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that are interpolating for the Bloch space on the unit disc
almost surely.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

Let H be a reproducing kernel Hilbert space of analytic functions on a domain X of
C%, d € N. A positive regular measure p on X is a Carleson measure for H if H embeds
continuously inside L?(X, ut), namely if there exists a constant C,, such that

Iz gy < Cu lf I3, V€M (CM)

Carleson measures have been studied in various settings, as they have important
applications in harmonic analysis. In this note, we will consider measures generated by
sequences, which are intimately connected to the study of interpolating sequences (see
for example [1,2,9,4]). Let k be the reproducing kernel of H, and let Z = (z,), be a
sequence in X. Define the measure pz as

Kz = Z sznH_2 0z,

neN

Thanks to the reproducing property of the kernels (k., ), condition (CM) then becomes

neN

where ky, := k., /||ks, || is the normalized kernel at the point z,. The last inequality is
equivalent to the boundedness of the frame operator T: H — H, defined formally

T(f) =Y ([ kn) K,

neN

which, in turn, is equivalent to the Gram matrix

G = ((kn, kj))n.jen (1)

inducing a bounded operator G': 2 — ¢2 (see [1, Chapter 9]). We will refer to sequences
that generate a Carleson measure for H as Carleson sequences. In the literature these
sequences are sometimes called Carleson-Newman sequences.

Remarkably, apart from such an operator theoretical reformulation, some well known
spaces of analytic functions enjoy also a geometric characterization for such measures.
For instance, let
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X=D%:={z=(z,...,2%) e C¥ || < 1}

denote the d-dimensional polydisc, and let H = Hﬁ be the Hardy space on D?, that is,
the reproducing kernel Hilbert space on D% with kernel

1
s(z,w) = H o z,w € DY

i=1
The scalar product is the following

9wz = swp [ F0gT0m(C),
']I‘d

0<r<1

where dm is the normalized Lebesgue measure on T?. We will simply write {,) instead of
(,) H2 if no confusion arises. When d = 1, we use the standard notation H?2, rather than
H?. Carleson showed in [7] that if d = 1 a measure p satisfies the embedding condition
(CM) for the Hardy space if and only if it satisfies the one-box condition, namely if there
exists €, > 0 such that

p(S1) < Cull| (OB)

for all arcs I C T, where |I| is the arc-length measure and S; is the Carleson square in
D with basis I:

Sti={z € D\ {0} | 2/ls| € 1,1 - 2| < |1]}.

Moreover if Z is a sequence in the unit disc that is separated with respect the pseudo-
hyperbolic distance, then puyz is a Carlson sequence if and only if Z is interpolating,
that is, if and only if for any sequence of bounded targets (w, ), there exists a bounded
analytic function f on the unit disc such that f(z,) = wy, for all n [7].

On the other hand, the geometry of Carleson sequences for HZ and their relation
to interpolating sequences seems to be much more complicated if d > 2. In general no
necessary and sufficient condition is known for a measure to be Carleson in the polydisc.
Regarding this very interesting problem we refer the reader to the work of Chang [11] and
Carleson’s counterexample [8]. Moreover, in the polydisc an interpolating sequence Z is
separated with respect the pseudo-hyperbolic distance and it is a Carleson sequence for
the Hardy space [22], but such two conditions fail to be sufficient for Z to be interpolating
[4].

In order to understand better Carleson sequences in the multi-variable setting, we
consider random sequences with prescribed radii in the polydisc, and we study the prob-
ability of such sequences to generate a Carleson measure for H3. A random sequence
with prescribed radii in D¢ can be defined as follows. Given a sequence of deterministic
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radii (r,)nen in [0,1)¢ and a sequence of i.i.d. random variables (6,,),cn defined on the
same probability space (2, .A,P) and uniformly distributed in the d-dimensional torus
T4, let A = (\,)nen be the random sequence defined by

An(w) = (r}le%wi(“’), e ,rfLeQ”wz(‘”)), neNwe

In order to state our results, it is convenient to introduce a certain counting function.
To do so we partition D¢ in the dyadic rectangular regions

Ay ={zeDd27m+) <1 |z <27™ i=1,....d}, m=(my,...,mg) € N
and denote by
Nm :#AmAm, mENd

the (deterministic) number of points of A in each A,,. Define |m| :=m; + -+ + mq for
all multi-indices in N¢. Observe that being a Carleson sequence is a tail event since it
is independent of any finite number of random variables. Therefore, by Kolmogorov’s
0-1 Theorem [5, Theorem 4.5], it has probability either 0 or 1. We would like to find
necessary and sufficient conditions on the sequence (r,), such that the corresponding
random sequence is a Carleson sequence almost surely. In [19] Rudowicz proved that for
d =1 a sequence is almost surely Carleson for the Hardy space if

> 27N, < oo (2)
meN

Recently, in [10, Theorem 1.1], with the use of the one box characterization of Carleson
measures (OB), the authors improved Rudowicz’s sufficient condition, showing that in
order for a random sequence to be Carleson almost surely it is sufficient that for some
e, C>0

N,, < Cc20=2m,
Moreover, in [13, Theorem 1.3], a Rudowicz type sufficient condition has been obtained
for Carleson sequences for the Hardy space in the polydisc. Our first main result is the

sharp version of the 0 — 1 law for random Carleson sequences in H3, for all d > 1.

Theorem 1.1. Let d be a positive integer and A be a random sequence in D®. Then,

1 if N, < C20=9lml for some e,C > 0,

P (A is a Carleson sequence for H) =
0 otherwise.

(3)
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Notice that for d > 2 the one-box condition (OB) is unavailable, hence the techniques
used in [10] do not provide insights to the proof of Theorem 1.1. We look instead at the
random Gram matriz generated by the kernel vectors associated to the random sequence
A asin (1), bypassing the difficulty of not having a geometric characterization of Carleson
measures for the Hardy space in the polydisc.

Another ingredient for the proof of Theorem 1.1 is the 0 — 1 law of random sequences
that can be partitioned into finitely many separated sequences with respect to the pseudo-
hyperbolic distance in D¢. More specifically, let

Z'—w'

p(z,w) ;== max , z,w € DY

i=1,....d

1 — wiz

denote the pseudo-hyperbolic distance in the polydisc. We say that a sequence Z = (z,,)n
in D¢ is separated if

inf p(zp,z;) > 0. (S)
n#j
Random separated sequences have been first studied by Cochran [12] who proved
that if d = 1 then (2) is a necessary and sufficient condition for a random sequence to be
separated almost surely. In [13], the authors extended Cochran’s result to the polydisc.
Our next theorem extends this results to finite unions of separated sequences.

Theorem 1.2. Let A be a random sequence in the polydisc. Then for all M € N,

Loaf > NAFMo—Miml < o)

P (A is the union of M separated sequences) = meN (4)
0 if S NirMo—Mim| — o
meNd

It turns out that p(z,w) coincides with the largest absolute value that an analytic
function on D? bounded by 1 that vanishes at w can attain at z. The solution of the
same extremal problem in Hg gives raise to the distance

|<5275w>‘2 d
=1 - —— c De.
palz;w) R

Since p and p; are comparable, one can replace p with ps in (S), and this describes the
same sequences. Since any Carleson sequence for H3 is the finite union of separated se-
quences with respect ps, [1, Proposition 9.11], the second half of Theorem 1.1 is therefore
deduced from the second half of Theorem 1.2.

Concerning interpolating sequences for H*° in the polydisc, a sufficient condition of
geometric flavor has been obtained by Berndtsson et al. [4]. It states that if a sequence
Z = (zn)n satisfies the uniform separation condition, i.e.,
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J?g jl;[n p(25,2n) >0, (5)
then it is interpolating. This is in fact an equivalence for d = 1 by Carleson’s Theorem,
but not for d > 2. In [13, Question 1], the authors asked if a random sequence A, which
is almost surely weakly separated, must satisfy, almost surely, the uniform separation
condition. Although Theorem 1.1 doesn’t answer the above question, it is coherent with a
positive answer since both conditions imply the Carleson measure condition. This might
reinforce the belief that there is an affirmative answer to the aforementioned question.

The last part of this article is devoted to the study of random Carleson sequences for
the Hardy space on the unit ball. Let B; := {z € C?| Zle |21]? < 1} denote the d-
dimensional unit ball on C?. The definition of a random sequence A = (\,,),, in the unit
ball is reminiscent of the analogous construction on the unit disc: given a deterministic
sequence of radii (ry,), in (0,1) and a sequence (&), of i.i.d. random variables defined
on a probability space (2,.4,P) and uniformly distributed on the unit sphere 9B4, one
defines

/\Tl(w> = rngn(w% neNwe Q.

For all m in N, let
Ny o= #AN {27+ <1 |2| < 27} C B,.

The question of whether A generates almost surely a Carleson measure for some
significant spaces of analytic functions on the unit ball has been investigated in [13] and
[16]. For all 0 < a < d, denote by B the reproducing kernel Hilbert space on By having
kernel

1
k9 (2) = B
w (Z) (1 — <Z,w>(cd)d7a’ zZ,w € by,

where (z, w)ca := Zle Z'wi. For a = 0, B is the Hardy space on the unit ball, while
for 0 < a < d one obtains a range of Besov-Sobolev spaces, including the Drury-Arveson
space (a = d — 1). For more information about Besov-Sobolev spaces see [23] and [14]
for the Drury Arveson space.

Regarding random Carleson sequences for BY, for all 0 < a < d the same phenomenon
observed in [10, Theorem 1.4] for the unit disc occurs on in the unit ball: A generates
a Carleson measure for Bj almost surely if and only if it is a finite measure (see [13,
Theorem 4.3]). We show that this is not the case for a = 0, as the 0 — 1 law for Carleson
sequences for the Hardy space on the unit ball resembles the one for the unit disc and
the polydisc, refining a theorem of Massaneda [16, Theorem 3.2].
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Theorem 1.3. Let A be a random sequence in the unit ball. Then

1 if Ny < C200=9™ for some e,C > 0,

P (A is a Carleson sequence for BY) =
0  otherwise.

The paper is structured as follows. Section 2 contains the proof of Theorem 1.2. An
analogous result for the unit ball has been obtained by Massaneda in [16, Theorem 3.4].
The probabilistic tools that we use are contained in Section 2.1, and they differ from the
ones used in Massaneda’s work.

As a by-product of our study of random sequences that can be written as the union
of finitely many separated sequences, we find in Section 3 the 0 — 1 law for a random
sequence in the unit disc to be interpolating for the Bloch space.

Section 4 contains the proof of the first half of Theorem 1.1. The main tool used,
Theorem 4.3, comes from the theory of random matrices, and it allows us to estimate
the probability that some diagonal blocks of the random Gramian G are big in norm.
Section 4.3 contains some additional remarks on random Carleson sequences for Dirichlet-
type kernels in the polydisc. Finally, in Section 5 we prove Theorem 1.3.

1.1. Notation

If f and g are positive expressions, we will write f < g if there exists C > 0 such
that f < Cg, where C does not depend on the parameters behind f and g, or <, if the
implicit constant C' depends on a. We will simply write f ~ g if f < gand g < f. Finally
when f and g are expressions for which we can consider the limit of their quotient, with
f ~ g we mean that lim f/g = 1, while f ~, g means that lim f/g is equal to a constant
that depends on a.

2. Union of finitely many separated sequences
2.1. A probabilistic tool

Let IV and n be two positive integers, and consider the problem of placing n points at
random into N boxes, where the boxes are chosen independently for each point, and for
all points each box has the same probability of being chosen. We are interested in the
random variable u,(n, N) that counts the number of boxes in which there are exactly
r points. We want to estimate, for n, N — oo, the number P (u,(n, N) = 1). The tools
that we are going to use come from [15]. Define

—«

r!

2
« a—r a—r
af = (1 — Pr — —( ) pr) Qp 1= T _;T.
-
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Consider i.i.d. random variables 71, . . ., 7y having Poisson distribution with parameter
()

%

o and let {y =1 + - -+ + nn. Similarly, define 7
with distribution

,i=1,...,N ii.d. random variables

(o = 1) = B(m =l #7)
and by Cj(\?) the sum of the 771@.

Lemma 2.1 ([15, Lemma 1, p.60]).

N%P(Cz(\;)—k =n—kr)
P(({n =n)

Pl (0. 3) = 1) = () )k =)

Theorem 2.2 (15, Theorem 1, p.61]). If m — oo and am — oo, then for fized r > 2,

1 _ (=map)?
P =1) = ——=e 7 (1+o0(1)),
€ =0=—5— (1+0(1)
uniformly with respect to lg% in any finite interval.

The precise statement of the theorem is the following. Fixed r > 2 and M > 0 and
consider the domain of parameters

l — ma,

or/m

Then, for every € > 0, there exists Co = C(e, M,r) > 0 such that

D(M,r) :={(m,a,l) € N x (0,00) x N : < M}.

(l—mag,)?

P =)o, V2mme zmer — 1’ <e,

for all (m, a,l) € D(M,r) such that m,am > Cy.
As a Corollary, we prove the following variation of [15, Theorem 3, p.67].

Corollary 2.3. Suppose that « — 0 and Np, — 0 for n, N — oo. Then for fized r > 2,

o Pln(n ¥ =1)

=1.
n,N—oco Npr

Proof. From Lemma 2.1 we have that
P( 1(\;)—1 =n-r)

Py, (n, N) = 1) = Np,(1 — p,)V ! P(Cy = 1)
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We want to use Theorem 2.2 with m = N —1 and [ = n—r to estimate IP’(C]\; L =n—r).

l m‘” remains bounded with our choices. Notice that since

Hence we need to show that
a — 0 we can assume Wlthout loss of generality that o < 1. We have

I—ma, n—r—(N-1)a,
ovm g /(N-1) ")

Since p, ~, a” we have that 02 ~, o and so 0,.4/(N — 1) ~,. \/n. Furthermore

- T Nr_ T
n—r—(N—l)aT:n—r—(N—l)a TP _TNPr_mprorhQ
1—pr 1—pr

which remains bounded since Np, — 0 and r is fixed. So we have obtained that (7) goes
to 0 for n, N — oo and so it remains bounded. We can finally apply Theorem 2.2:

1 _(n—r—(N-1)ay)? 1
PV =n—r1)= —————c Ui (1+0(1))

or/2m(N — 1) Vor

Since ( follows a Poisson distribution, using Stirling formula we have
n" 1
= e .
n! V21mn

Finally, we have that (1 —p,)¥~! = [(1 — pr)ﬁ]pT(N_l) ~, 1. The result now follows
from (6). O

2.2. Random separated sequences in the polydisc

We shall now show how Corollary 2.3 can be applied to prove Theorem 1.2:

Proof of Theorem 1.2. For all m in N¢, divide the d-dimensional torus T¢ into 2/
dyadic rectangles {R]" |j; = 1,...,2™¢ i =1,...,d} of side-lengths 271 ... 274 je.

Ry :={x=(21,...,2q) € [0, )| (ji — 1)/2™ < a; < ji/2™}, ji=1,...,2™.

Let’s also label {\,.1,. .., Am. N, } the random points in A,,. Forany I C {1,..., Ny},
let Q(m, I) be the event that the arguments of the points {\,, ;|7 € I} are in the same
dyadic rectangle R . Define

as the event that M + 1 of the N,,, random arguments of points in A,, fall into the same
dyadic rectangle. Moreover, the 6; are independent and identically distributed, so the
probability of each Q(m, I) is equal to 2=™(I=1),
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Suppose ), cnd NHMo=ImIM < o6 for some M > 1. Since for every M € N,

(M +2)M+

(M + 1) > =

then

M+1
N N o N ™' _ (e NM+L
M+1) = (M+1)! ~ \ M +2 "

So we finally obtain

N, |m|M e ! |m|M
P(Q, < mo)mimiM < NMALg=|m[M 8
( ”M)_<M+1> _<M—i—2) m ®)

This, in principle, doesn’t exclude the possibility that many random arguments are
very close to each other with high probability, even if they belong to different rectangles.
To take care of such eventuality, one can just shift the rectangles by 2=™¢~! modulo 1
in each direction and repeat the above argument. Therefore (8) controls the probability
that M + 1 arguments of the points in 4,, belong to a rectangle (non necessarily dyadic)
of side-lengths 2™, ¢ =1,...,d. Moreover, two points in A,, whose arguments are not
in the same rectangle of such dimensions are at a uniform mutual pseudo-hyperbolic
distance, hence thanks to Borel-Cantelli’s Lemma, A can be almost surely partitioned
into M weakly separated sequences.

Now suppose Y., o NMH127ImIM = oo We will show that A is not almost surely
the union of M weakly separated sequences by showing that for all [ in N, almost surely
there are infinitely many clusters of M + 1 points in A in the same pseudo-hyperbolic
ball of radius 2~¢. Fix [ in N, and given m in N¢ divide A,, into 2% regions by refining
the dyadic partition that defines A,, [ times in each direction. Namely,

. —m;+1 j_l i —m;+1 .7 .
A%.—{ZGAm‘Qm +m§l—‘z|<2 " +W;Z—1w'wd}7

Gji=1,...,2%

Since A,, contains N, points of A, then there exists one A7 , say J,,, that contains
at least L,, > N,,/2% points of A. If m @ 1 := (my +1,...,mgq + 1), then every point
in D¢ whose radii is in .J,,, and arguments are in the same dyadic rectangle R;"’@l are
in a ball of pseudo-hyperbolic distance comparable to 2~¢. Therefore, we need to apply
Corollary 2.3 to up(N,n), with N = 2/™mI*d and n = L,,. By eventually removing
some radii from the sequence (r,),,cn¢, We can assume without loss of generality that
Ny,2-Im = 0, while Y omeNd NEFMo=MIm| ig oti]l divergent (clearly if the associated

|m|—o0
random sequences are not the union of M weakly separated sequences almost surely, so

it won’t be the one associated to the whole sequenced (7,)mene)- In this setting, using
the notations of Corollary 2.3
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a=a, <N,,27Im=d g DM =DPMm ™~ ap /M! — 0,

|m|—o0 |m|—o0 m |m|—o0
thus

Pupr (2™ L) = 1) ~py LLFMo=Miml > N1+Mo—Mim|—di(14+M)

|m|—o0

Thanks to Borel-Cantelli Lemma and the divergence of the series Y, .o Nyt 27 M m|,
we obtain that almost surely infinitely many of the regions (A, ),ene contain a cluster
of M +1 points in a pseudo-hyperbolic ball of radius comparable to 2. Since this is true
for all [, we conclude by taking an intersection of countably many events of probability
1. O

In particular, this gives the 0-1 for A to be the finite union of weakly separated
sequences almost surely, which for the sake of completeness we formulate via the following
three equivalent conditions:

Corollary 2.4. Let A be a random sequence in D®. Then the following are equivalent:

(i): A can be partitioned almost surely into finitely many weakly separated sequences,
(ii): There exists an M in N such that

S MMM < o,
meNd

(iii):  There exists an € > 0 such that
N, < 20-9)ml

(iv):  There exists some 8 > 1 such that

S N2 <o,
meNd

3. «-Carleson measures in the unit disc and interpolating sequences for the Bloch
space

quence of points Z := (z,), C D is a y-Carleson sequence if the

Let v € (0,1). A se
=3, (1 = |2,]?)7 6., satisfies the one-box condition

measure fhz ~ :

1~(S1) Sz 1.

In [10, Theorem 1.4] the authors found the 0 — 1 law for a random sequence A in the
unit disc to satisfy the « - Carleson condition:
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Theorem 3.1. Let A be a random sequence in D and let be v € (0,1). Then,

if Y men Nm277™ < oo,

1
P(A is y-Carleson) = { _ .
0 if Y en N2 = o0

As an application of Theorem 3.1 and Theorem 1.2, we give the 0 — 1 law for random
interpolating sequences for the Bloch space on the unit disc.
A holomorphic function f: D — C belongs to the Bloch space B if

I1flls = £ (0)] + sup(1 — [2]*)|f'(2)] < oo
zeD

We are going to consider interpolating sequences for B as described in [6], where Z =
(2n)n is said to be interpolating for the Bloch space if for every collection of values (a,)n
such that

|an — am|

sup ——— < o0
n#m ﬁ(ana am)

there exists a function f € B such that f(z,) = a,, where § is the hyperbolic distance
in D. This choice for the trace space is motivated by the fact that if f € B then |f(z) —
fw)] < |IfllgB(z,w). In [6] Bge and Nicolau characterized such interpolating sequences:

Theorem 3.2. A sequence of points Z in the unit disc is interpolating for the Bloch space
if and only if it can be expressed as a union of at most two separated sequences and there
exist 0 < v <1 and C > 0 such that

#{neN:p(z,z,) <r} < (9)

(1=r)’
forall z e D.
As proved in [20] and noted also in [18], condition (9) is equivalent to Z being ~-

Carleson for some vy < 1.
The 0 — 1 law for random interpolating sequences for the Bloch space reads as follows:

Theorem 3.3. Let A be a random sequence in ID. Then

1 N32-2m o
P (A is interpolating for B) = i 2imen N >
0 i ey N3272" = o0,

Proof. Suppose > N3272™ < co. By Theorem 1.2 we know that A is almost surely an

m
union of 2 separated sequences. Furthermore we know that
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2771
N, < 25,
Take 2/3 < v < 1, then

STN2m < N 2707 <o,

meN meN

and so by Theorem 3.1 we have that A is almost surely v-Carleson for v > 2/3. By
Theorem 3.2, we can conclude that A is almost surely an interpolating sequence for the
Bloch space.

Suppose now Y N2 272" = oo. Then by Theorem 1.2 we know that

P (A is the union of 2 separated sequences) = 0,
thus A is almost surely not interpolating for B. O
4. Random Carleson measures in the polydisc
4.1. Preliminaries on Gramians

Let H be a Hilbert space, and let V = (v,),en be a sequence in H. The associated
restriction map Ry : H — CN is defined as

Ry (h) == ((h,vn)),en»  h € H.

The sequence V is said to be a Bessel system if Ry maps H continuously into ¢2. In
particular,

Vis a Bessel system <= Ty :=(Ry)*Ry is bounded <= Gy := Ry (Ry )" is bounded.

The operator Ty : H — H is usually referred to as the frame operator associated to
V', and acts as follows:

Ty (h) = Z(h,vn> Up, heH.
neN

The operator Gy : 2 — (2 is the Gramian of the sequence V, and, with respect to
the standard basis of £2, it is represented by the infinite matrix

(<’Um7)j>H)n’j€N

Let H = Hj be a reproducing kernel Hilbert space with kernel k£ on a set X, and let
Z = (zn)neN be a sequence in X. The measure
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-2
Kz = § [k, 177 6,
neN

is a Carleson measure if H; embeds continuously in L?(X, up ). Therefore, A generates a

Carleson measure for Hy, if and only if the sequence of normalized kernels (k. /|[k-,, ||),,cn

forms a Bessel system in Hy, that is, if and only if the Gram matrix

k k.,
o= (e )
”kzn ”kZJ” n,jeEN

defines a bounded operator from ¢2 to itself.

The following two Lemmas will be relevant for the proof of Theorem 1.1.

Lemma 4.1. Let N = UjeN I;, where each I is finite, and suppose thal a sequence
V = (vn)neN in a Hilbert space is such that

(v, v) =0

whenever n € I;, k € Iy, and I; N I; = 0. Suppose that

M :=sup#{k|I;N1I;} < oco. (10)
jeN
Then
|Gyl <M sup |Gy, |, (11)
J

where V; = (vn)ner, -

Proof. Since

ZGV7 -Gy
J

is positive semi-definite, one has that

IGvl < |I> 6y,
J

Thanks to Cotlar-Stein Lemma,

ZGVj <V Cw,
J
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where

Co —supz 1Gv,GYll, Coo = S‘;PZ«/||G*ij\/z||-
J

Thanks to (10), fixed any j, Gy, and Gy, have not orthogonal ranges at most M
times, thus (11) holds. O

In what follows, if h € H is a vector of a Hilbert space we will denote by hh* the
rank one operator on H which acts naturally as follows, hh*(x) = (x,h)h, = € H. Let
Z = (Zn)nen be a sequence in D?, and let, for all n, S, be the normalized Szegd kernel
at z,. The measure iz :== >, S, (2,)7 10, is a Carleson measure for H3 if and only if
the frame operator T associated to the sequence (Sy,)nen C Hg is bounded, where

T(f) =Y {f, 5 <ZSS*> ,  feH.

neN neN

Define, for all a < b in N,

as the frame operator of the kernel functions associated to points in the annuli {A4,, |a <

|m| < b}. By writing each \S; in their coordinates with respect to the monomials basis
of H?

(H 1|z|2> Yzt zeDd,

leNd

we will be able to use some results on the highest eigenvalue of random matrices that
can be written as the sum of rank-one independent components. Since such components
must be finite dimensional square matrices (see Theorem 4.3 below), we need first to
approximate the vectors (S;),en using partial sums. Fix a L in N, and let

b
Thy =3 Y PuS)(PL(S))”

Im|=a z; EAm

be the frame operator of the collection {PL

zj € U Am },Where

Im|=a

d
Pr( (H /1 ;|2> Z z 2 z e D
i=1 l1,.

1yeesla <L
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Fixed a and b and set N, := mel:a Np. We seek how large must L be for ||T}, ]|
and HT[iMH to be close.

Lemma 4.2. For alla < b in N and for any L in N
[ Tia,0ll < 1T 1l + CNpay (1 = 27°)%5 (12)
Proof. Thanks to orthogonality,
T[a’b] == T[(l;,b] + T[ﬁ,bp

where T[g’b} is the frame operator of the collection {(Id — Pr)(S)) |2 € U\bm|:a Am}.
Thus [|T}4,5] and HT[ﬁ’b]H differs at most by ||T[§’b]\|. Notice that for all f in H?

b
Yo D> (L Ud—P)(S)) (Id— Pr)(S))

|m|=a z; € Am

b
< Ny Il sup S [|(Td = PL)(S)I |z € | Am
Im|=a
d ) b
= N IFll sup 1 =] =z |z € | Am
=1 |m|=a

< Ny 171 (1 ~(1-(- 2b>2L)d)

Sa Niagy [IF]] (1 =27°)F,
since for all z; € A, |m| = a,...,b, one has that

| <1—27m<1-27Iml <127 i=1,...d. O
4.2. Random Szegd Gramians

We are now ready for the proof of Theorem 1.1. Thanks to Corollary 2.4, if N, &

2(=a)lml for every € > 0, then A is almost surely not the union of finitely many separated
sequences. Hence, [1, Proposition 9.11], A is not a Carleson sequence almost surely.
Let A be a random sequence in D¢, and assume that N,,, < 2= for some ¢ > 0. The
idea is to arrange a (deterministic) decomposition of the associated random Gramian G,
by writing it as the sum of a sequence of overlapping blocks and the remaining off-blocks
part. More precisely, set

I;:=[2"127/e)nN,  jeN.
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Let Gy = G1+ G4, where the entries of G; coincide with the ones of G on the overlapping
blocks (X;)jen, X; being the Gram matrix of the collection

{Sn ‘ /\n € Ama |m‘ € Ij}’

and they are zero elsewhere. G5 instead is zero on the overlapping blocks and carries the
entries of G outside of such blocks. We prove Theorem 1.1 by showing in two separate
steps that G; and G5 are bounded almost surely:

Diagonal overlapping blocks estimates The key result that we are going to use from the
theory of random matrices can be extracted from the matrix Chernoff’s inequality, [21,
Theorem 1.1]:

Theorem 4.3. Let T be the frame operator of finitely many random independent vectors
vi,...,on in CLand let p:= [E(T)||. If ||v;|| <1 for all j almost surely, then

Sy
e
P(|T||>(1+6 <L |—— 6> 0.
(= aeom <t (o) o2

A computation shows that by our choice of the sequence (I;);, the number of overlaps
of the blocks that compose Gy is uniformly bounded by M. :=log,(1/¢) + 1. Therefore,
thanks to Lemma 4.1 in order to show that G is bounded almost surely it suffices to
show that

sup ;| < o (13)
J

almost surely. Notice that X; is the Gram matrix associated to the frame operator

Tla; b;)> Where a; = 2/=1 and b = = 27 /e. Consider T, [a by] where L; = 23% 50 that

2% 0. (14)

bjA)OC

N[aj)bj](]- _ 2—bj)2Lj 55 22(1—5)1)]'(1 _ 2—bj)

Thanks to Lemma 4.2, || X;| and ||T; [a b ]|| are closer than an uniform constant. We

have, with respect to the coordinates given by the monomials in Hg,

Tl o) = Z > Pr(Sa)(Pr,(Sn))*

Im|=a; An€Am

bj d I
_(ri)2 Pl o=i0n(k=1) 7
> (I [0 -0 ) vk | -

|m|=a; Ap€Am \i=1

where
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d

k4l —i0,(k—1) _ i Nki+li ,—i0% (ki—1;
Tn € ( ) - H(Tn) € ( )

i=1

Hence the expectation of T[i"f b1 is diagonal, and its norm is
707

bj b; ,
(i )= 3 mais 35 amse

Im|=a; Im|=a;

Fix a positive number A, to be determined later. By applying Theorem 4.3, 0; :=
I% — 1, we obtain

F (HT[Lj > A) < L}i (,Uj 6>A—p,j

a;,b;]

since b; = 2a;/e. It suffices then to pick A > 12 and Borel-Cantelli Lemma gives (13).

Off diagonal estimates We are left with showing that G2 is bounded almost surely,
under the assumption that N,, < 2(1=9)I™I The advantage of taking overlapping blocks
in the first step of our proof is that the entries that are left composing G are far away
from the diagonal, hence we can exploit the decay of their expectation. We show that
E(||Gz|lus), the expectation of the Hilbert-Schmidt norm of Ga, is finite, concluding the
proof of Theorem 1.1. Thanks to [13, Remark 3.2], if A, is in A,, and X; is in Ay, then

—r2)(1—1r? d
B (5,57 = LT L (15)

1—ryr;
nJ i=1

Thus the expectation of the square of the Hilbert-Schmidt norm of the off-diagonal block

((Snz Sl>))\"€A.m,/\l€Ak

of G is controlled by H_N’"Nl . Hence

2m J,»Qli
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E(IGals) = Z >N NzHQm —on

J=1|m|=27-11|>27 /e

e 9(1—=&)(|m|+|i])

Z Z Z olml L olll

=1 |m|=2-1 |1|>27 /¢

f: i p0-alml 3 geli
=1 |m|=

2i-1 11> /e
o 27
<Z Z 2(1—£)|m\ Z Sd—12—as
J=1|m|=27-1 §>27 [e
oo 27 )
<Z Z (175)|m\72-7(175/2)
J=1 mj=2i—1
oo 27
<Z Z ,r,d 12(1 e)r—27(1—¢/2)
j=1r=2i-1
oo
1
SZZd] 27 < 00

This concludes the proof of Theorem 1.1.

4.8. Random Dirichlet Gramians

Given a random sequence A in the polydisc, one can ask whether it generates a
Carleson measure for a reproducing kernel Hilbert space other than the Hardy space.
As in the one variable setting, for all 0 < a <1, let D be the associated Dirichlet-type
space on D?, that is, the reproducing kernel Hilbert space having kernel

d 1
0 (e) = | Lt T a<0<
ITies zlg log 1_%% a=1

Let S(a)( ) = k(a) (2)/ ij(a) denote the associated normalized kernel. The case a = 0
corresponds to the Hardy space, while the case a = 1 corresponds to the Dirichlet space
on the polydisc. In order to study random sequence on the polydisc that are Carleson
for the spaces D2, we first extend (15) to this setting:
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Lemma 4.4. Let A = (\,,), be a random sequence in the polydisc. Then

d W 0<a<1/2
]E(|S(a)()\m>\j)| ) ~ H(l S 7'3)1 a logﬁw 0=1/2
- 1 1/2<a<1

Proof. First, observe that it is enough to prove the Lemma for the case d = 1, since the
d coordinates of each random variable 6,, are independent, and the expectation of the
product of independent random variables factorizes. Write then

k(a) ch z,w e D
1=0

where ¢; ~ (14 1)~®. Hence
E(|S (A, A))

~(1 =)t - rj)lfa Z clcr(rnrj)HTIE(ei(l*T)(e"*ef))
l,r=0

(=) =) Y )
=0

and the Lemma follows. O

Since all the kernels involved are invariant under rotations, A generates for all w in 2
a finite measure for D§ if and only if

DR = Y Ny2m Ol < oo (16)

neN meNd

Recall that for d =1 and 0 < a < 1, (16) is also sufficient for A to generate a Carleson
measure for D%, see [10, Theorem 1.4]. Thanks to Lemma 4.4, this can be seen to be true
also in the multi-variable case, though our argument covers only the case 1/2 < a < 1.
Indeed, if (16) holds, thanks to Lemma 4.4, 1/2 < a < 1, one obtains that

E (D150 ) | = D E (150w A) )

n#j n#j

= IR )72 < oo,
n#j

hence the Gram matrix of A in D§
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G5 = (S0 A))

n,j

is almost surely a Hilbert-Schmidt perturbation of the identity. In particular,

Corollary 4.5. Let d > 1, and let A be a random sequence in D. For all 1/2 < a <1,

1 if 3 mena N2~ (m0lml < oo

(17)
0 if ZmGNd N,, 2~ (=a)lm| =

P(Ais a Carleson sequence for Dg) = {

We conjecture that Corollary 4.5 holds also for 0 < a < 1/2. The random matrix
argument used in Theorem 1.1 for the case a = 0 can’t be used to prove (17) for
0 < a < 1/2, since it requires that the sequence (N,,27™I), cna decay exponentially. A
geometric sufficient condition for Carleson measures for D in the deterministic setting
is only available for d = 2, 3: see [17] for the case 0 < @ < 1 and [3] for the case a = 1.

5. Random Carleson measures on the unit ball

The proof of Theorem 1.3 relies on some properties of positive semi-definite matrices.
An infinite matrix A = (ay;)n,j, is positive semi-definite, A > 0, if for any N > 0 and
c1,...,cy in C

N
Z CnCjan; > 0.

n,j=1

For instance, any Gram matrix associated to a sequence of vectors (vy,), in a Hilbert
space is positive semi-definite. A noteworthy result about positive semi-definite matrices
is that if A = (an;)n,; and B = (bn;)n; are positive semi-definite, then A ©® B :=
(@njbnj)n,; is positive semi-definite as well. As a corollary, one proves the following:

Lemma 5.1. Let A: (2 — £2 be a bounded infinite matriz, and let H be a positive semi-
definite infinite matriz having all the entries on its main diagonal equal to 1. Then
lAe H| < Al

Proof. The norm of A is the least C' > 0 such that

C%*Id— A>0. (18)

By Schur multiplying the left hand side of (18) by H, we obtain that C?Id— A® H > 0,
hence |[A® H|| < C. O

This, together with [13, Theorem 4.3] and [16, Theorem 3.4], provides the proof of
Theorem 1.3:
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Proof of Theorem 1.3. If N,, £ 2¢(1=2)™ for every € > 0, then thanks to [16, Theorem
3.4] A is not the union of finitely many separated sequences almost surely with respect
to the pseudo-hyperbolic metric

(1= [2[*)( = |w*)
|1 - <Zaw>Cd|2

plz,w)? = 1—

hence the Gram matrix

(1= [eP)2 (1 fwp)?
(1= (s wes)”

Gy =

n,j

is not bounded almost surely, and A does not generate a Carleson measure for the Hardy
space. On the other hand, if there exists a positive € such that N,, < 2¢1=5)™ then
A generates a finite measure for BY for some 0 < v. Hence, [13, Theorem 4.3], A is a
Carleson sequence for BY almost surely, and the Gram matrix

(L= [2) 2" (1= fw]) 2"

Gp =
: (1 (zw)ca)™"

n,j

is bounded almost surely. But since G is the Schur product between G} and Gfl(” then
G is bounded almost surely thanks to Lemma 5.1, hence A is Carleson for the Hardy
space almost surely. 0O
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