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1 Introduction

The existence (and computability) of a normal form is a very pleasant
property of mathematical structures. It guarantees the decidability of the
word problem and it also overcomes the difficulty with choosing the
simplicity criterion for simplification procedures. The existence of a normal
form usually comes along with the existence of a convergent (i.e.
terminating and confluent) term rewriting system. Knuth & Bendix (1970)
introduced a method to construct convergent term rewriting systems from
given equational theories. Their approach, however, fails for
commutativity axioms, since equations like fxy =fyx cannot be employed as
reductions without violating the finite terminating condition. Equational
term rewriting systems have been introduced by Lankford & Ballantyne
(1977) and Peterson & Stickel (1981), in order to overcome the difficulties
with such equations. Equational term rewriting systems are composed of a
rewriting system R and an equational system E, which contains those
axioms that cannot be used as rules. Equational rewriting can be seen as
rewriting on the equivalence classes of terms modulo an equational system.
Such equational rewriting systems modulo associativity and commutativity
exist, for instance, for abelian groups or boolean rings. It is not, however, for






the theory of boolean algebra (BA). Since the 1950s it is known that boolean
algebra admits a normal form, which is called the set of prime implicants.
There exists, however, no term rewriting system that rewrites a given BA-
term into this normal form. The set of prime implicants can only be
produced on an algorithmic way. It was Quine (1952) and (1959), who first
developed such an algorithm, and others (Slagle, Chang & Lee 1970, Tison
1969) followed. The non-existence of a convergent system for boolean
algebra is well-known. It seems, however, that there does not exist any
formal proof of this fact as yet. Sometimes it is argued that the minimal set
of prime implicants is not unique for boolean algebra terms. This argument
only provides some intuition, it lacks, however, the formal proof that
clausal form could be the only possible normal form for boolean algebra
terms. It is, for instance, not obvious that the boolean algebra equation

—s(xvy) = XAy .
should be directed from left to right, which is required for the clausal form
transformation. '

Hullot (1980) and Peterson & Stickel (1981) report attempts to find a
convergent system for BA using the Knuth-Bendix (1970) completion proce-
dure, which failed to terminate in all experiments. Why then does there
exist an algorithm for transforming BA-terms into normal form, but not a
term rewriting system? The deeper reason seems to be the essential role that
resolution plays in the algorithm. A resolution rewrite rule had to look like

(xvy)a(=xvz) = (xvy)A(=xvz)Alyvz)
Such a rule, however, obviously violates the condition of being noetherian.
In the following we will give a formal proof that a convergent term
rewiting system for boolean algebra cannot exist. .

2 Boolean Algebra and Term Rewriting Systems

In the following we assume a term set T = 7(¥,7) over a signature ¥ and a
variable set 9. For any object o, let ¥(0) denote the set of all variables
occurring in o.

2.1 Definition (Equational System):

An equational system E is a set of termpairs s=t. This system §eneratles an
equality relation =g in the following way: We define a relation =g by s =gt, iff
there exists an occurrence u in s, an equation s'=t' or t'=s' in E, and a
substitution o, such thats/u=s'cand t= s[u—>t'c]; The relation =g is defined






. . 1 . . .
as the transitive, reflexive closure of =g.It is clear that =g is an equivalence
relation. The equivalence class of t modulo E will be denoted as [t]g.

2.2 Definition (Equational Term Rewriting System):

A term rewriting system R (over 7) is a set of termpairs l—r (the so called
rules), such that MAr)gc 1) (and l,re 7). A term t; R-reduces to a term tp,
written t1 =R tp, iff there exists an occurrence u in t1, arulel>rinR, and a
substitution o, such that tj/u =lo and t3 = t1[u—ro].

A term t; E,R-reduces to tp, written t1 =gR t2, iff there exist t'1e[t1], t'2e [t2]
with t'1 =R t'.

=>E,R denotes the transitive, =’;:,R denotes the reflexive transitive closure of
=gR and =gR denotes the reflexive, symmetric, and transitive closure of
=ER-

The pair (E,R) is called an equational term rewriting system (ETRS). It can be
understood also as a rewriting system for 7/=g = {[t] | te .

(ER) is noetherian, iff there is no infinite sequence of E,R-reductions from
any term. . .

(E,R) is confluent, iff t =>g g t1 and t =g g t2 implies the existence of a term t3
with b =’];,R t3 and t7 =’;'.,R t3.

A noetherian and confluent system is called convergent.

A term ti is called (E,R-)irreducible, iff there is no term t; with t{ =g Rr b,
and (E,R-)reducible otherwise.

An irreducible term t is called a normal form for ty, iff t1 =£,R t.

If (E,R) is convergent, then each term t has a normal form t{, and sl=g t!
holds for each term s with s=gRr t.

2.3 Definition:

Let X be a convergent ETRS over 7. Then the noetherian partial ordering >
on T generated by R is defined by s>t iff s=>;{ t. In the following we shall
usually drop the index K.

2.4 Lemma:

Let R be a convergent system on Twith = = =g.

a) The ordering > generated by R is compatible with substitutions, that is,
s>t implies so>tc for any s,te Tand any substitution c.

b) Lets,te T If s =g t and t is R-irreducible, then s>t holds.

Proof: Obvious. =

In the following let AC be the equational system






AC = {xvy = yvX, XAy = YAX, XV(yvz) = (XVYIVZ, XA(YAZ) = (XAY)AZ).
and ACD the system AC U {xv(yAz) = (xvy)A(xvz), xA(yvz) = (xAy)V(XAZ)}.

2.5 Definition (Boolean Algebra):

A boolean algebra is an algebra (B,A,v,) with the binary operators A,v and
the unary operator -, which satisfies: '

a) (B,A,v)is a distributive lattice, that is for all a,be B:

avb =bva aAb =baa

av(bvc) = (avb)ve an(bac) = (aab)ac

(avb)ab =Db (aablvb=b

an(bve) = (aab)v(anc) av(bac) = (avb)alave)
b) (aa-a)vb=b (av-a)ab=Db

The axioms of boolean algebra imply the following well-known
properties of the operators v,A, and -

2.6 Lemma;

Let (B,A,v,m) be a boolean algebra. Then there are 0,1 B, such that for all
a,beB:

avra=1 an-a=(

Ova=a lAna=a

lva=1 Ona=0

ava=a arna=a

—(avb) = ~aar-b -(aAb) = ~av-b

--a=a n
2.7 Lemma

Let (B,A,v,~) be a boolean algebra, and let x1,...,xn€ B with xjA...Axn = 1. Then
xi=1 holds for all ie{1,...,n}.

Proof: Let x1A...AXn = 1. Then xj = (X1A...AXp)vXj = 1vx; = 1 holds for each
ie(1,...n}. ]

In the following we shall consider exclusively the term set 7=7(Fg,%),
where Fpis the signature (A,v,-) of boolean algebra.

For ease of notation, we shall use the following convention: For any te 7,
we define the dual term T, which is obtained from t by simultaneously
replacing each occurrence of v by A and vice versa, and each occurrence of 0
by 1, and vice versa.

In the following equality will tacitly be understood to be equality modulo
AC. Equality modulo BA will be denoted by =, and terms which are equal






under BA, will also be called equivalent. We will use the customary notion
of literals, clauses and a conjunctive normal form (CNF). A term t is called a
literal, iff it is either of the form a, or of the form -a, with a being a constant
or a variable. The term t is a clause, if t = syv...vsy, with pairwise distinct
literals si. A term t is called a CNF-term, if t =siA...Asp, where the s; are
pairwise distinct clauses. A term with topsymbol v is also called a
disjunction, a term with topsymbol A a conjunction, and a term with
topsymbol - a negation.

2.8 Lemma:
There is no convergent system (ACD,R) such that =pcp r coincides with =.

Proof: Let ®=(ACD,R) be a convergent system with =g ==, and let > be the
partial order generated by R. First we remark that from xAx =x, and xv{xay) =
x follows xax > x, and xv(xAy)> x for any x,ye ¥, since the term x is
irredueible.

Consider the term t = xv(yaz). We have
t =ACD (XvY)A(xvZ) =ACD (AXIV(XAZIV(YAXIV(YAZ) > xv(YAZ) = t,
which is a contradiction. [}

2.9 Theorem:
There exists no convergent ETRS (AC,R) such that =poc R coincides with =.

Note that we deal exclusively with term rewriting systems over the fixed
signature Fg. There exists, for instance, a convergent system over the
extended signature (A,v,~,+,*,0,1), see Hsiang (1985).

In order to prove the theorem above, we first provide some lemmata. For
the remainder of the paper, we shall assume that there exists a convergent
system R =(AC,R) for BA. Let > be the noetherian ordering associated with
R.

2.10 Lemma:

The following relations hold:
Oevyday >y
axvx > 1
XVX > X
xv0 >x
xvl>1
X > X

(xvyIa(=xvy) >y






Proof: For each line, the two terms are equivalent according to definition
2.5 and lemma 2.6. Furthermore, each right hand side is obviously
irreducible, hence the assertion follows from lemma 2.4.b. ]

The proof of our main theorem proceeds essentially by considering a
particular term t, and proving that all terms t'z=t are reducible. The
following lemmata will provide two important techniques to prove a term t
reducible, which are used heavily in the sequel. The first states that the
normal form of a symmetric term must be symmetric.

If t is a term containing the (distinct) symbols p,q, and t(p,q) = t(q,p), then
the term t is called symmetric in (p,q). t is called semi-symmetric in (p,q), iff

tp. = t(q,p)-

2.11 Lemma (Symmetry Lemma):

Let x,ye ¥ with xy, and let t=t(x,y) be irreducible. If t is semi-symmetric in
(x,y), then t is even symmetric in (x,y).

Proof: Assume t(x,y)=t(y,x). Then we have t(x,y)>t(y,x), since the latter is
irreducible. But then, according to 2.4.a also t(x,y)o>t(y,x)o for o=(x—y; y—x],
which implies t(y,x)>t(x,y), a contradiction. »

The symmetry lemma can also be stated as follows: If the term t is
symmetric in (x,y), then tl is also symmetric in (x,y).

The next “subterm lemma” shows that a term t is reducible, if a subterm
of t can be replaced by a shorter term, without changing the original term’s
value.

2.12 Lemma (Subterm Lemma):

Let t = s1A...Asp, with n21, and let o={x—tg} be a substitution with xe 1At) and
xe Utg). If 510 £ 51, and S1GAS2A...ASp = t, then t is reducible.

Proof: Assume that t is irreducible. Let s1' = (s16)!, and let t' = s1'AS2A... ASp.
Then, since 510 # 51, and t' = t, we have t'>t. In particular, we have
t'oc > to,
which implies
$1'0AS20A. . .ASRO > §]10AS20A. . .ASnG,
and, since s10 > s1'= s1'0, we have
$1'CAS20A. . .ASR T > §1'CASICA. ..ASR 0,
which is a contradiction. [ |

It should be noted that the assertion of the subterm lemma also holds for
a disjunction t = sqv...vsp.






2.13 Example:
Let t = (xvy) A-x. We show that t is reducible. Let 6= {x—0}. First it is easy to
see that t = ya-x, and y = yo & (xvy). If t were irreducible, then we had
y A0x > (Xvy) A-x
hence
y A0 = (y A-X)G > ((xvy) A=X) = (Ovy) A-0 >y A0
which is a contradiction.

2.14 Lemma:

Let t be a term with Ut) = {xy,...,xn}). Then there is a unique CNF-term
C1A...A Cm, where each G is a clause containing all xj's, and T = t. The term
is called the standardized CNF of t. Each ¢; is called a standard clause of t.
The notion of a standardized DNF is defined analogously.

t

Proof: See, for instance, Rudeanu (1974). n

2.15 Example:
Let t = (-xvy)Aa(=xv~-z). Then t = (~xvyvz)A(=xvyv=z)A(~xv-yv-z) is the
standardized CNF of t.

2.16 Lemma:

If t = t1A...Aln, then for each i€ {1,...,n}, there are standard clauses En,...,'éiki,
with

ti = CilA...ACik;-

!
Moreover,
n N -~ ~ -~
Uizt U= Gj = (Sy,.-., Cnl- |

2.17 Lemma:
Let t = xvy. Then either tl =t, or tl = ~(-xA-y).

Proof: Obvious. n

2.18 Lemma:

Let t = (xvy) A (yv2) A (zvx). Then tie {ty,...,tg}, where






t1 = (xAY) v (YAZ) v (zAX),

ta = ~(ayv-z) v ~(~xv=2) v ~(~yv-x),

t3 = (xvy) A (yvz) A (zvx),

tg = ~(=yA-z) A S(-xA-Z) A ~(=yA-x)

t5 = ~[~(yvz) v -(xvz) v ~(yvx)],

te = ~[(=yA-z) v (=xA=2Z) v (~yA—x)],

t7 = =[(~yv-z) A (axv2Z) A (tyv—x)],

tg = =[-(yAz) A ~(xAzZ) A =~(yAx)].

Proof:

a) Let tl =sjv...vsp, and let T be the standardized DNF of t. Then
t = djvdyvdsvdy, with

d1 =XxAyAZ, d2 = = XAYAZ, d3 = XAYAZ, dg = XAYA-Z.
According to 2.16, each s; is equivalent to a disjunction of dj's. Moreover, tl
must be symmetric in (x,y), in (y,z), and in (x,z), and thus there are only the
following cases: Either tl = sjvsp, with s1 = d1, and s = daovd3vdg, or tl =
s1vsavs3 , with the following possibilities:

s1 =divdy, sp = djvds, s3=divds,

s1 = dyvdavds, s =dyvdivdy, s3 = dyvdavds.
Let tl = s1v s with s1 = di, and s3 = dpvd3vdy, and let 6={z—1}. Then s10 £ s1.
We show that s10v sp =s1v s2: We have

510V 52 = (XAYAZ) v (xayA-z) vda v d3 =

(xAy) vda v d3 = (xAy) v (xayA-z) v da v d3 =s1v s2
Hence the subterm lemma implies that syv s3 is reducible.
Let tl =syvsavss. If s1 = divda = yAz, sp = divd3 = xAz, 53 = djvds = yAx, then
we have either s1 = yAz, s =xAz, s3 =xAy, and ti=t1, or 51 = ~(~yv-2z), s3 =
—(~xv=2z), s3 = ~(-yv-x), and t! =tp. ’
If 51 = dyvdavds = (xvy)Aaz, sp = dyvdavdy = xA(yvz), s3 = djvdavdy = ya(xvz),
then let t={x—0}. It is easy to see that

S1TV S2V §3 = S1V S2V 83,
and s1t £s1. Hence the subterm lemma implies that s1v s2 v s3 is reducible.
b) Let tl = s1A...Asn. Analogously to a) it can be shown that tle {t3,t4} in this
case.
c) Let t = =, with t' = s3v...v sp. Then tl = -sjA...A-sy. Let T be the
standardized CNF of t. Then T = c1AcoAC3Ay, With

Cl = XVYVZ, Z) = “XVYVZ, Z3 = XVIYVZ, Z4 = XVYV-Z.
Then each -s;j is equivalent to a conjunction of ¢j's, and analogously to part
a) it can be shown that either t| is reducible according to the subterm
lemma, or tie{ts,tg}. The case where t' = s1A...A sy is treated analogously. m






2.19 Lemma:

If the terms xv(yaz) and xA(yvz) are both irreducible, then R is not
convergent.

Proof: The assumption of the lemma implies (xvy)a{xvz) > xv(yAz),
(xAy)v(xAy) > xA(yvz), and, in particular, since both yaz and yvz are
irreducible, ~(~yA-z) > yvz, and -~(~yv=z) > yaz. This proves all terms tj,...,t3
of the previous lemma to be reducible, hence R cannot be confluent. ]

Hence it will be assumed in the following that one of the terms xv(yAz)
and xA(yvz) is reducible. It is sufficient to assume the term xv(yAz) to be
reducible, the alternative case admitting an analogical proof. In particular,
this assumption implies that each disjunct s; of an irreducible term ¢t =
S1Vv...VSp is either a negation or an atom.

2.20 Lemma:
Either the term xvy or the term xAy is redudble.

Proof: We consider the term t = (=xvy)Aa(-yvx)a(xvz). Since t is semi-
symmetric in (x,y), but not symmetric, ¢t must be reducible.

a) Let tl = s1A...Asp, where the s; are not conjunctions.

If n23, let a be an arbitrary constant and let 6 = {x—a, y—a, z—-a}. We have t
> tl, and in particular t6 > tl 6, where to= (-ava)a(-ava)a(av-a), and tlo
=8510A...ASn0. From to=1 follows tlo=1, and hence sic=1, for each
ie (1,...,n}. Hence sio > 1, and, since sjo is composed solely of the literals a
and -a, the last step of this derivation must be of the form av-~a = 1. Thus
we have the reduction (-ava)a(—-ava)a(av-a) =;‘ (~ava)A...a(av=-a), where
the second term has n23 conjuncts, which obviously contradicts the finite
termination property of K.

Now let n=2, that is tl = sjAsp. Let T be the standardized CNF of t. Then
f = q1A...Ac5, with

C1 = XVYVZ, C2 = XVIYVZ, C3 = “XVYVZ, &4 = XVYV-Z, C5 = XVYVZ.

We distinguish two cases:

Case 1: 51 is symmetric in (x,y). Then sz is also symmetric in (x,y), since tl
is. From lemma 2.16 follows that s1 and s are equivalent to conjunctions of
the ¢j. Taking into account the symmetry property, there remain the
following possibilities:

S1 = C1ACY, S2 = C3AC4ACS,
S] = C3AC4, OT S1 = C3AC4ACS, and s3 = C1AC2ACS,
S1 = CIAC2AC3ACY, S2 = C5, 52 = C1AC2ACS, OF §2 = C3AC4ACS.






In the first line, let 6={z—0}. We have sj0Asy = t, and sy # s16. From the
subterm lemma follows that s1As3 is reducible.

In the second line, let t={z—1}. We have s1tasy = t, and s1 # 510. From the
subterm lemma follows that sjAsp is reducible.

In the third line, let ¢={x—y}. We obtain in all three cases s1As2¢ = t, and sp
# 570, and from the subterm lemma follows that syas3 is reducible.

Case 2: 51 is not symmetric in (x,y). Then s1 = sp{x—=y; y—x}, and for each ¢;
occurring in sy, ci{x—y; y—x} must occur in s3. Hence both sy and s must
consist of at least 3 cj's, and both contain c5. We have the following
possibilities:

S§1 = C1AC3ACS, 2 = CQACYACS,

§1 = CIACYQACS, 52 = C2AC3IACE,

$1 = CIAC2ACIACS, 52 = CIACIACYLACS,

S1 = CQAC3ACLACS, 52 = CIACIACYACS.
In the first, third, and fourth line, let 6={z—1}. In either case, we have s10As>
= t, and s; # 510, hence sjAs2 must be reducible according to the subterm
lemma.
In the second line, we have s1 = (yvz)a(xv-yv-z), and s3 = (xvz)A(-xvyv-z).
Let t={z—~x}. Since sytAsy = t, and s1 £ 517, 51452 must be reducible according
to the subterm lemma.

b) Let tl =s1v...vsp,. Let T be the standardized DNF of t. Then T =cjveaves,

with

d1 = “xA"yAZ, da = XAYAZ, d3 = XAyA-Z.
Obviously, n<3, since otherwise one s, say sp, would be redundant, that is tl
= S1V...VSn.1, which obviously contradicts the irreducibility of t!. If n=3, then
tl = syvsavss, with s; = di. But then spvs3 = xAy = ~(-xv-y), hence spvss is
reducible.
Thus we have tl = syvsy, where both s; and sy are negations, with the
following possibilities:

s1=d1, s1 =divds, or sy =divdy, and sp =davds,

s1=d3, or s1 =djvds, and sp = djvdy,

s1=dp, sp=dyvds,
In the first line, sp = dyvd3 = xAy = ~(-xv~y) holds. One of the last two terms
is irreducible, hence s; = xAy, or sz = =(-xv-y). But s; is a negation, hence tl
= s1v~(=xv~y), from which follows that ~(-xv-y) is irreducible and thus xay
is reducible. _
In both the second and the third line, let c={z——>.1}. Then s1o0v sy = t, and
from the subterm lemma follows that sjAsj is reducible.
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c) Let t{ = -s. Then either tl = ~(s1v ... vsp), which can be treated
analogously to a), or tl = =(s1A ... ASp). In this case we obtain, similarly to b),
tl = —(sy' A s2"), with s1'=d1', ors1'=di’A da’, or si' =di'A d3' and sp' = dp'A
dj3', where

dy' =xvyv-z, dy' = “xvoyv=z, d3' = “xv-yvz.

First of all, t! = =(s1' A 52') implies that ~(xAy) is irreducible, hence ~xv-y
is reducible. We have sy’ = dy'A d3' = -xv-y, and since sp' is irreducible, s3' =
~(xAy). Now tb = =(s1' A =(xAy)) implies that ~(xA-y) is irreducible, hence
-xvy is reducible. Assume that sy’ is a disjunction, say s1' = ujv...vup. Then
each uyjmust be an atom, since both xv(yAz) and xv=y are reducible. But it is
easy to see that there is no disjunction of the atoms x, y, and z can be
equivalent to one of the terms dy’, d1'A d2’, or di'A d3'. Hence s1' must be of
the form si' = —u, which implies that tl = =(-u A ~(xAy)) is irreducible.
Hence also —~(-x A —y) is irreducible, which implies that xvy is reducible. =

2.21 Lemma:

Either the terms xvy and —(xAy)A—(xAz) are both reducible, or the terms xAy
and ~(xvy)v-(xvz) are both reducible.

Proof-According to the previous lemma, either xvy or xAy is reducible.
Case 1: xvy is reducible. Consider the term t = (=xvy)A(=yvx)A(-xv-z). Since t
is semi-symmetric in (x,y), but not symmetric, t must be reducible. Since xvy
is reducible, tl cannot be a disjunction. Hence we have either tl = sjA...Asp or
tl =-s. The first case is treated analogously to case a) of the previous lemma.
In the case, where tl =-s, we have t! = ~(s1' A 52'), with s1'=dy', or s;'=di'A
do', or si'=di1'A d3' and s2' = dy'A d3’, where

di' = “xvoyvz, d2' = xvyvz, d3' = xvyv-z.
Analogouly to case c) of the previous lemma, we obtain s’ = ~(-xA-y),
hence from ti = —(si' A s2') follows that the term tg:=-(x A <(-xA=y)) is
irreducible, which in turn implies that t1:=—(xAy)A-(xAz), which is equiva-
lent to tg, is reducible.
Case 2: xAy is reducible. Consider the term t = (xvyvz) A (-xv=y). Since xAy is
reducible, t is also reducible, and, moreover, t! cannot be a conjunction.
Hence we have either tl =sjv...vsy or tl =-s. The first case is treated
analogously to case a) of the previous lemma. In the case, where t{ =-s, we
have tl = ~(s1' v s2'), with s1'=d1', ors1'=di'vdy,orsi'=di'vds and sp' =
da'v d3', where

d1' = "xA-yA-zZ, d2"'= XAYAZ, d3' = XAYA-Z.
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Analogouly to case c¢) of the previous lemma, we obtain s3' = ~(-xv-y),
hence from t! = =(s1' A s3") follows that the term tp:==(x v =(=xv-y)) is
irreducible, which in turn implies that ti:=-~(xvy)v-(xvz), which is equiva-
lent to tg, is reducible. _ [

2.22 Corollary:

K is not confluent.

Proof: We consider again the term t = (xvy) A (yvz) A (zvx) = (xAy) v (yAZ) v
(zAx) of lemma 2.16.

Case 1: The terms xvy and ~(xAy)A~(xAz) are both reducible. The reducibility
of xvy excludes ty, t2, t3, t5, tg, and t7 of lemma 2.16 from being irreducible,
and the reducibility of ~(xAy)Aa—-(xAz) excludes both t4 and tg from being
irreducible.

Case 2: The terms xAy and —~{xvy)v=(xvz) are both reducible. The reducibility
of xAy excludes ti, t3, tg, ts, t7, and t3 of lemma 2.16 from being irreducible,
and the reducibility of —(xvy)v=(xvz) excludes both t2 and t5 from being
irreducible. u

This corollary provides the proof of our main theorem 2.4 2
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