
n+ 1 .

For every Y ∈ Rn+1 with |Y | ≤ δ we find

∥dH̃[Y ]∥L(Rn+1;X ) ≤ (2(n+ 1) + 1)c
(n+ 1)δ

(
(Cδ)p+1p! + 1

ep+1p2

)
,

where
C = 4

√
n+ 1acθ
ρ2 .

Proof. Define

∆1
p = 2

(
1 + 2(n+ 1)

θ

) ∑
p+1≤q

c

ρq
q(

√
n+ 1)qδq−1(q + 1),

∆2
p =

(
1 + 4(n+ 1)

θ

) ∑
2≤q≤p

∑
p∈Nq

|p|≥p+1

|p|cδ
|p|−1

ρq
ϕp,

∆3
p =

∑
2≤k≤p

p+1≤m≤p+k−1

√
n+ 1kϕk

∑
2≤q≤m−k+1

∑
p∈Nq

|p|=m−k+1

cm

ρq
ϕpδ

m.

We note that
(q + 1)q(

√
n+ 1)q ≤ (2

√
n+ 1)q

for q ≥ n and
2
√
n+ 1δ
ρ

≤ ρ

4acθp ≤ 1
4(n+ 1)p ≤ 1

8(n+ 1)
for p ≥ 2 so that

∑
p+1≤q

c

ρq
q(q + 1)(

√
n+ 1)qδq−1 ≤ c

δ

(2
√
n+ 1δ
ρ

)p+1 ∞∑
q=0

( 1
8(n+ 1)

)q

≤ 8(n+ 1)c
(8(n+ 1) − 1)δ

(2
√
n+ 1δ
ρ

)p+1

and hence
∆1

p ≤ 16(n+ 1)c
(8(n+ 1) − 1)δ

(
1 + 2(n+ 1)

θ

)(2
√
n+ 1δ
ρ

)p+1
,

where we have assumed p ≥ 4.

Turning to ∆2
p, we have that∑

2≤q≤p

∑
m≥p+1

∑
p∈Nq

|p|=m

cm

ρq
δmϕp
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≤
∑

2≤q≤p

∑
m≥p+1

∑
p∈Nq

|p|=m

c
(4

√
n+ 1acθδ
ρ2

)m( ρ

acθ

)q

(p1 − 2)! · . . . · (pq − 2)!

≤ 1
δ

4cr2

ep+1 · 1
p2 · 1

1 − r

by requiring C < 1
e . Hence

∆2
p ≤ (1 + 4(n+ 1))4cr2

ep+1δ
· 1
p2 · 1

1 − r
.

Finally we have that

∆3
p ≤ 2(n+ 1)

√
n+ 1

aδ

∑
2≤k≤p

p+1≤m≤p+k−1

δmm
(2

√
n+ 1ac
ρ2

)m−1
θm−3k(k − 2)!(m− k − 1)!

≤ 3ρ2

a2cθ3δ

∑
2≤k≤p

p+1≤m≤p+k−1

(4
√
n+ 1acθδ
ρ2

)m

k(k − 2)!(m− k − 1)!

≤ 2(n+ 1)ρ2

a2cθ3δ
(Cδ)p+1p!

by our previous method.

Altogether we find

∥dH̃[Y ]∥L(Rn+1;X ) ≤ 48(n+ 1)2c

(8(n+ 1) − 1)δ

(2
√
n+ 1δ
ρ

)p+1
+ 20(n+ 1)cr2

ep+1δ
· 1
p2 · 1

1 − r

+ 2(n+ 1)ρ2

a2cδθ3 (Cδ)p+1p!

≤ 48(n+ 1)2c

(8(n+ 1) − 1)δ

(
rCδ

2

)p+1
+ 20(n+ 1)cr2

ep+1δ
· 1
p2 · 1

1 − r

+ 2(n+ 1)c
(n+ 1)2δ

(Cδ)p+1p!

≤ 48(n+ 1)2c

(8(n+ 1) − 1)(2(n+ 1))p+1δ
(Cδ)p+1 + 20(n+ 1)c

(n+ 1)2ep+1p2δ

+ 2c
(n+ 1)δ (Cδ)p+1p!

≤ 23
(n+ 1)δ c

(
(Cδ)p+1p! + 1

ep+1p2

)
.

Arguing as before, we find that

∥dH̃[Y ]∥L(Rn+1;X ) ≤ 23c
n+ 1C

2(me + 4e2)δe− 1
eCδ

for all Y ∈ Rn+1 with |Y | ≤ δ.
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4 Approximate pulses

We consider the evolutionary equation system

ż = Lε
whz + gε

wh(z, w, u) + hε
wh(z), (4.1)

ẇ = Lε
cw + gε

c(z, w, u) + hε
c(z), (4.2)

u̇ = Lε
shu+ gε

sh(z, w, u) + hε
sh(z) (4.3)

for (z, w, u) : R → Rn × R2d × Dsh, where n, d ∈ N and Dsh is a dense subspace of a
Banach space Xsh. We abbreviate Rn × R2d × Xsh, Rn × R2d × Dsh to respectively X , D
and R2d × Xsh, R2d × Dsh to respectively Xc,sh, Dc,sh. On the right-hand side we make the
following assumptions.

(A1) The bounded linear operators Lε
wh : Rn → Rn, Lε

c : R2d → R2d and Lε
sh : Dsh → Xsh

depend analytically upon ε.

(A2) The functions g(·)
wh, g(·)

c , g(·)
sh , h(·)

wh, h(·)
c , h(·)

sh take values in respectively Rn, R2d, Xsh,
Rn, R2d, Xsh and are analytic at the origin in respectively R × D and R × Rn. We
suppose that

gε
wh(z, w, u), gε

c(z, w, u), gε
sh(z, w, u) = O(∥(z, w, u)∥D∥(w, u)∥Dc,sh),

hε
wh(z), hε

c(z), hε
sh(z) = O(|z|2).

(A3) The spectrum of the complexified operator Lε
c ∈ C2d×2d consists of finitely many

simple purely imaginary eigenvalues ±iωε
1, . . . ,±iωε

d, where ωε
1, . . . , ω

ε
d > 0 (see

Figure 4.1). For later use we denote the corresponding eigenvectors by eε
1, . . . , e

ε
d

and ēε
1, . . . , ē

ε
d.

(A4) The system (4.1) – (4.3) is reversible, i.e. there exist Swh ∈ Rn×n, Sc ∈ R2d×2d and
Ssh ∈ L(Dsh) ∩ L(Xsh) such that system (4.1) – (4.3) is invariant under t 7→ −t,
(z, w, u) 7→ (Swhz, Scw, Sshu).

(A5) There exists a real-valued function I(·) which is analytic at the origin in R × D,
satisfies

Iε(z, w, u) = O(∥(z, w, u)∥2
D)

and
I0(0, w, 0) = |w|2 + O(|w|3)

and is such that Iε is a conserved quantity of system (4.1) – (4.3).
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Im λ

Reλ

Figure 4.1: The spectrum of Lε
c consists of d pairs of purely imaginary eigenvalues.

2η02η0

Im λ

Reλ

Figure 4.2: The spectrum of L0
sh is contained in wedges. We call the distance 2η0 of the

wedges to the imaginary axis the spectral gap.

(A6) The linear operator L0
sh : Dsh ⊆ Xsh → Xsh is closed and satisfies the estimate

∥(isI − L0
sh)−1∥L(Xsh) ≲

1
1 + |s|

for s ∈ R. This estimate implies the existence of γ, η0 > 0 such that σ(Lε
sh) lies in

the region
{λ ∈ C : |Reλ| ≥ 2η0, |Reλ| ≥ γ|Im λ|}

(see the proof of Corollary 2.16 for details).

Remark 4.1. Assumptions (A5) and (A6) are not needed to prove the existence of
approximate pulses in this chapter but will be heavily used in Chapter 5.

In this chapter we construct homoclinic solutions to the (reversible) approximate system

ż = Lε
whz + hε

wh(z) (4.4)

and use a scaling and the normal-form theory from Chapter 3 to transform equations (4.1)
– (4.3) into a system with the same structure but for which the coupling terms in equa-
tions (4.2) and (4.3) are exponentially small in a neighbourhood of the origin. We treat
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the cases n = 2 and n = 4 in detail, assuming that equation (4.4) undergoes respectively
a 02 and an (iω)2 resonance at ε = 0.

4.1 The 02 resonance

In the case n = 2 we assume that equations (4.1) – (4.3) satisfy the following additional
assumptions.

(B1) The spectrum of the linear operator Lε
wh ∈ R2×2 exhibits a 02 resonance at ε = 0,

meaning that as ε ↑ 0 a pair of purely imaginary eigenvalues of Lε
wh collides at the

origin (forming a Jordan block) and splits into a pair of real eigenvalues for ε > 0
(see Figure 4.3). We write z ∈ R2 as

z = z1e+ z2f,

where L0
whe = 0, L0

whf = e, and assume that

Lε
wh =

(
0 1

(λε)2 0

)
,

where λε is an analytic function of ε with

λε = ε+ O(ε2).

Im λ

Reλ

ε < 0

Im λ

Reλ

ε = 0

Im λ

Reλ

ε > 0

Figure 4.3: The 02 resonance at ε = 0.

(B2) The term

hε
wh(z1, z2) =

(
hε

wh,1(z1, z2)
hε

wh,2(z1, z2)

)
satisfies

C := −1
2 d2

1h
ε
wh,2[0](1, 1) ̸= 0.

We show that the approximate system (4.4) has homoclinic solutions by a method due to
Kirchgässner [16, Proposition 5.1].
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Proposition 4.2. The linear operator L : C2(R) → C(R) given by

Ly = ÿ − y

has the following properties.

(i) The restrictions L : C2
−ν(R) → C−ν(R) and L : C2

−ν(R) ∩ Ce(R) → C−ν(R) ∩ Ce(R)
of L are well defined for all ν ≥ 0.

(ii) For 0 ≤ ν < 1 the operator L : C2
−ν(R) → C−ν(R) is invertible with

L−1f(t) = −1
2

∫ ∞

−∞
e−|t−s|f(s) ds.

Proposition 4.3. The operator Ah : C(R) → C(R) given by

Ahy = L−1(−2Chy),

where h ∈ C−1(R) is even, C ∈ R and L is defined as in Proposition 4.2, has the following
properties.

(i) The restrictions Ah : Cb(R) → C2
−ν(R) and Ah : Ce(R) → C2

−ν(R) of Ah are bounded
linear operators for 0 ≤ ν < 1.

(ii) The restriction Ah : Cb(R) → C−ν(R) of Ah is compact for 0 ≤ ν < 1.

(iii) The restriction Ah : C−ν(R) → C−ν(R) of Ah is compact for 0 ≤ ν < 1.

Lemma 4.4. For fixed ν ∈ (0, 1) and ε > 0 the system (4.4) has a reversible homoclinic
solution, that is invariant under the transformation (z1, z2)(t) 7→ (z1,−z2)(−t), of the
form (

pε
1(t)
pε

2(t)

)
=
(

(λε)2p̌ε
1(λεt)

(λε)3p̌ε
2(λεt)

)
,

where
|p̌ε

j(t)| ≲ e−ν|t|.

Proof. The scaling

ť = λεt,

(
z1(t)
z2(t)

)
=
(

(λε)2ž1(ť)
(λε)3ž2(ť)

)
converts equation (4.4) to

˙̌z1 = ž2 + λεRε
1(ž1, ž2), (4.5)

˙̌z2 = ž1 − Cž2
1 + λεRε

2(ž1, ž2), (4.6)

where Rε
1, Rε

2 are respectively odd and even in ž2 with

|Rε
1(ž1, ž2)| = O(|ž|2).
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For ε = 0 this system has the explicit reversible homoclinic solution(
ž1
ž2

)
=
(
h

ḣ

)
,

where
h(t) = 3

2C sech2
( t

2
)
.

In fact we have the family{
(ž1, ž2) =

(
h(t0 + ·), ḣ(t0 + ·)

)}
t0∈R

of homoclinic solutions. Note that the solution in the case t0 = 0 is reversible (see
Figure 4.4).

z1

z2

(a) The case C < 0.

z1

z2

(b) The case C > 0.

Figure 4.4: Phase portrait of equations (4.5) and (4.6) for ε = 0.

Using the implicit function theorem we can solve equation (4.5) for ž2 = ž2(ž1, ˙̌z1), to
find that

ž2 = ˙̌z1 + εvε(ž1, ˙̌z1),

where vε is analytic and odd in ˙̌z1 and |vε(ž1, ˙̌z1)| = O(|(ž1, ˙̌z1)||(ž1, ˙̌z1, ε)|). Hence we can
rewrite equations (4.5) and (4.6) as

¨̌z1 = ž1 − Cž2
1 + εSε(ž1, ˙̌z1),

where Sε is analytic and even in ˙̌z1 and

|Sε(ž1, ˙̌z1)| = O(|(ž1, ˙̌z1)||(ž1, ˙̌z1, ε)|).

Now we write ž1 as perturbation
ž1 = h+ y

of h, so that
ÿ − y = −2Chy + rε(y, ẏ, t),

with the obvious definition of rε. We study this equation in the space C2
−ν(R) with fixed

ν ∈ (0, 1) and consider the nonlinearity rε with a slight abuse of notation as an analytic
mapping C2

−ν(R) → C−ν(R) and C2
−ν(R) ∩ Ce(R) → C−ν(R) ∩ Ce(R) with

∥rε(y)∥C−ν(R) ≲ ε+ ∥y∥2
C2

−ν(R).
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Next we write the above equation as

y = Ahy + L−1rε(y), (4.7)

where Ah and L are defined in Propositions 4.2 and 4.3. To solve equation (4.7) by means
of the implicit function theorem we prove I −Ah : C−ν(R) ∩Ce(R) → C2

−ν(R) ∩Ce(R) to
be invertible. To this end it suffices to check that the eigenspace of Ah to the eigenvalue
1 lies in C−ν(R) ∩ Co(R). We know that

Ahy = y

is equivalent to
ÿ − y + 2Chy = 0

which has the fundamental solution set {y1, y2}, where

y1(t) = 1
2 sech2

( t
2
)

tanh
( t

2
)

= −C

3 ḣ(t) (4.8)

and

y2(t) = cosh(t) + 3
2 sech2

( t
2
)(

− 8 + 2 cosh(t) + 5t tanh
( t

2
))
. (4.9)

We note that y1 is odd and y2 is even. Hence all bounded solutions of

Ahy = y

are multiples of ḣ. The eigenspace of Ah to the eigenvalue 1 is therefore ⟨ḣ⟩ and lies in
C−ν(R) ∩Co(R). The implicit function theorem now yields a solution h∗ to equation (4.7)
which satisfies

∥h∗∥C2
−ν(R) = O(ε).

The result now follows with

p̌ε
1(ť) = h(ť) + h∗(ť),
p̌ε

2(ť) = h(ť) + h∗(ť) + εvε
(
h(ť) + y∗(ť), ḣ(ť) + ẏ∗(ť)

)
.

To apply the normal-form theory in Chapter 3 the parameter-independent part of
Lε

wh should be diagonalisable as discussed in Remark 3.5. Since L0
wh is evidently not

diagonalisable, we use a change of parameter to ‘replace’ it by the zero matrix. Writing
ε = µ2 and introducing the scaled variables(

Z1
Z2

)
=
(

(λ̃µ)−1z1
(λ̃µ)−2z2

)
,

(
W
U

)
= (λ̃µ)−1

(
w
u

)
, λ̃µ = λε|ε=µ2

converts equations (4.1) – (4.3) into
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Ż = Lµ
whZ +Gµ

wh(Z,W,U) +Hµ
wh(Z), (4.10)

Ẇ = Lµ
cW +Gµ

c (Z,W,U) +Hµ
c (Z), (4.11)

U̇ = Lµ
shU +Gµ

sh(Z,W,U) +Hµ
sh(Z), (4.12)

where

Lµ
wh

(
Z1
Z2

)
=
(

0 λ̃µ

λ̃µ 0

)(
Z1
Z2

)
,

Gµ
wh(Z,W,U) = O(∥(W,U)∥Dc,sh∥(Z,W,U)∥D),

Gµ
c (Z,W,U), Gµ

sh(Z,W,U) = O
(
µ2∥(W,U)∥Dc,sh∥(Z,W,U)∥D

)
,

Hµ
wh(Z) = O(|Z|2),

Hµ
c (Z), Hµ

sh(Z) = O(µ2|Z|2),

and we have abbreviated Lε
c|ε=µ2 , Lε

sh|ε=µ2 to Lµ
c , Lµ

sh.

Remark 4.5. The formula

Iµ(Z,W,U) := Iε(z, w, u)|ε=µ2

defines a conserved quantity of equations (4.10) – (4.12) and satisfies

Iµ(Z,W,U) = O(µ4∥(Z,W,U)∥2
D).

The equation
Ż = Lµ

whZ +Hµ
wh(Z)

has the reversible homoclinic solution

P µ(t) =
(
P µ

1 (t)
P µ

2 (t)

)
=
(
λ̃µp̌ε

1(λ̃µt)|ε=µ2

λ̃µp̌ε
2(λ̃µt)|ε=µ2

)
, (4.13)

which satisfies the estimate
|P µ(t)| ≲ λ̃µe−νλ̃µ|t|

(see Lemma 4.4).

The estimates gathered above are not sufficient to construct a contractive iteration
scheme which will be our main tool in the existence proof of generalised pulse solutions
in Chapter 5. The following preliminary transformation improves these estimates by
removing those terms of Gµ

wh which are linear or quadratic in (Z, µ) and linear in (W,U)
at the expense of modifying higher-order terms.
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Lemma 4.6. There exists a near-identity, finite-dimensional change of variables which
transforms equations (4.10) – (4.12) into

Ż = Lµ
whZ + Ĝµ

wh(Z,W,U) + Ĥµ
wh(Z), (4.14)

Ẇ = Lµ
cW + Ĝµ

c (Z,W,U) + Ĥµ
c (Z), (4.15)

U̇ = Lµ
shU + Ĝµ

sh(Z,W,U) + Ĥµ
sh(Z) (4.16)

and preserves the reversibility. The transformed nonlinearities Ĝµ
c , Ĝµ

sh and Ĥµ
c , Ĥµ

sh
satisfy the same estimates as respectively Gµ

c , Gµ
sh and Hµ

c , Hµ
sh, while

Ĥε
wh(Z) −Hµ

wh(Z) = O(|(Z, µ)||Z|2),

so that the µ-independent quadratic terms of Hµ
wh are untouched by the transformation,

and

Ĝε
wh(Z,W,U) = O(|Z||(Z, µ)|∥(W,U)∥Dc,sh + µ2|W |2 + ∥U∥Dsh∥(W,U)∥Dc,sh).

Proof. We consider the near-identity transformation

Ẑ = Z + d(Z,W ), (Ŵ, Û) = (W,U),

where d : R2 × R2d → R2d is bilinear; its inverse is given by

Z = Ẑ − d(Ẑ, Ŵ ) + R(Ẑ, Ŵ ),

where R is analytic and satisfies

R(Ẑ, Ŵ ) = O(|Ẑ||Ŵ |2).

We find that
˙̂
Z = Lµ

whẐ + F µ(Ẑ, Ŵ, Û),

where

F µ(Ẑ, Ŵ, Û)
= Lµ

wh(R(Ẑ, Ŵ ) − d(Ẑ, Ŵ )) +Hµ
wh

(
Ẑ − d(Ẑ, Ŵ ) + R(Ẑ, Ŵ )

)
+Gµ

wh

(
Ẑ − d(Ẑ, Ŵ ) + R(Ẑ, Ŵ ), Ŵ, Û

)
+ d

(
Lµ

wh(Ẑ − d(Ẑ, Ŵ ) + R(Ẑ, Ŵ )) +Hµ
wh(Ẑ − d(Ẑ, Ŵ )

+ R(Ẑ, Ŵ )) +Gµ
wh(Ẑ − d(Ẑ, Ŵ ) + R(Ẑ, Ŵ ), Ŵ, Û), Ŵ

)
+ d

(
Ẑ, Lµ

c Ŵ +Gµ
c

(
Ẑ − d(Ẑ, Ŵ ) + R(Ẑ, Ŵ ), Ŵ, Û

)
+Hµ

c

(
Ẑ − d(Ẑ, Ŵ ) + R(Ẑ, Ŵ )

))
= Hµ

wh(Ẑ) +Gµ
wh(Ẑ, Ŵ, Û) + d(Ẑ, L0

cŴ ) + O(|Ẑ|∥(Ŵ, Û)∥Dc,sh |(Ẑ, µ)| + ∥(Ŵ, Û)∥2
Dc,sh

),

so that
F0,1,1,0(Ẑ, Ŵ ) = f̂0,1,1,0(Ẑ, Ŵ ) + d(Ẑ, L0

cŴ ),
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where F0,1,1,0 and f̂0,1,1,0 are the parts of F and f̃µ
2 that are linear in Ẑ and Ŵ . Choosing

d(Ẑ, Ŵ ) = −f̂0,1,1,0(Ẑ, (L0
c)−1Ŵ )

therefore leads to
F0,1,1,0 = 0.

By also applying a similar near-identity transformation

Ẑ = Z − f̂0,1,0,1(Z, (L0
sh)−1U)

we achieve F0,1,0,1 = 0, where F0,1,0,1 and f̂0,1,0,1 are the parts of F and f̃µ
2 that are linear

in Z and U .

To eliminate terms that are homogeneous of degree 2 in Ŵ and homogeneous of degree
i ∈ {0, 1} in µ we use the near-identity transformations

Ẑ = Z − 1
2 f̂0,0,2,0((L0

c)−1Ŵ, Ŵ )

and
Ẑ = Z − 1

2µf̂1,0,2,0((Lµ
c )−1

1 Ŵ, Ŵ ),

where f̂i,0,2,0 is the part of f̃µ
2 that is homogeneous of degree i ∈ {0, 1} in µ and quadratic

in Ŵ , and (Lµ
c )1 is the part of Lµ

c that is linear in µ.

Defining
Ĥµ

wh(Ẑ) = F µ(Ẑ, 0, 0)
and

Ĝµ
wh(Ẑ, Ŵ, Û) = F µ(Ẑ, Ŵ, Û) − Ĥµ

wh(Ẑ)
yields the desired estimates.

The next step is to apply the normal-form theory presented in Chapter 3 to equa-
tions (4.14) – (4.16). Defining

X = Xc,sh := Xc × Xsh,

D = Dc,sh := Dc × Dsh,

Q = (W,U)

and

F µ(Z,Q) = Lµ
whZ + Ĝµ

wh(Z,W,U) + Ĥµ
wh(Z),

LµQ = Lµ
c,sh(W,U) := (Lµ

cW,L
µ
shU),

Gµ(Z,Q) = Ĝµ
c,sh(Z,W,U) :=

(
Ĝµ

c (Z,W,U), Ĝµ
sh(Z,W,U)

)
we are now in the setting described in Chapter 3 and note that

d1F
0[0, 0] = 0.

Hypothesis 3.4 is verified in the following result.
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Lemma 4.7. The operator L : Pk(R3; Dc,sh) → Pk(R3; Dc,sh) defined by

(LΨk)(Y ) = L0
c,shΨk(Y )

is invertible on Pk(R3; Dc,sh) and the operator norm of its inverse

sup
|Ψk|2=1

|(L)−1Ψk|2

is independent of k.

Proof. The fact that 0 ∈ ρ(L0
c,sh) yields the existence of (L0

c,sh)−1 and we find that(
L−1Ψk

)
(Y ) = (L0

c,sh)−1
(
Ψk(Y )

)
for every Ψk ∈ Pk(R3; Dc,sh). From this fact we obtain for an arbitrary polynomial function
Ψk ∈ Pk(R3; Dc,sh) given by

Ψk(Y ) =
∑

|α|=k

vαy
α1
1 yα2

2 yα3
3 ,

where vα ∈ Dc,sh, that

|L−1Ψk|22 ≤ ∥(L0
c,sh)−1∥L(Dc,sh)

∑
|α|=k

∥vα∥Dc,shα1!α2!α3! = ∥(L0
c,sh)−1∥L(Dc,sh)|Ψk|22

holds independently of µ and k.

Chapter 3 therefore yields the existence of a near-identity, finite-dimensional change of
variable

Ỹ = Y := (Z, µ), W̃ = W + Φc(Y ), Ũ = U + Φsh(Y )

satisfying
Φ(Z, µ) = O(|(Z, µ)||Z|2) (4.17)

which transforms equations (4.14) – (4.16) into

Ż = Lµ
whZ + G̃µ

wh(Z,W,U) + H̃µ
wh(Z),

Ẇ = Lµ
cW + G̃µ

c (Z,W,U) + H̃µ
c (Z),

U̇ = Lµ
shU + G̃µ

sh(Z,W,U) + H̃µ
sh(Z)

and δ > 0 such that

∥H̃c,sh(Y )∥Xc,sh ≲ µ2e− c∗
2µ ,

∥dH̃c,sh(Y )∥L(R3;Xc,sh) ≲ µe− c∗
2µ

for |Y | ≤ δ. Equations (3.6) – (3.8) and estimate (4.17) imply the following estimates for
the transformed nonlinearities.
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Remark 4.8. The transformed nonlinearities satisfy

(i) H̃µ
wh(Z) − Ĥµ

wh(Z) = O
(
|(Z, µ)||Z|2

)
, so that the µ-independent quadratic terms of

Hµ
wh are untouched by the transformation,

(ii) G̃µ
wh(Z,W,U) = O

(
|Z||(Z, µ)|∥(W,U)∥Dc,sh + µ2|W |2 + ∥U∥Dsh∥(W,U)∥Dc,sh

)
,

(iii) G̃µ
c,sh(Z,W,U) = O

(
|Z||(Z, µ)|3∥(W,U)∥Dc,sh + |(Z, µ)|2∥(W,U)∥2

Dc,sh

)
,

(iv) dH̃µ
wh[Z] = O

(
|Z|
)
,

(v) d1G̃
µ
wh[Z,W,U ] = O

(
|(Z, µ)|∥(W,U)∥Dc,sh + ∥(W,U)∥2

Dc,sh

)
,

(vi) d2G̃
µ
wh[Z,W,U ], d3G̃

µ
wh[Z,W,U ] = O

(
|Z|2 + µ|Z| + ∥(W,U)∥Dc,sh

)
,

(vii) d1G̃
µ
c,sh[Z,W,U ] = O

(
|(Z, µ)|3∥(W,U)∥Dc,sh + |(Z, µ)|∥(W,U)∥2

Dc,sh

)
,

(viii) d2G̃
µ
c,sh[Z,W,U ], d3G̃

µ
c,sh[Z,W,U ] = O

(
|Z||(Z, µ)|3 + |(Z, µ)|2∥(W,U)∥Dc,sh

)
.

4.2 The (iω)2 resonance

In the case n = 4 we assume that equations (4.1) – (4.3) satisfy the following additional
assumptions.

(C1) The right-hand side of equations (4.1) – (4.3) satisfies the estimates

hε
wh(z) = O(|z|3),

hε
c(z), hε

sh(z) = O(|z|2).

(C2) The spectrum of the complexified linear operator Lε
wh ∈ C4×4 exhibits an (iω)2

resonance at ε = 0, meaning that there exists ω ≥ 0 such that as ε ↑ 0 two pairs
of purely imaginary eigenvalues of Lε

wh collide to form geometrically simple and
algebraically double eigenvalues ±iω and split into a complex eigenvalue quartet for
ε > 0 (see Figure 4.5). When working with complex coordinates we write z ∈ R4 as

z = z1e+ z2f + z̄1ē+ z̄2f̄, z1, z2 ∈ C,

where (L0
wh − iωI)e = 0, (L0

wh − iωI)f = e, and assume that

Lε
wh =


i(ω + σε) 1 0 0

(λε)2 i(ω + σε) 0 0
0 0 −i(ω + σε) 1
0 0 (λε)2 −i(ω + σε)

 ,
where λε, σε are analytic functions of ε with

λε = ε+ O(ε2), σε = O(ε).
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Additionally, we assume that Swh(z1, z2) = (z̄1,−z̄2) and kω ̸= ω0
j for all j ∈

{1, . . . , d} and k ∈ N.

Im λ

Reλ

ε < 0

Im λ

Reλ

iω

−iω

ε = 0

Im λ

Reλ

ε > 0

Figure 4.5: The (iω)2 resonance at ε = 0.

(C3) The conserved quantity Iε satisfies

Iε((z1, z2), w, u) = O(∥(z2, w, u)∥R2×R2d×Dsh∥(z1, z2, w, u)∥D + ε∥(z1, z2, w, u)∥2
D)

(in complex coordinates).

Since the scaling in this case leads to slightly worse estimates for the nonlinearities we
need to eliminate the ε-independent term of hε

c,sh which is homogeneous of degree two in
z. This change of variable affects the coefficient in hε

wh (part of the cubic terms of h0
wh)

which determines whether homoclinic bifurcation takes place. We therefore eliminate this
term as a separate preliminary step by writing

z̃ = z, w̃ = w +Xc(z, z), ũ = u+Xsh(z, z),

where X := (Xc, Xsh) : R4 × R4 → Dc,sh is a bounded symmetric bilinear operator. Ap-
plying a transformation of this kind leads to the equations

˙̃z = Lε
whz̃ + g̃ε

wh(z̃, w̃, ũ) + h̃ε
wh(z̃), (4.18)

˙̃w = Lε
cw̃ + g̃ε

c(z̃, w̃, ũ) + h̃ε
c(z̃), (4.19)

˙̃u = Lε
shũ+ g̃ε

sh(z̃, w̃, ũ) + h̃ε
sh(z̃), (4.20)

where

g̃ε
wh(z̃, w̃, ũ) = gε

wh

(
z̃, w̃ −Xc(z̃, z̃), ũ−Xsh(z̃, z̃)

)
− gε

wh

(
z̃,−Xc(z̃, z̃),−Xsh(z̃, z̃)

)
,

g̃ε
c(z̃, w̃, ũ) = 2Xc

(
z̃, (f ε

(
z̃, w̃ −Xc(z̃, z̃), ũ−Xsh(z̃, z̃)

)
− f ε

(
z̃,−Xc(z̃, z̃),−Xsh(z̃, z̃)

))
+ gε

c

(
z̃, w̃ −Xc(z̃, z̃), ũ−Xsh(z̃, z̃)

)
− gε

c

(
z̃,−Xc(z̃, z̃),−Xsh(z̃, z̃)

)
,

g̃ε
sh(z̃, w̃, ũ) = 2Xsh

(
z̃, (f ε

(
z̃, w̃ −Xc(z̃, z̃), ũ−Xsh(z̃, z̃)

)
− f ε

(
z̃,−Xc(z̃, z̃),−Xsh(z̃, z̃)

))
+ gε

sh

(
z̃, w̃ −Xc(z̃, z̃), ũ−Xsh(z̃, z̃)

)
− gε

sh

(
z̃,−Xc(z̃, z̃),−Xsh(z̃, z̃)

)
,

h̃ε
wh(z̃) = hε

wh(z̃) + gε
wh

(
z̃,−Xc(z̃, z̃),−Xsh(z̃, z̃)

)
,
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h̃ε
c(z̃) = −Lε

cXc(z̃, z̃) + 2Xc

(
z̃, f ε

(
z̃,−Xc(z̃, z̃),−Xsh(z̃, z̃)

))
+ gε

c

(
z̃, Xc(z̃, z̃),−Xsh(z̃, z̃)

)
+ hε

c(z̃),

h̃ε
sh(z̃) = −Lε

shXsh(z̃, z̃) + 2Xsh

(
z̃, f ε

(
z̃, 0,−Xsh(z̃, z̃)

))
+ gε

sh

(
z̃,−Xc(z̃, z̃),−Xsh(z̃, z̃)

)
+ hε

sh(z̃)

and
f ε(z̃, w̃, ũ) = Lε

whz̃ + gε
wh(z̃, w̃, ũ) + hε

wh(z̃),
so that the quadratic terms of h̃0

c,sh are given by

−L0
c,shX(z̃, z̃) +X(z̃, 2L0

whz̃) + 1
2 d2h0

c,sh[0](z̃, z̃),

while the cubic terms of h̃0
wh are

1
6 d3h0

wh[0](z̃, z̃, z̃) − d2g0
wh[0]

(
(z̃, 0, 0), (0, Xc(z̃, z̃), Xsh(z̃, z̃))

)
. (4.21)

We therefore have to solve the operator equation

−L0
c,shX(z̃, z̃) +X(z̃, 2L0

whz̃) = −1
2 d2h0

c,sh[0](z̃, z̃). (4.22)

The following result was proved by Arendt et al. [2].

Lemma 4.9. Suppose that E, F are Banach spaces, A : D(A) ⊆ E → E is a closed linear
operator, B ∈ L(F ;F ) and the spectrum of −B is separated from the spectrum of A by
a finite number of simple closed curves γ. The Sylvester equation

AX +XB = Y (4.23)

has a unique solution X ∈ L(F ;E) for each Y ∈ L(F ;E), and this solution is given by
the formula

X = 1
2πi

∫
γ
(λI − A)−1Y (λI +B)−1 dλ. (4.24)

Proposition 4.10. Suppose that the hypotheses of Lemma 4.9 hold. The solution X
to equation (4.23) lies in L(F ; D(A)) for each Y ∈ L(F ;E). Furthermore X depends
continuously on Y in this sense with

∥X∥L(F ;D(A)) ≲ sup
λ∈Im γ

∥(λI − A)−1∥L(E;D(A))∥(λI +B)−1∥L(F ;F )∥Y ∥L(F ;E).

Proof. We observe that the resolvent of A is a holomorphic function ρ(A) → L(E; D(A)),
so that (λI − A)−1Y (λI + B)−1 ∈ L(F ; D(A)) depends continuously on λ ∈ Im γ; the
integral on the right-hand side of equation (4.24) therefore converges in this sense. Fur-
thermore X 7→ AX + XB is a bounded bijective mapping L(F ; D(A)) → L(F ;E), so
that by the inverse mapping theorem its inverse is also continuous; the estimate follows
directly from equation (4.24).
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Applying Proposition 4.10 with A = −L0
c,sh and B = 2L0

wh to the equation

−L0
c,shX(z̃, ·) +X(z̃, 2L0

wh) = −1
2 d2h0

c,sh[0](z̃, ·)

yields a unique solution X(z̃, ·) ∈ L(R4; Dc,sh) which depends linearly and continuously
on z̃ ∈ R4. It follows that X is a bounded symmetric bilinear operator R4 × R4 → Dc,sh
which satisfies equation (4.22). The transformed nonlinearities satisfy

gε
wh(z, w, u), gε

c(z, w, u), gε
sh(z, w, u) = O(∥(z, w, u)∥D∥(w, u)∥Dc,sh),

hε
wh(z) = O(|z|3),

hε
c(z), hε

sh(z) = O(|(ε, z)||z|2),

where we have dropped the tildes for notational simplicity.

Now we turn to the approximate equation

ż = Lε
whz + hε

wh(z). (4.25)

The following result is a straightforward application of the normal-form theory given by
Iooss and Pérouème [12].

Proposition 4.11. There is a polynomial change of variable

z̃ = z +
5∑

i+j=3
j≥3

εiΦi
j(z), (4.26)

where Φi
j is homogeneous of degree j in z, which converts equation (4.25) into

˙̃z = Lwhz̃ + h̃wh(z̃),

where in the same notation

Rθh̃
i
wh,j(z̃) = h̃i

wh,j(Rθz̃), i+ j ∈ {3, 4, 5}, j ≥ 3

for all rotations

Rθ(z1, z2, z̄1, z̄2) = (eiθz1, eiθz2, e−iθz̄1, e−iθz̄2), θ ∈ [0, 2π].

In particular h̃0
wh,3 is obtained from h0

wh,3 by the removal of all monomials which are not
equivalent under rotations.

Applying the change of variable (4.26) to the complete system

ż = Lε
whz + gε

wh(z, w, u) + hε
wh(z),

ẇ = Lε
cz + gε

c(z, w, u) + hε
c(z),

u̇ = Lε
shz + gε

sh(z, w, u) + hε
sh(z),

transforms hε
wh in the same way, while the estimates for the other nonlinearities remain

unchanged. Without loss of generality we therefore assume that

Rθh
i
wh,j(z) = hi

wh,j(Rθz), i+ j ∈ {3, 4, 5}, j ≥ 3
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for all θ ∈ [0, 2π], and we write equation (4.25) as

ż1 = i(ω + σε)z1 + z2 + Pε
1(z1, z2, z̄1, z̄2) + Rε

1(z1, z2, z̄1, z̄2), (4.27)
ż2 = (λε)2z1 + i(ω + σε)z2 + Pε

2(z1, z2, z̄1, z̄2) + Rε
2(z1, z2, z̄1, z̄2), (4.28)

where

Pε
1(z̄1, z̄2, z̄1, z̄2) = −Pε

1(z1,−z2, z̄1,−z̄2), Pε
2(z̄1, z̄2, z̄1, z̄2) = Pε

2(z1,−z2, z̄1,−z̄2),
Rε

1(z̄1, z̄2, z̄1, z̄2) = −Rε
1(z1,−z2, z̄1,−z̄2), Rε

2(z̄1, z̄2, z̄1, z̄2) = Rε
2(z1,−z2, z̄1,−z̄2),

as well as

Pε
j (eiθz1, eiθz2, e−iθz̄1, e−iθz̄2) = eiθPε

j (z1, z2, z̄1, z̄2),
|Rε

j(z1, z2, z̄1, z̄2)| = O(|(ε, z)|3|z|3)

for θ ∈ [0, 2π] and j ∈ {1, 2}. At this point we make an additional hypothesis concerning
the term of hε

wh which determines whether equation (4.25) has a homoclinic solution.

(C4) We assume that the coefficient of z1|z1|2 in Pε
2(z1, z2, z̄1, z̄2) is negative and can

therefore be written as −C for some C > 0.

Changing to real coordinates by writing

z1 = x1 + ix2, z2 = y1 + iy2,

we find that (with a slight abuse of notation)

ẋ = (ω + σε)Rπ
2
x+ y + Pε

1(x, y) + Rε
1(x, y), (4.29)

ẏ = (ω + σε)Rπ
2
y + (λε)2x+ Pε

2(x, y) + Rε
2(x, y), (4.30)

where x = (x1, x2)T, y = (y1, y2)T.

Lemma 4.12. For fixed ν ∈ (0, 1) and ε > 0 the system (4.29) and (4.30) has a pair of re-
versible homoclinic solutions, that is invariant under the transformation (x1, x2, y1, y2)(t) 7→
(x1,−x2,−y1, y2)(−t), of the form

pε±(t) = R(ω+σε)t

(
λε(p̌±

1 (λεt), p̌±
2 (λεt))T

(λε)2(q̌±
1 (λεt), q̌±

2 (λεt))T

)

which satisfy the estimate
|p̌±

j (t)|, |q̌±
j (t)| ≲ e−ν|t|.

Proof. Writing
y = ẋ− (ω + σε)Rπ

2
x+ v,

we find from equation (4.29) that

v + Pε
1(x, ẋ− (ω + σε)Rπ

2
x+ v) + Rε

1(x, ẋ− (ω + σε)Rπ
2
x+ v) = 0.

We seek solutions to this equation of the form

v = vε
1(x, ẋ− (ω + σε)Rπ

2
x) + vε

2(x, ẋ− (ω + σε)Rπ
2
x),
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where
vε

1 + Pε
1(x, ẋ− (ω + σε)Rπ

2
x+ vε

1) = 0 (4.31)
and

vε
2 + Pε

1(x, ẋ− (ω + σε)Rπ
2
x+ vε

1(x, ẋ− (ω + σε)Rπ
2
x) + vε

2)
− Pε

1(x, ẋ− (ω + σε)Rπ
2
x+ vε

1(x, ẋ− (ω + σε)Rπ
2
x))

+ Rε
1(x, ẋ− (ω + σε)Rπ

2
x+ vε

1(x, ẋ− (ω + σε)Rπ
2
x) + vε

2) = 0. (4.32)

Using the implicit function theorem we obtain unique solutions vε
1 = vε

1(x, ẋ−(ω+σε)Rπ
2
x)

and vε
2 = vε

2(x, ẋ − (ω + σε)Rπ
2
x) to equations (4.31) and (4.32) respectively depending

analytically upon ε, x and ẋ− (ω + σεRπ
2
x) and satisfying

vε
1(x, ẋ− (ω + σε)Rπ

2
x) = O(|(x, ẋ− (ω + σε)Rπ

2
x)|3),

Rθv
ε
1(x, ẋ− (ω + σε)Rπ

2
x) = vε

1(Rθx,Rθ(ẋ− (ω + σε)Rπ
2
x))

for all θ ∈ [0, 2π) and

vε
2(x, ẋ− (ω + σε)Rπ

2
x) = O(|(x, ẋ− (ω + σε)Rπ

2
x)|3|(ε, x, ẋ− (ω + σε)Rπ

2
x)|).

Substituting
y = ẋ− (ω + σε)Rπ

2
x+ vε

1 + vε
2

into equation (4.30) we obtain that

(∂t − (ω + σε)Rπ
2
)2x = −(∂t − (ω + σε)Rπ

2
)(vε

1 + vε
2)

+ (λε)2x+ P̂ε(x, ẋ− (ω + σε)Rπ
2
x) + R̂ε(x, ẋ− (ω + σε)Rπ

2
x),

where

P̂ε(x, ẋ− (ω + σε)Rπ
2
x) = Pε

2(x, ẋ− (ω + σε)Rπ
2
x+ vε

1),
R̂ε(x, ẋ− (ω + σε)Rπ

2
x) = Pε

2(x, ẋ− (ω + σε)Rπ
2
x+ vε

1 + vε
2) − Pε

2(x, ẋ− (ω + σε)Rπ
2
x+ vε

1)
+ Rε

2(x, ẋ− (ω + σε)Rπ
2
x+ vε

1 + vε
2).

Therefore, we find that

(∂t − (ω + σε)Rπ
2
)2x = −∂1v

ε
1(ẋ− (ω + σε)Rπ

2
x) − ∂2v

ε
1(∂t − (ω + σε)Rπ

2
)2x

+ (λε)2x+ P̂ε(x, ẋ− (ω + σε)Rπ
2
x)

− ∂1v
ε
2(ẋ− (ω + σε)Rπ

2
x) − ∂2v

ε
2(∂t − (ω + σε)Rπ

2
)2x

− ∂1v
ε
2(ω + σε)Rπ

2
x− ∂2v

ε
2(ω + σε)Rπ

2
(ẋ− (ω + σε)Rπ

2
x)

+ (ω + σε)Rπ
2
vε

2 + R̂ε(x, ẋ− (ω + σε)Rπ
2
x), (4.33)

where we have used the notation ∂jv
ε
k = djv

ε
k[x, ẋ− (ω + σε)Rπ

2
x] and the calculation

(∂t − sRπ
2
)vε

1(x, ẋ− (ω + σε)Rπ
2
x)

= ∂1v
ε
1(x, ẋ− (ω + σε)Rπ

2
x)(ẋ− (ω + σε)Rπ

2
x)

+ ∂2v
ε
1(x, ẋ− (ω + σε)Rπ

2
x)(∂t − (ω + σε)Rπ

2
)2x
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based on the rotational invariance of vε
1.

Introducing the scaled variables

x(t) = λεR(ω+σε)tx̌(ť), ť = λεt,

equation (4.33) transforms into

¨̌x = x̌−Cx̌|x̌|2+Pε(x̌, ˙̌x)+R−(ω+σε)t/λεQε(R(ω+σε)t/λεx̌, R(ω+σε)t/λε ˙̌x,R(ω+σε)t/λε ¨̌x), (4.34)

where
Pε(x̌, ˙̌x) = O(ε|(x̌, ˙̌x)|), Qε(x̌, ˙̌x, ¨̌x) = O(ε2|(x̌, ˙̌x, ¨̌x)|),

since

ẋ− (ω + σε)Rπ
2
x = (λε)2R(ω+σε)t ˙̌x(ť), (∂t − (ω + σε)Rπ

2
)2x = (λε)2R(ω+σε)t ¨̌x(ť).

We can rewrite equation (4.34) as the second order system

¨̌x1 = x̌1 − Cx̌1(x̌2
1 + x̌2

2) + Sε
1(x̌1, x̌2, ˙̌x1, ˙̌x2, ¨̌x1, ¨̌x2), (4.35)

¨̌x2 = x̌2 − Cx̌2(x̌2
1 + x̌2

2) + Sε
2(x̌1, x̌2, ˙̌x1, ˙̌x2, ¨̌x1, ¨̌x2), (4.36)

where Sε
1 and Sε

2 are continuously differentiable functions of ε and their arguments in a
neighbourhood of the origin, and Sε

1 is even and Sε
2 odd in ( ˙̌x1, x̌2, ¨̌x2) with

Sε
j (x̌1, x̌2, ˙̌x1, ˙̌x2, ¨̌x1, ¨̌x2) = O(ε)

for j ∈ {1, 2}. For ε = 0 this system has the explicit reversible homoclinic solution

(x̌1, x̌2) = (h, 0),

where
h(ť) =

( 2
C

) 1
2

sech(ť).

x1

y1ˇ

ˇ

Figure 4.6: Phase portrait of the invariant plane {(x̌1, ˙̌x1)} of equations (4.35) and (4.36)
for ε = 0.
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In fact, we have the family{
(x̌1, x̌2) = Ra(h(ť0 + ·), 0), a ∈ [0, 2π), ť0 ∈ R

}
of homoclinic solutions, where the solutions p̌+ for a = 0 and ť0 = 0 as well as p̌− for
a = π and ť0 = 0 are reversible (see Figure 4.6).

Now we write x̌ as perturbation

x̌1 = h+ p1, x̌2 = p2

of the homoclinic solution (h, 0) so that equations (4.35) and (4.36) become

p̈1 − p1 = −3Ch2p1 + rε
1(p1, p2, ṗ1, ṗ2, p̈1, p̈2, h), (4.37)

p̈2 − p2 = −Ch2p2 + rε
2(p1, p2, ṗ1, ṗ2, p̈1, p̈2, h), (4.38)

with the obvious definitions of rε
1 and rε

2. We study this system in the space C2
−ν(R)2

and consider the nonlinearities rε
1 and rε

2, with a slight abuse of notation, as continuously
differentiable mappings C2

−ν(R)2 → C−ν(R)2 with

rε
j(p1, p2) = O(ε+ ∥(p1, p2)∥2

C2
−ν(R)).

In terms of the (vector-valued versions of the) operators L and Ah defined in Proposi-
tions 4.2 and 4.3 we write equations (4.37) and (4.38) as

p = Ahp+ L−1rε(p), (4.39)

where p = (p1, p2) and rε = (rε
1, r

ε
2). In order to solve equation (4.39), we show that the

operator

I−Ah :
(
C−ν(R)∩Ce(R)

)
×
(
C−ν(R)∩Co(R)

)
→
(
C2

−ν(R)∩Ce(R)
)

×
(
C2

−ν(R)∩Co(R)
)

is invertible.

As a first step we show that 1 is a geometrically double eigenvalue of

Ah : C−ν(R)2 → C−ν(R)2,

noting that the eigenvalue problem
Ahp = p

is equivalent to the decoupled system

p̈1 = p1 − 3Ch2p1, (4.40)
p̈2 = p2 − Chp2 (4.41)

of ordinary differential equations. Now let

v1(ť) = sech(ť) tanh(ť),
v2(ť) = sech(ť)(−3 + cosh2(ť) + 3ť tanh ť),
w1(ť) = sech(ť),
w2(ť) = sech(ť)(2ť+ sech(2ť)),
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and note that {v1, v2} is a fundamental solution set for equation (4.40) and {w1, w2} is
a fundamental solution set for equation (4.41). Since v1, w1 are bounded and v2, w2 are
unbounded, we conclude that all bounded solutions of equation (4.40) are multiples of
v1 = −ḣ and all bounded solution of equation (4.41) are multiples of w1 = (2/C)− 1

2h.
The eigenspace of Ah : C−ν(R)2 → C−ν(R)2 corresponding to the eigenvalue 1 is therefore〈(

ḣ
0

)
,

(
0
h

)〉

and lies in
(
C−ν(R) ∩ Co(R)

)
×
(
C−ν(R) ∩ Ce(R)

)
.

In particular 1 is not an eigenvalue of Ah|C−ν(R)∩Ce(R)×C−ν,o(R) and since the operator
Ah is a compact operator C−ν(R)2 → C−ν(R)2 by Proposition 4.3, it follows that the
spectrum of Ah|C−ν(R)∩Ce(R)×C−ν,o(R) consists only of eigenvalues, so that

I−Ah :
(
C−ν(R)∩Ce(R)

)
×
(
C−ν(R)∩Co(R)

)
→
(
C2

−ν(R)∩Ce(R)
)

×
(
C2

−ν(R)∩Co(R)
)

is invertible. We can therefore solve equation (4.39) for sufficiently small values of ε > 0
using the implicit function theorem. The solution h∗ satisfies ∥h∗∥C2

−ν(R) = O(ε). The
lemma now follows with

p̌(ť) = h(ť) + h∗(ť),
q̌(ť) = ḣ(ť) + h∗(ť)

+ (λε)−2vε
(
(λε)2 ˙̌x(t), λεx̌(t)

)
+ (λε)−2R−(ω+σε)tv

ε
(
R(ω+σε)ť(λε)2 ˙̌x(ť), R(ω+σε)ťλ

εx̌(ť)
)
,

where vε = vε
1 + vε

2 and t = ť/λε.

The second homoclinic solution p̌ε− satisfying the above estimates is obtained analog-
ously to p̌−.

Since the matrix L0
wh is evidently not diagonalisable, we need to use a change of variable

to ‘replace’ it by a diagonalisable matrix to apply the normal-form theory in Chapter 3,
as in the 02 resonance case (see Remark 3.5 for further details). Writing ε = µ2 and
introducing the scaled variables

λ̃µ = λε|ε=µ2 ,

σ̃µ = σε|ε=µ2 ,(
Z1
Z2

)
=
(

(λ̃µ)− 1
2 z1

(λ̃µ)− 3
2 z2

)
,

W = (λ̃µ)−1w,

U = (λ̃µ)− 3
2u,

converts equations (4.18) – (4.20) into

Ż = Lµ
whZ +Gµ

wh(Z,W,U) +Hµ
wh(Z), (4.42)
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Ẇ = Lµ
cW +Gµ

c (Z,W,U) +Hµ
c (Z), (4.43)

U̇ = Lµ
shU +Gµ

sh(Z,W,U) +Hµ
sh(Z), (4.44)

where

Lµ
wh =


i(ω + σ̃µ) λ̃µ 0 0

λ̃µ i(ω + σ̃µ) 0 0
0 0 −i(ω + σ̃µ) λ̃µ

0 0 λ̃µ −i(ω + σ̃µ)


(in complex coordinates), and

Gµ
wh(Z,W,U) = O

(
|W |∥(Z,W,U)∥D + µ∥U∥Dsh∥(Z,W,U)∥D

)
,

Gµ
c (Z,W,U) = O

(
µ|W |∥(Z,W,U)∥D + µ2∥U∥Dsh∥(Z,W,U)∥D

)
,

Gµ
sh(Z,W,U) = O

(
∥(W,U)∥Dc,sh∥(Z,W,U)∥D

)
,

Hµ
wh(Z) = O(|Z|3),

Hµ
c (Z), Hµ

sh(Z) = O(|(Z, µ)||Z|2)

and we have abbreviated Lε
c|ε=µ2 , Lε

sh|ε=µ2 to Lµ
c , Lµ

sh.

Remark 4.13. The formula

Iµ(Z,W,U) := Iε(z, w, u)|ε=µ2

defines a conserved quantity of equations (4.42) – (4.44) and satisfies

Iµ(Z,W,U) = O(µ4∥(Z,W,U)∥2
D).

The equation
Ż = Lµ

whZ +Hµ
wh(Z)

has the reversible homoclinic solution

P µ = ei(ω+σ̃µ)t
(

(λ̃µ) 1
2 (p̌ε±

1 (λ̃µt) + ip̌ε±
2 (λ̃µt))|ε=µ2

(λ̃µ) 1
2 (q̌ε±

1 (λ̃µt) + iq̌ε±
2 (λ̃µt))|ε=µ2

)
,

which satisfies the estimate
|P µ(t)| ≲ (λ̃µ) 1

2 e−νλ̃µ|t|

(see Lemma 4.12).

The estimates gathered above are not sufficient to construct a contractive iteration
scheme which will be our main tool in the existence proof of generalised pulse solutions
in Chapter 5. The following preliminary transformation improves these estimates by
removing those terms of Gµ

wh which are linear or quadratic in (Z, µ) and linear in (W,U)
at the expense of modifying higher-order terms.
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Lemma 4.14. There exists a near-identity, finite-dimensional change of variables which
transforms equations (4.42) – (4.44) into

Ż = Lµ
whZ + Ĝµ

wh(Z,W,U) + Ĥµ
wh(Z), (4.45)

Ẇ = Lµ
cW + Ĝµ

c (Z,W,U) + Ĥµ
c (Z), (4.46)

U̇ = Lµ
shU + Ĝµ

sh(Z,W,U) + Ĥµ
sh(Z) (4.47)

and preserves the reversibility. The transformed nonlinearities Ĝµ
c , Ĝ

µ
sh and Ĥµ

c , Ĥ
µ
sh satisfy

the same estimates as respectively Gµ
c , Gµ

sh and Hµ
c , Hµ

sh, while

Ĥµ
wh(Z) −Hµ

wh(Z) = O(|(Z, µ)||Z|3),

so that the µ-independent cubic terms of Hµ
wh are untouched by the transformation and

Ĝµ
wh(Z,W,U) = O(|(Z, µ)|2|Z|∥(W,U)∥Dc,sh + ∥(W,U)∥2

Dc,sh
).

Proof. We consider the near-identity transformation

Ẑ = Z + µidj(Z,W ), Ŵ = W, Û = U,

where dj : R4 × R2d → R4 is homogeneous of degree j in the first argument and linear in
the second; its inverse is given by

Z = Ẑ − µidj(Ẑ, Ŵ ) + R(Ẑ, Ŵ, µ),

where R is analytic at the origin and satisfies

R(Ẑ, Ŵ, µ) = O(µ(j+1)i|Ẑ|j|Ŵ |2).

We find that
˙̂
Z = F̃ µ(Ẑ, Ŵ, Û),

where

F̃ µ(Ẑ, Ŵ, Û)
= Lµ

whẐ + Lµ
wh(R(Ẑ, Ŵ ) − µidj(Ẑ, Ŵ )) +Hµ

wh

(
Ẑ − µidj(Ẑ, Ŵ ) + R(Ẑ, Ŵ, µ)

)
+Gµ

wh

(
Ẑ − µidj(Ẑ, Ŵ ) + R(Ẑ, Ŵ, µ), Ŵ, Û

)
+ µidj

(
Lµ

wh(Ẑ − µidj(Ẑ, Ŵ ) + R(Ẑ, Ŵ, µ))
+Hµ

wh(Ẑ − µidj(Ẑ, Ŵ ) + R(Ẑ, Ŵ, µ))
+Gµ

wh(Ẑ − µidj(Ẑ, Ŵ ) + R(Ẑ, Ŵ, µ), Ŵ, Û), Ŵ
)

+ µidj

(
Ẑ, Lµ

c Ŵ +Gµ
c

(
Ẑ − d(Ẑ, Ŵ ) + R(Ẑ, Ŵ ), Ŵ, Û

)
+Hµ

c

(
Ẑ − d(Ẑ, Ŵ ) + R(Ẑ, Ŵ )

))
= Hµ

wh(Ẑ) +Gµ
wh(Ẑ, Ŵ, Û) − µiL0

whdj(Ẑ, Ŵ ) + µidj(L0
whẐ, Ŵ ) + µidj(Ẑ, L0

cŴ )
+ O

(
(µi+1|Ẑ|j + µi|Ẑ|j+1)∥(Ŵ, Û)∥Dc,sh + ∥(Ẑ, Ŵ, Û)∥D∥(Ŵ, Û)∥2

Dc,sh

+ µi|(Ẑ, µ)||Ẑ|j+2
)
,
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so that

F̂i,j,1,0({µ}(i), {Ẑ}(j), Ŵ ) = − µiL0
whdj(Ẑ, Ŵ ) + µidj(L0

whẐ, Ŵ )
+ µidj(Ẑ, L0

cŴ ) + (Gwh)i,j,1,0({µ}(i), {Ẑ}(j), Ŵ ),

where F̂i,j,1,0 and (Gwh)i,j,1,0 are the parts of F̂ and Gµ
wh that are homogeneous of degree

i in µ, homogeneous of degree j in Ẑ and linear in Ŵ. Therefore, to achieve F̂i,j,1,0 = 0
we have to solve the equation

−µiL0
whdj(Ẑ, Ŵ ) + µidj(L0

whẐ, Ŵ ) + µidj(Ẑ, L0
cŴ ) = (Gwh)i,j,1,0({µ}(i), {Ẑ}(j), Ŵ ),

which is equivalent to the system

(iω0
mI − L0

wh)dj(Ẑ, em) + dj(LwhẐ, em) = (Gwh)i,j,1,0({1}(i), {Ẑ}(j), em), (4.48)
−(iω0

mI + L0
wh)dj(Ẑ, ēm) + dj(LwhẐ, ēm) = (Gwh)i,j,1,0({1}(i), {Ẑ}(j), ēm) (4.49)

form ∈ {1, . . . , d}, where dj and (Gwh)i,j,1,0 have been extended linearly to complex-valued
second and third arguments. Applying Lemma 4.9 with A = iω0

mI − L0
wh and B = L0

wh
to equation (4.48) and with A = −(iω0

mI + L0
wh) and B = L0

wh to equation (4.49) we
find unique solutions dj(·, em) ∈ L(R4;C4) and dj(·, ēm) ∈ L(R4;C4) for m ∈ {1, . . . , d}.
(Note that dj(·, ēm) = dj(·, em).) Constructing dj for (i, j) ∈ {(1, 0), (2, 0), (1, 1)} yields

Gµ
wh(Z,W,U) = O(|(Z, µ)|2|Z|∥(W,U)∥Dc,sh + µ|Z|∥U∥Dsh + ∥(W,U)∥2

Dc,sh
)

in the new variables, where we have dropped the hats.

To obtain the desired estimates we consider the near-identity transformation

Ẑ = Z + µd(Z,U), Ŵ = W, Û = U,

where d : R4 × Dsh → R4 bilinear; its inverse is given by

Z = Ẑ − µd(Ẑ, Û) + R̂(Ẑ, Û, µ),

where R̂ is analytic at the origin and satisfies

R̂(Ẑ, Û, µ) = O(µ2|Ẑ||Û |2).

Repeating the same arguments, we find that

˙̂
Z = F̃ µ(Ẑ, Ŵ, Û),

where

F̃ µ(Ẑ, Ŵ, Û) = Hµ
wh(Ẑ) +Gµ

wh(Ẑ, Ŵ, Û) − µL0
whd(Ẑ, Û) + µd(L0

whẐ, Û) + µd(Ẑ, L0
shÛ)

+ O
(
(µ2|Ẑ| + µ|Ẑ|2)∥(Ŵ, Û)∥Dc,sh + ∥(Ẑ, Ŵ, Û)∥D∥(Ŵ, Û)∥2

Dc,sh

+ µ|(Ẑ, µ)||Ẑ|3
)
,

so that
F̂1,1,0,1(Ẑ, Û, µ) = − µL0

whd(Ẑ, Û) + µd(L0
whẐ, Û)

+ µd(Ẑ, L0
shÛ) + (Gwh)i,j,0,1(µ, Ẑ, Û),
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where F̂i,j,0,1 and (Gwh)i,j,0,1 are the parts of F̂ and Gµ
wh that are homogeneous of degree

i in µ, homogeneous of degree j in Ẑ and linear in Û. To achieve F̂1,1,0,1 = 0 we have to
solve the equation

−µL0
whd(Ẑ, Û) + µd(L0

whẐ, Û) + µd(Ẑ, L0
sh) = (Gwh)1,1,0,1(µ, Ẑ, Û),

which is equivalent to the system

(L0
wh + iω)d(e, Û) + d(e, L0

shÛ) = (Gwh)1,1,0,1(1, e, Û) (4.50)
(L0

wh + iω)d(f, Û) + d(f, L0
shÛ) = (Gwh)1,1,0,1(1, f, Û) (4.51)

(L0
wh − iω)d(ē, Û) + d(ē, L0

shÛ) = (Gwh)1,1,0,1(1, ē, Û), (4.52)
(L0

wh − iω)d(f̄, Û) + d(f̄, L0
shÛ) = (Gwh)1,1,0,1(1, f̄, Û), (4.53)

where d and (Gwh)i,j,0,1 have been extended linearly to complex-valued first and second
arguments. Applying Lemma 4.9 with A = L0

wh + iωI and B = L0
sh to equations (4.50)

and (4.51) and with A = L0
wh − iωI and B = L0

sh to equations (4.52) and (4.53) we find
unique solutions d(e, ·), d(f, ·), d(ē, ·), d(f̄, ·) ∈ L(Dsh;C4). (Note that d(ē, ·) = d(·, e) and
d(f̄, ·) = d(·, f).)

Finally, define

X = Xc,sh := Xc × Xsh,

D = Dc,sh := Dc × Dsh,

Q = (W,U)

and

F µ(Z,Q) = Lµ
whZ + Ĝµ

wh(Z,W,U) + Ĥµ
wh(Z),

LµQ = Lµ
c,sh(W,U) := (Lµ

cW,L
µ
shU),

Gµ(Z,Q) = Ĝµ
c,sh(Z,W,U) :=

(
Ĝµ

c (Z,W,U), Ĝµ
sh(Z,W,U)

)
,

so that we are now in the setting described in Chapter 3 and note that

d1F
0[0, 0] = Kwh :=

(
L0

wh
0

)
.

Hypothesis 3.4 is verified in the following result.

Lemma 4.15. The operator L : Pk(R2n; Dc,sh) → Pk(R2n; Xc,sh) defined in equation (3.9)
is invertible and the operator norm of its inverse

sup
|Ψk|2,k=1

|(L)−1Ψk|2,k

is independent of k.

Proof. In order to invert L we have to find a k-linear operator Ak : R2n → Dc,sh for a
given k-linear operator Bk : R2n → Xc,sh solving

L0
c,shAk({Y }(k)) − kAk({Y }(k−1), KwhY ) = Bk({Y }(k)) (4.54)
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for all Y ∈ R2n. Instead of equation (4.54) it is sufficient to solve the operator equation

L0
c,shAk({Y }(k−1), ·) − Ak({Y }(k−1), kKwh) = Bk({Y }(k−1), ·) (4.55)

for fixed Y ∈ R2n. Using Proposition 4.10 with A = L0
c,sh, B = −kKwh and γ as the union

of circles around ±ikω and 0 with sufficiently small radius to separate σ(L0
c,sh) and σ(Kwh)

yields a unique solution Ak({Y }(k−1), ·) ∈ L(R2n; Dc,sh) which depends (k − 1)-linearly
and continuously upon Y ∈ R2n. From the calculation

∥(λI − kKwh)−1∥L(R2n) ≲
1

1 + kω
+ 1
k

for all λ ∈ γ we obtain

∥Ak({Y }(k−1), ·)∥L(R2n;Dc,sh) ≲
1
k

∥Bk({Y }(k−1), ·)∥L(R2n;Xc,sh),

so that
|L−1Bk|2,k ≤

√
5k|L−1Bk|0,k ≤

√
5|Bk|0,k ≤ |Bk|2,k

holds independently of k, where we have slightly abused the notation by using Bk inter-
changeably with its induced polynomial.

Chapter 3 therefore yields the existence of a near-identity, finite-dimensional change of
variable

Ỹ = Y := (Z, µ), W̃ = W + Φc(Y ), Ũ = U + Φsh(Y )

satisfying
Φ(Z, µ) = O(|(Z, µ)||Z|2) (4.56)
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which transforms equations (4.10) – (4.12) into

Ż = Lµ
whZ + G̃µ

wh(Z,W,U) + H̃µ
wh(Z),

Ẇ = Lµ
cW + G̃µ

c (Z,W,U) + H̃µ
c (Z),

U̇ = Lµ
shU + G̃µ

sh(Z,W,U) + H̃µ
sh(Z)

and δ > 0 such that

∥H̃c,sh(Y )∥Xc,sh ≲ µ2e− c∗
2µ ,

∥dH̃c,sh(Y )∥L(R5;Xc,sh) ≲ µe− c∗
2µ

for |Y | ≤ δ. Equations (3.6) – (3.8) and estimate (4.17) imply the following estimates for
the transformed nonlinearities.

Remark 4.16. The transformed nonlinearities satisfy

(i) H̃µ
wh(Z) − Ĥµ

wh(Z) = O
(
|(Z, µ)||Z|3

)
, so that the µ-independent cubic terms of Hµ

wh
are untouched by the transformation,

(ii) G̃µ
wh(Z,W,U) = O

(
|(Z, µ)|2|Z|∥(W,U)∥Dc,sh + ∥(W,U)∥2

Dc,sh

)
,

(iii) G̃µ
c (Z,W,U) = O

(
µ|W |∥(Z,W,U)∥D + µ2∥U∥Dsh∥(Z,W,U)∥D

)
,

(iv) G̃µ
sh(Z,W,U) = O

(
∥(W,U)∥Dc,sh∥(Z,W,U)∥D

)
,

(v) dH̃µ
wh[Z] = O

(
|Z|2

)
,

(vi) d1G̃
µ
wh[Z,W,U ] = O

(
|(Z, µ)|2∥(W,U)∥Dc,sh + ∥(W,U)∥2

Dc,sh

)
,

(vii) d2G̃
µ
wh[Z,W,U ], d3G̃

µ
wh[Z,W,U ] = O

(
|(Z, µ)|2|Z| + ∥(W,U)∥Dc,sh

)
,

(viii) d1G̃
µ
c [Z,W,U ] = O

(
µ∥(W,U)∥Dc,sh

)
,

(ix) d2G̃
µ
c [Z,W,U ] = O

(
µ∥(Z,W,U)∥D

)
,

(x) d3G̃
µ
c [Z,W,U ] = O

(
µ|W | + µ2∥(Z,W,U)∥D

)
,

(xi) d1G̃
µ
sh[Z,W,U ] = O

(
∥(W,U)∥Dc,sh

)
,

(xii) d2G̃
µ
sh[Z,W,U ], d3G̃

µ
sh[Z,W,U ] = O

(
∥(Z,W,U)∥D

)
.
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5 Construction of generalised pulses

In this chapter we consider the evolutionary system

Ż = Lµ
whZ + G̃µ

wh(Z,W,U) + H̃µ
wh(Z), (5.1)

Ẇ = Lµ
cW + G̃µ

c (Z,W,U) + H̃µ
c (Z), (5.2)

U̇ = Lµ
shU + G̃µ

sh(Z,W,U) + H̃µ
sh(Z) (5.3)

for (Z,W,U) : R → Rn × R2d × Dsh derived in Chapter 4. Recall that these equations
have the following properties.

(D1) The bounded linear operators Lµ
wh : Rn → Rn, Lµ

c : R2d → R2d, Lµ
sh : Dsh → Xsh

depend analytically upon µ.

(D2) We assume that

Lµ
wh =

(
0 λ̃µ

λ̃µ 0

)

for n = 2 and

Lµ
wh =


i(ω + σ̃µ) λ̃µ 0 0

λ̃µ i(ω + σ̃µ) 0 0
0 0 −i(ω + σ̃µ) λ̃µ

0 0 λ̃µ −i(ω + σ̃µ)


(in complex coordinates) for n = 4, where λ̃µ and σ̃µ are analytic functions of µ
with

λ̃µ = µ2 + O(µ4), σ̃µ = O(µ2).

(D3) The functions G̃(·)
wh, G̃(·)

c , G̃(·)
sh , H̃(·)

wh, H̃(·)
c , H̃(·)

sh take values in respectively Rn, R2d,
Xsh, Rn, R2d, Xsh, are analytic at the origin in respectively R × D and R × Rn, and
satisfy the estimates given in Remarks 4.8 and 4.16 for n = 2 and n = 4 respectively.

(D4) The spectrum of the complexified operator Lµ
c ∈ C2d×2d consists of finitely many

simple purely imaginary eigenvalues ±iωµ
1 , . . . ,±iωµ

d , where ωµ
1 , . . . , ω

µ
d > 0.

(D5) The system (5.1) – (5.3) is reversible, i.e. there exist Swh ∈ Rn×n, Sc ∈ R2d×2d and
Ssh ∈ L(Dsh) ∩ L(Xsh) such that system (4.1) – (4.3) is invariant under t 7→ −t,
(Z,W,U) 7→ (SwhZ, ScW,SshU).

(D6) There exists a conserved quantity I(·) of system (5.1) – (5.3) which is analytic at
the origin in R × D and satisfies

Iµ(Z,W,U) = O(µ4∥(Z,W,U)∥2
D).
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(D7) The linear operator L0
sh : Dsh ⊆ Xsh → Xsh is closed and satisfies the estimate

∥(isI − L0
sh)−1∥L(Xsh) ≲

1
1 + |s|

for s ∈ R.

(D8) The approximate system
Ż = Lµ

whZ + H̃µ
wh(Z) (5.4)

has a homoclinic solution P µ satisfying the estimate

|P µ(t)| ≤ ch,νµ
2e−νλ̃µ|t| (5.5)

in the case n = 2, and
|P µ(t)| ≤ ch,νµe−νλ̃µ|t| (5.6)

in the case n = 4 for all t ∈ R.

Our goal in this chapter is to complete the proofs of Theorems 1.1 and 1.2 by constructing
generalised pulse solutions to equations (5.1) – (5.3), meaning solutions of the form
(P µ + R,W,U), where (R,W,U) is an exponentially small remainder which does not
necessarily vanish as t → ±∞ (see Figure 5.1). To that end we reformulate equations (5.1) –
(5.3) again by interpreting Z as a perturbation of the homoclinic solution P µ. To guarantee
that |Y | = |(Z, µ)| ≤ δ, so that

∥H̃(Y )∥Xc,sh ≲ µ2e− c∗
µ , ∥dH̃[Y ]∥L(Rn+1;Xc,sh) ≲ µe− c∗

µ (5.7)

for some constant c∗ > 0, we set

δ = (2ch,ν + 1)µ0

and restrict the perturbation R = Z − P µ to {|R| ≤ ch,νµ0}, i.e. (Z, µ) to
{|Z| ≤ 2ch,νµ0, 0 < µ ≤ µ0} and define

c∗ = 1
eC(2ch,ν + 1) .

Writing
Z = P µ +R,

we obtain the system

Ṙ = KµR +Nµ(R,W,U), (5.8)
Ẇ = Lµ

cW + G̃µ
c (P µ +R,W,U) + H̃µ

c (P µ +R), (5.9)
U̇ = Lµ

shU + G̃µ
sh(P µ +R,W,U) + H̃µ

sh(P µ +R), (5.10)

where

KµR = Lµ
whR + dH̃µ

wh[P µ](R),
Nµ(R,W,U) = H̃µ

wh(P µ +R) − H̃µ
wh(P µ) − dH̃µ

wh[P µ](R) + G̃µ
wh(P µ +R,W,U).
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(Z,W,U)

t

(P µ, 0, 0)
(P µ +R,W,U)

Figure 5.1: A generalised pulse solution to equations (5.1) – (5.3) lies in an exponentially
thin tubular neighbourhood of (P µ, 0, 0).

Remark 5.1. Using the analyticity of H̃µ
wh and Remarks 4.8 and 4.16 we find the following

estimates.

(i) In the case n = 2 we have that

Nµ(R,W,U) = O
(

|R|2 +
(
µ3 + |R||(R, µ)|

)
∥(W,U)∥Dc,sh + ∥(W,U)∥2

Dc,sh

)

and

d1N
µ[R,W,U ] = O

(
|(R, µ)|∥(W,U)∥Dc,sh + ∥(W,U)∥2

Dc,sh

)
,

d2N
µ[R,W,U ], d3N

µ[R,W,U ] = O
(
µ3 + |R||(R, µ)| + ∥(W,U)∥Dc,sh

)
.

(ii) In the case n = 4 we have that

Nµ(R,W,U) = O
(

|R|2 + |(R, µ)|3∥(W,U)∥Dc,sh + ∥(W,U)∥2
Dc,sh

)

and

d1N
µ[R,W,U ] = O

(
|R| + |(R, µ)|2∥(W,U)∥Dc,sh + ∥(W,U)∥2

Dc,sh

)
,

d2N
µ[R,W,U ], d3N

µ[R,W,U ] = O
(
|(R, µ)|3 + ∥(W,U)∥Dc,sh

)
.

We first construct a family of reversible solutions to equations (5.8) – (5.10) which remain
exponentially small in comparison to µ over exponentially long timescales and thus define,
in analogy with familiar dynamical-systems theory, a local centre-stable manifold for
equations (5.8) – (5.10) consisting of their initial data. Finally, by showing that solutions
with initial data on our constructed local centre-stable manifold converge to solutions on
a local centre manifold of equations (5.1) – (5.3) and using a Lyapunov stability argument,
we obtain the existence of a global centre-stable manifold for equations (5.1) – (5.3)
consisting of initial data of generalised pulses.
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5.1 Formulation as a fixed-point problem

Since we anticipate the W -component to grow linearly (being the centre part of the
system), we cannot expect solutions to equations (5.8) – (5.10) to be bounded in their
W -component. We therefore modify system (5.8) – (5.10) by artificially bounding the
W -component. Let ϕ : R2d → R2d be defined by

ϕ(v) = ψ
(
e

c∗
2µ |v|

)
v, (5.11)

where ψ : R → R is a smooth cut-off function with

ψ(t) =

1, |t| ≤ 1,
0, |t| ≥ 2

and |ψ(l)(t)| ≤ 2l for t ∈ R and l ∈ N0. Consider the modified equations

Ṙ = KµR +
¯
Nµ(R,W,U), (5.12)

Ẇ = Lµ
cW +

¯
G̃µ

c (P µ +R,W,U) + H̃µ
c (P µ +R), (5.13)

U̇ = Lµ
shU +

¯
G̃µ

sh(P µ +R,W,U) + H̃µ
sh(P µ +R), (5.14)

where

¯
Nµ(R,W,U) = Nµ(R, ϕ(W ), U),

¯
G̃µ

c (Z,W,U) = G̃µ
c (Z, ϕ(W ), U),

¯
G̃µ

sh(Z,W,U) = G̃µ
sh(Z, ϕ(W ), U).

Observe that the system (5.12) – (5.14) is equivalent to the fixed-point problem

R = Fwh(R,W,U),
W = Fc(R,W,U),
U = Fsh(R,W,U),

where

Fwh(R,W,U)(t) =
∫ t

0
⟨
¯
Nµ(R,W,U)(τ); (sµ)∗(τ)⟩ dτ sµ(t)

−
∫ ∞

t
⟨
¯
Nµ(R,W,U)(τ); (uµ)∗(τ)⟩ dτ uµ(t), (5.15)

in the case n = 2,

Fwh(R,W,U)(t) =
2∑

j=1

∫ t

0
⟨
¯
Nµ(R,W,U)(τ); (sµ

j )∗(τ)⟩ dτ sµ
j (t)

−
2∑

j=1

∫ ∞

t
⟨
¯
Nµ(R,W,U)(τ); (uµ

j )∗(τ)⟩ dτ uµ
j (t), (5.16)

in the case n = 4,

Fc(R,W,U)(t) = eLµ
c tW0 +

∫ t

0
eLµ

c (t−τ)
(

˜
¯
Gµ

c (P µ +R,W,U)(τ)

+ H̃µ
c (P µ +R)(τ)

)
dτ, (5.17)

116



and finally Fsh(R,W,U) is the unique solution of the equation

Ṁ = Lµ
shM +

¯
G̃µ

sh(P µ + EwhR, EcW,U) + H̃µ
sh(P µ + EwhR) (5.18)

in a suitable class of functions (see below). The initial value W0 ∈ R2d is chosen such that
ScW0 = W0. Here Ewh and Ec denote the extensions to R by reversibility given by

(EwhR)(t) =

R(t), t ≥ 0,
(SwhR)(−t), t < 0

and

(EcW )(t) =

W (t), t ≥ 0,
(ScW )(−t), t < 0.

In equations (5.15) and (5.16) {sµ, uµ} and {sµ
1 , s

µ
2 , u

µ
1 , u

µ
2} are fundamental solution sets

for the linear problem
Ṙ = KµR

(with dual bases {(sµ)∗, (uµ)∗} and {(sµ
1 )∗, (sµ

2 )∗, (uµ
1 )∗, (uµ

2 )∗}) constructed in the following
results.

Lemma 5.2. Suppose n = 2. The linear equation

Ṙ = KµR

has solutions sµ, uµ : [0,∞) → R2 such that the estimates

|sµ(t)| ≲ e−λ̃µt, |uµ(t)| ≲ eλ̃µt

hold for t ∈ [0,∞). The dual basis {(sµ)∗(t), (uµ)∗(t)} to {sµ(t), uµ(t)} in R2 satisfies the
estimates

|(sµ)∗(t)| ≲ eλ̃µt, |(uµ)∗(t)| ≲ e−λ̃µt

for t ∈ [0,∞). Furthermore uµ is reversible and sµ antireversible, i.e. they satisfy

uµ(−t) = (Swhu
µ)(t), sµ(−t) = −(Swhs

µ)(t)

for t ∈ [0,∞).

Proof. Observe that

H̃µ
wh(Z) =

(
0

−CZ2
1

)
+ O(|(Z, µ)||Z|2),

and since by construction

P µ(t) = λ̃µ

(
h(λ̃µt)
ḣ(λ̃µt)

)
+ Rµ(t)

with
|Rµ(t)| ≲ µ3e−νλ̃µt

we conclude that
KµR = Lµ

whR + T µ
1 (R) + T µ

2 (R), (5.19)
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where
T µ

1 (Z) =
(

0
−2Ch(λ̃µt)λ̃µZ1

)
and

|T µ
2 (t)| ≲ µ3e−νλ̃µ|t|

for t ∈ [0,∞).

We first consider the system

Ż = Lµ
whZ + T µ

1 (Z),

which has the explicit solutions

s(t) =
(
y1(λ̃µt)
ẏ1(λ̃µt)

)
, (5.20)

u(t) =
(
y2(λ̃µt)
ẏ2(λ̃µt)

)
, (5.21)

where y1, y2 are given by equations (4.8) and (4.9), and these solutions satisfy

|s(t)| ≲ e−λ̃µt, |u(t)| ≲ eλ̃µt

for t ∈ [0,∞). The dual basis {s∗(t), u∗(t)} to {s(t), u(t)} is given by

s∗(t) = 1
2

(
ẏ2(λ̃µt)

−y2(λ̃µt)

)
, (5.22)

u∗(t) = 1
2

(
−ẏ1(λ̃µt)
y1(λ̃µt)

)
(5.23)

and satisfies
|s∗(t)| ≲ eλ̃µt, |u∗(t)| ≲ e−λ̃µt

for t ∈ [0,∞).

Now we turn to equation (5.19). We note that any solution of either

sµ(t) = s(t) − s(t)
∫ ∞

t
⟨T µ

2 (τ)sµ(τ), s∗(τ)⟩ dτ

− u(t)
∫ ∞

t
⟨T µ

2 (τ)sµ(τ), u∗(τ)⟩ dτ, (5.24)

or

uµ(t) = u(t) + s(t)
∫ t

0
⟨T µ

2 (τ)uµ(τ), s∗(τ)⟩ dτ

− u(t)
∫ ∞

t
⟨T µ

2 (τ)uµ(τ), u∗(τ)⟩ dτ, (5.25)

is also a solution of equation (5.19). To construct a solution of equation (5.24) we denote
its right-hand side by G(sµ) and use the estimates for s and u to obtain that

|G(sµ)(t) − s(t)| ≲
∫ ∞

t
|T µ

2 (τ)| dτ∥sµ∥C−λ̃µ ([0,∞);R2)e−λ̃µt.
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This estimate now implies

∥G(sµ) − s∥C−λ̃µ ([0,∞);R2) ≲ ∥sµ∥C−λ̃µ ([0,∞);R2)

∫ ∞

t
|T µ

2 (τ)| dτ

≲ ∥sµ∥C−λ̃µ ([0,∞);R2)

∫ ∞

t
µ3e−νλ̃µτ dτ

≲ µ∥sµ∥C−λ̃µ ([0,∞);R2),

so that

∥G(s) − G(s′)∥C−λ̃µ ([0,∞);R2) = ∥G(s− s′) − s∥C−λ̃µ ([0,∞);R2) ≲ µ∥s1 − s2∥C−λ̃µ ([0,∞);R2).

Hence the operator G : C−λ̃µ([0,∞);R2) → C−λ̃µ([0,∞);R2) is a contraction on B̄1(s) ⊆
C−λ̃µ([0,∞);R2). Thus G has a fixed point sµ satisfying

|sµ(t) − s(t)|eλ̃µt ≤ 1

and in particular |sµ(t)| ≲ e−λ̃µt for t ∈ [0,∞). We also observe that

|sµ(t) − s(t)|eλ̃µt ≤
∫ ∞

t
|T µ

2 (τ)| dτ∥sµ∥C−λ̃µ ([0,∞);R2) → 0

as t → ∞ and
lim
t→∞

sµ(t)eλ̃µt = lim
t→∞

s(t)eλ̃µt =
(

2
−2

)
.

In a similar fashion we construct a solution uµ of equation (5.25) satisfying

|uµ(t)| ≲ eλ̃µt

for t ∈ [0,∞) and

lim
t→∞

uµ(t)e−λ̃µt = lim
t→∞

u(t)e−λ̃µt =
(1

2
1
2

)
.

Next we compute the dual basis {(sµ)∗(t), (uµ)∗(t)} to {s(t), u(t)}. To this end we
define

M(t) =
(
sµ(t)|uµ(t)

)
and

M∗(t) =
(
(sµ)∗(t)|(uµ)∗(t)

)
so that M∗ = (MT)−1 or (M∗)T = M−1. Hence we find that

detM(t) = lim
t→∞

detM(t)

= lim
t→∞

det
(
sµ(t)eλ̃µt|uµ(t)e−λ̃µt

)
= lim

t→∞
det

(
s(t)eλ̃µt|u(t)e−λ̃µt

)
= lim

t→∞
det

(
s(t)|u(t)

)
= 2

since
d
dt detM = trKµ detM = 0.
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From this computation and the identities

(sµ)∗(t) = 1
detM(t)

det
(
e1|uµ(t)

)
det

(
e2|uµ(t)

) ,
(uµ)∗(t) = 1

detM(t)

det
(
sµ(t)|e1

)
det

(
sµ(t)|e2

)
we obtain

|(sµ)∗(t)| ≲ |uµ(t)| ≲ eλ̃µt

and
|(uµ)∗(t)| ≲ |sµ(t)| ≲ e−λ̃µt

for all t ≥ 0.

Finally we note that uµ is reversible by construction since uµ(0) ∈ ⟨u(0)⟩. Furthermore
P µ(λ̃µt) is an antireversible solution of equation (5.19). Since {Ṗ µ(λ̃µt), uµ(t)} is a funda-
mental solution set for equation (5.19) we find every bounded solution of equation (5.19)
to be a multiple of Ṗ µ(λ̃µt). This fact is in particular true of sµ, which is therefore
antireversible.

Lemma 5.3. Suppose that n = 4. The linear equation

Ṙ = KµR (5.26)

has solutions sµ
1 , s

µ
2 , u

µ
1 , u

µ
2 : [0,∞) → R4 such that the estimates

|sµ
j (t)| ≲ e−λ̃µt, |uµ

j (t)| ≲ eλ̃µt

hold for all t ∈ [0,∞) and j ∈ {1, 2}. The dual basis {(sµ
1 )∗(t), (sµ

2 )∗(t), (uµ
1 )∗(t), (uµ

2 )∗(t)}
to {sµ

1(t), sµ
2(t), uµ

1(t), uµ
2(t)} in R4 satisfies the estimates

|(sµ
j )∗(t)| ≲ eλ̃µt, |(uµ

j )∗(t)| ≲ e−λ̃µt

for all t ∈ [0,∞) and j ∈ {1, 2}. Furthermore uµ
j are reversible and sµ

j antireversible, i.e.
they satisfy

Swhu
µ
j (0) = uµ

j (0), Swhs
µ
j (0) = −sµ

j (0).

Proof. We use the transformation

r1(t) = ei(ω+σ̃µ)tz1(t), r2(t) = ei(ω+σ̃µ)tz2(t),

to find that it suffices to prove this result for the special case ω + σ̃µ = 0. Using real
coordinates

z1(t) = x1 + ix2, z2(t) = y1 + iy2,

we observe that

Lµ
whZ +Hµ

wh(Z) = λ̃µT1(Z) +


0

−Cx1(x2
1 + x2

2)
0

−Cx2(x2
1 + x2

2)

+ O(|(Z, µ)||Z|3),
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where

T1


x1
y1
x2
y2

 =


y1
x1
y2
x2

 ,
and since by construction

pµ(t) = (λ̃µ) 1
2


h(λ̃µt)
ḣ(λ̃µt)

0
0

+ Rµ(t)

with
|Rµ(t)| ≲ µ2e−νλ̃µt,

we conclude that
KµR = λ̃µT1(R) + T µ

2 (R) + T µ
3 (t),

where

T µ
2


x1
y1
x2
y2

 =


0

−3Ch2(λ̃µt)λ̃µx1
0

−Ch2(λ̃µt)λ̃µx2

 ,
and

|T µ
3 (t)| ≲ µ3e−νλ̃µt.

We first consider the system

Ż = λ̃µT1(Z) + T µ
2 (Z),

which has the explicit solutions

s1(t) =


v1(λ̃µt)
v̇1(λ̃µt)

0
0

 , s2(t) =


0
0

w1(λ̃µt)
ẇ1(λ̃µt)

 , (5.27)

u1(t) =


v2(λ̃µt)
v̇2(λ̃µt)

0
0

 , u2(t) =


0
0

w2(λ̃µt)
ẇ2(λ̃µt)

 , (5.28)

where

v1(t) = sech(t) tanh(t),
v2(t) = sech(t)(−3 + cosh2(t) + 3t tanh(t)),
w1(t) = sech(t),
w2(t) = sech(t)(2t+ sinh(2t)),

which satisfy
|s1(t)|, |s2(t)| ≲ e−λ̃µt, |u1(t)|, |u2(t)| ≲ eλ̃µt
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for t ∈ [0,∞). The dual basis {s∗
1(t), s∗

2(t), u∗
1(t), u∗

2(t)} to {s1(t), s2(t), u1(t), u2(t)} is
given by

s∗
1(t) = 1

2


v̇2(λ̃µt)

−v2(λ̃µt)
0
0

 , s∗
2(t) = 1

4


0
0

ẇ2(λ̃µt)
−w2(λ̃µt)

 , (5.29)

u∗
1(t) = 1

2


−v̇1(λ̃µt)
v1(λ̃µt)

0
0

 , u∗
2(t) = 1

4


0
0

−ẇ1(λ̃µt)
w1(λ̃µt)

 , (5.30)

and satisfies
|s∗

j(t)| ≲ eλ̃µt, |u∗
j(t)| ≲ e−λ̃µt

for t ∈ [0,∞) and j ∈ {1, 2}.

Now we turn to (5.26). Consider the integral equations

sµ
j (t) = sj(t) −

2∑
i=1

∫ ∞

t
⟨T µ

3 (τ)sµ
j (τ), s∗

i (τ)⟩ dτ si(t)

−
2∑

i=1

∫ ∞

t
⟨T µ

3 (τ)sµ
j (τ), u∗

i (τ)⟩ dτ ui(t), (5.31)

uµ
j (t) = uj(t) +

2∑
i=1

∫ t

0
⟨T µ

3 (τ)uµ
j (τ), s∗

i (τ)⟩ dτ si(t)

−
2∑

i=1

∫ ∞

t
⟨T µ

3 (τ)uµ
j (τ), u∗

i (τ)⟩ dτ ui(t), (5.32)

for j ∈ {1, 2} and note that any solution of equation (5.31) or (5.32) is a solution of
equation (5.26). Our task is therefore to find solutions to equations (5.31) and (5.32)
which satisfy the desired estimates. To this end denote the right-hand side of equation
(5.31) by Gj(sµ

j ). Arguing as in the proof of Lemma 5.2, we find that the mapping Gj

is a contraction on B1(sj) ⊆ C−λ̃µ([0,∞);R4) and thus has a fixed point sµ
j satisfying

|sµ
j (t)| ≲ e−λ̃µt for t ∈ [0,∞). We also observe that

|sµ
j (t) − sj(t)|eλ̃µt ≤

∫ ∞

t
|T µ

3 (τ)| dτ ∥sµ
j ∥C−λ̃µ ([0,∞);R4) → 0

as t → ∞ and conclude that

lim
t→∞

sµ
j (t)eλ̃µt = lim

t→∞
sj(t)eλ̃µt =

(2,−2, 0, 0)⊤, j = 1,
(0, 0, 2,−2)⊤, j = 2.

(5.33)

In a similar fashion we construct a solution uµ
j to equation (5.32) with

|uµ
j (t)| ≲ eλ̃µt

and

lim
t→∞

uµ
j (t)e−λ̃µt = lim

t→∞
uj(t)e−λ̃µt =

(1
2 ,

1
2 , 0, 0)⊤, j = 1,

(0, 0, 1, 1)⊤, j = 2.
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The next step is to compute the dual basis {(sµ
1)∗(t), (sµ

2)∗(t), (uµ
1)∗(t), (uµ

2)∗(t)} in R4.
To this end define the matrices

M(t) = (sµ
1(t)|sµ

2(t)|uµ
1(t)|uµ

2(t)), M∗(t) = ((sµ
1)∗(t)|(sµ

2)∗(t)|(uµ
1)∗(t)|(uµ

2)∗(t))
and note that M∗ = (M⊤)−1 by definition of the dual basis. In order to compute M∗, we
note that

d
dt detM = trKµ detM = 0.

Using the multilinearity and continuity of the determinant we compute
detM = lim

t→∞
detM

= lim
t→∞

det(sµ
1(t)eλ̃µt|sµ

2(t)eλ̃µt|uµ
1(t)e−λ̃µt|uµ

2(t)e−λ̃µt)

= lim
t→∞

det(s1(t)eλ̃µt|s2(t)eλ̃µt|u1(t)e−λ̃µt|u2(t)e−λ̃µt)

= lim
t→∞

det(s1(t)|s2(t)|u1(t)|u2(t))

= 8.
In terms of the adjunct matrix M# the entries of M∗ can now be computed via

(M∗)⊤ = 1
detM⊤M

#

with
M#

ij = (−1)i+j det(cM
1 | · · · |cM

i−1|ej|cM
i+1| · · · |cM

4 ),
in which cM

j denotes the j-th column of M and {e1, . . . , e4} is the usual basis for R4. We
thus obtain the explicit formulae

(sµ
1)∗(t) = 1

8


det(e1|sµ

2(t)|uµ
1(t)|uµ

2(t))
− det(e2|sµ

2(t)|uµ
1(t)|uµ

2(t))
det(e3|sµ

2(t)|uµ
1(t)|uµ

2(t))
− det(e4|sµ

2(t)|uµ
1(t)|uµ

2(t))

 ,

(uµ
1)∗(t) = 1

8


det(sµ

1(t)|sµ
2(t)|e1|uµ

2(t))
− det(sµ

1(t)|sµ
2(t)|e2|uµ

2(t))
det(sµ

1(t)|sµ
2(t)|e3|uµ

2(t))
− det(sµ

1(t)|sµ
2(t)|e4|uµ

2(t))

 ,

(sµ
2)∗(t) = 1

8


− det(sµ

1(t)|e1|uµ
1(t)|uµ

2(t))
det(sµ

1(t)|e2|uµ
1(t)|uµ

2(t))
− det(sµ

1(t)|e3|uµ
1(t)|uµ

2(t))
det(sµ

1(t)|e4|uµ
1(t)|uµ

2(t))

 ,

(uµ
1)∗(t) = 1

8


− det(sµ

1(t)|sµ
2(t)|uµ

1(t)|e1)
det(sµ

1(t)|sµ
2(t)|uµ

1(t)|e2)
− det(sµ

1(t)|sµ
2(t)|uµ

1(t)|e3)
det(sµ

1(t)|sµ
2(t)|uµ

1(t)|e4)


and again using the multilinearity of the determinant, we find that

|(sµ
1)∗(t)| ≲ |sµ

2(t)||uµ
1(t)||uµ

2(t)| ≲ eλ̃µt,

|(sµ
2)∗(t)| ≲ |sµ

1(t)||uµ
1(t)||uµ

2(t)| ≲ eλ̃µt,

|(uµ
1)∗(t)| ≲ |sµ

1(t)||sµ
2(t)||uµ

2(t)| ≲ e−λ̃µt,

|(uµ
2)∗(t)| ≲ |sµ

1(t)||sµ
2(t)||uµ

1(t)| ≲ e−λ̃µt
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for t ∈ [0,∞).

It remains to demonstrate the reversibility of uµ
j and the antireversibility of sµ

j . It
follows from equation (5.32) that uµ

1 (0), uµ
2 (0) ∈ ⟨uµ

1 (0), uµ
2 (0)⟩, and since the functions uµ

1
and uµ

2 are reversible, we conclude that uµ
1 and uµ

2 are reversible. Moreover, recall that
equation (4.4), written in the new variables as

zt = Lµ
whZ +Hµ

wh(z),

has the family
{Rap

µ(t0 + ·) : a ∈ [0, 2π), t0 ∈ R}

of homoclinic solutions. Hence the functions

S̃1 = d
dt0

Rap
µ(t0 + ·)

∣∣∣∣
a,t0=0

= (pµ)′, S̃2 = d
daRap

µ(t0 + ·)
∣∣∣∣
a,t0=0

= Rπ/2p
µ

are linearly independent, antireversible, homoclinic solutions of equation (5.26), and the
following argument shows that the set {S̃1, S̃2, u

µ
1 , u

µ
2} is a fundamental solution set to

equation (5.26). Suppose that

α1S̃1(t) + α2S̃2(t) = −β1u
µ
1(t) − β2u

µ
2(t), t ∈ [0,∞),

for some scalars αj and βj. The function on the left-hand side is antireversible, while the
function on the right-hand side is reversible, so that

α1S̃1(t) + α2S̃2(t) = 0, β1u
µ
1(t) + β2u

µ
2(t) = 0, t ∈ [0,∞),

and thus α1 = α2 = β1 = β2 = 0, since S̃1, S̃2 as well as uµ
1 , u

µ
2 are linearly independent.

Now by construction {sµ
1 , s

µ
2 , u

µ
1 , u

µ
2} is also a fundamental solution set to equation (5.26),

so that each of the bounded solutions sµ
1 and sµ

2 is a linear combination of S̃1 and S̃2. In
particular sµ

1 and sµ
2 are antireversible (note that we cannot simply take sµ

1 = S̃1, s
µ
2 = S̃2

since we a priori know only that |S̃1(t)|, |S̃2(t)| ≲ e−νλ̃µt for t ∈ [0,∞)).

5.2 A local centre-stable manifold

In this section we show that the function

F(R,W,U) =
(
Fwh(R,W,U),Fc(R,W,U),Fsh(R,W,U)

)
(5.34)

is a contraction on the closed, convex subset

B+
νλ̃µ =

{
(R,W,U) ∈ Cα

b ([0,∞);Rn) × C1
νλ̃µ([0,∞);R2d) × Cα

b (R; Dsh) :

∥R∥Cα
b ([0,∞);Rn), ∥U∥Cα

b (R;Dsh), ∥Ẇ − Lµ
cW∥Cb([0,∞);R2d) ≤ e− c∗

2µ ,

(SwhR)(0) = R(0), (ScW )(0) = W (0)
}

of
E+

νλ̃µ = Cα
νλ̃µ([0,∞);Rn) × C1

νλ̃µ([0,∞);R2d) × Cα
νλ̃µ(R; Dsh)
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provided that ScW0 = W0. An auxiliary argument shows that its fixed point denoted by
(R∗

W0 ,W
∗
W0 , U

∗
W0) satisfies SshU

∗
W0(0) = U∗

W0(0), so that (R∗
W0 ,W

∗
W0 , U

∗
W0) is a reversible,

bounded solution of equations (5.12) – (5.14).

Our results show that the fixed points (R∗
W0 ,W

∗
W0 , U

∗
W0) induce a family of reversible

solutions to equations (5.12) – (5.14) in

Eνλ̃µ = Cα
νλ̃µ(R;Rn) × C1

νλ̃µ(R;R2d) × Cα
νλ̃µ(R; Dsh)

for |W0| ≤ µe− c∗
2µ satisfying

sup
t∈R

|R∗
W0(t)| ≲ µe− c∗

2µ ,

sup
t∈[−ec∗/2µ,ec∗/2µ]

|W ∗
W0(t)| ≲ µδe− c∗

2µ ,

sup
t∈R

∥U∗
W0(t)∥Dsh ≲ µe− c∗

2µ

for some δ > 0 (in the case n = 2 we have δ = 1). These solutions thus in particular
solve equations (5.8) – (5.10) for t ∈ [−ec∗/2µ, ec∗/2µ]. In analogy with familiar dynamical-
systems theory (see Kelley [15]) we define

W cs
loc =

{
(R∗

W0 ,W
∗
W0 , U

∗
W0)(0) : ScW0 = W0, |W0| ≤ µe− c∗

2µ

}
and refer to W cs

loc as the local centre-stable manifold for reversible solutions to equa-
tions (5.8) – (5.10). Observe that W cs

loc is a graph over {W0 ∈ R2d : ScW0 = W0, |W0| ≤
µe− c∗

2µ } since W ∗
W0(0) = W0. The behaviour of functions with initial values lying on W cs

loc
is summarised in Figures 5.2 – 5.4. In this section and Section 5.4 below we show that in
fact |W ∗

W0(t)| ≤ e− c∗
2µ for all t ∈ R (cf. Figures 5.2 – 5.4), so that W cs

loc is actually a global
centre-stable manifold for equations (5.8) – (5.10). We treat the cases n = 2 and n = 4
separately. In the proofs of our theorems we use the fact that the norms ∥·∥Cα

νλ̃µ (I;B) and
|||·|||Cα

νλ̃µ (I;B) are equivalent, uniformly in µ, for I ∈ {[0,∞),R} and B ∈ {R2,R2d,Dsh},
so that changing between them does not introduce any new dependency upon µ.
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W

t
−e

c∗
2µ e

c∗
2µ

Figure 5.2: The central part of functions with initial values on W cs
loc satisfies |W (t)| ≤ e− c∗

2µ

for t ∈ [−e
c∗
2µ , e

c∗
2µ ]. It may leave this neighbourhood of the origin for larger

values of |t|.

Z

t

P µ

P µ +R

Figure 5.3: The weakly hyperbolic part of functions with initial values on W cs
loc lies in a

tubular neighbourhood of P µ such that |(Z(t) − P µ(t))| ≤ e− c∗
2µ for all t ∈ R.

U

t

Figure 5.4: The strongly hyperbolic part of functions with initial values on W cs
loc satisfies

∥U(t)∥Dsh ≤ e− c∗
2µ for all t ∈ R.
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5.2.1 The case n = 2

First we show that F is a contraction.

Theorem 5.4. The operator F given in equation (5.34) maps B+
νλ̃µ into itself. Further-

more,

∥Fwh(R,W,U)∥Cα
b ([0,∞);R2) ≲ µe− c∗

2µ , (5.35)∥∥∥ d
dtFc(R,W,U) − Lµ

c Fc(R,W,U)
∥∥∥

Cb(R;R2d)
≲ µe− c∗

2µ , (5.36)

∥Fsh(R,W,U)∥Cα
b (R;Dsh) ≲ µe− c∗

2µ (5.37)

and

sup
t∈[0,e

c∗
2µ ]

|Fc(R,W,U)(t)| ≲ µe− c∗
2µ (5.38)

for all (R,W,U) ∈ B+
νλ̃µ provided that |W0| ≤ µe− c∗

2µ .

Proof. Suppose that (R,W,U) ∈ B+
νλ̃µ . Inspecting equations (5.15) and (5.17) shows that

(SwhFwhR)(0) = R(0) and (ScFcW )(0) = W (0) (recall that ScW0 = W0 and (Swh(uµ)(0) =
uµ(0).)

To estimate Fwh(R,W,U) we observe that

|Nµ(R,W,U)(t)|
≲ ∥R∥2

Cα
b ([0,∞);R2) +

(
µ3 + µ∥R∥Cα

b ([0,∞);R) + ∥R∥2
Cα

b ([0,∞);R2)

)
∥(ϕ(W ), U)∥Cα

b ([0,∞);Dc,sh)

+ ∥(ϕ(W ), U)∥2
Cα

b ([0,∞);Dc,sh)

≲ µ3e− c∗
2µ ,

(5.39)
where we have used Remark 5.1. The above estimate implies that∣∣∣∣ ∫ t

0
⟨
¯
Nµ(R,W,U)(τ); (sµ)∗(τ)⟩ dτ sµ(t)

∣∣∣∣ ≲ ∫ t

0
µ3e− c∗

2µ eλ̃µτ dτ e−λ̃µt

= µ(1 − e−λ̃µt)e− c∗
2µ

≤ µe− c∗
2µ

and ∣∣∣∣ ∫ t

0
⟨
¯
Nµ(R,W,U)(τ); (uµ)∗(τ)⟩ dτ uµ(t)

∣∣∣∣ ≲ µ3e− c∗
2µ

∫ ∞

t
e−λ̃µτ dτ eλ̃µt

= µe− c∗
2µ

for all t ∈ [0,∞), so that

sup
t∈[0,∞)

|Fwh(R,W,U)(t)| ≲ µe− c∗
2µ .
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Next we observe that

∥eλ̃µ(·)∥Cα
λ̃µ ([0,∞);R) ≲ ∥eλ̃µ(·)∥C1

λ̃µ ([0,∞)) ≲ 1

and

∥sµ∥Cα
−λ̃µ ([0,∞);R2) ≲ ∥sµ∥C1

−λ̃µ ([0,∞);R2)

≲ 1 + sup
t∈[0,∞)

eλ̃µt|Kµ(t)sµ(t)|

≲ 1,

where we have used the fact that ∥·∥Cα
λ̃µ ([0,∞);R) ≤ ∥·∥C1

λ̃µ ([0,∞);R). Similarly we obtain

∥uµ∥Cα
λ̃µ ([0,∞);R2) ≲ 1.

Using Lemma 5.2 and estimate (5.39) we find that∣∣∣∣ ∫ t1

0
⟨
¯
Nµ(R,W,U)(τ); (sµ)∗(τ)⟩ dτ sµ(t1) −

∫ t2

0
⟨
¯
Nµ(R,W,U)(τ); (sµ)∗(τ)⟩ dτ sµ(t2)

∣∣∣∣
=
∣∣∣∣ ∫ t1

t2
⟨
¯
Nµ(R,W,U)(τ); (sµ)∗(τ)⟩ dτ sµ(t1)

−
∫ t2

0
⟨
¯
Nµ(R,W,U)(τ); (sµ)∗(τ)⟩ dτ

(
sµ(t1) − sµ(t2)

)∣∣∣∣
≲ µe− c∗

2µ (eλ̃µt1 − eλ̃µt2)e−λ̃µt1 + µe− c∗
2µ (eλ̃µt2 − 1)|sµ(t1) − sµ(t2)|

≤ µe− c∗
2µ ∥eλ̃µ(·)∥Cα

λ̃µ ([0,∞))|t1 − t2|α + µe− c∗
2µ ∥sµ∥Cα

−λ̃µ ([0,∞);R2)|t1 − t2|α

≲ µe− c∗
2µ |t1 − t2|α

and in a similar fashion∣∣∣∣ ∫ t1

0
⟨
¯
Nµ(R,W,U)(τ); (uµ)∗(τ)⟩ dτuµ(t1) −

∫ t2

0
⟨
¯
Nµ(R,W,U)(τ); (uµ)∗(τ)⟩ dτuµ(t2)

∣∣∣∣
≤ µe− c∗

2µ |t1 − t2|α

for 0 ≤ t2 < t1 < ∞, so that

|Fwh(R,W,U)(t1) − Fwh(R,W,U)(t2)| ≲ µe− c∗
2µ |t1 − t2|α.

Altogether we obtain
∥Fwh(R,W,U)∥Cα

b ([0,∞);R2) ≤ µe− c∗
2µ . (5.40)

For Fc(R,W,U) we use Remark 4.8 and estimate (5.7) to find that

|Fc(R,W,U)(t)|

≤ |W0| +
∣∣∣∣ ∫ t

0
eLµ

c (t−τ)
(

¯
G̃µ

c (P µ +R,W,U)(τ) + H̃µ
c (P µ +R)(τ)

)
dτ
∣∣∣∣

≲ |W0| +
∫ t

0

(
|(P µ +R)(τ)|µ3e− c∗

2µ + µ2e− c∗
µ

)
dτ

≲ |W0| +
∫ t

0

(
µ5e−νλ̃µτ e− c∗

2µ + µ2e− c∗
µ

)
dτ

≤ |W0| + µ3e− c∗
2µ + tµ2e− c∗

µ (5.41)
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and∣∣∣ d
dtFc(R,W,U)(t)

∣∣∣ ≲ ∥Fc(R,W,U)∥Cα
b ([0,∞);R2d) + ∥

¯
G̃µ

c (P µ +R,W,U)∥Cα
b ([0,∞);R2d)

+ ∥H̃µ
c (P µ +R)∥Cα

b ([0,∞);R2d)

≲ |W0| + (t+ 1)µ3e− c∗
2µ

for t ∈ [0,∞). Altogether we obtain

∥Fc(R,W,U)∥C1
νλ̃µ ([0,∞);R2d) < ∞

and

∥ d
dtFc(R,W,U) − Lµ

c Fc(R,W,U)∥Cb(R;R2d)

= ∥
¯
G̃µ

c (P µ +R,W,U) + H̃µ
c (P µ +R)∥Cb(R;R2d)

≲ µ5e− c∗
2µ . (5.42)

For Fsh(R,W,U) we first consider

∥
¯
G̃µ

sh(P µ + EwhR, EcW,U)(t1) −
¯
G̃µ

sh(P µ + EwhR, EcW,U)(t2)∥Xsh

=
∥∥∥∥∫ 1

0
d1G̃

µ
sh

[
σ(P µ + EwhR)(t1) + (1 − σ)(P µ + EwhR)(t2), ϕ(EcW )(t1), U(t1)

]
(
(P µ + EwhR)(t1) − (P µ + EwhR)(t2)

)
dσ

+
∫ 1

0
d2G̃

µ
sh

[
(P µ + EwhR)(t2), σϕ(EcW )(t1) + (1 − σ)ϕ(EcW )(t2), U(t1)

]
(
ϕ(EcW )(t1) − ϕ(EcW )(t2)

)
dσ

+
∫ 1

0
d3G̃

µ
sh

[
(P µ + EwhR)(t2), ϕ(EcW )(t2), σU(t1) + (1 − σ)U(t2)

]
(
U(t1) − U(t2)

)
dσ
∥∥∥∥

Xsh

≲ µ3e− c∗
2µ |(P µ + EwhR)(t1) − (P µ + EwhR)(t2)|

+ µ5
(
|ϕ(EcW )(t1) − ϕ(EcW )(t2)| + ∥U(t1) − U(t2)∥Dsh

)
≤ |t1 − t2|αµ3e− c∗

2µ

(
∥P µ∥Cα

b (R;R2) + ∥EwhR∥Cα
b (R;R2)

)
+ |t1 − t2|αµ5

(
∥ϕ(EcW )∥Cα

b (R;R2d) + ∥U∥Cα
b (R;Dsh)

)
≤ µ3e− c∗

2µ |t1 − t2|α (5.43)

and

∥H̃µ
sh(P µ + EwhR)(t1) − H̃µ

sh(P µ + EwhR)(t2)∥Xsh

=
∫ 1

0
dH̃µ

sh[σ(P µ + EwhR)(t1)
+ (1 − σ)(P µ + EwhR)(t2)]

(
(P µ + EwhR)(t1) − (P µ + EwhR)(t2)

)
dσ

≲ µe− c∗
µ ∥P µ + EwhR∥Cα

b (R;R2)|t1 − t2|α,
(5.44)
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where we have used Proposition 2.7, Remark 4.8, and estimate (5.7). Using the maximal
regularity result (Lemma 2.14) we find that

∥Fsh(R,W,U)∥Cα
b (R;Dsh) ≲ ∥(Lµ

sh − L0
sh)U +

¯
G̃µ

sh(P µ +R,W,U) + H̃µ
sh(P µ +R)∥Cα

b (R;Xsh)

≲ µe− c∗
2µ . (5.45)

Finally, we note that estimates (5.35) – (5.38) follow directly from estimates (5.40) –
(5.42) and (5.45).

To show that F : B+
νλ̃µ → B+

νλ̃µ is a contraction we use Remark 2.11 to prove that
the composition operators induced by the nonlinearities of the right-hand side of equa-
tion (5.18) are Lipschitz-continuous.

Theorem 5.5. The operator F : B+
νλ̃µ → B+

νλ̃µ is a contraction provided that ScW0 = W0

and |W0| ≤ µe− c∗
2µ .

Proof. Suppose that (R1,W1, U1), (R2,W2, U2) ∈ B+
νλ̃µ . For Fwh we first consider

|
¯
Nµ(R1,W1, U1) −

¯
Nµ(R2,W2, U2)(t)|

=
∣∣∣ ∫ 1

0
d1N

µ[σR1 + (1 − σ)R2, ϕ(W1), U1](R1 −R2)(t) dσ

+
∫ 1

0
d2N

µ[R2, σϕ(W1) + (1 − σ)ϕ(W2), U2]
(
ϕ(W1) − ϕ(W2)

)
(t) dσ

+
∫ 1

0
d3N

µ[R2, ϕ(W2), σU1 + (1 − σ)U2](U1 − U2)(t) dσ
∣∣∣

≲ µ3∥(R1,W1, U1)(t) − (R2,W2, U2)(t)∥D,

where we have used Remark 5.1. The above estimate now implies that
∣∣∣∣ ∫ t

0

〈(
¯
Nµ(R1,W1, U1) −

¯
Nµ(R2,W2, U2)

)
(τ); (sµ)∗(τ)

〉
dτ sµ(t)

∣∣∣∣
≲
∫ t

0

∣∣∣(
¯
Nµ(R1,W1, U1) −

¯
Nµ(R2,W2, U2)

)
(τ)
∣∣∣eλ̃µτ dτe−λ̃µt

≤
∫ t

0
µ3
(

|(R1 −R2)(τ)|

+ |(ϕ(W1) − ϕ(W2))(τ)| + ∥(U1 − U2)(τ)∥Dsh

)
eλ̃µτ dτe−λ̃µt

≤ µ3e−λ̃µt∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ

∫ t

0
e(1+ν)λ̃µτ dτ

≤ µ3

(1 + ν)λ̃µ
eνλ̃µt∥(R1,W1, U1) − (R2,W2, U2)∥E+

νλ̃µ

≤ µeνλ̃µt∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ
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and ∣∣∣∣ ∫ ∞

t
⟨
¯
Nµ(R1,W1, U1)(τ) −

¯
Nµ(R2,W2, U2)(τ); (uµ)∗(τ)⟩ dτ uµ(t)

∣∣∣∣
≲ µ3

∫ ∞

t
∥

¯
Nµ(R1,W1, U1)(τ) −

¯
Nµ(R2,W2, U2)(τ)∥e−λ̃µτ dτeλ̃µt

≲ µ3∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ

∫ ∞

t
e(ν−1)λ̃µτ dτeλ̃µt

≲
µ3

(1 − ν)λ̃µ
eνλ̃µt∥(R1,W1, U1) − (R2,W2, U2)∥E+

νλ̃µ

≲ µeνλ̃µt∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ
.

We also find that∣∣∣ ∫ t1

0
⟨
¯
Nµ(R1,W1, U1)(τ) −

¯
Nµ(R2,W2, U2)(τ); (sµ)∗(τ)⟩ dτ sµ(t1)

−
( ∫ t2

0
⟨
¯
Nµ(R1,W1, U1)(τ) −

¯
Nµ(R2,W2, U2)(τ); (sµ)∗(τ)⟩ dτ sµ(t2)

)∣∣∣
≤
∫ t1

t2

∣∣∣ ∫ 1

0
d1N

µ[σR1 + (1 − σ)R2, ϕ(W1), U1](R1 −R2)(τ) dσ

+
∫ 1

0
d2N

µ[R2, σϕ(W1) + (1 − σ)ϕ(W2), U1]
(
ϕ(W1) − ϕ(W2)

)
(τ) dσ

+
∫ 1

0
d3N

µ[R2, ϕ(W2), σU1 + (1 − σ)U2](U1 − U2)(τ) dσ
∣∣∣eλ̃µτ dτe−λ̃µt1

+
∫ t2

0

∣∣∣ ∫ 1

0
d1N

µ[σR1 + (1 − σ)R2, ϕ(W1), U1](R1 −R2)(τ) dσ

+
∫ 1

0
d2N

µ[R2, σϕ(W1) + (1 − σ)ϕ(W2), U1]
(
ϕ(W1) − ϕ(W2)

)
(τ) dσ

+
∫ 1

0
d3N

µ[R2, ϕ(W2), σU1 + (1 − σ)U2](U1 − U2)(τ) dσ
∣∣∣eλ̃µτ dτ |sµ(t1) − sµ(t2)|

≲ µeνλ̃µt1|t1 − t2|α∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ

and ∣∣∣ ∫ t1

0
⟨
¯
Nµ(R1,W1, U1)(τ) −

¯
Nµ(R2,W2, U2)(τ); (uµ)∗⟩ dτ uµ(t1)

−
( ∫ t2

0
⟨
¯
Nµ(R1,W1, U1)(τ) −

¯
Nµ(R2,W2, U2)(τ); (uµ)∗⟩ dτ uµ(t2)

)∣∣∣
≲ µeνλ̃µt1|t1 − t2|α∥(R1,W1, U1) − (R2,W2, U2)∥E+

νλ̃µ

for 0 ≤ t2 < t1 < ∞, so that

∥Fwh(R1,W1, U1) − Fwh(R2,W2, U2)∥Cα
νλ̃µ ([0,∞);R2) ≲ µ∥(R1,W1, U1)∥E+

νλ̃µ
.

Considering Fc(R1,W1, U1) − Fc(R2,W2, U2), we obtain the estimates
∣∣∣eLµ

c tW0 +
∫ t

0
eLµ

c (t−τ)
(

¯
G̃µ

c (P µ +R1,W1, U1)(τ) + H̃µ
c (P µ +R1)(τ)

)
dτ

−
(

eLµ
c tW0 +

∫ t

0
eLµ

c (t−τ)
(

¯
G̃µ

c (P µ +R2,W2, U2)(τ) + H̃µ
c (P µ +R2)(τ)

)
dτ
)∣∣∣
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≲
∫ t

0

∣∣∣( ∫ 1

0
d1G̃

µ
c [σ(P µ +R1) + (1 − σ)(P µ +R2), ϕ(W1), U1](R1 −R2)(τ) dσ

+
∫ 1

0
d2G̃

µ
c [P µ +R2, σϕ(W1) + (1 − σ)ϕ(W2), U1]

(
ϕ(W1) − ϕ(W2)

)
(τ) dσ

+
∫ 1

0
d3G̃

µ
c [P µ +R2, ϕ(W2), σU1 + (1 − σ)U2](U1 − U2)(τ) dσ

+
∫ 1

0
dH̃µ

c [σ(P µ +R1) + (1 − σ)(P µ +R2)](R1 −R2)(τ) dσ
)∣∣∣ dτ

≲ sup
σ∈[0,1]

∫ t

0
eνλ̃µτ

(
µ3∥(ϕ(W1), U1)(τ)∥Dc,sh∥R1 −R2∥Cα

νλ̃µ ([0,∞);R2)

+
(
µ5 + µ2∥(σϕ(W1) + (1 − σ)ϕ(W2), U2)(τ)∥Dc,sh

)
∥W1 −W2∥Cα

νλ̃µ ([0,∞);R2d)

+
(
µ5 + µ2∥(ϕ(W2), σU1 + (1 − σ)U2)(τ)∥Dc,sh

)
∥U1 − U2∥Cα

νλ̃µ (R;Dsh)

+ µe− c∗
µ ∥R1 −R2∥Cα

νλ̃µ ([0,∞);R2)
)

dτ

≲ µeνλ̃µt∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ
,

where we again have used Remark 4.8 and Proposition 2.7. We also find that∣∣∣ d
dt
(
Fc(R1,W1, U1) − Fc(R2,W2, U2)

)
(t)
∣∣∣

≲ |Fc(R1,W1, U1)(t) − Fc(R2,W2, U2)(t)|
+ |

¯
G̃µ

c (P µ +R1,W1, U1)(t) −
¯
G̃µ

c (P µ +R2,W2, U2)(t)|
+ |H̃µ

c (P µ +R1)(t) − H̃µ
c (P µ +R2)(t)|

≲ µeνλ̃µt∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ
,

so that

∥Fc(R1,W1, U1) − Fc(R2,W2, U2)∥C1
νλ̃µ ([0,∞);R2d) ≲ µ∥(R1,W1, U1)∥E+

νλ̃µ
.

For Fsh(R1,W1, U1) − Fsh(R2,W2, U2) we obtain from maximal regularity (see Corol-
lary 2.16) that

∥Fsh(R1,W1, U1) − Fsh(R2,W2, U2)∥Cα
νλ̃µ (R;Dsh)

≲ ∥(Lµ
sh − L0

sh)(U1 − U2)∥Cα
νλ̃µ ([0,∞);Xsh)

+ ∥
¯
G̃µ

sh(P µ + EwhR1, EcW1, U1) −
¯
G̃µ

sh(P µ + EwhR2, EcW2, U2)∥Cα
νλ̃µ ([0,∞);Xsh)

+ ∥H̃µ
sh(P µ + EwhR1) − H̃µ

sh(P µ + EwhR2)∥Cα
νλ̃µ ([0,∞);Xsh)

≲ µ∥U1 − U2∥Cα
νλ̃µ ([0,∞);Dsh)

+ ∥
¯
G̃µ

sh(P µ + EwhR1, EcW1, U1) −
¯
G̃µ

sh(P µ + EwhR2, EcW2, U2)∥Cα
νλ̃µ ([0,∞);Xsh)

+ ∥H̃µ
sh(P µ + EwhR1) − H̃µ

sh(P µ + EwhR2)∥Cα
νλ̃µ ([0,∞);Xsh)

and it follows from Remarks 2.11 and 4.8, estimate (5.7), and Proposition 2.7 combined
with the facts that all second derivatives of G̃µ

sh and H̃µ
sh are O(1) that

∥
¯
G̃µ

sh(P µ + EwhR1, EcW1, U1) −
¯
G̃µ

sh(P µ + EwhR2, EcW2, U2)∥Cα
νλ̃µ ([0,∞);Xsh)

≲ µ∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ
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and
∥H̃µ

sh(P µ + EwhR1) − H̃µ
sh(P µ + EwhR2)∥Cα

νλ̃µ ([0,∞);Xsh)

≲ µ∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ
.

Corollary 5.6. The operator F has a unique fixed point (R∗
W0 ,W

∗
W0 , U

∗
W0) ∈ B+

νλ̃µ for
each W0 ∈ R2d with ScW0 = W0 and |W0| ≤ µe− c∗

2µ in the case n = 2. This fixed point
satisfies (SshU

∗
W0)(0) = U∗

W0(0).

Proof. The existence and uniqueness of R∗
W0 , W ∗

W0 and U∗
W0 follows directly from Theor-

ems 5.4 and 5.5. Observing that (R∗
W0 ,W

∗
W0 , SshU

∗
W0) ∈ B+

νλ̃µ is also a fixed point of F ,
we conclude that SshU

∗
W0 = U∗

W0 , i.e. (SshU
∗
W0)(0) = U∗

W0(0).

5.2.2 The case n = 4

The estimates for Fc are more involved in the case n = 4 because of the weaker estimate

|P µ(t)| ≲ µe−νλ̃µt.

It does not suffice to estimate |P µ(t)| ≲ µ for all t ≥ 0. Instead we use a two-step
approach, first estimating |P µ(t)| ≲ µγ over the interval [0, t∗], where e−νλ̃µt∗ = µγ for an
appropriately chosen constant γ, and then using this result to obtain the final estimate
over the exponentially long interval [0, ec∗/2µ].

Theorem 5.7. The operator F given in equation (5.34) maps B+
νλ̃µ into itself. Further-

more,

∥Fwh(R,W,U)∥Cα
b ([0,∞);R4) ≲ µe− c∗

2µ , (5.46)∥∥∥ d
dtFc(R,W,U) − Lµ

c Fc(R,W,U)
∥∥∥

Cb(R;R2d)
≲ µe− c∗

2µ , (5.47)

∥Fsh(R,W,U)∥Cα
b (R;Dsh) ≲ µe− c∗

2µ (5.48)

for all (R,W,U) ∈ B+
νλ̃µ provided that |W0| ≤ µe− c∗

2µ .

Proof. Suppose that (R,W,U) ∈ B+
νλ̃µ . Inspecting equations (5.16) and (5.17) shows that

(SwhFwhR)(0) = R(0) and (ScFcW )(0) = W (0) (recall that ScW0 = W0 and (Swh(uµ)(0) =
uµ(0).)

To estimate Fwh(R,W,U) we observe that

|Nµ(R,W,U)(t)|
≲ ∥R∥2

Cα
b ([0,∞);R4) +

(
µ3 + µ∥R∥Cα

b ([0,∞);R) + ∥R∥2
Cα

b ([0,∞);R4)

)
∥(ϕ(W ), U)∥Cα

b ([0,∞);Dc,sh)

+ ∥(ϕ(W ), U)∥2
Cα

b ([0,∞);Dc,sh)

≲ µ3e− c∗
2µ ,

(5.49)
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where we have used Remark 5.1. The above estimate implies that∣∣∣∣ ∫ t

0
⟨
¯
Nµ(R,W,U)(τ); (sµ

j )∗(τ)⟩ dτ sµ
j (t)

∣∣∣∣ ≲ ∫ t

0
µ3e− c∗

2µ eλ̃µτ dτ e−λ̃µt

= µ(1 − e−λ̃µt)e− c∗
2µ

≤ µe− c∗
2µ

and ∣∣∣∣ ∫ t

0
⟨
¯
Nµ(R,W,U)(τ); (uµ

j )∗(τ)⟩ dτ uµ
j (t)

∣∣∣∣ ≲ µ3e− c∗
2µ

∫ ∞

t
e−λ̃µτ dτ eλ̃µt = µe− c∗

2µ

for all t ∈ [0,∞), so that

sup
t∈[0,∞)

|Fwh(R,W,U)(t)| ≲ µe− c∗
2µ .

Next we observe that

∥eλ̃µ(·)∥Cα
λ̃µ ([0,∞);R) ≲ ∥eλ̃µ(·)∥C1

λ̃µ ([0,∞)) ≲ 1

and

∥sµ
j ∥Cα

−λ̃µ ([0,∞);R4) ≲ ∥sµ
j ∥C1

−λ̃µ ([0,∞);R4)

≲ 1 + sup
t∈[0,∞)

eλ̃µt|Kµ(t)sµ
j (t)|

≲ 1,

where we have used the fact that ∥·∥Cα
λ̃µ ([0,∞);R) ≤ ∥·∥C1

λ̃µ ([0,∞);R). Similarly we obtain

∥uµ∥Cα
λ̃µ ([0,∞);R4) ≲ 1.

Using estimate (5.49) and Lemma 5.3 we find that∣∣∣∣ ∫ t1

0
⟨
¯
Nµ(R,W,U)(τ); (sµ

j )∗(τ)⟩ dτ sµ
j (t1) −

∫ t2

0
⟨
¯
Nµ(R,W,U)(τ); (sµ

j )∗(τ)⟩ dτ sµ
j (t2)

∣∣∣∣
=
∣∣∣∣ ∫ t1

t2
⟨
¯
Nµ(R,W,U)(τ); (sµ

j )∗(τ)⟩ dτ sµ
j (t1)

−
∫ t2

0
⟨
¯
Nµ(R,W,U)(τ); (sµ

j )∗(τ)⟩ dτ
(
sµ

j (t1) − sµ
j (t2)

)∣∣∣∣
≲ µe− c∗

2µ (eλ̃µt1 − eλ̃µt2)e−λ̃µt1 + µe− c∗
2µ (eλ̃µt2 − 1)|sµ

j (t1) − sµ
j (t2)|

≤ µe− c∗
2µ ∥eλ̃µ(·)∥Cα

λ̃µ ([0,∞))|t1 − t2|α + µe− c∗
2µ ∥sµ

j ∥Cα
−λ̃µ ([0,∞);R4)|t1 − t2|α

≲ µe− c∗
2µ |t1 − t2|α

and in a similar fashion∣∣∣∣ ∫ t1

0
⟨
¯
Nµ(R,W,U)(τ); (uµ

j )∗(τ)⟩ dτuµ
j (t1) −

∫ t2

0
⟨
¯
Nµ(R,W,U)(τ); (uµ

j )∗(τ)⟩ dτuµ
j (t2)

∣∣∣∣
≤ µe− c∗

2µ |t1 − t2|α
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for 0 ≤ t2 < t1 < ∞, so that

|Fwh(R,W,U)(t1) − Fwh(R,W,U)(t2)| ≲ µe− c∗
2µ |t1 − t2|α.

Altogether we obtain
∥Fwh(R,W,U)∥Cα

b ([0,∞);R4) ≤ µe− c∗
2µ . (5.50)

Using Remark 4.16, estimate (5.7), and Proposition 2.7 we find that

|Fc(R,W,U)(t)|

≤ |W0| +
∣∣∣∣ ∫ t

0
eLµ

c (t−τ)
(

¯
G̃µ

c (P µ +R,W,U)(τ) + H̃µ
c (P µ +R)(τ)

)
dτ
∣∣∣∣

≲ |W0| + µ2eνλ̃µt

≲ eνλ̃µt (5.51)

and ∣∣∣ d
dtFc(R,W,U)(t)

∣∣∣ ≲ ∥Fc(R,W,U)∥Cα
b ([0,∞);R2d) + ∥

¯
G̃µ

c (R,W,U)∥Cα
b ([0,∞);R2d)

+ ∥H̃µ
c (P µ +R)∥Cα

b ([0,∞);R2d)

≲ |W0| + µeνλ̃µt

≲ eνλ̃µt.

for t ∈ [0,∞). Altogether we obtain

∥Fc(R,W,U)∥C1
νλ̃µ ([0,∞);R2d) < ∞

and

∥ d
dtFc(R,W,U) − Lµ

c Fc(R,W,U)∥Cb(R;R2d)

= ∥
¯
G̃µ

c (P µ +R,W,U) + H̃µ
c (P µ +R)∥Cb(R;R2d)

≲ µ3e− c∗
2µ . (5.52)

For Fsh(R,W,U) we first consider

∥
¯
G̃µ

sh(P µ + EwhR, EcW,U)(t1) −
¯
G̃µ

sh(P µ + EwhR, EcW,U)(t2)∥Xsh

=
∥∥∥∥∫ 1

0
d1G̃

µ
sh

[
σ(P µ + EwhR)(t1) + (1 − σ)(P µ + EwhR)(t2), ϕ(EcW )(t1), U(t1)

]
(
(P µ + EwhR)(t1) − (P µ + EwhR)(t2)

)
dσ

+
∫ 1

0
d2G̃

µ
sh

[
(P µ + EwhR)(t2), σϕ(EcW )(t1) + (1 − σ)ϕ(EcW )(t2), U(t1)

]
(
ϕ(EcW )(t1) − ϕ(EcW )(t2)

)
dσ

+
∫ 1

0
d3G̃

µ
sh

[
(P µ + EwhR)(t2), ϕ(EcW )(t2), σU(t1) + (1 − σ)U(t2)

]
(
U(t1) − U(t2)

)
dσ
∥∥∥∥

Xsh
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≲ ∥(ϕ(W ), U)∥Cb(R;Dc,sh)|(P µ + EwhR)(t1) − (P µ + EwhR)(t2)|
+ ∥(P µ + EwhR, ϕ(W ), U)∥Cb(R;D)

(
|ϕ(EcW )(t1) − ϕ(EcW )(t2)|
+ ∥U(t1) − U(t2)∥Dsh

)
≤ |t1 − t2|α

(
e− c∗

2µ

(
∥P µ∥Cα

b (R;R4) + ∥EwhR∥Cα
b (R;R4)

)
+ ∥(P µ + EwhR, ϕ(W ), U)∥Cb(R;D)

(
∥ϕ(EcW )∥Cα

b (R;R2d) + ∥U∥Cα
b (R;Dsh)

))
(5.53)

≤ µe− c∗
2µ |t1 − t2|α

and

∥H̃µ
sh(P µ + EwhR)(t1) − H̃µ

sh(P µ + EwhR)(t2)∥Xsh

=
∫ 1

0
dH̃µ

sh[σ(P µ + EwhR)(t1)
+ (1 − σ)(P µ + EwhR)(t2)]

(
(P µ + EwhR)(t1) − (P µ + EwhR)(t2)

)
dσ

≲ µe− c∗
µ ∥P µ + EwhR∥Cα

b (R;R4)|t1 − t2|α, (5.54)

where we have used Remark 4.16, estimate (5.7), and Proposition 2.7. Using the maximal
regularity result (Lemma 2.14) we find that

∥Fsh(R,W,U)∥Cα
b (R;Dsh) ≲ ∥(Lµ

sh − L0
sh)U +

¯
G̃µ

sh(P µ +R,W,U)
+ H̃µ

sh(P µ +R)∥Cα
b (R;Xsh)

≲ µe− c∗
2µ . (5.55)

Finally, we note that estimates (5.46) – (5.48) and (5.61) follow directly from estim-
ates (5.50) – (5.52) and (5.55).

Theorem 5.8. The operator F : B+
νλ̃µ → B+

νλ̃µ is a contraction provided that ScW0 = W0

and |W0| ≤ µe− c∗
2µ .

Proof. Suppose that (R1,W1, U1), (R2,W2, U2) ∈ B+
νλ̃µ . For Fwh we first consider

|
¯
Nµ(R1,W1, U1) −

¯
Nµ(R2,W2, U2)(t)|

=
∣∣∣ ∫ 1

0
d1N

µ[σR1 + (1 − σ)R2, ϕ(W1), U1](R1 −R2)(t) dσ

+
∫ 1

0
d2N

µ[R2, σϕ(W1) + (1 − σ)ϕ(W2), U2]
(
ϕ(W1) − ϕ(W2)

)
(t) dσ

+
∫ 1

0
d3N

µ[R2, ϕ(W2), σU1 + (1 − σ)U2](U1 − U2)(t) dσ
∣∣∣

≲ µ3∥(R1,W1, U1)(t) − (R2,W2, U2)(t)∥D,

where we have used Remark 5.1. The above estimate now implies that∣∣∣∣ ∫ t

0

〈(
¯
Nµ(R1,W1, U1) −

¯
Nµ(R2,W2, U2)

)
(τ); (sµ

j )∗(τ)
〉

dτ sµ
j (t)

∣∣∣∣
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≲
∫ t

0

∣∣∣(
¯
Nµ(R1,W1, U1) −

¯
Nµ(R2,W2, U2)

)
(τ)
∣∣∣eλ̃µτ dτe−λ̃µt

≤
∫ t

0
µ3
(

|(R1 −R2)(τ)|

+ |(ϕ(W1) − ϕ(W2))(τ)| + ∥(U1 − U2)(τ)∥Dsh

)
eλ̃µτ dτe−λ̃µt

≤ µ3e−λ̃µt∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ

∫ t

0
e(1+ν)λ̃µτ dτ

≤ µ3

(1 + ν)λ̃µ
eνλ̃µt∥(R1,W1, U1) − (R2,W2, U2)∥E+

νλ̃µ

≤ µeνλ̃µt∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ

and ∣∣∣∣ ∫ ∞

t
⟨
¯
Nµ(R1,W1, U1)(τ) −

¯
Nµ(R2,W2, U2)(τ); (uµ

j )∗(τ)⟩ dτ uµ
j (t)

∣∣∣∣
≲ µ3

∫ ∞

t
∥

¯
Nµ(R1,W1, U1)(τ) −

¯
Nµ(R2,W2, U2)(τ)∥e−λ̃µτ dτeλ̃µt

≲ µ3∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ

∫ ∞

t
e(ν−1)λ̃µτ dτeλ̃µt

≲
µ3

(1 − ν)λ̃µ
eνλ̃µt∥(R1,W1, U1) − (R2,W2, U2)∥E+

νλ̃µ

≲ µeνλ̃µt∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ
.

We also find that∣∣∣ ∫ t1

0
⟨
¯
Nµ(R1,W1, U1)(τ) −

¯
Nµ(R2,W2, U2)(τ); (sµ

j )∗(τ)⟩ dτ sµ
j (t1)

−
( ∫ t2

0
⟨
¯
Nµ(R1,W1, U1)(τ) −

¯
Nµ(R2,W2, U2)(τ); (sµ

j )∗(τ)⟩ dτ sµ
j (t2)

)∣∣∣
≤
∫ t1

t2

∣∣∣ ∫ 1

0
d1N

µ[σR1 + (1 − σ)R2, ϕ(W1), U1](R1 −R2)(τ) dσ

+
∫ 1

0
d2N

µ[R2, σϕ(W1) + (1 − σ)ϕ(W2), U1]
(
ϕ(W1) − ϕ(W2)

)
(τ) dσ

+
∫ 1

0
d3N

µ[R2, ϕ(W2), σU1 + (1 − σ)U2](U1 − U2)(τ) dσ
∣∣∣eλ̃µτ dτe−λ̃µt1

+
∫ t2

0

∣∣∣ ∫ 1

0
d1N

µ[σR1 + (1 − σ)R2, ϕ(W1), U1](R1 −R2)(τ) dσ

+
∫ 1

0
d2N

µ[R2, σϕ(W1) + (1 − σ)ϕ(W2), U1]
(
ϕ(W1) − ϕ(W2)

)
(τ) dσ

+
∫ 1

0
d3N

µ[R2, ϕ(W2), σU1 + (1 − σ)U2](U1 − U2)(τ) dσ
∣∣∣eλ̃µτ dτ |sµ

j (t1) − sµ
j (t2)|

≲ µeνλ̃µt1|t1 − t2|α∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ

and ∣∣∣ ∫ t1

0
⟨
¯
Nµ(R1,W1, U1)(τ) −

¯
Nµ(R2,W2, U2)(τ); (uµ)∗⟩ dτ uµ

j (t1)

−
( ∫ t2

0
⟨
¯
Nµ(R1,W1, U1)(τ) −

¯
Nµ(R2,W2, U2)(τ); (uµ)∗⟩ dτ uµ

j (t2)
)∣∣∣
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≲ µeνλ̃µt1 |t1 − t2|α∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ

for 0 ≤ t2 < t1 < ∞, so that

∥Fwh(R1,W1, U1) − Fwh(R2,W2, U2)∥Cα
νλ̃µ ([0,∞);R4) ≲ µ∥(R1,W1, U1)∥E+

νλ̃µ
.

For Fc we find that
∣∣∣eLµ

c tW0 +
∫ t

0
eLµ

c (t−τ)
(

¯
G̃µ

c (P µ +R1,W1, U1)(τ) + H̃µ
c (P µ +R1)(τ)

)
dτ

−
(

eLµ
c tW0 +

∫ t

0
eLµ

c (t−τ)
(

¯
G̃µ

c (P µ +R2,W2, U2)(τ) + H̃µ
c (P µ +R2)(τ)

)
dτ
)∣∣∣

≲
∫ t

0

∣∣∣( ∫ 1

0
d1G̃

µ
c [σ(P µ +R1) + (1 − σ)(P µ +R2), ϕ(W1), U1](R1 −R2)(τ) dσ

+
∫ 1

0
d2G̃

µ
c [P µ +R2, σϕ(W1) + (1 − σ)ϕ(W2), U1](
ϕ(W1) − ϕ(W2)

)
(τ) dσ

+
∫ 1

0
d3G̃

µ
c [P µ +R2, ϕ(W2), σU1 + (1 − σ)U2](U1 − U2)(τ) dσ

+
∫ 1

0
dH̃µ

c [σ(P µ +R1) + (1 − σ)(P µ +R2)](R1 −R2)(τ) dσ
)∣∣∣ dτ

≲ sup
σ∈[0,1]

∫ t

0

(
µ∥(ϕ(W1), U1)(τ)∥Dc,sh|(R1 −R2)(τ)|

+
(
µ3 + µ∥(σϕ(W1) + (1 − σ)ϕ(W2), U2)(τ)∥Dc,sh

)
|ϕ(W1)(τ) − ϕ(W2)(τ)|

+
(
µ3 + µ∥(ϕ(W2), σU1 + (1 − σ)U2)(τ)∥Dc,sh

)
∥U1(τ) − U2(τ)∥Dsh

+ µe− c∗
µ |R1(τ) −R2(τ)|

)
dτ

+
∫ t

0
µ|(P µ +R2)(τ)||W1(τ) −W2(τ)| dτ

≲ sup
σ∈[0,1]

∫ t

0
eνλ̃µτ

(
µ∥(ϕ(W1), U1)(τ)∥Dc,sh∥R1 −R2∥Cα

νλ̃µ ([0,∞);R4)

+
(
µ3 + µ∥(σϕ(W1) + (1 − σ)ϕ(W2), U2)(τ)∥Dc,sh

)
∥ϕ(W1) − ϕ(W2)∥Cα

νλ̃µ (R;R2d)

+
(
µ3 + µ∥(ϕ(W2), σU1 + (1 − σ)U2)(τ)∥Dc,sh

)
∥U1 − U2∥Cα

νλ̃µ (R;Dsh)

+ µe− c∗
µ ∥R1 −R2∥Cα

νλ̃µ ([0,∞);R4)
)

dτ
+ µ2t∥W1 −W2∥Cα

νλ̃µ ([0,∞);R2d)

≲ µeνλ̃µt∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ
,

where we again have used Remark 4.16 and Proposition 2.7. We also find that
∣∣∣ d
dt
(
Fc(R1,W1, U1) − Fc(R2,W2, U2)

)
(t)
∣∣∣

≲ |Fc(R1,W1, U1)(t) − Fc(R2,W2, U2)(t)|
+ |

¯
G̃µ

c (P µ +R1,W1, U1)(t) −
¯
G̃µ

c (P µ +R2,W2, U2)(t)|
+ |H̃µ

c (P µ +R1)(t) − H̃µ
c (P µ +R2)(t)|
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≲ µeνλ̃µt∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ
,

so that

∥Fc(R1,W1, U1) − Fc(R2,W2, U2)∥C1
νλ̃µ ([0,∞);R2d)

≲ µ∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ
.

For Fsh(R1,W1, U1) − Fsh(R2,W2, U2) we obtain from maximal regularity (see Corol-
lary 2.16) that

∥Fsh(R1,W1, U1) − Fsh(R2,W2, U2)∥Cα
νλ̃µ (R;Dsh)

≲ ∥(Lµ
sh − L0

sh)(U1 − U2)∥Cα
νλ̃µ ([0,∞);Xsh)

+ ∥
¯
G̃µ

sh(P µ + EwhR1, EcW1, U1) −
¯
G̃µ

sh(P µ + EwhR2, EcW2, U2)∥Cα
νλ̃µ ([0,∞);Xsh)

+ ∥H̃µ
sh(P µ + EwhR1) − H̃µ

sh(P µ + EwhR2)∥Cα
νλ̃µ ([0,∞);Xsh)

≲ µ∥U1 − U2∥Cα
νλ̃µ ([0,∞);Xsh)

+ ∥
¯
G̃µ

sh(P µ + EwhR1, EcW1, U1) −
¯
G̃µ

sh(P µ + EwhR2, EcW2, U2)∥Cα
νλ̃µ ([0,∞);Xsh)

+ ∥H̃µ
sh(P µ + EwhR1) − H̃µ

sh(P µ + EwhR2)∥Cα
νλ̃µ ([0,∞);Xsh)

and it follows from Proposition 2.7, Remarks 2.11 and 4.16, and estimate (5.7) combined
with the facts that all second derivatives of G̃µ

sh and H̃µ
sh are O(1) that

∥
¯
G̃µ

sh(P µ + EwhR1, EcW1, U1) −
¯
G̃µ

sh(P µ + EwhR2, EcW2, U2)∥Cα
νλ̃µ ([0,∞);Xsh)

≲ µ∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ

and

∥H̃µ
sh(P µ + EwhR1) − H̃µ

sh(P µ + EwhR2)∥Cα
νλ̃µ ([0,∞);Xsh)

≲ µ∥(R1,W1, U1) − (R2,W2, U2)∥E+
νλ̃µ
.

Corollary 5.9. The operator F has a unique fixed point (R∗
W0 ,W

∗
W0 , U

∗
W0) ∈ B+

νλ̃µ for
each W0 ∈ R2d with ScW0 = W0 and |W0| ≤ µe− c∗

2µ in the case n = 4. This fixed point
satisfies (SshU

∗
W0)(0) = U∗

W0(0).

5.3 The local centre manifold

The local centre manifold W c
loc for solutions to equations (5.1) – (5.3) is constructed in a

similar fashion to W cs
loc. We formulate the modified equations

Ż = Lµ
whZ +

¯
G̃µ

wh(Z,W,U) + H̃µ
wh(Z), (5.56)

Ẇ = Lµ
cW +

¯
G̃µ

c (Z,W,U) + H̃µ
c (Z), (5.57)
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U̇ = Lµ
shU +

¯
G̃µ

sh(Z,W,U) + H̃µ
sh(Z), (5.58)

where

¯
G̃µ

wh(Z,W,U) = G̃µ
wh(Z, ϕ(W ), U),

as the fixed-point problem

(Z,W,U) =
(
Gwh(Z,W,U),Gc(Z,W,U),Gsh(Z,W,U)

)
, (5.59)

where

Gwh(Z,W,U)(t) =
∫ t

−∞

〈(
H̃µ

wh(Z) +
¯
G̃µ

wh(Z,W,U)
)
(τ); s∗eλ̃µτ

〉
dτ s e−λ̃µt

−
∫ ∞

t

〈(
H̃µ

wh(Z) +
¯
G̃µ

wh(Z,W,U)
)
(τ);u∗e−λ̃µτ

〉
dτ u eλ̃µt,

in the case n = 2,

Gwh(Z,W,U)(t) =
2∑

j=1

∫ t

−∞

〈(
H̃µ

wh(Z) +
¯
G̃µ

wh(Z,W,U)
)
(τ); s∗

jeλ̃µτ
〉

dτ sje−λ̃µt

−
2∑

j=1

∫ ∞

t

〈(
H̃µ

wh(Z) +
¯
G̃µ

wh(Z,W,U)
)
(τ);u∗

je−λ̃µτ
〉

dτ ujeλ̃µt

in the case n = 4,

Gc(Z,W,U)(t) = eLµ
c tW0 +

∫ t

0
eLµ

c (t−τ)
(

˜
¯
Gµ

c (Z,W,U)(τ) + H̃µ
c (Z)(τ)

)
dτ,

where s, u, s∗, u∗ are defined in equations (5.20) – (5.23) and sj, uj, s
∗
j , u

∗
j are defined in

equations (5.27) – (5.30) (with the obvious modifications if ω+ σ̃µ ̸= 0), and Gsh(Z,W,U)
is the unique solution of

Ṁ = Lµ
shM +

¯
G̃µ

sh(Z,W,U) + H̃µ
sh(Z)

(in the appropriate sense). Repeating the previous arguments, we find that G is a con-
traction on the closed, convex subset

Bνλ̃µ =
{
(Z,W,U) ∈ Eνλ̃µ : ∥Z∥Cα

b (R;Rn), ∥U∥Cα
b (R;Dsh), ∥Ẇ − Lµ

cW∥Cb(R;R2d) ≤ e− c∗
2µ

}
of

Eνλ̃µ = Cα
νλ̃µ(R;Rn) × C1

νλ̃µ(R;R2d) × Cα
νλ̃µ(R; Dsh).

Its unique fixed point (Z∗∗
W0 ,W

∗∗
W0 , U

∗∗
W0) satisfies

sup
t∈R

|Z∗∗
W0(t)| ≲ µe− c∗

2µ ,

sup
t∈R

∥U∗∗
W0(t)∥Dsh ≲ µe− c∗

2µ .

Any solution (Z,W,U) to equations (5.56) – (5.58) satisfying

∥Z∥Cα
b (R;Rn), ∥U∥Cα

b (R;Dsh), ∥Ẇ − Lµ
cW∥Cb(R;R2d) ≤ e− c∗

2µ
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lies in Eνλ̃µ and is a fixed point of G with W (0) = W0; its initial value (Z,W,U)(0)
therefore lies on

W c =
{
(Z∗∗

W0 ,W
∗∗
W0 , U

∗∗
W0)(0) : W0 ∈ R2d

}
=
{
(Z,W0, U) ∈ D : (Z,U) = Ψ(W0),W0 ∈ R2d

}
(by uniqueness of the fixed point of G), where

Ψ(W0) = (Ψwh(W0),Ψsh(W0)) = (Z∗∗
W0 , U

∗∗
W0)(0).

Using the autonomy of equations (5.56) – (5.58) we further conclude that in fact each
point (Z,W,U)(t) of (Z,W,U) lies on W c for all t ∈ R. Restricting the domain of Ψ to
Be−c∗/2µ(0) leads to the local centre manifold

W c
loc =

{
(Z,W,U) : (Z,U) = Ψ(W ), |W | ≤ e− c∗

2µ

}
for equations (5.1) – (5.3); all solutions with

∥Z∥Cb(R;Rn), ∥W∥Cb(R;R2d), ∥U∥Cb(R;Dsh) ≤ e− c∗
2µ

lie on W c
loc and any solution passing through a point on W c

loc remains on W c
loc as long as

it remains in {
(Z,W,U) ∈ D : |Z|, |W |, ∥U∥Dsh ≤ e− c∗

2µ

}
.

The following results show that in fact any solution (Z,W,U) with (Z,W,U)(t0) ∈ W c
loc

and |W (t0)| ≤ 1
2e− c∗

2µ satisfies (Z,W,U)(t) ∈ W c
loc for all t ≥ t0.

Proposition 5.10. The function Ψ: B̄e−c∗/2µ(0) → Rn × Dsh satisfies the estimate

∥Ψ(W0)∥Rn×Dsh ≲ |W0|2.

Proof. Since G : Bνλ̃µ → Bνλ̃µ is a contraction with Lipschitz constant less than or equal
to 1/2, we know that

∥(Z,W,U) − (Z∗∗
W0 ,W

∗∗
W0 , U

∗∗
W0)∥Eνλ̃µ ≤ 2∥(Z,W,U) − G(Z,W,U)∥Eνλ̃µ

for all (Z,W,U) ∈ Bνλ̃µ . Using this result with (Z,W,U) = (0, eLµ
c (·)W0, 0), we find that

∥Ψ(W0)∥Rn×Dsh = ∥(Ψwh(W0),W0,Ψsh(W0)) − (0,W0, 0)∥D

≤ ∥(0, eLµ
c (·)W0, 0) − (Z∗∗

W0 ,W
∗∗
W0 , U

∗∗
W0)∥Eνλ̃µ

≤ 2∥(0, eLµ
c (·)W0, 0) − G(0, eLµ

c (·)W0, 0)∥Eνλ̃µ

≲ ∥Gwh(0, eLµ
c (·)W0, 0)∥Cα

νλ̃µ (R;Rn)

+ ∥eLµ
c (·)W0 − Gc(0, eLµ

c (·)W0, 0)∥C1
νλ̃µ (R;R2d)

+ ∥Gsh(0, eLµ
c (·)W0, 0)∥Cα

νλ̃µ (R;Dsh).
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Observing that |eLµ
c (·)W0| = |W0| and ϕ(W0) = W0, we find that

∥Gwh(0, eLµ
c (·)W0, 0)∥Cα

νλ̃µ (R;Rn) ≲
∫ t

−∞
µ2|eLµ

c τW0|2eλ̃µτ dτ e−λ̃µt

+
∫ ∞

t
µ2|eLµ

c τW0|2e−λ̃µτ dτ eλ̃µt

≲ |W0|2.

From the fact that Gsh(0, eLµ
c (·)W0, 0) is the unique solution to

Ṁ = Lµ
shM + G̃µ

sh(0, eLµ
c (·)W0, 0)

in Bνλ̃µ and Corollary 2.16 we obtain that

∥Gsh(0, eLµ
c (·)W0, 0)∥Cα

νλ̃µ (R;Dsh) ≲ ∥Gsh(0, eLµ
c (·)W0, 0)∥Cα

b (R;Dsh) ≲ |W0|2.

Finally we find that

|eLµ
c tW0 − Gc(0, eLµ

c tW0, 0)| =
∣∣∣ ∫ t

0
eLµ

c (t−τ)G̃µ
c (0, eLµ

c τW0, 0) dτ
∣∣∣ ≲ µ2|t||W0|2

and∣∣∣ d
dt(e

Lµ
c tW0 − Gc(0, eLµ

c tW0, 0))
∣∣∣ =

∣∣∣Lµ
c

∫ t

0
eLµ

c (t−τ)G̃µ
c (0, eLµ

c τW0, 0) dτ + G̃µ
c (0, eLµ

c tW0, 0)
∣∣∣

≲ µ2(|t| + 1)|W0|2,

so that
∥Gc(0, eLµ

c (·)W0, 0)∥C1
νλ̃µ (R;R2d) ≲ |W0|2

(since µ2|t|e−νλ̃µ|t| ≲ 1).

Lemma 5.11. Any solution (Z,W,U) of system (5.56) – (5.58) lying on W c with
|W (t0)| ≤ 1

2e− c∗
2µ (so that (Z,W,U)(t0) ∈ W c

loc) satisfies |W (t)| ≤ 3
4e− c∗

2µ (and hence
(Z,W,U)(t) ∈ W c

loc) for all t ≥ t0.

Proof. Using Assumption (D6) we find that

Ĩµ(Z,W,U) = Ĩµ(Ψwh(W ),W,Ψsh(W )) ≥ 1
2µ

4|W |2

and
Ĩµ(Z,W,U) = Ĩµ(Ψwh(W ),W,Ψsh(W )) ≤ 3

2µ
4|W |2

for (Z,W,U) ∈ W c
loc.

Now we suppose that (Z,W,U) is a global solution of equations (5.56) – (5.58) on W c

with |W (t0)| ≤ 1
2e− c∗

2µ . Assume there exists a time t > t0 such that |W (t)| > 3
4e− c∗

2µ . The
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continuity of W yields the existence of a time t∗ ∈ (t0, t) such that |W (t∗)| = 3
4e− c∗

2µ . Since
(Z,W,U) solves equations (5.1) – (5.3) for t ∈ [t0, t∗] we find that

9
32e− c∗

µ = 1
2 |W (t∗)|2

≤ µ−4Ĩµ(Z(t∗),W (t∗), U(t∗))
= µ−4Ĩµ(Z(t0),W (t0), U(t0))

≤ 3
16e− c∗

µ ,

which is a contradiction.

5.4 The global centre-stable manifold

Suppose that (R∗
W0 ,W

∗
W0 , U

∗
W0) is the fixed point of the operator F . We observe that

(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0) yields a generalised pulse solution to equations (5.1) – (5.3) if

|W ∗
W0(t)| ≤ e− c∗

2µ (5.60)

for all t ≥ 0 (and by the symmetry of W ∗
W0 for all t ∈ R), since (P µ + R∗

W0 ,W
∗
W0 , U

∗
W0)

then solves equations (5.1) – (5.3), in which no cut-off function is used. Since we have
already proved it for t ∈ [0, e

c∗
2µ ] it remains to show that estimate (5.60) remains true for

t ≥ e
c∗
2µ . To this end we show that (P µ +R∗

W0 ,W
∗
W0 , U

∗
W0) converges to a solution (Z,W,U)

of equations (5.56) – (5.58) on W c, so that in particular

sup
t∈[t∗,∞)

|W ∗
W0(t) −W (t)| ≤ µe− c∗

2µ

for some t∗ (see Figure 5.5).

Proposition 5.12. There exists δ > 0 such that

sup
t∈[0,e

c∗
2µ ]

|W ∗
W0(t)| ≲ µδe− c∗

2µ . (5.61)

Proof. The central component W ∗
W0 of the fixed point of F satisfies equation (5.13) so

that Remark 4.16 and estimate (5.7) yield an a priori estimate for |W ∗
W0| over the interval

[0, t∗], where

t∗ = γ|log µ|
νλ̃µ

,

so that e−νλ̃µt∗ = µγ for an appropriately chosen constant γ. Applying e−Lµ
c t to equa-

tion (5.13) and taking the inner product with e−Lµ
c tW we obtain

⟨e−Lµ
c tẆ ∗

W0(t) − Lµ
c e−Lµ

c tW ∗
W0(t); e−Lµ

c tW ∗
W0(t)⟩

= ⟨e−Lµ
c t
(

¯
G̃µ

c (P µ +R∗
W0 ,W

∗
W0 , U

∗
W0)(t) + H̃c(P µ +R∗

W0)(t)
)
; e−Lµ

c tW ∗
W0(t)⟩,
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so that
1
2

d
dt |e

−Lµ
c tW ∗

W0(t)|2 ≲ (µ2|W ∗
W0(t)| + µ3e− c∗

2µ )|e−Lµ
c tW ∗

W0(t)|

and thus
1
2

d
dt |e

−Lµ
c tW ∗

W0(t)|2 ≤ c1λ̃
µ|W ∗

W0|2 + c2µ
4e− c∗

µ .

Gronwall’s inequality now yields

|W ∗
W0(t)|2 ≤ (|W0|2 + c2µ

4e− c∗
µ t)ec1λ̃µt

(since |e−Lµ
c t(·)| is equivalent to the usual norm for R2d, uniformly in µ). By choosing

γ = ν/c1, so that ec1λ̃µt∗ = 1/µ, we find

|W ∗
W0(t)|2 ≤ 1

µ
(|W0|2 + c2µ

4e− c∗
µ t∗)

≤ 1
µ

(|W0|2 + c2µ
2e− c∗

µ
ν

c1
|log µ|)

≲ µ|log µ|e− c∗
µ

for all t ∈ [0, t∗]. Using the above estimate yields

|W ∗
W0(t) = |Fc(R∗

W0 ,W
∗
W0 , U

∗
W0)(t)|

≤ |W0| +
∣∣∣∣ ∫ t

0
eLµ

c (t−τ)
(

¯
G̃µ

c (P µ +R∗
W0 ,W

∗
W0 , U

∗
W0)(τ) + H̃µ

c (P µ +R∗
W0)(τ)

)
dτ
∣∣∣∣

≲ |W0| +
∫ t∗

0
(µ2|W ∗

W0(τ)| + µ3e− c∗
2µ ) dτ +

∫ t

t∗
(µ2e− c∗

2µ e−νλ̃µτ + µe− c∗
µ ) dτ

≲ |W0| + µ
5
2 |log µ|

1
2 e− c∗

2µ t∗ + e− c∗
2µ e−νλ̃µt∗ + tµe− c∗

µ

≲ |W0| + (µ 1
2 |log µ|

3
2 + µγ)e− c∗

2µ + tµe− c∗
µ

In view of the estimate
sup

t∈[0,e− c∗
2µ ]

|W ∗
W0(t)| ≲ µδe− c∗

2µ ,

showing that t∗ < e
c∗
2µ yields |W (t∗)| ≤ 1

2e− c∗
2µ and hence

sup
t∈[t∗,∞)

|W ∗
W0(t)| ≤ 3

4e− c∗
2µ

(by Lemma 5.11).

Setting
t∗ = c∗

µνλ̃µ
∈ [0, e

c∗
2µ ],

we find that
e−νλ̃µ t∗

2 = e− c∗
2µ ,
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W

W ∗
W0

0

W

t

e− c∗
2µ

e− c∗
2µ

t∗ e
c∗
2µ

Figure 5.5: The central part W ∗
W0 of a function with initial values on W cs

loc converges
exponentially to the central part W of a solution to equations (5.56) – (5.58)
on W c.

so that

|P µ(t)| ≤

µ2e− c∗
2µ , n = 2,

µe− c∗
2µ , n = 4,

for t ≥ t∗

2 . Let χ : R → R be a smooth cut-off function with

χ(t) =

0, t ≤ t∗

2 ,

1, t ≥ t∗,

and |χ(l)(t)| ≤ 2l for t ∈ R and l ∈ N0. The function (Ẑ, Ŵ, Û) given by

(Ẑ, Ŵ, Û) = χ(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0)

satisfies the equations

˙̂
Z = Lµ

whẐ +
¯
G̃µ

wh(Ẑ, Ŵ, Û) + H̃µ
wh(Ẑ) +Qwh,

˙̂
W = Lµ

c Ŵ + ˜
¯
Gµ

c (Ẑ, Ŵ, Û) + H̃µ
c (Ẑ) +Qc,

˙̂
U = Lµ

shÛ + ˜
¯
Gµ

sh(Ẑ, Ŵ, Û) + H̃µ
sh(Ẑ) +Qsh,

where

Qwh = χH̃µ
wh(P µ +R∗

W0) + χ
¯
G̃µ

wh(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0) + χ̇(P µ +R∗

W0)
− H̃µ

wh(χ(P µ +R∗
W0)) −

¯
G̃µ

wh(χ(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0)),

Qc = χ ˜
¯
Gµ

c (P µ +R∗
W0 ,W

∗
W0 , U

∗
W0) + χH̃µ

c (P µ +R∗
W0) + χ̇W ∗

W0

− ˜
¯
Gµ

c (χ(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0)) − H̃µ

c (χ(P µ +R∗
W0)),

Qsh = χ ˜
¯
Gµ

sh(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0) + χH̃µ

sh(P µ +R∗
W0) + χ̇U∗

W0

− ˜
¯
Gµ

sh(χ(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0)) − H̃µ

sh(χ(P µ +R∗
W0)).
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To show that (Ẑ, Ŵ, Û) converges exponentially to a solution of equations (5.56) – (5.58)
on W c we have to find a solution (∆wh,∆c,∆sh) to

∆̇wh = Lµ
wh∆wh + H̃µ

wh(Ẑ) − H̃µ
wh(Ẑ − ∆wh) +

¯
G̃µ

wh(Ẑ, Ŵ, Û)
−

¯
G̃µ

wh(Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh) +Qwh, (5.62)
∆̇c = Lµ

c ∆c + ˜
¯
Gµ

c (Ẑ, Ŵ, Û) + H̃µ
c (Ẑ)

− ˜
¯
Gµ

c (Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh) − H̃µ
c (Ẑ − ∆wh) +Qc, (5.63)

∆̇sh = Lµ
sh∆sh + ˜

¯
Gµ

sh(Ẑ, Ŵ, Û) + H̃µ
sh(Ẑ)

− ˜
¯
Gµ

sh(Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh) − H̃µ
sh(Ẑ − ∆wh) +Qsh, (5.64)

which decays exponentially to zero as t → ∞ and has the property that

(Z,W,U) = (Ẑ, Ŵ, Û) − (∆wh,∆c,∆sh)

lies on W c, i.e. is a fixed point of the operator G defined in Section 5.3. To this end we
formulate equations (5.62) – (5.64) as the fixed-point problem

∆wh = Kwh(∆wh,∆c,∆sh),
∆c = Kc(∆wh,∆c,∆sh),

∆sh = Ksh(∆wh,∆c,∆sh).

Here

Kwh(∆wh,∆c,∆sh)(t) =
∫ t

−∞

〈
H̃µ

wh(Ẑ)(τ) +
¯
G̃µ

wh(Ẑ, Ŵ, Û)(τ) − H̃µ
wh(Ẑ − ∆wh)(τ)

−
¯
G̃µ

wh(Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh)(τ)
+Qwh(τ); s∗eλ̃µτ

〉
dτ s e−λ̃µt

−
∫ ∞

t

〈
H̃µ

wh(Ẑ)(τ) +
¯
G̃µ

wh(Ẑ, Ŵ, Û)(τ) − H̃µ
wh(Ẑ − ∆wh)(τ)

−
¯
G̃µ

wh(Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh)(τ)
+Qwh(τ);u∗e−λ̃µτ

〉
dτ u eλ̃µt (5.65)

in the case n = 2,

Kwh(∆wh,∆c,∆sh)(t) =
2∑

j=1

∫ t

−∞

〈
H̃µ

wh(Ẑ)(τ) +
¯
G̃µ

wh(Ẑ, Ŵ, Û)(τ) − H̃µ
wh(Ẑ − ∆wh)(τ)

−
¯
G̃µ

wh(Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh)(τ)
+Qwh(τ); s∗

jeλ̃µτ
〉

dτ sje−λ̃µt

−
2∑

j=1

∫ ∞

t

〈
H̃µ

wh(Ẑ)(τ) +
¯
G̃µ

wh(Ẑ, Ŵ, Û)(τ) − H̃µ
wh(Ẑ − ∆wh)(τ)

−
¯
G̃µ

wh(Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh)(τ)
+Qwh(τ);u∗

je−λ̃µτ
〉

dτ ujeλ̃µt (5.66)

in the case n = 4,

Kc(∆wh,∆c,∆sh)(t) = −
∫ ∞

t
eLµ

c (t−τ)
(

˜
¯
Gµ

c (Ẑ, Ŵ, Û) + H̃µ
c (Ẑ)

− ˜
¯
Gµ

c (Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh)
− H̃µ

c (Ẑ − ∆wh) +Qc
)
(τ) dτ, (5.67)

146



where s, u, s∗, u∗ are defined in equations (5.20) – (5.23), sj, uj, s
∗
j , u

∗
j are defined in equa-

tions (5.27) – (5.30), and Ksh(∆wh,∆c,∆sh) is the unique solution to

Ṁ =Lµ
shM + ˜

¯
Gµ

sh(Ẑ, Ŵ, Û) + H̃µ
sh(Ẑ) − ˜

¯
Gµ

sh(Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh)
− H̃µ

sh(Ẑ − ∆wh) +Qsh (5.68)

(in the sense specified below). We now prove that K = (Kwh,Kc,Ksh) is a contraction on
the closed, convex subset

Bνλ̃µ,+ =
{
(Z,W,U) ∈ Eνλ̃µ,+ : ∥Z∥Cα

b (R;Rn), ∥U∥Cα
b (R;Dsh), ∥Ẇ − Lµ

cW∥Cb(R;R2d) ≤ e− c∗
2µ

}
of

Eνλ̃µ,+ = Cα
νλ̃µ,+(R,Rn) × C1

νλ̃µ,+(R,R2d) × Cα
νλ̃µ,+(R,Dsh).

As in Section 5.2 we use the fact that |||·|||Cα
νλ̃µ,+

(R;B) and ∥·∥Cα
νλ̃µ,+

(R;B) are equivalent
norms for Cα

νλ̃µ,+(R;B), uniformly in µ, where B ∈ {Rn,R2d,Dsh}.

Proposition 5.13. The operators Qwh, Qc and Qsh satisfy the estimates

∥Qwh∥Cb(R;Rn), ∥Qc∥Cb(R;R2d), ∥Qsh∥Cα
b (R;Xsh) ≲ µ3e− c∗

2µ .

Furthermore,

∥Qwh∥Cνλ̃µ,+(R;Rn), ∥Qc∥Cνλ̃µ,+(R;R2d), ∥Qsh∥Cα
νλ̃µ,+

(R;Xsh) < ∞.

Proof. Observing that t∗ < e− c∗
2µ , so that

|W ∗
W0(t)| ≲ µe− c∗

2µ

and thus ϕ(W ∗
W0(t)) = W ∗

W0(t) for t ∈ [ t∗

2 , t
∗], we find that

|Qwh(t)|, |Qc(t)|, ∥Qsh(t)∥Xsh

≲ ∥(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0)(t)∥2

D + ∥χ̇(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0)(t)∥X

≲ ∥(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0)(t)∥2

D + |χ̇(t)|∥(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0)(t)∥D

≲ µ3e− c∗
2µ (5.69)

because |(P µ + R∗
W0)(t)| ≲ µe− c∗

2µ and |χ̇(t)| ≲ 1
t∗ ≲ µ2 for t ∈ [ t∗

2 , t
∗]. Next we note

that |χ(P µ + R∗
W0)(t)| ≲ µe− c∗

2µ for all t ∈ R. As in the proof of Theorem 5.4 (see
estimates (5.43) and (5.44)) we find that

∥ ˜
¯
Gµ

sh

(
χ(P µ +R∗

W0 ,W
∗
W0 , U

∗
W0)

)
(t1) − ˜

¯
Gµ

sh

(
χ(P µ +R∗

W0 ,W
∗
W0 , U

∗
W0)

)
(t2)∥Xsh

≲ µ3e− c∗
2µ |t1 − t2|α (5.70)

and
∥χ ˜

¯
Gµ

sh(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0)(t1) − χ ˜

¯
Gµ

sh(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0)(t2)∥Xsh

≲ ∥ ˜
¯
Gµ

sh(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0)(t1) − ˜

¯
Gµ

sh(P µ +R∗
W0 ,W

∗
W0 , U

∗
W0)(t2)∥Xsh

≲ µ3e− c∗
2µ |t1 − t2|α (5.71)
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and similarly

∥H(χ(P µ +RW0))(t1) −H(χ(P µ +RW0))(t2)∥Xsh ≲ µe− c∗
µ |t1 − t2|α (5.72)

and

∥χH(P µ +R∗
W0)(t1) − χH(P µ +R∗

W0)(t2)∥Xsh ≲ µe− c∗
µ |t1 − t2|α (5.73)

for −∞ < t2 < t1 < ∞, where we have used the estimate

∥χ∥Cα
b (R) ≤ ∥χ∥C1

b(R) ≲ 1.

Combining estimates (5.69) – (5.73) we obtain

∥Qsh∥Cα
b (R) ≲ µ3e− c∗

2µ .

For the second assertion we first consider the calculation

|Qwh(t)|, |Qc(t)| ≲ µ3e− c∗
2µ

= e−νλ̃µ t∗
2

= eνλ̃µ t∗
2 e−νλ̃µt∗

≤ eνλ̃µ t∗
2 e−νλ̃µt

= e
c∗
2µ e−νλ̃µt,

where we have used the fact that Qwh(t), Qc(t) = 0 for all t > t∗. Next we observe that
χ̂(t)Qsh(t) = Qsh(t) for all t ∈ R, where χ̂ ∈ C∞(R) is a smooth cut-off function satisfying

χ̂(t) =

1, |t| ≤ t∗

0, |t| ≥ 2t∗.

We find that

∥Qsh∥Cα
νλ̃µ,+

(R;Xsh) = ∥eνλ̃µ(·)Qsh∥Cα
b (R;Xsh)

= ∥χ̂eνλ̃µ(·)Qsh∥Cα
b (R;Xsh)

≲ ∥χ̂eνλ̃µ(·)∥Cα
b (R)∥Qsh∥Cα

b (R;Xsh)

≲ ∥χ̂eνλ̃µ(·)∥C1
b(R)µ

3e− c∗
2µ

< ∞,

where we again have used the fact that Qsh(t) = 0 for all t > t∗.

Lemma 5.14. The operator K maps Bνλ̃µ,+ contractively into itself. Furthermore,

∥Kwh(∆wh,∆c,∆sh)∥Cα
b (R;Rn) ≲ µe− c∗

2µ ,∥∥∥ d
dtKc(∆wh,∆c,∆sh) − Lµ

c Kc(∆wh,∆c,∆sh)
∥∥∥

Cb(R;R2d)
≲ µe− c∗

2µ ,

∥Ksh(∆wh,∆c,∆sh)∥Cα
b (R;Dsh) ≲ µe− c∗

2µ

for all (∆wh,∆c,∆sh) ∈ Bνλ̃µ,+.
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Proof. Suppose that v is one of s, u, sj, uj, s∗, u∗, s∗
j , or u∗

j and (∆wh,∆c,∆sh) ∈ Bνλ̃µ,+.

Using Remarks 4.8 and 4.16 we find for Kwh(∆wh,∆c,∆sh) that

∣∣∣ ∫ t

−∞

〈
H̃µ

wh(Ẑ)(τ) +
¯
G̃µ

wh(Ẑ, Ŵ, Û)(τ) − H̃µ
wh(Ẑ − ∆wh)(τ)

−
¯
G̃µ

wh(Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh)(τ); v(τ)eλ̃µτ
〉

dτ v(t)e−λ̃µt
∣∣∣

+
∫ ∞

t

〈
H̃µ

wh(Ẑ)(τ) +
¯
G̃µ

wh(Ẑ, Ŵ, Û)(τ) − H̃µ
wh(Ẑ − ∆wh)(τ)

−
¯
G̃µ

wh(Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh)(τ); v(τ)e−λ̃µτ
〉

dτ v(t)eλ̃µt
∣∣∣

≲
∫ t

−∞
µ3eλ̃µτ e−νλ̃µτ ∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Eνλ̃µ,+

dτ e−λ̃µt

+
∫ ∞

t
µ3e−λ̃µτ e−νλ̃µτ ∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Eνλ̃µ,+

dτ eλ̃µt

≲
µ3

νλ̃µ
∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Eνλ̃µ,+

e−νλ̃µt

+ µ3

νλ̃µ
∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Eνλ̃µ,+

e−νλ̃µt

≲ µ∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Eνλ̃µ,+
e−νλ̃µt (5.74)

and
∣∣∣ ∫ t

−∞

〈
Qwh(τ); v(τ)e−λ̃µτ

〉
dτ v(t)eλ̃µt

+
∫ ∞

t

〈
Qwh(τ); v(τ)eλ̃µτ

〉
dτ v(t)e−λ̃µt

∣∣∣
≲
∫ t

−∞
|Qwh(τ)|eλ̃µτ dτ e−λ̃µt +

∫ ∞

t
|Qwh(τ)|e−λ̃µτ dτ eλ̃µt

≤ ∥Qwh∥Cνλ̃µ,+(R;Rn)

∫ t

−∞
e(1−ν)λ̃µτ dτ e−λ̃µt + ∥Qwh∥Cνλ̃µ,+(R;Rn)

∫ ∞

t
e−(1+ν)λ̃µτ dτ eλ̃µt

≲
1

(1 − ν)λ̃µ
∥Qwh∥Cνλ̃µ,+(R;Rn)e−νλ̃µt

(5.75)

for t ∈ R. Remark 4.8 and Proposition 5.13 yield that

∣∣∣ ∫ t1

−∞

〈
H̃µ

wh(Ẑ)(τ) +
¯
G̃µ

wh(Ẑ, Ŵ, Û)(τ) − H̃µ
wh(Ẑ − ∆wh)(τ)

−
¯
G̃µ

wh(Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh)(τ); v(τ)eλ̃µτ
〉

dτ v(t1)e−λ̃µt1

+
∫ ∞

t1

〈
H̃µ

wh(Ẑ)(τ) +
¯
G̃µ

wh(Ẑ, Ŵ, Û)(τ) − H̃µ
wh(Ẑ − ∆wh)(τ)

−
¯
G̃µ

wh(Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh)(τ); v(τ)e−λ̃µτ
〉

dτ v(t1)eλ̃µt1

−
∫ t2

−∞

〈
H̃µ

wh(Ẑ)(τ) +
¯
G̃µ

wh(Ẑ, Ŵ, Û)(τ) − H̃µ
wh(Ẑ − ∆wh)(τ)

−
¯
G̃µ

wh(Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh)(τ); v(τ)eλ̃µτ
〉

dτ v(t2)e−λ̃µt2

−
∫ ∞

t2

〈
H̃µ

wh(Ẑ)(τ) +
¯
G̃µ

wh(Ẑ, Ŵ, Û)(τ) − H̃µ
wh(Ẑ − ∆wh)(τ)

−
¯
G̃µ

wh(Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh)(τ); v(τ)e−λ̃µτ
〉

dτ v(t2)eλ̃µt2
∣∣∣
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≲
∫ t1

t2

∫ 1

0

∣∣∣ dH̃µ
wh[σẐ + (1 − σ)(Ẑ − ∆wh)](∆wh)(τ)

+ d1G̃
µ
wh[σẐ + (1 − σ)(Ẑ − ∆wh), ϕ(Ŵ ), Û ](∆wh)(τ)

+ d2G̃
µ
wh[Ẑ − ∆wh, σϕ(Ŵ ) + (1 − σ)(ϕ(Ŵ ) − ϕ(∆c)), Û ](ϕ(∆c))(τ)

+ d3G̃
µ
wh[Ẑ − ∆wh, ϕ(Ŵ ) − ϕ(∆c),

σÛ + (1 − σ)(Û − ∆sh)](∆sh)(τ)
∣∣∣ dσ eλ̃µτ dτ e−λ̃µt1

+
∫ t2

−∞

∫ 1

0

∣∣∣ dH̃µ
wh[σẐ + (1 − σ)(Ẑ − ∆wh)](∆wh)(τ)

+ d1G̃
µ
wh[σẐ + (1 − σ)(Ẑ − ∆wh), ϕ(Ŵ ), Û ](∆wh)(τ)

+ d2G̃
µ
wh[Ẑ − ∆wh, σϕ(Ŵ ) + (1 − σ)(ϕ(Ŵ ) − ϕ(∆c)), Û ](ϕ(∆c))(τ)

+ d3G̃
µ
wh[Ẑ − ∆wh, ϕ(Ŵ ) − ϕ(∆c),

σÛ + (1 − σ)(Û − ∆sh)](∆sh)(τ)
∣∣∣ dσ eλ̃µτ dτ |e−λ̃µt1 − e−λ̃µt2|

+
∫ ∞

t1

∫ 1

0

∣∣∣ dH̃µ
wh[σẐ + (1 − σ)(Ẑ − ∆wh)](∆wh)(τ)

+ d1G̃
µ
wh[σẐ + (1 − σ)(Ẑ − ∆wh), ϕ(Ŵ ), Û ](∆wh)(τ)

+ d2G̃
µ
wh[Ẑ − ∆wh, σϕ(Ŵ ) + (1 − σ)(ϕ(Ŵ ) − ϕ(∆c)), Û ](ϕ(∆c))(τ)

+ d3G̃
µ
wh[Ẑ − ∆wh, ϕ(Ŵ ) − ϕ(∆c),

σÛ + (1 − σ)(Û − ∆sh)](∆sh)(τ)
∣∣∣ dσ e−λ̃µτ dτ |e−λ̃µt1 − e−λ̃µt2 |

≲ µ∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Eνλ̃µ,+
|t1 − t2|αe−νλ̃µt2 (5.76)

and

∣∣∣ ∫ t1

−∞

〈
Qwh(τ); v(τ)eλ̃µτ

〉
dτ v(t1)e−λ̃µt1 +

∫ ∞

t1

〈
Qwh(τ); v(τ)e−λ̃µτ

〉
dτ v(t1)eλ̃µt1

−
∫ t2

−∞

〈
Qwh(τ); v(τ)eλ̃µτ

〉
dτ v(t2)e−λ̃µt2 −

∫ ∞

t2

〈
Qwh(τ); v(τ)e−λ̃µτ

〉
dτ v(t2)eλ̃µt2

∣∣∣
≲
∫ t1

t2
|Qwh(τ)|eλ̃µτ dτ e−λ̃µt1 +

∫ t2

−∞
|Qwh(τ)|eλ̃µτ dτ (e−λ̃µt2 − e−λ̃µt1)

+
∫ ∞

t1
|Qwh(τ)|e−λ̃µτ dτ (e−λ̃µt2 − e−λ̃µt1)

≲
1

(1 − ν)λ̃µ
∥Qwh∥Cνλ̃µ,+(R;Rn)(e(1−ν)λ̃µt1 − e(1−ν)λ̃µt2)e−λ̃µt1

+ 1
(1 − ν)λ̃µ

∥Qwh∥Cνλ̃µ,+(R;Rn)e(1−ν)λ̃µt2(e−λ̃µt2 − e−λ̃µt1)

+ 1
(1 + ν)λ̃µ

∥Qwh∥Cνλ̃µ,+(R;Rn)e−(1+ν)λ̃µt2(eλ̃µt1 − eλ̃µt2)

≲
1

(1 − ν)λ̃µ
∥Qwh∥Cνλ̃µ,+(R;Rn)∥e(1−ν)λ̃µ(·)∥Cα

(1−ν)λ̃µ,−
(R)|t1 − t2|αe(1−ν)λ̃µt2e−λ̃µt2

+ 1
(1 − ν)λ̃µ

∥Qwh∥Cνλ̃µ,+(R;Rn)
1 − eλ̃µ(t2−t1)

|t1 − t2|α
|t1 − t2|αe−νλ̃µt2

+ 1
(1 + ν)λ̃µ

∥Qwh∥Cνλ̃µ,+(R;Rn)
1 − eλ̃µ(t2−t1)

|t1 − t2|α
|t1 − t2|αe−νλ̃µt2
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≲
1

(1 − ν)λ̃µ
∥Qwh∥Cνλ̃µ,+(R;Rn)|t1 − t2|αe−νλ̃µt2 (5.77)

for −∞ < t2 < t1 < ∞, where we have estimated e−λ̃µt1 ≤ e−λ̃µt2 between the third and
fourth line and

1 − e−λ̃µ|t1−t2|

|t1 − t2|α
≲ 1

between the fourth and fifth line. From Proposition 2.7 and estimates (5.74) – (5.77) we
obtain Kwh(∆c,∆c,∆sh) ∈ Cα

νλ̃µ,+(R,Rn).

For Kc(∆wh,∆c,∆sh) we use Proposition 5.13 and similar estimates as for Fc in the
proofs of Theorems 5.5 and 5.8 to find that

|Kc(∆wh,∆c,∆sh)(t)| ≲ µe−νλ̃µt∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Eνλ̃µ,+

+
∫ ∞

t
|Qc(τ)| dτ

≲ µe−νλ̃µt∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Eνλ̃µ,+

+ 1
νλ̃µ

∥Qc∥Cνλ̃µ,+(R;R2d)e−νλ̃µt (5.78)

and ∣∣∣ d
dtKc(∆wh,∆c,∆sh)(t)

∣∣∣ ≤µe−νλ̃µt∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Eνλ̃µ,+

+ ∥Qc∥Cνλ̃µ,+(R;R2d)e−νλ̃µt (5.79)

for t ∈ R, so that Kc(∆wh,∆c,∆sh) ∈ C1
−νλ̃µ,+(R;R2d).

For Ksh(∆wh,∆c,∆sh) we first note that it follows from Proposition 2.7, Remarks 2.11,
4.8 and 4.16, and estimate (5.7) combined with the facts that all second derivatives of
G̃µ

sh and H̃µ
sh are O(1) that

∥G̃µ

sh(Z1,W1, U1) − G̃
µ

sh(Z2,W2, U2)∥Cα
νλ̃µ,+

(R,Dsh) ≲ µ∥(Z1,W1, U1) − (Z2,W2, U2)∥Eνλ̃µ,+

and

∥H̃µ
sh(Z1) − H̃µ

sh(Z2)∥Cα
νλ̃µ,+

(R,Xc,shc,sh) ≲ µ∥Z1 − Z2∥Cα
νλ̃µ,+

(R,Rn)

for all (Z1,W1, U1), (Z2,W2, U2) ∈ Bνλ̃µ,+. Using these estimates together with Corol-
lary 2.16 and Proposition 5.13 we obtain that

∥Ksh(∆wh,∆c,∆sh)∥Cα
νλ̃µ,+

(R,Dsh) ≲ ∥
¯
G̃µ

sh(Ẑ, Ŵ, Û) −
¯
G̃µ

sh(Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh)
+ H̃µ

sh(Ẑ) − H̃µ
sh(Ẑ − ∆wh) +Qsh∥Cα

νλ̃µ,+
(R,Xsh)

≲ µ∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Eνλ̃µ,+

+ ∥Qsh∥Cα
νλ̃µ,+

(R,Xsh)

≲ µ∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Eνλ̃µ,+

+ ∥Qsh∥Cα
νλ̃µ,+

(R,Xsh), (5.80)
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so that Ksh(∆wh,∆c,∆sh) ∈ Cα
νλ̃µ,+(R,Dsh), where we also have used Proposition 2.7.

Now we show that K maps Bνλ̃µ,+ into itself. Repeating the arguments used in estim-
ates (5.74) and (5.75) with ν = 0 yields that

|Kwh(∆wh,∆c,∆sh)(t)| ≲ µ∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Cα
b (R;D) + µe− c∗

2µ

for all t ∈ R, and from estimates (5.76) and (5.77) we obtain

|Kwh(∆wh,∆c,∆sh)(t1) − Kwh(∆wh,∆c,∆sh)(t2)|

≲ µ∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Cα
b (R;D)|t1 − t2|α + µe− c∗

2µ |t1 − t2|α

for all −∞ < t2 < t1 < ∞. Combining the two previous estimates yields

∥Kwh(∆wh,∆c,∆sh)∥Cα
b (R;Rn) ≲ µe− c∗

2µ . (5.81)

Using Remarks 4.8 and 4.16 and Proposition 5.13 again we find that∣∣∣ d
dtKc(∆wh,∆c,∆sh)(t) − Lµ

c Kc(∆wh,∆c,∆sh)(t)
∣∣∣

= |
¯
G̃µ

c (Ẑ, Ŵ, Û)(t) + H̃µ
c (Ẑ)(t)

−
¯
G̃µ

c (Ẑ − ∆wh, Ŵ − ∆c, Û − ∆sh)(t) − H̃µ
c (Ẑ − ∆wh)(t) +Qc(t)|

≲ µ∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Eνλ̃µ,+
+ µ2e− c∗

2µ

for all t ∈ R, so that∥∥∥ d
dtKc(∆wh,∆c,∆sh) − Lµ

c Kc(∆wh,∆c,∆sh)
∥∥∥

Cb(R;R2d)
≲ µe− c∗

2µ .

Finally, using Proposition 5.13 and the same arguments as in estimate (5.80) we obtain

∥Ksh(∆wh,∆c,∆sh)∥Cα
b (R;Dsh) ≲ µ∥(∆wh, ϕ(Ŵ ) − ϕ(Ŵ − ∆c),∆sh)∥Cα

b (R;D) + µ2e− c∗
2µ

≲ µe− c∗
2µ ,

so that K(∆wh,∆c,∆sh) ∈ Bνλ̃µ,+.

The fact that K : Bνλ̃µ,+ → Bνλ̃µ,+ is a contraction is established by repeating the above
arguments with (Ẑ, Ŵ, Û) and (Ẑ−∆wh, Ŵ−∆c, Û−∆sh) by respectively (∆(1)

wh,∆(1)
c ,∆(1)

sh )
and (∆(2)

wh,∆(2)
c ,∆(2)

sh ).

Corollary 5.15. The operator K : Bνλ̃µ,+ → Bνλ̃µ,+ has a unique fixed point denoted by
(∆wh,∆c,∆sh) which satisfies the estimates

∥∆wh∥Cα
b ([0,∞);Rn) ≲ µe− c∗

2µ ,

∥∆sh∥Cα
b (R;Dsh) ≲ µe− c∗

2µ ,

and

∥(∆wh,∆c,∆sh)∥Eνλ̃µ,+
≲ µeνλ̃µ t∗

2 .

Furthermore
(Z,W,U) = (Ẑ, Ŵ, Û) − (∆wh,∆c,∆sh)

lies on W c.
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Proof. The first assertion follows from Lemma 5.14 and the fact that

∥K(0)∥Eνλ̃µ,+
≲ µeνλ̃µ t∗

2 , LipBνλ̃µ,+
K <

1
2

(see estimates (5.78) – (5.81)).

The function
(Z,W,U) = (Ẑ, Ŵ, Û) − (∆wh,∆c,∆sh)

is by construction a solution of equations (5.56) – (5.58) and because of

∥Z∥Cα
b (R;Rn) ≤ ∥Ẑ∥Cα

b (R;Rn) + ∥∆wh∥Cα
b (R;Rn) ≲ µe− c∗

2µ ,

∥U∥Cα
b (R;Dsh) ≤ ∥Û∥Cα

b (R;Rn) + ∥∆sh∥Cα
b (R;Dsh) ≲ µe− c∗

2µ ,

∥Ẇ − Lµ
cW∥Cb(R;R2d) ≤ ∥ ˙̂

W − Lµ
c Ŵ∥Cb(R;R2d) + ∥∆̇c − Lµ

c ∆c∥Cb(R;R2d) ≲ µe− c∗
2µ

it lies on W c.

It remains to deduce the assertion given at the beginning of this section.

Theorem 5.16. The function W ∗
W0 satisfies

|W ∗
W0(t)| ≤ e− c∗

2µ

for all t ∈ R.

Proof. In the notation of Corollary 5.15, we observe that
|W ∗

W0(t) −W (t)| = |Ŵ (t) −W (t)|
≤ ∥(∆wh,∆c,∆sh)(t)∥D

≤ ∥(∆wh,∆c,∆sh)∥Eνλ̃µ,+
e−νλ̃µt

≲ µeνλ̃µ t∗
2 e−νλ̃µt

≤ µe−νλ̃µ t∗
2

= µe− c∗
2µ (5.82)

for t ≥ t∗. On the other hand, by construction

|W ∗
W0(t)| ≲ µe− c∗

2µ

for t ∈ [0, e
c∗
2µ ] ⊇ [0, t∗], so that |W (t∗)| ≲ 1

2e− c∗
2µ and hence by Lemma 5.11

|W (t)| ≤ 3
4e− c∗

2µ (5.83)

for t ≥ t∗. Combining estimates (5.82) and (5.83) we find that

|W ∗
W0(t)| ≤ e− c∗

2µ

for t ≥ t∗. Since W ∗
W0 is symmetric, we have that

|W ∗
W0(t)| ≤ e− c∗

2µ

for all t ∈ R.
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6 Applications

6.1 Generalities

In this chapter we apply Theorems 1.1 and 1.2 to the evolutionary equation

v̇ = Ľεv + Ň ε(v) (6.1)

for v : R → Y , where X ,Y are Banach spaces with Y continuously and densely embedded
in X . Let {Dε}ε∈R be a family of closed subspaces of Y and suppose that

(i) the linear and nonlinear functions Ľ(·) and Ň (·) take values in X and are analytic
at the origin in R × Y with

∥Ň ε(v)∥X = O(∥v∥2
Y),

(ii) the linear operator Ľε : Dε ⊆ X → X is closed, densely defined and depends ana-
lytically upon ε in the sense of Kato [13, VII-§2]: there exists Ť ε ∈ L(D0; Y) such
that Ť ε : D0 → Dε is a bijection and Ť ε ∈ L(D0; Y) (and hence ĽεŤ ε ∈ L(D0; X ))
depends analytically upon ε.

The spectral hypotheses on Ľε are that

(i) it has finitely many simple purely imaginary eigenvalues ±iωε
1, . . . ,±ωε

d, where
ωε

1, . . . , ω
ε
d > 0,

(ii) it exhibits a 02 resonance (a pair of imaginary eigenvalues become real by colliding
at the origin) or an (iω)2 resonance (two pairs of imaginary eigenvalues become
complex by colliding on the imaginary axis) at ε = 0,

(iii) the rest of σ(Ľε) is bounded away from the imaginary axis, uniformly in ε.

Let γc and γwh be simple closed curves enclosing respectively ±iωε
1, . . . ,±iωε

d and the
colliding eigenvalues in the 02 or (iω)2 resonance and no other points of σ(Ľε). Define the
corresponding spectral projections by the formulae

P ε
whv = 1

2πi

∫
γwh

(λI − Ľε)−1v dλ,

P ε
c v = 1

2πi

∫
γc

(λI − Ľε)−1v dλ,

P ε
shv = (I − P ε

c − P ε
wh)v.
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Defining X ε
wh = P ε

whX , X ε
c = P ε

c X , X ε
sh = P ε

shX (with similar notation for Y and Dε), we
can rewrite equation (6.1) as the system

v̇wh = Ľε
whvwh + Ň ε

wh(vwh, vc, vsh), (6.2)
v̇c = Ľε

cvc + Ň ε
c (vwh, vc, vsh), (6.3)

v̇sh = Ľε
shvsh + Ň ε

sh(vwh, vc, vsh) (6.4)

for vwh = P ε
whv, vc = P ε

c v, vsh = P ε
shv (with the obvious definitions of Ľε

wh, Ľε
c, Ľε

sh and
Ň ε

wh, Ň ε
c , Ň ε

sh). The dependence of the function spaces upon ε can be removed using the
following result (Kato [13, II-§4]).

Proposition 6.1. Let B be a Banach space and P ε
1 , . . . , P

ε
l ∈ B(B) be projections which

depend analytically upon ε in a neighbourhood of the origin and satisfy

P ε
i P

ε
j = δijP

ε
i

for i, j ∈ {1, . . . , l} and
l∑

i=1
P ε

i = I.

There exists Qε ∈ L(B) such that

QεP 0
i (Qε)−1 = P ε

i

for i ∈ {1, . . . , l}. Furthermore Qε and (Qε)−1 depend analytically upon ε.

Applying Proposition 6.1 with B = L(X ) ∩ L(Y) and P ε
1 = P ε

wh, P ε
2 = P ε

c , P ε
3 = P ε

sh
yields Qε ∈ L(X ) ∩ L(Y) such that

QεP 0
wh(Qε)−1 = P ε

wh,

QεP 0
c (Qε)−1 = P ε

c ,

QεP 0
sh(Qε)−1 = P ε

sh.

Applying the equations P 0
wh(Qε)−1 = (Qε)−1P ε

wh and P ε
wh(Qε) = QεP 0

wh to X and Y, we
find that Qε[X 0

wh] = X ε
wh and Qε[D0

wh] = Dε
wh and similarly Qε[X 0

c ] = X ε
c , Qε[X 0

sh] = X ε
sh

and Qε[D0
c ] = Dε

c , Qε[D0
sh] = Dε

sh. The change of variable

vwh = Qεz, vc = Qεw, vsh = Qεu,

transforms equations (6.2) – (6.4) into

ż = Lε
whz +N ε

wh(z, w, u), (6.5)
ẇ = Lε

cw +N ε
c (z, w, u), (6.6)

u̇ = Lε
shu+N ε

sh(z, w, u), (6.7)

where

Lε
wh = (Qε)−1Ľε

whQ
ε,

N ε
wh = (Qε)−1Ň ε

wh(Qεz,Qεw,Qεu)
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with corresponding definitions for Lε
c, Lε

sh and N ε
c , N ε

sh. We can also write

N ε
wh(z, w, u) = gε

wh(z, w, u) + hε
wh(z),

where hwh(z) = N ε(z, 0, 0), with corresponding definitions for gε
c , gε

sh and hε
c, hε

sh. Equa-
tions (6.5) – (6.7) are of the form (1.27) – (1.29) with X 0

wh,D0
wh

∼= Rn, X 0
c ,D0

c
∼= R2d and

Xsh = X 0
sh, Dsh = D0

sh. Note that the spectra of Ľε
wh and Lε

wh, Ľε
c and Lε

c, Ľε
sh and Lε

sh are
identical, and furthermore (6.2) – (6.4) and (6.5) – (6.7) coincide for ε = 0.

We now turn to the special case that the linearised equation

v̇ = Ľ0v

represents Hamilton’s equations for a linear Hamiltonian system (X ,Ω, H0). Here the
symplectic 2-form Ω is a bounded, bilinear, skew-symmetric mapping X × X → R and
the Hamiltonian H0 : X → R is a functional which is homogeneous of degree 2; they have
the property that

Ω(Ľ0v, w) = dH0[v](w)

for all w ∈ X . The following result gives a simple representation of the spectral projections
P 0

c and P 0
wh (see Mielke [21, §3.1]).

Proposition 6.2.

(i) Let e1, ē1, . . . , en, ēn be eigenvectors corresponding to the eigenvalues ±iω0
1, . . . ,±iω0

n,
normalised such that Ω(ei, ēi) = ±i, where Ω is extended bilinearly to the complexi-
fication of X . The spectral projection P 0

c is given by

P 0
c v =

n∑
i=1

(
siΩ(v, ēi)ei − siΩ(v, ei)ēi

)
,

where si = −Ω(ei, ēi).

(ii) Suppose that Ľε exhibits a 02 resonance at ε = 0. Let f1, f2 satisfy Ľ0f1 = 0,
Ľ0f2 = f1 and Ω(f1, f2) = 1. The spectral projection P 0

wh is given by

P 0
whv = Ω(v, f2)f1 − Ω(v, f1)f2.

(iii) Suppose that Ľε exhibits an (iω)2 resonance at ε = 0. Let e, f satisfy Ľ0e = iωe,
(Ľ0 − iωI)f = e and Ω(e, f̄) = 1, Ω(ē, f) = −1, all other symplectic products being
zero (and Ω is extended bilinearly to the complexification of X ). The spectral
projection P 0

wh is given by

P 0
whv = Ω(v, f̄)e− Ω(v, ē)f

+ Ω(v, f)ē− Ω(v, e)f̄.
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6.2 Generalised solitary waves on rotational flows

In this section we consider gravity-driven steady waves on the surface of water in a
uniform rectangular channel bounded below by a rigid horizontal bottom and above by a
free surface. In a Cartesian coordinate system moving with the wave the fluid domain is

{(x, y) : x ∈ R, 0 < y < η(x)}

for some profile function η : R → (0,∞). Working in dimensionless coordinates, we seek
the velocity field in the form (ψy,−ψx), where the stream function ψ : R2 → R satisfies
the boundary-value problem

ψxx + ψyy + ωε(ψ) = 0, 0 < y < η, (6.8)
ψ = 0, y = 0, (6.9)
ψ = 1, y = η, (6.10)

ψ2
x + ψ2

y + 2η = 3r, y = η (6.11)

(see Keady and Norbury [14]). Here the vorticity function ω(·) is a real-valued function
which is analytic at the origin in R × R and r is a parameter referred to as the Bernoulli
constant. A solitary wave is a solution (η, ψ) to equations (6.8) – (6.11) such that η decays
to a constant, while a generalised solitary wave instead decays to small ripples far up-
and downstream. Solitary waves were found by Kozlov et al. [19] under the assumption
that ω is a large negative constant. In this section we apply the results of Chapter 5
to establish the existence of generalised solitary waves with exponentially small tails for
linear vorticity functions (see Figure 6.1).

y = η(x)

y = 0

Figure 6.1: A generalised solitary wave on the surface of a stream solution.

6.2.1 Formulation as an evolutionary system

We begin by transforming equations (6.8) – (6.11) to a boundary value problem on the
fixed strip R × [0, h]. We achieve this aim by introducing the new coordinates

x̃ = x, ỹ = h

η(x)y

and variable

Φ(x̃, ỹ) = ψ(x, y),
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to transform equations (6.8) – (6.11) into

Φx̃x̃ + η2

h2 Φỹỹ + ωε(Φ) = ηx̃

η

(
ỹΦx̃ − ηx̃

η
ỹ2Φỹ

)
ỹ

+ (Φx̃ − ηx̃

η
ỹΦỹ)x̃, 0 < ỹ < h,

(6.12)
Φ = 0, ỹ = 0, (6.13)
Φ = 1, ỹ = h, (6.14)

(Φx̃ − ηx̃

η
ỹΦỹ)2 + η2

h2 Φ2
ỹ + 2η = 3r, ỹ = h. (6.15)

Introducing the additional variable

Ψ(x̃, ỹ) = η

h
(Φx̃ − ηx̃

η
ỹΦỹ)

we find equations (6.12) – (6.15) to be equivalent to

Φx̃ = h

η
Ψ + ηx̃

η
ỹΦỹ, 0 < ỹ < h, (6.16)

Ψx̃ = ηx̃

η
(ỹΨ)ỹ − h

η
Φỹỹ − η

h
ωε(Φ), 0 < ỹ < h, (6.17)

Φ = 0, ỹ = 0, (6.18)
Ψ = 0, ỹ = 0, (6.19)
Φ = 1, ỹ = h, (6.20)

Ψ2 + Φ2
ỹ = (3r − 2η)

(
η

h

)2
, ỹ = h. (6.21)

From equation (6.20) we find that Φx̃(·, h) = 0, so that the definition of Ψ yields

ηx̃ = Ψ(·, h)
Φỹ(·, h) . (6.22)

Regarding equations (6.16), (6.17) and (6.22) as an evolutionary system in which x̃ is
the time-like variable (spatial dynamics) and equations (6.18) – (6.21) are boundary
conditions, we can show it has a conserved quantity.

Proposition 6.3. The system of equations (6.16) – (6.22) has the conserved quantity

Hε(η,Φ,Ψ) =
∫ h

0

( h
2η (Ψ2 + Φ2

ỹ) + η

h
Ωε(Φ)

)
dỹ + η2

2 − 3
2rη,

where
Ωε(t) = −

∫ 1

t
ωε(s) ds.

Proof. We find that

Hε
x̃(η,Φ,Ψ) =

∫ h

0

(h
η

(ΨΨx̃ − ΦỹΦx̃ỹ) + η

h
ωε(Φ)Φx̃

)
dỹ

+
( ∫ h

0

(−h
2η2 (Ψ2 − Φ2

ỹ) + 1
h

Ωε(Φ)
)

dỹ + η − 3r
2

)
ηx̃
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=
∫ h

0

(
hηx̃

η2 Ψ(ỹΨ)ỹ − h2

η2 ΨΦỹỹ − Ψωε(Φ) − h2

η2 ΦỹΨỹ − h

η2ηx̃Φỹ(ỹΦỹ)ỹ

+ ωε(Φ)Ψ + ỹ

h
ηx̃ω

ε(Φ)Φỹ

)
+
( ∫ h

0

(−h
2η2 (Ψ2 − Φ2

ỹ) + 1
h

Ωε(Φ)
)

dỹ + η − 3
2r
)
ηx̃

=
∫ h

0

(
hηx̃

η2

(1
2 ỹΨ2

)
ỹ

− hηx̃

η2

(1
2 ỹΦ2

ỹ

)
ỹ

− h2

η2 (ΨΦỹ)ỹ + ηx̃

h

(
ỹΩε(Φ)

)
ỹ

)
dỹ

+
(
η − 3

2r
)
ηx̃

= h2ηx̃

η2
1
2
(
Ψ2(·, h) − Φ2

ỹ(·, h)
)

− h2

η2 Ψ(·, h)Φỹ(·, h)

+ ηx̃Ωε
(
Φ(·, h)

)
+ h2

η2 Ψ(·, h)Φỹ(·, h) +
(
η − 3

2r
)
ηx̃

= h2

2η2

(
Ψ2(·, h) + Ψ2

ỹ(·, h)
)
ηx̃ +

(
η − 3

2r
)
ηx̃

= 0,

where we have used the boundary conditions in the last two steps.

We proceed by interpreting our flow as a perturbation of a stream solution (Λε, h) of
equations (6.8) – (6.11), that is a solution (η, ψ) with ψ = Λε(ỹ) and η = h, so that

(Λε)′′ + ωε(Λε) = 0, 0 < ỹ < h,

Λε = 0, y = 0,
Λε = 1, y = h,

((Λε)′)2 + 2h = 3r, y = h

(see Kozlov and Kuznetsov [18] for a complete discussion of stream solutions); we assume
that Λε ∈ H2(0, h) depends analytically upon ε. Note that (η,Φ,Ψ) = (h,Λε, 0) solves
equations (6.16) – (6.22). We thus introduce the new variables

Φ̃ = Φ − Λε − ỹ
(Λε)′

h
ζ, Ψ̃ = Ψ, ζ = η − h.

Since (h,Λε) satisfies equations (6.13) – (6.15) we find that

ζ = −Φ̃(·, h)
(Λε)′(h)

and
ζx̃ = −

hΨ̃(·, h)

h
(
Φ̃ỹ(·, h) + (Λε)′(h)

)
− Φ̃(·, h)

(
1 − h

ωε(1)
(Λε)′(h)

).
Substituting Φ and Ψ in equations (6.16) – (6.21), we obtain

Φ̃x̃ = Ψ̃ +N ε
1 (Φ̃, Ψ̃), 0 < ỹ < h, (6.23)

Ψ̃x̃ = −Φ̃ỹỹ − (ωε)′(Λε)Φ̃ +N ε
2 (Φ̃, Ψ̃), 0 < ỹ < h, (6.24)
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Φ̃ = 0, y = 0, (6.25)
Ψ̃ = 0, y = 0, (6.26)

Φ̃ỹ − κεΦ̃ = N ε
3 (Φ̃, Ψ̃), y = h, (6.27)

where the nonlinearities are given by

N ε
1 (Φ̃, Ψ̃) = − ζ

ζ + h
Ψ̃ + yζx̃

ζ + h

(
Φ̃ỹ + y

h
(Λε)′′ζ

)
,

N ε
2 (Φ̃, Ψ̃) = − ζ

h
(ωε)′(Λε)Φ̃ + ζx̃

ζ + h
(ỹΨ̃)ỹ

+ ζ

ζ + h

(
Φ̃ỹỹ − ζ

h
ωε(Λε) − ζ + 2h

h
(ωε)′(Λε)(Λε)′ỹ

ζ

h

)
− ζ + h

h

(
ωε
(
Φ̃ + Λε + ỹ(Λε)′ ζ

h

)
− ωε(Λε) − (ωε)′(Λε)

(
Φ̃ + ỹ(Λε)′ ζ

h

))
,

N ε
3 (Φ̃, Ψ̃) = 1

2(Λε)′

(
− Ψ̃2 −

(
Φ̃ỹ −

(1
h

+ (Λε)′′

(Λε)′ Φ̃
)2

+ P
(
h− Φ̃

(Λε)′

)
− P (h)

+ P ′(h) Φ̃
(Λε)′

))

with

κε =
( 1

(Λε)′

)2
− ωε(1)

(Λε)′ ,

P (η) = η2

h2 (3r − 2η).

Now we can write equations (6.23) – (6.27) as the evolutionary system(
Φ̃
Ψ̃

)
x̃

= f ε(Φ̃, Ψ̃), (6.28)

where
f ε(Φ̃, Ψ̃) =

(
Ψ̃ +N ε

1 (Φ̃, Ψ̃)
−Φ̃ỹỹ − (ωε)′(Λε)Φ̃ +N ε

2 (Φ̃, Ψ̃)

)
;

note that f ε takes values in X and is analytic at the origin in R × Y , where

Y =
{
(Φ̃, Ψ̃) ∈ H2(0, h) ×H1(0, h) : Φ̃|ỹ=0 = 0, Ψ̃|ỹ=0 = 0

}
,

X =
{
(Φ̃, Ψ̃) ∈ H1(0, h) × L2(0, h) : Φ̃|ỹ=0 = 0

}
.

The domain of the vector field on the right-hand side of equation (6.28) is

{(Φ̃, Ψ̃) ∈ Y : Φ̃ỹ − κεΦ̃ = N ε
3 (Φ̃, Ψ̃) for y = h}.

The conserved quantity of equations (6.16) – (6.22) evidently transforms into a conserved
quantity of equations (6.23) – (6.27).
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Proposition 6.4. The functional H̃ε defined by

H̃ε(Φ̃, Ψ̃) =
∫ h

0

(
h

2(ζ + h)

(
Ψ̃2 −

(
Φ̃ỹ + (Λε)′ + (ỹ(Λε)′)′

h
ζ
)2
)

+ ζ + h

h
Ωε
(
Φ̃ + Λε + ỹ(Λε)′ζ

h

))
dỹ + 1

2(ζ + h)2 − 3
2r(ζ + h) (6.29)

is a conserved quantity of equations (6.23) – (6.27) and satisfies

H̃ε(0) = −
∫ h

0
((Λε)′)2 dỹ − 1

2h
2,

dH̃ε[0] = 0,
1
2 d2H̃ε[0](Φ̃, Ψ̃) = 1

2

∫ h

0

(
Ψ̃2 − Φ̃2

ỹ + (ωε)′(Λε)Φ̃2
)

dỹ + 1
2κ

εΦ̃2(h).

Proof. We find that

H̃ε(0) =
∫ h

0

(
− 1

2((Λε)′)2 + Ωε(Λε)
)

dỹ + 1
2h

2 − 3
2rh

=
∫ h

0

(
− 1

2((Λε)′)2 +
(
ỹΩε(Λε)

)
ỹ

− ỹωε(Λε)(Λε)′
)

dỹ + 1
2h

2 − 3
2rh

=
∫ h

0

(
− 1

2((Λε)′)2 + 1
2 ỹ
(
((Λε)′)2

)
ỹ

+
(
ỹΩε(Λε)

)
ỹ

)
dỹ + 1

2h
2 − 3

2rh

=
∫ h

0

(
− ((Λε)′)2 +

(1
2 ỹ((Λε)′)2 + ỹΩε(Λε)

)
ỹ

)
dỹ + 1

2h
2 − 3

2rh

= −
∫ h

0
((Λε)′)2 dỹ + 1

2
(
(Λε)′(h)2 + 2h− 3r

)
h− 1

2h
2

= −
∫ h

0
((Λε)′)2 dỹ − 1

2h
2,

dH̃ε[0](Φ̃, Ψ̃) =
∫ h

0

(((Λε)′)2ζ

2h − (Λε)′Φ̃ỹ − (ỹ(Λε)′)′uζ

h
+ ζ

h
Ωε(Λε)

+ ωε(Λε)
(
Φ̃ + ỹ

(Λε)′ζ

h

))
dỹ + ζh− 3

2rζ

=
∫ h

0

(
(Λε)′′ + ωε(Λε)

)
Φ̃ dỹ − (Λε)′(h)Φ̃ − ζ

2(Λε)′(h)2 + ζh− 3
2rζ

= 1
2ζ
(
(Λε)′(h)2 + 2h− 3r

)
= 0,

and

d2H̃ε[0](Φ̃, Ψ̃) =
∫ h

0

(1
2
(
Ψ̃2 − Φ̃2

ỹ −
(
(ỹ(Λε)′)′ ζ

h

)2
− 2Φ̃ỹ(ỹ(Λε)′)′ ζ

h

)
+ ζ

2h
(
2Φ̃ỹ(Λε)′

+ 2(Λε)′(ỹ(Λε)′)′ ζ

h

)
− ζ2

2h2 ((Λε)′)2 + ζ

h
ωε(Λε)

(
Φ̃ + ỹ(Λε)′ ζ

h

)
+ 1

2(ωε)′(Λε)
(
Φ̃ + ỹ(Λε)′ ζ

h

)2
)

dỹ + 1
2ζ

2
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=
∫ h

0

1
2(Ψ̃2 − Φ̃2

ỹ + (ωε)′(Λε)Φ̃2) dỹ

+ ζ

h

∫ h

0

(
− Φ̃ỹ(ỹ(Λε)′)′ + Φ̃ỹ(Λε)′ + ωε(Λε)Φ̃ + (ωε)′(Λε)ỹ(Λε)′Φ̃

)
dỹ

+ ζ2

h2

∫ h

0

(
− 1

2
(
(ỹ(Λε)′)′

)2
+ (Λε)′(ỹ(Λε)′)′

− 1
2((Λε)′)2 + ωε(Λε)ỹ(Λε)′ + 1

2(ωε)′(ỹ(Λε)′)2
)

dỹ + 1
2ζ

2

=
∫ h

0

1
2(Ψ̃2 − Φ̃2

ỹ + (ωε)′(Λε)Φ̃2) dỹ + ζΦ̃(h)ωε(u(h))

+ ζ2

h2

(
− 1

2(ỹ(Λε)′)′(h)h(Λε)′(h) + 1
2(ỹ(Λε)′)2(h)

)
+ 1

2ζ
2

=
∫ h

0

1
2(Ψ̃2 − Φ̃2

ỹ + (ωε)′(Λε)Φ̃2) dỹ

+ ζ2
(

− ωε(Λε)(Λε)′ − 1
2(Λε)′(Λε)′′

)
(h) + 1

2ζ
2

=
∫ h

0

1
2(Ψ̃2 − Φ̃2

ỹ + (ωε)′(Λε)Φ̃2) dỹ + ζ2
(

1 − 1
2ω

ε(Λε)(Λε)′
)

(h)

=
∫ h

0

1
2(Ψ̃2 − Φ̃2

ỹ + (ωε)′(Λε)Φ̃2) dỹ + 1
2Φ̃2(h)

( 1
(Λε)′(h)2 − ωε(1)

(Λε)′(h)

)
.

To linearise the nonlinear boundary condition associated with equation (6.28) we intro-
duce new coordinates Γ̃, ξ̃ given by

(Γ̃, ξ̃) = Gε(Φ̃, Ψ̃),

where

Γ̃ = Φ̃ + ỹ

h

∫ h

ỹ
N ε

3 (Φ̃, Ψ̃)(s) ds,

ξ̃ = Ψ̃.

The following result shows that Gε defines a valid change of variables.

Proposition 6.5. For each ε in a neighbourhood of the origin in R the mapping Gε is
an analytic diffeomorphism of a neighbourhood of the origin in Y onto a neighbourhood
of the origin in Y which, together with its inverse, depends analytically upon ε ∈ R.

Furthermore the operator dGε[Φ̃, Ψ̃] ∈ L(Y) extends to an isomorphism d̂Gε[Φ̃, Ψ̃] ∈
L(X ) which, together with its inverse, depends analytically upon ε ∈ R and (Φ̃, Ψ̃) ∈ Y .

Proof. Observe that G(·) takes values in Y and is analytic at the origin in R × Y and

dGε[Φ̃, Ψ̃] =

I + ỹ

h

∫ h

ỹ
dN ε

3 [Φ̃, Ψ̃](·) ds
I

 .
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Furthermore, for each ε in a neighbourhood of the origin in R and (Φ̃, Ψ̃) in a neigh-
bourhood of the origin in Y the operator dN ε

3 [Φ̃, Ψ̃] ∈ L(Y ) extends to an operator
d̂N ε

3 [Φ̃, Ψ̃] ∈ L(X) which depends analytically upon ε and (Φ̃, Ψ̃); the above formula
shows that the same is true of dGε[Φ̃, Ψ̃]. Finally, observe that dG0[0] and d̂G0[0] are the
identity operators in respectively L(Y) and L(X ).

The assertions now follow by applying the implicit-function theorem to the functions
F1 : Y × Y × R → Y and F2 : L(X ) × X × R → L(X ) given by

F1((Γ̃, ξ̃), (Φ̃, Ψ̃), ε) = Gε(Φ̃, Ψ̃) − (Γ̃, ξ̃),
F2(T, (Φ̃, Ψ̃), ε) = d̂Gε[Φ̃, Ψ̃]T − I.

The change of variable given by Gε transforms equation (6.28) into the evolutionary
system (

Γ̃
ξ̃

)
x̃

= kε(Γ̃, ξ̃) =
(
kε

1(Γ̃, ξ̃)
kε

2(Γ̃, ξ̃)

)
, (6.30)

where
kε(Γ̃, ξ̃) = d̂G

ε
[(Gε)−1(Γ̃, ξ̃)]

(
f ε
(
(Gε)−1(Γ̃, ξ̃)

))
takes values in X and is analytic at the origin in R × Y . The domain of the vector field
on the right-hand side of equation (6.30) is

Dε =
{

(Γ̃, ξ̃) ∈ H2(0, h) ×H1(0, h) : Γ̃(0), ξ̃(0) = 0, Γ̃ỹ(h) − κεΓ̃(h) = 0
}
.

We note that the linearisation of kε is given by Ľε : Dε ⊆ X → X with

Ľε

(
Γ̃
ξ̃

)
=
(

ξ̃

−Γ̃ỹỹ − (ωε)′(Λε)Γ̃

)
(6.31)

(since dGε[0] = I) and this operator depends analytically upon ε since

T ε

(
Γ̃
ξ̃

)
=

Γ̃ − ỹ

h
(κε − κ0)

∫ h

ỹ
Γ̃(s) ds

ξ̃


defines an isomorphism T ε ∈ L(Y) which depends analytically upon ε and maps D0 onto
Dε. The quadratic terms are given by

1
2 d2kε

1[0](Γ̃, ξ̃) = M ε
1 (Γ̃, ξ̃) + ỹ

h

∫ h

ỹ
dM ε

2 [Γ̃, ξ̃](ξ̃,−Γ̃ỹỹ − (ωε)′(Λε)Γ̃),

where

M ε
1 (Γ̃, ξ̃) = Γ̃(h)

h(Λε)′(h) ξ̃ − y
ξ̃(h)

h(Λε)′(h)

(
Γ̃ỹ − Γ̃(h)

(Λε)′(h)
ỹ

h
(Λε)′′

)
,

M ε
2 (Γ̃, ξ̃) = 1

2(Λε)′(h)

(
− ξ̃2 −

(
Γ̃ỹ −

(1
h

+ (Λε)′′(h)
(Λε)′(h)

)
Γ̃
)2

+
(3r
h2 − 6

h

) Γ̃2

(Λε)′′(h)2

)
,
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and

1
2 d2kε

2[0](Γ̃, ξ̃) = 2
h
M ε

2 (Γ̃, ξ̃) + ỹ

h
∂ỹM

ε
2 (Γ̃, ξ̃) − (ωε)′(Λε) ỹ

h

∫ h

ỹ
M ε

2 (Γ̃, ξ̃) +M ε
3 (Γ̃, ξ̃),

where

M ε
3 (Γ̃, ξ̃) = − ξ̃(h)

(Λε)′(h)
(ỹξ̃)ỹ

h
− Γ̃(h)2

h2(Λε)′(h)2ω
ε(Λε) + Γ̃(h)

h(Λε)′(h)(ωε)′(Λε)Γ̃

− 2Γ̃(h)2

h(Λε)′(h)2 (ωε)2(Λε) ỹ(Λε)′

h
− 1

2(ωε)′′(Λε)
(
Γ̃ − Γ̃(h)

(Λε)′(h)
ỹ(Λε)′

h

)2
.

6.2.2 The linearised system

In this section we study the linear operator Ľε : Dε ⊆ X → X given by equation (6.31).
We begin with two general results which hold for all choices of vorticity functions ωε.

Proposition 6.6. The linear equation(
Γ̃
ξ̃

)
x̃

= Ľε

(
Γ̃
ξ̃

)

represents Hamilton’s equations for the linear Hamiltonian system (X ,Ω, Hε
2), where

Ω
(
(Γ̃1, ξ̃1), (Γ̃2, ξ̃2)

)
=
∫ h

0
(ξ̃2Γ̃1 − ξ̃1Γ̃2) dỹ

and

Hε
2(Γ̃, ξ̃) = 1

2

∫ h

0
(ξ̃2 − Γ̃2

ỹ + (ωε)′(Λε)Γ̃2) dỹ + 1
2κ

εΦ̃(h)2.

Proof. A direct calculation shows that

Ω(Ľε(Γ̃, ξ̃), (Γ̌, ξ̌)) = dHε
2 [Γ̃, ξ̃](Γ̌, ξ̌)

for all (Γ̌, ξ̌) ∈ X and (Γ̃, ξ̃) ∈ Dε.

Lemma 6.7. The operator Ľε satisfies the estimates

∥(Ľε − isI)−1∥L(X ) ≲ |s|−1,

∥(Ľε − isI)−1∥L(X ;Dε) ≲ 1

as |s| → ∞.

Proof. Consider the self-adjoint operator Ǎε : D̃ε ⊆ X̃ → X̃ given by

Ǎε(Γ̃) = −Γ̃ỹỹ − (ωε)′(Λε)Γ̃,
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where
X̃ = L2(0, h), D̃ε = {Γ̃ ∈ H2(0, h) : Γ̃(0) = 0, Γ̃ỹ(h) = κεΓ̃(h)}.

Observing that

ξ̃ − isΓ̃ = Γ̃∗, (6.32)
−Γ̃ỹỹ − (ωε)′(Λε)Γ̃ − isξ̃ = ξ̃∗ (6.33)

if and only if
−Γ̃ỹỹ − (ωε)′(Λε)Γ̃ + s2Γ̃ = ξ̃∗ + isΓ̃∗,

we find that ±is ∈ ρ(Ľε) if and only if −s2 ∈ ρ(Ǎε). The calculation∫ h

0

(
− Γ̃ỹỹ − (ωε)′(Λε)Γ̃

)
Γ̃ dỹ

=
∫ h

0

(
− (ωε)′(Λε)|Γ̃|2 + |Γ̃ỹ|2

)
dỹ − κε|Γ(h)|2

=
∫ h

0

(
− (ωε)′(Λε)|Γ̃|2 + |Γ̃ỹ|2

)
dỹ − 2κε

∫ h

0
Γ̃Γ̃ỹ dỹ

≥ −
∫ h

0
(ωε)′(Λε)|Γ̃|2 dỹ + (1 − κεδ)

∫ h

0
|Γ̃ỹ|2 dỹ − κε

δ

∫ h

0
|Γ̃|2 dỹ

≥ −
(
κε

δ
+ sup

ỹ∈[0,h]
|(ωε)′(Λε)|

) ∫ h

0
|Γ̃|2 dỹ

for Γ̃ ∈ D̃ε and sufficiently small δ shows that σ(Ǎε) is bounded from below and in
particular that −s2 ∈ ρ(Ǎε) and hence ±is ∈ ρ(Ľε) for sufficiently large values of |s|.

The estimates

∥(Ľε − isI)−1∥L(X ) ≲ |s|−1,

and

∥(Ľε − isI)−1∥L(X ,Dε) ≲ 1

for sufficiently large values of |s| follow from equations (6.32) and (6.33) by the calculation∫ h

0

(
|Γ̃∗|2 + |Γ̃∗

ỹ|2 + |ξ̃∗|2
)

dỹ

=
∫ h

0

(
|ξ̃ − isΓ̃|2 + |ξ̃ỹ − isΓ̃ỹ|2 + |Γ̃ỹỹ + (ωε)′(Λε)Γ̃ + isξ̃|2

)
dỹ

=
∫ h

0

(
|ξ̃|2 + |ξ̃ỹ|2 + |Γ̃ỹỹ|2 + s2(|Γ̃|2 + |Γ̃ỹ|2 + |ξ̃|2) + (ωε)′(Λε)2|Γ̃|2

)
dỹ

− 2s Im
∫ h

0

(
ξ̃ ¯̃Γ + ξ̃ ¯̃Γỹ + ξ̃ ¯̃Γỹỹ + ξ̃(ωε)′(Λε)¯̃Γ

)
dỹ

+ 2 Re
∫ h

0
(ωε)′(Λε)Γ̃¯̃Γỹỹ dỹ

and the inequalities∣∣∣∣2s ∫ h

0
|ξ̃||Γ̃| dỹ

∣∣∣∣ ≤ |s|
∫ h

0

(
|ξ̃|2 + |Γ̃|2

)
dỹ,
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|2s Im ξ̃(h)¯̃Γ(h)| ≤ |s|δ|ξ̃(h)|2 + |s|
δ

|Γ̃(h)|2

= |s|δ
∫ h

0

d
dỹ |ξ̃|2 dỹ + |s|

δ

∫ h

0

d
dỹ |Γ̃|2 dỹ

≤ δ
∫ h

0

(
|ξ̃ỹ|2 + s2|ξ̃|2

)
dỹ + |s|

δ

∫ h

0

(
|Γ̃ỹ|2 + |Γ̃|2

)
dỹ,∣∣∣∣2 ∫ h

0
|Γ̃||Γ̃ỹỹ| dỹ

∣∣∣∣ ≤ δ
∫ h

0
|Γ̃ỹỹ|2 dỹ + 1

δ

∫ h

0
|Γ̃|2 dỹ

(for sufficiently small values of δ).

Corollary 6.8. The spectrum of Ľε consists only of isolated eigenvalues with finite
algebraic multiplicity.

Proof. Since Dε is compactly embedded in X we know that (Ľε − isI)−1 ∈ L(X ) is
compact for sufficiently large values of |s|. The result now follows from Kato [13, Theorem
III.6.29].

Now we specialise to the case ωε(Ψ) = (b+ ε)Ψ, where b is a positive constant, so that

Λε(ỹ) = sin(
√
b+ εỹ),

r = sin2(
√
b+ εh) + 2h

3 ,

κε = κ(b+ ε),

where
κ(b) = 1

b
tan2(

√
bh) −

√
b tan(

√
bh).

To calculate the spectrum of Ľε we consider the eigenvalue problem

ξ̃ = λΓ̃,
−Γ̃ỹỹ − (b+ ε)Γ̃ = λξ̃,

which is equivalent to the eigenvalue problem

−Γ̃ỹỹ − (b+ ε)Γ̃ = µΓ̃

for the self-adjoint operator Aε : D̃ε ⊆ X̃ → X̃ given by

AεΓ̃ = −Γ̃ỹỹ − (b+ ε)Γ̃,

where

X̃ = L2(0, h), D̃ε = {Γ̃ ∈ H2(0, h) : Γ̃(0) = 0, Γ̃ỹ(h) = κ(b+ ε)Γ̃(h)}.

The following auxiliary result is a combination of Zettl [24, Theorem 3.5.1, Theorem 3.8.2
and Theorem 4.4.3] (simplified for our needs) concerning the continuous dependence of
the spectrum upon the boundary conditions.
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Lemma 6.9. The self-adjoint Sturm-Liouville problem

−Φ̃ỹỹ − qΦ̃ = µΦ̃, ỹ ∈ (0, h), (6.34)
Φ̃(0) = 0, (6.35)

AΦ̃(h) +BΦ̃ỹ(h) = 0, (6.36)

where q, A ∈ R and B ∈ R \ {0}, has a countable infinite family {µn}∞
n=1 of simple

eigenvalues with
µ1 < µ2 < µ3 < . . .

and µn → ∞ as n → ∞. Each eigenvalue of problem (6.34) – (6.36) depends continuously
on (q, A,B).

Furthermore in the case A = 1 the eigenvalue µn depends continuously upon B for
B ̸= 0 but has a jump discontinuity at B = 0; more precisely we have

(i) µn(B) → µn(0) as B ↓ 0 for each n ∈ N,

(ii) µn+1(B) → µn(0) as B ↑ 0 for each n ∈ N.

Lemma 6.10. For any N ≥ 1 and h > 0 there exists b∗
N > 0 such that the eigenvalues

{µε
n}∞

n=1 of the Sturm-Liouville problem

−Γ̃ỹỹ − bΓ̃ = µΓ̃, ỹ ∈ (0, h), (6.37)
Γ̃(0) = 0, (6.38)

Γ̃ỹ(h) = κ(b)Γ̃(h) (6.39)

with b = b∗
N + ε satisfy µε

1, . . . , µ
ε
N < 0 and 0 < µε

n for n > N + 1 for sufficiently small
ε ∈ R. Furthermore, µ0

N+1 = 0, µε
N+1 > 0 for ε < 0 and µε

N+1 < 0 for ε > 0.

Proof. The solution of (6.37) and (6.38) is given (up to a multiplicative factor) by Γ̃(ỹ) =

sin(
√
b+ ε+ µỹ). With b = bN :=

(
Nπ
h

)2
, equation (6.39) yields the eigenvalues

µN
n =

(
(n− 1

2)2 −N2
)(

π

h

)2
, n ∈ N,

so that µN
n < 0 for n ≤ N and µN

n > 0 for n > N . We proceed by showing that there is
precisely one value of b in (bN , bN+1), which lies in the interval (bN , bN+1/2), for which 0
is an eigenvalue of problem (6.37) – (6.39).

For µ = 0 to be an eigenvalue of problem (6.37) – (6.39) we need to find b such that
Γ̃(ỹ) = sin(

√
bỹ) satisfies equation (6.39), so that

1
b

sin3(
√
bh)

cos2(
√
bh)

−
√
b
sin2(

√
bh)

cos(
√
bh)

−
√
b cos(

√
bh) = 0, (6.40)

or equivalently
g(b) := tan(

√
bh) − b

3
2 − 1

2 sin(2
√
bh) = 0.
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A lengthy calculation shows that

g′(b) = h

2
√
b

( 1
cos2(

√
bh)

− cos(2
√
bh)

)
− 3

2
√
b

and

g(3)(b) = − sin2(2
√
bh)(2 + cos(2

√
bh)) + 6

8 cos4(
√
bh)b 3

2
h3

− 3 sin(2
√
bh)(1 + 2 cos4(

√
bh))

8 cos4(
√
bh)b2

h2

+ 3 sin2(2
√
bh)(2 + cos(2

√
bh))

32 cos4(
√
bh)b 5

2
h+ 3

8b 3
2

≥ 3h3
√
b− 3h2

8 cos4(
√
bh)b2

> 0

for b ≥ b1, so that in particular g′ is strictly convex in (bN , bN+ 1
2
) and thus has at most

one minimum and no other stationary points in this interval. From g′(bN) < 0 and
g′(b) → ∞ as b ↑ bN+ 1

2
we find that g′ has exactly one zero in (bN , bN+ 1

2
). Combined with

the facts g(bN) < 0 and g(b) → ∞ as b ↑ bN+ 1
2

we conclude that g has exactly one zero
in (bN , bN+1/2). Furthermore g is negative in (bN+1/2, bN+1) and therefore has no zeros in
this interval.

Denote the unique zero of g in (bN , bN+1/2) by b∗
N (and note for later use that b∗

N ∈
(bN+1/4, bN+1/2) since g(bN+1/4) < 0 and g(b) → ∞ as b ↑ bN+1/2). Since the eigenval-
ues {µn}∞

n=1 of problem (6.37) – (6.39) depend continuously on b ∈ [bN , bN+1/2) (see
Lemma 6.9), we conclude that either

(i) µN < 0 for bN < b < b∗
N , µN = 0 for b = b∗

N , µ > 0 for b∗
N < b < bN+1/2 (with

µ1, . . . , µN−1 < 0 and µN+1, µN+2, . . . > 0 for all b ∈ (bN , bN+1/2);

(ii) µN+1 > 0 for bN < b < b∗
N , µN+1 = 0 for b = b∗

N , µN+1 < 0 for b∗
N < b < bN+1/2

(with µ1, . . . , µN < 0 and µN+2, µN+3, . . . > 0 for all b ∈ (bN , bN+1/2).

By reformulating equation (6.39) as

Γ̃(h) − 1
κ(b)Γ̃ỹ(h) = 0

and noting that −κ(b)−1 ↑ 0 as b ↑ bN+1/2, we find from Lemma 6.9 that µn+1 → µ0
n as

b ↑ bN+1/2, where
µ0

n =
(
n2 −

(
N + 1

2
)2
)(π
h

)2

are the Dirichlet eigenvalues. It follows that (ii) holds.

Set b = b∗
N . Since λ is an eigenvalue of Ľε if and only if λ2 is an eigenvalue of Aε, we

conclude that the spectrum of Ľε consists of purely imaginary eigenvalues ±i(−µε
1)1/2,

±i(−µε
2)1/2, . . . ,±i(−µε

N)1/2, real eigenvalues ±(µε
N+2)1/2, ±(µε

N+3)1/2, . . . and addition-
ally
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(i) a pair of purely imaginary eigenvalues ±i(µε
N+1)1/2 for ε > 0,

(ii) a pair of real eigenvalues ±(µε
N+1)1/2 for ε < 0,

(iii) a zero eigenvalue for ε = 0

(see Figure 6.2). The eigenvectors corresponding to ±iµε
i are given by eε

i and e−ε
i , where

eε
i = 1√

γε
i

 sin(
√
b− (µε

i )2ỹ)
iµε

i sin(
√
b− (µε

i )2ỹ)

 , i ∈ {1, . . . , N},

and

γε
i =

(
1 −

sin(2h
√
b− (µε

i )2)

2h
√
b− (µε

i )2

)
hµε

i ,

so that
Ω(eε

i , ē
ε
i ) = −i, i ∈ {1, . . . , n}.

For ε = 0 the vectors

e = 1
√
γ

(
sin(

√
bỹ)

0

)
, f = 1

√
γ

(
0

sin(
√
bỹ)

)

are the generalised eigenvectors for the zero eigenvalue with

L0e = 0, L0f = e.

Here
γ =

(
1 − sin(2

√
bh)

2
√
bh

)h
2 , (6.41)

so that
Ω(e, f) = 1.

We can therefore write

w = C1e
0
1 + . . .+ CNe

0
N + C̄1ē

0
1 + . . .+ C̄N ē

0
N ,

z = z1e+ z2f,

so that
H0

2 (0, w, 0) = −1
2(µ0

1)2|C1|2 − . . .− 1
2(µ0

N)2|CN |2

and
P 0

wh(·) = Ω(·, f)e− Ω(·, e)f.
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Im λ

Reλ

ε < 0

Im λ

Reλ

ε = 0
Im λ

Reλ

ε > 0

Figure 6.2: The spectrum of Ľε.

6.2.3 Existence theory

We now set
ωε(Ψ) = (b∗

N + ε)Ψ,

derive equations (6.5) – (6.7) from equation (6.30) as explained in Section 6.1 and prove
Theorem 1.9 by applying Theorem 1.1. Assumptions (A1) – (A3) and (B1) are obviously
satisfied, while Assumption (A6) follows from Lemma 6.7. It therefore remains to verify
Assumptions (A4), (A5) and (B2). To this end we note that equation (6.30) is reversible
with reverser

S(Γ̃, ξ̃) = (Γ̃,−ξ̃)

and has the conserved quantity

Iε(Γ̃, ξ̃) = −H̃ε
(
(Gε)−1(Γ̃, ξ̃)

)
+ H̃ε(0)

= O(∥(Γ̃, ξ̃)∥2
D),

which satisfies, with a change of notation

I0(0, w, 0) = −H̃0
2 (w) + O(|w|3)

= 1
2(µ0

1)2|C1|2 + . . .+ 1
2(µ0

N)2|CN |2 + O(|w|3).

Finally, note that the coefficient of z2
1 in the Maclaurin expansion of hε

wh is given by(
Ω(1

2 d2k0[0](e, e), f)
−Ω(1

2 d2k0[0](e, e), e)

)
,

171



so that
C = Ω

(
1
2 d2k0[0](e, e), e

)
.

A lengthy calculation shows that

C = − 1
2h2 sec(

√
b∗

Nh)
(
−4h− b∗

N (4 b∗
N

2h2 + b∗
N − 3) + 4 (b∗

N
3h2 + b∗

N) cos(2
√
b∗

Nh)

+ (b∗
N

2 + b∗
N + 4h) cos(4

√
b∗

Nh)

+ 8 b∗
N

5/2h (cos(
√
b∗

Nh))3 sin(
√
b∗

Nh)
)

× (tan(
√
b∗

Nh))2b∗
N

− 5
2
(
2h− sin(2

√
b∗

Nh) 1√
b∗

N

)− 3
2 . (6.42)

Proposition 6.11. The coefficient C is negative if N is odd and positive if N is even.

Proof. We note that

C = − 1
2h6(b∗

N) 5
2

sec(b̃) tan2(b̃)
(2b̃− sin(2b̃)√

b̃∗
N

)− 3
2
D,

where
D = 8b̃2 cos4(b̃)h2 − 8 sin2(2b̃)h5

+ b̃4(−1 − 4b̃2 cos(2b̃) + cos(4b̃) + 8b̃ cos3(b̃) sin(b̃))

and b̃ =
√
b∗

Nh. For fixed b̃ we find that

dD
dh = 16b̃ cos4(b̃)h− 40 sin2(2b̃)h4,

so that D has a unique global maximum at

h =
(2

5

) 1
3
b̃

2
3 cos 4

3 (b̃) cosec 2
3 (2b̃);

its value is

Dmax = b̃4(−1 + cos(4b̃)) + 24
5
(2

5
) 1

3 b̃
10
3 cos 20

3 (b̃) cosec 4
3 (2b̃) + 8b̃5 cos3(b̃) − 8b6 sin2(b̃).

Noting that
−1 + cos(4b̃) ≤ 0,

cos 20
3 (b̃) cosec 4

3 (2b̃) ≤ 1
8.2 1

3
,

cos3(b̃) sin(b̃) ≤ 1
4 ,

− sin2(b̃) ≤ −1
2

for b̃ ∈ ((N + 1/4)π, (N + 1/2)π), we conclude that

Dmax ≤ 2b̃5 + 3
5

2 1
3

5 2
3
b̃

10
3 − b̃6

for b̃ > 5π/4. The sign of C therefore agrees with the sign of sec(b̃) in the interval
((N + 1/4)π, (N + 1/2)π).
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6.3 Periodic steady gravity-capillary water waves with
localised transverse profiles

In this section we consider gravity-capillary steady waves on the surface of water bounded
below by a rigid horizontal bottom and above by a free surface. In a dimensionless
Cartesian coordinate system moving with the wave the fluid domain is

{(x, y, z) : x, y, z ∈ R, 0 < y < 1 + η(x, z)}

for some profile function η : R2 → (−1,∞) which is 2π/τ -periodic in the x-direction.
Working in dimensionless variables, we seek the velocity field in the form (ϕx, ϕy, ϕz),
where the velocity potential ϕ : R3 → R satisfies the boundary-value problem

τ 2ϕxx + ϕyy + ϕzz = 0, 0 < y < 1 + η, (6.43)
ϕy = 0, y = 0, (6.44)
ϕy = τ 2ηxϕx − ηzϕz − τηx, y = 1 + η (6.45)

and

− τϕx + 1
2(τ 2ϕ2

x + ϕ2
y + ϕ2

z) + αη

− βτ 2
[

ηx√
1 + τ 2η2

x + η2
z

]
x

− β
[

ηz√
1 + τ 2η2

x + η2
z

]
z

= 0, y = 1 + η. (6.46)

Here the period in the x-direction has been normalised to 2π and α, β are dimensionless
parameters which measure respectively the speed of the wave and the strength of surface
tension (see Groves [6]). In this section we apply the results of Chapter 5 to establish
the existence of solutions to equations (6.43) – (6.46) with localised profiles which decay
to small ripples in the transversal direction (see Figure 6.3). We introduce a bifurcation
parameter by writing (β, α) = (β0, α0 + ε), where the values (β0, α0) are chosen later.

x

z

Figure 6.3: A steady wave which is periodic in the direction of travel and spatially localised
in the transverse direction.

173



6.3.1 Formulation as an evolutionary system

We begin by transforming equations (6.43) – (6.46) to a boundary-value problem in the
fixed strip R × (0, 1) × (0, 2π). In terms of the new coordinates

x̃ = x, ỹ = y

1 + η(x, z) , z̃ = z

and variable
Φ(x̃, ỹ, z̃) = ϕ(x, y, z),

we find that

τ 2Φx̃x̃ + 1
(1 + η)2 Φỹỹ + Φz̃z̃ = τ 2

(
2 ηx̃

1 + η
ỹΦx̃ỹ +

( ηx̃x̃

1 + η
− 2 η2

x̃

(1 + η)2

)
ỹΦỹ

−
( ηx̃

1 + η
ỹ
)2

Φỹỹ

)

+ 2 ηz̃

1 + η
ỹΦz̃ỹ +

( ηz̃z̃

1 + η
− 2 η2

z̃

(1 + η)2

)
ỹΦỹ

−
( ηz̃

1 + η
ỹ
)2

Φỹỹ, 0 < ỹ < 1, (6.47)

Φỹ = 0, ỹ = 0, (6.48)
1

1 + η
Φỹ = τ 2ηx̃

(
Φx̃ − ηx̃

1 + η
ỹΦỹ

)
− ηz̃

(
Φz̃ − ηz̃

1 + η
ỹΦỹ

)
− τηx̃, ỹ = 1 (6.49)

and

−τ
(
Φx̃ − ηx̃

1 + η
ỹΦỹ

)
+ 1

2

(
τ 2
(
Φx̃ − ηx̃

1 + η
ỹΦỹ

)2

+ 1
(1 + η)2 Φ2

ỹ +
(
Φz̃ − ηz̃

1 + η
ỹΦỹ

)2
)

+ (α0 + ε)η − β0τ
2
[

ηx̃√
1 + τ 2η2

x̃ + η2
z̃

]
x̃

− β0

[
ηz̃√

1 + τ 2η2
x̃ + η2

z̃

]
z̃

= 0, ỹ = 1. (6.50)

Introducing additional variables

ω = −
∫ 1

0

(
Φz̃ − ỹ

Φỹηz̃

1 + η

)
ỹΦỹ dỹ + β0

ηz̃√
1 + τ 2η2

x̃ + η2
z̃

,

Ψ =
(

Φz̃ − ỹ
Φz̃ηz̃

1 + η

)
(1 + η)

and setting

W = ω + 1
1 + η

∫ 1

0
ΨỹΦỹ dỹ,

we find equations (6.47) – (6.50) to be equivalent to the spatial evolutionary system

ηz̃ =
( 1 + τ 2η2

x̃

β2
0 −W 2

) 1
2W, (6.51)
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ωz̃ = W

(1 + η)2

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
∫ 1

0
ΨỹΦỹ dỹ − τ 2

[
ηx̃

(β2
0 −W 2

1 + τ 2η2
x̃

) 1
2
]

x̃

+
∫ 1

0

( Ψ2 − Φ2
ỹ

2(1 + η)2 + τ 2

2
(
Φx̃ − Φỹỹηx̃

1 + η

)2

+ τ 2
(
Φx̃ − Φỹỹηx̃

1 + η

)Φỹỹηx̃

1 + η
+ τ 2

[(
Φx̃ − Φỹỹηx̃

1 + η

)
Φỹỹ

]
x̃

)
dỹ

+ (α0 + ε)η − τΦx̃|ỹ=1, (6.52)

Φz̃ = Ψ
1 + η

+
( 1 + τ 2η2

x̃

β2
0 −W 2

) 1
2 ỹΦỹW

1 + η
, (6.53)

Ψz̃ = − Φỹỹ

1 + η
− τ 2

[
(1 + η)

(
Φx̃ − Φỹỹηx̃

1 + η

)]
x̃

+ τ 2
[
ỹηx̃

(
Φx̃ − Φỹỹηx̃

1 + η

)]
ỹ

+ W (ỹΨ)ỹ

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2 (6.54)

with boundary conditions

Φỹ = 0, ỹ = 0, (6.55)

τηx̃ + Φỹ

1 + η
= τ 2ηx̃

(
Φx̃ − Φỹηx̃

1 + η

)
+ WΨ

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2 , ỹ = 1. (6.56)

Equations (6.51) – (6.54) and boundary conditions (6.55) and (6.56) are invariant
under the transformation Φ 7→ Φ + c for any constant c. To eliminate this symmetry it is
convenient to replace Φ, Ψ with new variables Ψ′, Ψ′, Φ0, Ψ0, where

Φ0 = 1
2π

∫
Σ

Φ dỹ dx̃,

Ψ0 = 1
2π

∫
Σ

Ψ dỹ dx̃,

Φ′ = Φ − Φ0,

Ψ′ = Ψ − Ψ0

and Σ = (0, 1) × (0, 2π). We note that

∫
Σ

Φ′ dỹ dx̃ = 0,∫
Σ

Ψ′ dỹ dx̃ = 0.

The new variables satisfy the equations

ηz̃ =
( 1 + τ 2η2

x̃

β2
0 −W 2

) 1
2
W, (6.57)
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ωz̃ = W

(1 + η)2

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
∫ 1

0
(Ψ′ + Ψ0)ỹΦ′

ỹ dỹ − τ 2
[
ηx̃

(
β2

0 −W 2

1 + τ 2η2
x̃

) 1
2
]

x̃

+
∫ 1

0

((Ψ′ + Ψ0)2 − Φ′
ỹ

2

2(1 + η)2 + τ 2

2

(
Φ′

x̃ −
Φ′

ỹỹηx̃

1 + η

)2

+ τ 2
(

Φ′
x̃ −

Φ′
ỹỹηx̃

1 + η

)Φ′
ỹỹηx̃

1 + η

+ τ 2
[(

Φ′
x̃ −

Φ′
ỹỹηx̃

1 + η

)
Φ′

ỹỹ
]

x̃

)
dỹ

+ (α0 + ε)η − τΦ′
x̃|ỹ=1, (6.58)

Φ′
z̃ = Ψ′ + Ψ0

1 + η
+
( 1 + τ 2η2

x̃

β2
0 −W 2

) 1
2 ỹΦ′

ỹW

1 + η

− 1
2π

∫
Σ

(Ψ′ + Ψ0

1 + η
+
( 1 + τ 2η2

x̃

β2
0 −W 2

) 1
2 ỹΦ′

ỹW

1 + η

)
dỹ dx̃, (6.59)

Ψ′
z̃ = −

Φ′
ỹỹ

1 + η
− τ 2

[
(1 + η)

(
Φ′

x̃ −
Φ′

ỹỹηx̃

1 + η

)]
x̃

+ τ 2
[
ỹηx̃

(
Φ′

x̃ −
Φ′

ỹỹηx̃

1 + η

)]
ỹ

+
W
(
ỹ(Ψ′ + Φ0)

)
ỹ

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
, (6.60)

Φ0z̃ = 1
2π

∫
Σ

(Ψ′ + Ψ0

1 + η
−
( 1 + τ 2η2

x̃

β2
0 −W 2

) 1
2 ỹΦ′

ỹW

1 + η

)
dỹ dx̃, (6.61)

Ψ0z̃ = 0, (6.62)

with boundary conditions

Φ′
ỹ = 0, ỹ = 0, (6.63)

τηx̃ +
Φ′

ỹ

1 + η
= τ 2ηx̃

(
Φ′

x̃ −
Φ′

ỹηx̃

1 + η

)
+ W (Ψ′ + Ψ0)

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
, ỹ = 1, (6.64)

where

W = ω + 1
1 + η

∫ 1

0
(Ψ′ + Ψ0)ỹΦ′

ỹ dy.

We note that Ψ0 is a conserved quantity and Φ0 does not appear in equations (6.57) –
(6.60), (6.63) and (6.64). We can therefore eliminate these variables by setting Ψ0 = 0,
solving equations (6.57) – (6.60), (6.63) and (6.64) for (η, ω,Φ,Ψ) and recovering Φ0 by
quadrature from equation (6.61).

Our final system of equations is thus given by

ηz̃ =
( 1 + τ 2η2

x̃

β2
0 −W 2

) 1
2
W, (6.65)
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ωz̃ = W

(1 + η)2

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
∫ 1

0
Ψ′ỹΦ′

ỹ dỹ − τ 2
[
ηx̃

(
β2

0 −W 2

1 + τ 2η2
x̃

) 1
2
]

x̃

+
∫ 1

0

(Ψ′2 − Φ′
ỹ

2

2(1 + η)2 + τ 2

2

(
Φ′

x̃ −
Φ′

ỹỹηx̃

1 + η

)2

+ τ 2
(

Φ′
x̃ −

Φ′
ỹỹηx̃

1 + η

)Φ′
ỹỹηx̃

1 + η

+ τ 2
[(

Φ′
x̃ −

Φ′
ỹỹηx̃

1 + η

)
Φ′

ỹỹ
]

x̃

)
dỹ

+ (α0 + ε)η − τΦ′
x̃|ỹ=1, (6.66)

Φ′
z̃ = Ψ′

1 + η
+
( 1 + τ 2η2

x̃

β2
0 −W 2

) 1
2 ỹΦ′

ỹW

1 + η

− 1
2π

∫
Σ

(−ηΨ′

1 + η
+
( 1 + τ 2η2

x̃

β2
0 −W 2

) 1
2 ỹΦ′

ỹW

1 + η

)
dỹ dx̃, (6.67)

Ψ′
z̃ = −

Φ′
ỹỹ

1 + η
− τ 2

[
(1 + η)

(
Φ′

x̃ −
Φ′

ỹỹηx̃

1 + η

)]
x̃

+ τ 2
[
ỹηx̃

(
Φ′

x̃ −
Φ′

ỹỹηx̃

1 + η

)]
ỹ

+ W (ỹΨ′)ỹ

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
, (6.68)

with boundary conditions

Φ′
ỹ = 0, ỹ = 0, (6.69)

τηx̃ +
Φ′

ỹ

1 + η
= τ 2ηx̃

(
Φ′

x̃ −
Φ′

ỹηx̃

1 + η

)
+ WΨ′

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
, ỹ = 1, (6.70)

where

W = ω + 1
1 + η

∫ 1

0
Ψ′ỹΦ′

ỹ dỹ.

Proposition 6.12. The system of equations (6.65) – (6.68) and boundary conditions (6.69)
and (6.70) has the conserved quantity

Hε(η, ω,Φ′,Ψ′) =
∫

Σ

(
τ(1 + η)Φ′

x̃ − τΦ′
ỹỹηx̃ +

(Ψ′)2 − Φ′
ỹ

2

2(1 + η)

− 1 + η

2 τ 2
(
Φ′

x̃ −
Φ′

ỹỹηx̃

1 + η

)2
)

dỹ dx̃

+
∫

S

(
− 1

2(α0 + ε)η2 + β0 − (β2
0 −W 2) 1

2 (1 + τ 2η2
x̃) 1

2
)

dx̃,

where S = (0, 2π) and Σ = (0, 1) × (0, 2π).
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Proof. We find that
dH
dz̃ =

∫
S
ωz̃W

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2

dx̃+
∫

Σ
ηx̃z̃

(
τΦ′

x̃ − τ
ỹΦ′

ỹηx̃

1 + η

)
ỹΦ′

ỹ dỹ dx̃

−
∫

Σ
ηz̃

((Ψ′)2 − Φ′
ỹ

2

2(1 + η)2 + 1
2
(
τΦ′

x̃ −
τ ỹΦ′

ỹηx̃

1 + η

)2

+
(
τΦ′

x̃ − τ
ỹΦ′

ỹηx̃

1 + η

)
τ
ỹΦ′

ỹηx̃

1 + η

)
dỹ dx̃

−
∫

S
τ 2ηx̃z̃ηx̃

(β2
0 −W 2

1 + τ 2η2
x̃

) 1
2 dx̃−

∫
Σ
ηz̃

WΨ′ỹΦ′
ỹ

(1 + η)2

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2 dỹ dx̃

−
∫

S
(α0 + ε)ηηz̃ dx̃+ τ

∫
Σ
(ηz̃Φ′

x̃ + ỹΦ′
ỹηx̃z̃) dỹ dx̃

+
∫

Σ
Φ′

ỹz̃

(
τ 2
(
Φ′

x̃ −
ỹΦ′

ỹηx̃

1 + η

)
ỹηx̃ + WỹΨ′

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2 −

Φ′
ỹ

1 + η

)
dỹ dx̃

−
∫

Σ
τ 2Φ′

x̃z̃

(
Φ′

x̃ −
ỹΦ′

ỹηx̃

1 + η

)
(1 + η) dỹ dx̃

+
∫

Σ
τ
(
(1 + η)Φ′

x̃z̃ − Φ′
ỹz̃ỹηx̃

)
dỹ dx̃

+
∫

Σ
Ψ′

z̃

( Ψ′

1 + η
+
WỹΦ′

ỹ

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
)

dỹ dx̃,

and, by integrating by parts in ỹ and x̃, therefore
dH
dz̃ =

∫
S
ωz̃W

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2 dx̃

+
∫

S
ηz̃

(
− (α0 + ε)η +

(
τηx̃

(β2
0 −W 2

1 + τ 2η2
x̃

) 1
2
)

x̃

−
∫ 1

0

((Ψ′)2 − Φ′
ỹ

2

2(1 + η)2 + 1
2τ

2
(
Φ′

x̃ −
ỹΦ′

ỹηx̃

1 + η

)2

+ τ 2
(
Φ′

x̃ −
ỹΦ′

ỹηx̃

1 + η

) ỹΦ′
ỹηx̃

1 + η
+
WΨ′ỹΦ′

ỹ

(1 + η)2

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
)

dỹ

−
∫ 1

0

(
τ 2
(
Φ′

x̃ −
ỹΦ′

ỹηx̃

1 + η

)
ỹΦ′

ỹ

)
x̃

dỹ +
∫ 1

0
τ(Φ′

x̃ − ỹΦ′
x̃ỹ) dỹ

)
dx̃

+
∫

Σ
Ψ′

z̃

( Ψ′

1 + η
−
WỹΦ′

ỹ

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
)

dỹ dx̃

−
∫

S

( ∫ 1

0
Φ′

z̃

(
τ 2
(
Φ′

x̃ −
ỹΦ′

ỹηx̃

1 + η

)
ỹηx̃ + WỹΨ′

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2 −

Φ′
ỹ

1 + η

)
ỹ

dỹ

+
[
Φ′

z̃

(
τ 2
(
Φ′

x̃ −
ỹΦ′

ỹηx̃

1 + τηx̃

)
ỹηx̃ + WỹΨ′

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2 −

Φ′
ỹ

1 + η

)]1
0

)
dx̃

+
∫

Σ
Φ′

z̃

(
τ
(
Φ′

x̃ −
ỹΦ′

ỹηx̃

1 + η

)
(1 + η)

)
x̃

dỹ dx̃

+
∫

S

( ∫ 1

0
τ(−ηx̃Φ′

z̃ + ηx̃Φ′
z̃) dỹ − [ỹτηx̃Φ′

z̃]10
)

dx̃

=
∫

S
(ωz̃ηz̃ − ηz̃ωz̃) dx̃+

∫
Σ
(Ψ′

z̃Φ′
z̃ − Φ′

z̃Ψ′
z̃) dỹ dx̃

+
∫

S

[(
τ 2
(
Φ′

x̃ −
ỹΦ′

ỹηx̃

1 + η

)
ỹηx̃ + WỹΨ′

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2 −

Φ′
ỹ

1 + η
− ỹτηx̃

)
Φ′

z̃

]1
0

dx̃
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= 0,

where we have used equations (6.65) – (6.68) and boundary conditions (6.69), (6.70) in
combination with the calculation∫

Σ
Ψ′

z̃

( Ψ′

1 + η
+
WỹΦ′

ỹ

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
)

dỹ dx̃

=
∫

Σ
Ψ′

z̃

( Ψ′

1 + η
+
WỹΦ′

ỹ

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
)

dỹ dx̃

− 1
2π

∫
Σ

Ψ′
z̃ dỹ dx̃

∫
Σ

( Ψ′

1 + η
+
WỹΦ′

ỹ

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2
)

dỹ dx̃

=
∫

Σ
Ψ′

z̃

( Ψ′

1 + η
+
WỹΦ′

ỹ

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2

− 1
2π

∫
Σ

Ψ′

1 + η
+
WỹΦ′

ỹ

1 + η

( 1 + τ 2η2
x̃

β2
0 −W 2

) 1
2

dỹ dx̃
)

dỹ dx̃

=
∫

Σ
Ψ′

z̃Φ′
z̃ dỹ dx̃,

noting that
1

2π

∫
Σ

Ψ′
z̃ dỹ dx̃ = 0.

We define the spaces

Xs = Hs+1
per (S) ×Hs

per(S) × H̊s+1
per (Σ) × H̊s

per(Σ)

for s ≥ 0, where

H̊s
per(Σ) = {u ∈ Hs

per(Σ) :
∫

Σ
u dỹ dx̃ = 0},

and X = X0, Y = X1. We can then write equations (6.51) – (6.54) and boundary
conditions (6.55) and (6.56) as the evolutionary system

η
ω
Φ′

Ψ′


z̃

= f ε(η, ω,Φ′,Ψ′); (6.71)

the domain of the vector field on the right-hand side of this equation is given by

D = {(η, ω,Φ′,Ψ′) ∈ Y : (6.69) and (6.70) are satisfied}.

The following proposition shows that f ε and Hε take values in respectively X and R and
are analytic at the origin in Y (see Lions et al. [20, Theorems 9.4 and 9.8], Bagri and
Groves [3, Proposition 2.1] and Buffoni and Toland [5]).
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Proposition 6.13.

(i) The spaces Hs1
per(S) and Hs2

per(Σ) are Banach algebras for s1 > 1/2 and s2 > 1.

(ii) The formulae w 7→ w|ỹ=0, w 7→ w|ỹ=1 define continuous linear mappings Hs
per(Σ) →

Hs−1/2
per (S) for each s > 0.

(iii) The formula
(w1, w2) 7→ w1w2

defines continuous bilinear mappings L2
per(Σ) × H1

per(S) → L2
per(Σ), H1

per(Σ) ×
L2

per(S) → L2
per(Σ) and H1

per(Σ) ×H1
per(S) → H1

per(Σ).

(iv) The formula
(w1, w2) 7→

∫ 1

0
w1(·, ỹ)w2(·, ỹ) dỹ

defines continuous bilinear mappings L2
per(Σ) × H1

per(S) → L2
per(S), H1

per(Σ) ×
L2

per(S) → L2
per(S) and H1

per(Σ) ×H1
per(S) → H1

per(S).

(v) Let f : Rn → R be analytic at the origin and satisfy f(0) = 0 and let s > 1/2. The
induced composition operator f : Hs(R) → R is analytic at the origin.

The next step is to linearise the nonlinear boundary conditions associated with equa-
tion (6.71). To this end note that the boundary conditions are equivalent to

Φ′
ỹ + ỹτηx = F (η, ω,Φ′,Ψ′), ỹ ∈ {0, 1},

where

F (η, ω,Φ′,Ψ′) = −ỹτηηx̃ + ỹτ 2ηx̃(Φ′
x̃(1 + η) − Φ′

ỹηx̃) + ỹWΨ′
( 1 + τ 2η2

x̃

β2 −W 2

) 1
2 .

The requisite change of variable is given by

(ρ, θ,Γ, ξ) = (η, ω,Φ′ − χỹ,Ψ′) =: G(η, ω,Φ′,Ψ′)

with χ = ∆−1F (ρ, ω,Φ′,Ψ′) being the unique solution to the elliptic boundary value
problem

τ 2χx̃x̃ + χỹỹ = F (ρ, ω,Φ′,Ψ′), (x̃, ỹ) ∈ Σ,
χ = 0, ỹ ∈ {0, 1}.

We note that ∫
Σ

Γ dx dy =
∫

Σ
Φ′ dx̃ dỹ −

∫
Σ
χỹ dỹ dx̃

=
∫

Σ
Φ′ dx̃ dỹ −

∫
S
[χ]10 dx̃

=
∫

Σ
Φ′ dx̃ dỹ.
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Lemma 6.14.

(i) The mapping G is an analytic diffeomorphism from the neighbourhood V of 0 in Y
onto a neighbourhood Ṽ of the origin in Y .

(ii) The operator dG[v] : Y → Y extends to an isomorphism d̂G[v] : X → X for each
v ∈ V . The operators d̂G[v], d̂G[v]−1 ∈ L(X ) depend analytically upon v ∈ V .

Proof.

(i) This result follows by the analytic inverse function theorem since G is a near identity
transformation.

(ii) Using Proposition 6.13 we note that the operator dF [v] ∈ L(Y;H1
per(Σ)) given by

the formula

dF [η, ω,Φ′,Ψ′](η̃, ω̃, Φ̃′, Ψ̃′)
= −ỹτ η̃ηx̃ − ỹτηη̃x̃ + ỹτ 2η̃x̃

(
Φ′

x̃(1 + η) − Φ′
ỹηx̃

)
+ ỹτ 2ηx̃

(
Φ̃′

x̃(1 + η) − Φ̃′
ỹηx̃

)
+ ỹτ 2ηx̃(Φ′

x̃η̃ − Φ′
ỹη̃x̃)

+ ỹW Ψ̃′
( 1 + τ 2η2

x̃

β2 −W 2

) 1
2

+ ỹWΨ′

(β2
0 −W 2) 1

2

τ 2ηx̃η̃x̃

(1 + τ 2ηx̃) 1
2

+ β2
0 ỹW

2Ψ′ (1 + τ 2η2
x̃) 1

2

(β2
0 −W 2) 3

2

(
ω̃ − η̃

(1 + η)2

∫ 1

0
Ψ′ỹΦ′

ỹ dỹ

+ 1
1 + η

∫ 1

0
(Ψ̃′ỹΦ′

ỹ + Ψ′ỹΦ̃′
ỹ) dỹ

)

extends to d̂F [v] ∈ L(X ;L2
per(Σ)) which depends analytically upon v ∈ V . Hence

d̂G[v] ∈ L(Y) extends to d̂G[v] ∈ L(X ) which depends analytically upon v ∈ V .
Furthermore,

d̂G[0] = I

is an isomorphism, and the result follows from the analytic implicit and inverse
function theorems.

The change of variable given by G transforms equation (6.71) into the evolutionary
system 

ρ
θ
Γ
ξ


z̃

= kε(ρ, θ,Γ, ξ), (6.72)

where

kε(ρ, θ,Γ, ξ) = d̂G[G−1(ρ, θ,Γ, ξ)]
(
f ε(G−1(ρ, θ,Γ, ξ))

)
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takes values in X and is analytic at the origin in R × Y . The domain of the vector field
on the right-hand side of equation (6.72) is

D =
{
(ρ, θ,Γ, ξ) ∈ Y : Γỹ|ỹ=0 = 0, τρx + Γỹ|ỹ=1 = 0

}
because

Γỹ|ỹ∈{0,1} + ỹτρx̃ = Φỹ + ỹτηx̃ − χỹỹ|ỹ∈{0,1}

= Φỹ + ỹτηx̃ + τ 2χx̃x̃ − F (η, ω,Φ,Ψ)|ỹ∈{0,1}

= Φỹ + ỹτηx̃ − F (η, ω,Φ,Ψ)|ỹ∈{0,1}.

We note that the linearisation of kε is given by Ľε : D ⊆ X → X with

Ľε


ρ
θ
Γ
ξ

 =


1

β0
θ

−τΓx̃|ỹ=1 + (α0 + ε)ρ− τ 2β0ρx̃x̃

ξ
−τ 2Γx̃x̃ − Γỹỹ

 (6.73)

(since dG[0] = I) and this operator depends analytically upon ε. The ε-independent
quadratic and cubic terms are given by

1
2 d2k0[0](ρ, θ,Γ, ξ) = 1

β0

∫ 1

0
ỹξΓỹ dỹ + 1

2

∫ 1

0

(
ξ2 − Γ2

ỹ

)
dỹ

+ τ 2

2

∫ 1

0

(
Γ2

x̃ + ỹΓx̃Γỹx̃ + ỹΓx̃x̃Γỹ

)
dỹ

− τΦ2x̃|ỹ=1 + τ 2ỹρx̃Γỹx̃ + τ 2ρx̃x̃ỹΓỹ − τ 2ρΓx̃x̃ − τ 2ρx̃Γx̃

+ τρρx̃ + ρΓỹỹ − ρξ + θ

β0
ỹΓỹ

− 1
2π

∫
Σ

(
− θξ + θ

β0
ỹΓỹ

)
dỹ dx̃

− ∂ỹ∆−1
(
ỹ

β0
ξ(α0ρ− β0ρx̃x̃ − τΓx̃|ỹ=1) + ỹ

β0
θ(−Γỹỹ − τ 2Γx̃x̃)

− ỹτ

β0
θρx̃ − ỹτ

β0
θx̃ρ+ ỹ

β0
τ 2θx̃Γx̃ + ỹτ 2ρx̃ξx̃

)

and

1
6 d3k[0](ρ, θ,Γ, ξ)

= 1
β

∫ 1

0
ỹξΦ2ỹ dỹ − ρ

β

∫ 1

0
ỹξΓỹ dỹ + θ3

2β3 + τ 2ρ2
x̃θ

4β

∫ 1

0

(
ξ2 − Γ2

ỹ

)
dỹ

+ τ 2

2

(∫ 1

0

(
Γ2

x̃ + ỹΓx̃Γỹx̃ + ỹΓx̃x̃Γỹ

)
dỹ
)

− τΦ2x̃|ỹ=1 − θρξ

β

+ τ 2ρ2
x̃Γỹ − 2τ 2ρ2

x̃ỹΓỹ + τ 2ρx̃x̃ỹΦ2ỹ − θρỹξỹ

β

− ρ2Γỹỹ + τ 2ρ2
x̃ỹΓỹỹ − τ 2ρ2

x̃ỹ
2Γỹỹ + ρΦ2ỹỹ − τ 2ρρx̃Γx̃ − τ 2ρx̃Φ2x̃

− τ 2ρρx̃ỹΓỹx̃ + τ 2ρx̃ỹΦ2ỹx̃ − τ 2ρΦ2x̃x̃ + ρ2ξ + ỹ

β
Γỹ

∫ 1

0
ỹξΓỹ dỹ
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− ỹ

β
ρθΓỹ + ỹθ

β
Φ2ỹ − 1

2π

∫
Σ

(
ρ2ξ

∫ 1

0
ỹξΓỹ dỹ − ỹ

β
ρθΓỹ + ỹθ

β
Φ2ỹ

)
dx̃ dỹ

− ∂ỹ∆−1
(
ỹ2

β2 τ
2θx̃Φ2x̃ + ỹ

β
(−Γỹỹ − τ 2Γx̃x̃)

∫ 1

0
ỹξΓỹ dỹ

+ ỹξ

β

∫ 1

0
ỹ(−Γỹỹ − τ 2Γx̃x̃) dỹ + ỹξ

β

∫ 1

0
ỹξξỹ dỹ

− 2τ 2

β
ρx̃θx̃ỹΓỹ − τ 2ρ2

x̃ỹξỹ + τ 2

β
θρx̃ỹΓx̃

+ τ 2

β
ρθx̃ỹΓx̃ + τ 2ρρx̃ỹξx̃

+ ỹ

β
ξ
(1

2

∫ 1

0
(ξ2 − Γ2

ỹ) dỹ + τ 2

2

∫ 1

0
(Γ2

x̃ + ỹΓx̃Γx̃ỹ + ỹΓx̃x̃Γỹ) dỹ

− τΦ2x̃|ỹ=1
)

+ ỹ

β
θ(τρρx̃ + τ 2ρx̃x̃ỹΓỹ + ρΓỹỹ − τ 2ρx̃Γx̃ + τ 2ỹρx̃Γx̃ỹ − τ 2ρΓx̃x̃)

− ỹτ

β
ρx̃

∫ 1

0
ỹξΓỹ dỹ − ỹ

β
τρ
∫ 1

0
ỹ(ξΓỹ)x̃ dỹ + ỹ

β
τ 2Γx̃

∫ 1

0
ỹ(ξΓỹ)x̃ dỹ

+ ỹτ 2ρx̃

(
− ρξ + θ

β
ỹΓỹ

)
x̃

)
.

6.3.2 The linearised system

In this section we study the linear operator Ľε : D ⊆ X → X given by equation (6.73).

Proposition 6.15. The linear equation

ρ
θ
Γ
ξ


z̃

= Ľε


ρ
θ
Γ
ξ


represents Hamilton’s equations for the linear Hamiltonian system (X ,Ω, Hε

2), where

Ω
(
(ρ1, θ1,Γ1, ξ1), (ρ2, θ2,Γ2, ξ2)

)
=
∫

S
(θ2ρ1 − ρ2θ1) dx̃+

∫
Σ
(ξ2Γ1 − Γ2ξ1) dỹ dx̃,

Hε
2(ρ, θ,Γ, ξ) =

∫
Σ

(1
2(ξ2 − τ 2Γ2

x̃ − Γ2
ỹ) + τρΓx̃ − τρx̃ỹΓỹ

)
dỹ dx̃

+
∫

Σ

(
− 1

2(α0 + ε)ρ2 − 1
2β0τ

2ρ2
x̃ + 1

2β0
θ2
)

dx̃.

Proof. A direct calculation shows that

Ω
(
Ľε(ρ, θ,Γ, ξ), (ρ̂, θ̂, Γ̂, ξ̂)

)
= dHε

2 [ρ, θ,Γ, ξ](ρ̂, θ̂, Γ̂, ξ̂)

for all (ρ̂, θ̂, Γ̂, ξ̂) ∈ X and (ρ, θ,Γ, ξ) ∈ D.
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Lemma 6.16. The operator Ľε satisfies the estimates

∥(Ľε − isI)−1∥L(X ) ≲ |s|−1,

∥(Ľε − isI)−1∥L(X ;D) ≲ 1

as |s| → ∞.

Proof. Consider the self-adjoint operator Ǎε : D̃ ⊆ X̃ → X̃ given by

Ǎε

(
ρ
Γ

)
=
(

− τ
β0

Γx̃|ỹ=1 + 1
β0

(α0 + ε)ρ− τ 2ρx̃x̃

−τ 2Γx̃x̃ − Γỹỹ

)
,

where

X̃ = L2
per(S) × L2

per(Σ),
D̃ = {(ρ,Γ) ∈ H2

per(S) ×H2
per(Σ) : Γỹ(0) = 0, τρx̃ + Γỹ(1) = 0},

and X̃ is equipped with the inner product

⟨(ρ1,Γ1), (ρ2,Γ2)⟩ = β0

∫
S
ρ1ρ2 dx̃+

∫
Σ

Γ1Γ2 dỹ dx̃.

Observing that

1
β0
θ − isρ = ρ∗, (6.74)

−τΓx̃|ỹ=1 + (α0 + ε)ρ− τ 2β0ρx̃x̃ − isθ = θ∗, (6.75)
ξ − isΓ = Γ∗, (6.76)

−τ 2Γx̃x̃ − Γỹỹ − isξ = ξ∗ (6.77)

if and only if

− τ

β0
Γx̃|ỹ=1 + 1

β0
(α0 + ε)ρ− τ 2ρx̃x̃ + s2ρ = 1

β0
θ∗ + isρ∗,

−τ 2Γx̃x̃ − Γỹỹ + s2Γ = ξ∗ + isΓ∗,

we find that ±is ∈ ρ(Ľε) if and only if −s2 ∈ ρ(Ǎε).

The calculations

β0

∫
S

(
− τ

β0
Γx̃|ỹ=1 + 1

β0
(α0 + ε)ρ− τ 2ρx̃x̃

)
ρ dx̃+

∫
Σ
(−τ 2Γx̃x̃ − Γỹỹ)Γ dỹ dx̃

=
∫

S
(−2τΓx̃|ỹ=1ρ+ (α0 + ε)|ρ|2 + τ 2|ρx̃|2) dx̃+

∫
Σ
(τ 2|Γx̃|2 + |Γỹ|2) dỹ dx̃

=
∫

S
(2τΓ|ỹ=1ρx̃ + (α0 + ε)|ρ|2 + τ 2|ρx̃|2) dx̃+

∫
Σ
(τ 2|Γx̃|2 + |Γỹ|2) dỹ dx̃

and estimate∣∣∣∣2τ ∫
S

Γ|ỹ=1ρx̃ dx̃
∣∣∣∣ ≤ 1

δ

∫
S
|Γ|ỹ=1|2 dx̃+ δ

∫
Σ
τ 2|ρx̃|2 dỹ dx̃
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≤ δ
∫

Σ
|Γỹ|2 dỹ dx̃+

(1
δ

+ 1
δ2

) ∫
Σ
|Γ|2 dỹ dx̃+ δ

∫
S
τ 2|ρx̃|2 dx̃

for Γ ∈ D and sufficiently small δ show that

β0

∫
S

(
− τ

β0
Γx̃|ỹ=1 + 1

β0
(α0 + ε)ρ− τ 2ρx̃x̃

)
ρ dx̃+

∫
Σ
(−τ 2Γx̃x̃ − Γỹỹ)Γ dỹ dx̃

≥ (α0 + ε)
∫

S
|ρ|2 dx̃−

(1
δ

+ 1
δ2

) ∫
Σ
|Γ|2 dỹ dx̃

≥ −
(1
δ

+ 1
δ2

)(
β0

∫
S
|ρ|2 dx̃+

∫
Σ
|Γ|2 dỹ dx̃

)
.

Thus σ(Ǎε) is bounded from below and in particular −s2 ∈ ρ(Ǎε) and hence ±is ∈ ρ(Ľε)
for sufficiently large values of |s|.

The estimates

∥(Ľε − isI)−1∥L(X ) ≲ |s|−1, ∥(Ľε − isI)−1∥L(X ;D) ≲ 1

for sufficiently large values of |s| follow from equations (6.74) – (6.77) by the calculation

∫
S
(β2

0 |ρ∗|2 + τ 2β2
0 |ρ∗

x̃|2 + |θ∗|2) dx̃+
∫

Σ
(|Γ∗|2 + τ 2|Γ∗

x̃|2 + |Γ∗
ỹ|2 + |ξ∗|2) dỹ dx̃

=
∫

S
(|θ − isβ0ρ|2 + τ 2|θx̃ − isβ0ρx̃|2

+ |−τΓx̃|ỹ=1 + (α0 + ε)ρ− τ 2β0ρx̃x̃ − isθ|2) dx̃

+
∫

Σ
(|ξ − isΓ|2 + τ 2|ξx̃ − isΓx̃|2 + |ξỹ − isΓỹ|2

+ |τ 2Γx̃x̃ + Γỹỹ + isξ|2) dỹ dx̃

=
∫

S

(
|θ|2 + τ 2|θx̃|2 + τ 2|Γx̃|ỹ=1|2 + (α0 + ε)2|ρ|2 + τ 4β2

0 |ρx̃x̃|2

+ s2(β2
0 |ρ|2 + τ 2β2

0 |ρx̃|2 + |θ|2)
)

dx̃

− 2s Im
∫

S
(β0θρ̄+ τ 2β0θx̃ρ̄x̃ − τΓx̃|ỹ=1θ̄ + (α0 + ε)ρθ̄ + τ 2β0θρ̄x̃x̃) dx̃

+ 2 Re
∫

S
(−τ(α0 + ε)Γx̃|ỹ=1ρ̄+ β0τ

3Γx̃|ỹ=1ρ̄x̃x̃ − (α0 + ε)τ 2β0ρρ̄x̃x̃) dx̃

+
∫

Σ

(
|ξ|2 + τ 2|ξx̃|2 + |ξỹ|2 + τ 2|Γx̃x̃|2 + |Γỹỹ|2

+ s2(|Γ|2 + τ 2|Γx̃|2 + |Γỹ|2 + |ξ|2)
)

dỹ dx̃

− 2s Im
∫

Σ
(ξΓ̄ + τ 2ξx̃Γ̄x̃ + ξỹΓ̄ỹ + τ 2ξΓ̄x̃x̃ + ξΓ̄ỹỹ) dỹ dx̃

+ 2 Re
∫

Σ
τ 2Γx̃x̃Γ̄ỹỹ dỹ dx̃
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≥
∫

S

(
|θ|2 + τ 2|θx̃|2 + (α0 + ε)2|ρ|2 + τ 4β2

0 |ρx̃x̃|2 + 2(α0 + ε)τ 2β0|ρx̃|2

+ s2(β2
0 |ρ|2 + τ 2β2

0 |ρx̃|2 + |θ|2)
)

dx̃

− 2s Im
∫

S
(β0θρ̄− τΓx̃|ỹ=1θ̄ + (α0 + ε)ρθ̄) dx̃

+ 2 Re
∫

S
(−τ(α0 + ε)Γx̃|ỹ=1ρ̄+ β0τ

3Γx̃|ỹ=1ρ̄x̃x̃) dx̃

+
∫

Σ

(
|ξ|2 + τ 2|ξx̃|2 + |ξỹ|2 + τ 2|Γx̃x̃|2 + |Γỹỹ|2 + 2|Γx̃ỹ|2

+ s2(|Γ|2 + τ 2|Γx̃|2 + |Γỹ|2 + |ξ|2)
)

dỹ dx̃

− 2s Im
( ∫

Σ
ξΓ̄ dỹ dx̃−

∫
S
τξ|ỹ=1ρ̄x̃

)
+ Re

∫
S
τ 3Γx̃|ỹ=1ρ̄x̃x̃ dx̃

and the inequalities∣∣∣∣2s Im
∫

S
θρ̄ dx̃

∣∣∣∣ ≤ |s|
∫

S
(|θ|2 + |ρ|2) dx̃,∣∣∣∣2s Im

∫
Σ
ξΓ̄ dỹ dx̃

∣∣∣∣ ≤ |s|
∫

Σ
(|ξ|2 + |Γ|2) dỹ dx̃,∣∣∣2s Im

∫
S

Γx̃|ỹ=1θ̄ dx̃
∣∣∣ ≤ δ|s|

∫
S
|Γx̃|ỹ=1|2 dx̃+ |s|

δ

∫
S
|θ|2 dx̃

= δ|s|
∫

Σ

d
dỹ (ỹ|Γx̃|2) dỹ dx̃+ |s|

δ

∫
S
|θ|2 dỹ

≤ δ
∫

Σ
(|Γx̃ỹ|2 + s2|Γx̃|2) dỹ dx̃+ δ|s|

∫
Σ
|Γx̃|2 dỹ dx̃+ |s|

δ

∫
S
|θ|2 dx̃,∣∣∣∣2s Im

∫
S
ξ|ỹ=1ρ̄x̃ dx̃

∣∣∣∣ ≤ δ
∫

Σ
(|ξỹ|2 + s2|ξ|2) dỹ dx̃+ δ|s|

∫
Σ
|ξ|2 dỹ dx̃+ |s|

δ

∫
S
|ρx̃|2 dx̃,∣∣∣∣2 Re

∫
S

Γx̃|ỹ=1ρ̄
∣∣∣∣ ≤ δ

∫
S
|Γx̃|ỹ=1|2 + 1

δ

∫
S
|ρ̄|2 dx̃

≤ δ
∫

Σ
(2|Γx̃|2 + |Γx̃ỹ|2) dỹ dx̃+ 1

δ

∫
S
|ρ̄|2 dx̃,∣∣∣∣2 Re

∫
S

Γx̃|ỹ=1ρ̄x̃x̃ dx̃
∣∣∣∣ ≤ 1

δ

∫
S
|Γx̃|ỹ=1|2 dx̃+ δ

∫
S
|ρx̃x̃|2 dx̃

≤ δ
∫

Σ
|Γx̃ỹ|2 dỹ dx̃+

(1
δ

+ 1
δ2

) ∫
Σ
|Γx̃|2 dỹ dx̃+ δ

∫
S
|ρx̃x̃|2 dx̃.

Corollary 6.17. The spectrum of Ľε consists only of isolated eigenvalues with finite
algebraic multiplicity.

Proof. Since D is compactly embedded in X we know that (Ľε − isI)−1 ∈ L(X ) is
compact for sufficiently large values of |s|. The result now follows from Kato [13, Theorem
III.6.29].

Our next result is proved by a direct calculation.
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Lemma 6.18.

(i) The eigenvalues of Ľ0 with eigenvalue in the 0th Fourier mode are ±(α0/β0)1/2 and
±nπ, n ∈ N.

(ii) Suppose m ∈ N. A complex number λ is an eigenvalue of Ľ0 with corresponding
eigenvectors in the mth Fourier mode if and only if

(α0 − β0σ
2
m)σm sin σm +m2τ 2 cosσm = 0, (6.78)

where
σ2

m = λ2 −m2τ 2.

In particular λ is either real or purely imaginary.

For each m ∈ N equation (6.78) has at most two purely imaginary solutions ±ism with
eigenvectors e+

m, ē+
m and e−

m, ē−
m, where

e+
m = 1

√
γ

m



2
mτ

(s2
m +m2τ 2) 1

2 sinh(s2
m +m2τ 2) 1

2 cosmx̃
−2ismβ0

mτ
(s2

m +m2τ 2) 1
2 sinh(s2

m +m2τ 2) 1
2 cosmx̃

2 cosh(s2
m +m2τ 2) 1

2 ỹ sinmx̃

−2ism cosh(s2
m +m2τ 2) 1

2 ỹ sinmx̃


,

e−
m = 1

√
γm



− 2
mτ

(s2
m +m2τ 2) 1

2 sinh(s2
m +m2τ 2) 1

2 sinmx̃
2ismβ0

mτ
(s2

m +m2τ 2) 1
2 sinh(s2

m +m2τ 2) 1
2 sinmx̃

2 cosh(s2
m +m2τ 2) 1

2 ỹ cosmx̃

−2ism cosh(s2
m +m2τ 2) 1

2 ỹ cosmx̃


and

γm = 2πsm

(
2 + 4β0

(
1 + s2

m

m2τ 2

)
sinh2(s2

m +m2τ 2) 1
2 + sinh 2(s2

m +m2τ 2) 1
2

(s2
m +m2τ 2) 1

2

)
.

The eigenvectors have been normalised such that

Ω(e+
m, ē

+
m) = Ω(e−

m, ē
−
m) = −i

and the symplectic product of any other combination is zero. The eigenvalues ±ism collide
at the origin at points of the line

Cm = {(β0, α0) : (α0 + β0m
2τ 2) sinhmτ = mτ coshmτ}

in (β0, α0) parameter space (see Figure 6.4). At these points the two zero eigenvectors
each have a Jordan chain of length 2: the vectors

e1 = 1
√
γ0,m


2 sinh(mτ) cos(mx̃)

0
2 cosh(mτỹ) sin(mx̃)

0

 , e2 = 1
√
γ0,m


−2 sinh(mτ) sin(mx̃)

0
2 cosh(mτỹ) cos(mx̃)

0

 ,
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Figure 6.4: The line Cm consists of points in β, α parameter space at which two real
eigenvaules in the mth Fourier mode become purely imaginary by passing
through 0. It connects ((τm)−1 coth(τm), 0) with (0, τm coth(τm)) and
crosses Cm+1, Cm+2, . . . at the points Pm,m+1, Pm,m+2, . . ..

f1 = 1
√
γ0,m


0

2β0 sinh(mτ) cos(mx̃)
0

2 cosh(mτỹ) sin(mx̃)

 , f2 =


0

2β0 sinh(mτ) sin(mx̃)
0

2 cosh(mτỹ) cos(mx̃)

 ,
where

γ0,m = π
(

2 + 4β sinh2(mτ) + sinh(2mτ)
mτ

)
, (6.79)

satisfy Le±
0,m = 0, Lf±

0,m = e±
0,m; moreover Ω(e+

0,m, f
+
0,m) = 1, Ω(e−

0,m, f
−
0,m) = 1 and the

symplectic product of any other combination is zero.

We choose (β0, α0) ∈ Cm \ {P1,m, . . . , Pm−1,m, Pm,m+1, Pm,m+2, . . .} and write

w =
∑

(C+
j e

+
j + C̄−

j ē
−
j + C̄+

j ē
+
j + C̄−

j ē
−
j ),

z = z1e+ z2f + z̄1ē+ z̄2f̄,

where
e = 1

2(e1 − ie2), f = 1
2(f1 − if2),

so that
H0

2 (0, w, 0) = −
∑ 1

2sj(|C+
j |2 + |C−

j |2)

and

P 0
wh(·) = 2Ω(·, f̄)e− 2Ω(·, ē)f + 2Ω(·, f)ē− 2Ω(·, e)f̄.

In these formulae the sums are taken over those values of j for which Ľ0 has two mode j
eigenvalues ±isj.
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6.3.3 Existence theory

We now derive equations (6.5) – (6.7) from equation (6.72) as explained in Section 6.1 and
prove Theorem 1.11 by applying Theorem 1.2. Assumptions (A1) – (A3) are obviously
satisfied, and Assumption (A6) follows from Lemma 6.16. It therefore remains to verify
Assumptions (A4), (A5) and (C1), (C3), (C4). To this end we note that equation (6.72)
is reversible with reverser

S
(
ρ(x̃), θ(x̃),Γ(x̃, ỹ), ξ(x̃, ỹ)

)
=
(
ρ(−x̃),−θ(−x̃),−Γ(−x̃, ỹ), ξ(−x̃, ỹ)

)
and has the conserved quantity

Iε(ρ, θ,Γ, ξ) = −Hε(G−1(ρ, θ,Γ, ξ))
= O(∥(ρ, θ,Γ, ξ)∥2

D),

which satisfies, with a change of notation,

I0(0, w, 0) = −H0
2 (w) + O(|w|3)

= −
∞∑

j=1

1
2sj(|C+

j |2 + |C−1
j |2),

I0
(
(z1, 0), 0, 0

)
= −H0

2 (z1e+ z̄1ē, 0, 0)
= 0,

so that

Iε
(
(z1, z2), w, u

)
= O(∥(z2, w, u)∥R2×R2d×Dsh∥(z1, z2, w, u)∥D + ε∥(z1, z2, w, u)∥2

D).

To verify Assumptions (C1) and (C4) we change to real coordinates by writing

z1 = x̃1 + ix̃2, z2 = ỹ1 + iỹ2,

so that
z = x̃1e1 + ỹ1f1 + x̃2e2 + ỹ2f2

and
Pwh = Ω(·, f1)e1 − Ω(·, e1)f1 + Ω(·, f2)e2 − Ω(·, e2)f2.

Writing
1
2 d2h0

wh[0](z) =
∑

i+j+k+l=2
h0

wh,ijklx̃
i
1x̃

j
2ỹ

k
1 ỹ

l
2

with similar notation for the other nonlinearities, we find that

h0
wh,2000 = Pwhh

0
2000

= Ω(1
2 d2k0[0](e1, e1), f1)e1 − Ω(1

2 d2k0[0](e1, e1), e1)f1

+ Ω(1
2 d2k0[0](e1, e1), f2)e2 − Ω(1

2 d2k0[0](e1, e1), e2)f2

= 0

since ∫ 2π

0

{
cos(mx̃)
sin(mx̃)

}{
cos(mx̃)
sin(mx̃)

}{
cos(mx̃)
sin(mx̃)

}
dx̃ = 0.
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Similar calculations show that the remaining components of h0
wh also vanish.

Similarly, writing
X(z, z) =

∑
i+j+k+l=2

Xijklx̃
i
1x̃

j
2ỹ

k
1 ỹ

l
2,

we find from equation (4.21) that

Lc,shX2000 = Pc,sh(1
2 d2k0[0](e1, e1)),

which can also be written as

L0X2000 = 1
2 d2k0[0](e1, e1)

because d2h0
wh[0] = 0. We find that

X2000 = (L0)−1
(1

2 d2k0[0](e1, e1)
)

=


X

(1)
2000

X
(2)
2000

X
(3)
2000

X
(4)
2000

 ,

where

X
(1)
2000 = m2τ 2

α0
+ 1

2m
2τ 2 cos(2mx̃)

(
4 sinh(2mτ) + sinh(4mτ)

)
(α0 + 4m2τ 2β0) sinh(2mτ) − 2mτ cosh(2mτ) ,

X
(2)
2000 = 0,

X
(3)
2000 = 1

18 sin(2mx̃)
(

20 cosh(mτỹ) sinh(mτ) − 9 sinh2(mτ)
mτ

− 24mτỹ sinh(mτ) sinh(mτỹ) + cosh(2mτỹ) tanh(mτ)

+ cosh(2mτỹ) 6m2τ 2(6 + cosh(2mτ))
(α0 + 4mτ 2β0) sinh(2mτ) − 2mτ cosh(2mτ)

+ cosh(2mτỹ) 6mτ(α0 + 4m2τ 2β0) sinh(2mτ)
(α0 + 4mτ 2β0) sinh(2mτ) − 2mτ cosh(2mτ)

)
,

X
(4)
2000 = 0.

The coefficient C is given by

C = Ω(1
6 d3h0

wh[0](e1, e1, e1), e1) − 2Ω(1
2 d2g0

wh[0](e1, X2000), e1)
= Ω(1

6 d3k0[0](e1, e1, e1), e1) − 2Ω(1
2 d2k0[0](e1, X2000), e1)

= m5τ 5
(

−8(13 + 3m2τ 2β2
0) cosh(2mτ)

− 4(40 + 15m2τ 2β2
0 + 4 cosh(4mτ) + 2 cosh(6mτ))

+mτβ0
(
12mτβ0(9 cosh(4mτ) − 2 cosh(6mτ)

+ 24mτβ0 cosh(mτ) sinh5(mτ))

− 93 sinh(2mτ) − 60 sinh(4mτ) + 23 sinh(6mτ)
))

× 1
16π (3mτβ0 cosh(mτ) − sinh(mτ))−1(mτβ0 sinh(mτ) − cosh(mτ))−1

× (2mτ + 4mτβ0 sinh2(mτ) + sinh(2mτ))−2, (6.80)
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where we have eliminated α0 using the relation

α0 = −β0m
2τ 2 +mτ coth(mτ).

Proposition 6.19. The coefficient C is negative for β0 ∈ (0, tanh(mτ)
3mτ

) and positive for
β0 ∈ ( tanh(mτ)

3mτ
, coth(mτ)

mτ
).

Proof. It suffices to show that the numerator in the above formula for C is negative for
β0 ∈ (0, coth(mτ)

mτ
). We can write the numerator as the polynomial

n(β0) = −8s5(20 + 13 cosh(2s) + 2 cosh(4s) + cosh(6s))
+ s6(−93 sinh(2s) − 60 sinh(4s) + 23 sinh(6s))β0

+ 48s7(5 + 5 cosh(2s) − 2 cosh(4s)) sinh2(s)β2
0

+ 288s8 cosh s sinh5(s)β3
0 ,

where s = mτ . Observe that the coefficient of β3
0 is positive, while the constant term is

negative.

Define
c2(s) = 5 + 5 cosh(2s) − 2 cosh(4s)

and note that n has precisely one positive root if c2(s) > 0 (by Decartes’s rule of signs).
Since

n(0) = −8s5(20 + 13 cosh(2s) + 2 cosh(4s) + cosh(6s)) < 0,

n
(coth(s)

s

)
= −64s4(2 + cosh(2s)) < 0

and n(β0) → ∞ as β0 → ∞ we conclude that this root is larger than coth s
s

and n(s) < 0
for β0 ∈ (0, coth s

s
). We note that

c′
2(s) = 10 sinh(2s) − 8 sinh(4s).

Since
5
8 sech(s) < 1

is true for all s and equivalent to
c′

2(s) < 0

we find that c2(s) is a strictly decreasing function of s, and since c2(0.68) > 0 we conclude
that c2(s) > 0 for all s ∈ (0, 0.68], so that n(β0) < 0 for β0 ∈ (0, coth s

s
) and s ∈ (0, 0.68].

Next we note that

n′(β0) = s6(−93 sinh(2s) − 60 sinh(4s) + 23 sinh(6s))
+ 96s7(5 + 5 cosh(2s) − 2 cosh(4s)) sinh2(s)β0

+ 864s8 cosh s sinh5(s)β2
0
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is a quadratic polynomial in β0. Its discriminant is given by

∆(s) =
(
96s7(5 + 5 cosh(2s) − 2 cosh(4s)) sinh2(s)

)2

− 3456s6(−93 sinh(2s) − 60 sinh(4s) + 23 sinh(6s))s8 cosh(s) sinh5(s)
= 288s14 sinh4 s∆̃(s),

where

∆̃(s) = 1100 cosh(2s) + 108 cosh(4s) − 140 cosh(6s) − 5 cosh(8s).

We note that

∆̃′(s) = 8(275 sinh(2s) + 54 sinh(4s)) − 40(21 sinh(6s) + sinh(8s))

and that
∆̃′(s) < 0

is equivalent to
d(s) := 1110 sinh(2s) + 27 sinh(4s)

20(21 sinh(6s) + sinh(8s)) < 1.

Furthermore

d′(s) = −(6101 + 92724 cosh(2s) + 7734 cosh(4s) + 108 cosh(6s)) sinh3(2s)
5(51 sinh(6s) + sinh(8s))2

< 0,

so that d(s) is a strictly decreasing function of s and therefore

d(s) ≤ lim
s→0

d(s) = 577
670 < 1.

Hence ∆̃(s) is also a strictly decreasing function of s and since ∆̃(s) < 0 we conclude that
∆̃(s) < 0 for all s ∈ [0.67,∞). The fact that n′ has no roots for these values of s implies
that n has no critical points among these values. Because n(β0) → ±∞ as β0 → ±∞ we
conclude that n is strictly increasing. Since n( coth s

s
) < 0 we deduce that n(β0) < 0 for

β0 ∈ (0, coth s
s

), so that n(β0) < 0 for β0 ∈ (0, coth s
s

) and s ∈ [0.67,∞).

Altogether we have shown that n(β0) < 0 for all β0 ∈ (0, coth s
s

) and all s > 0.
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