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ABSTRACT
In this paper, we report on the implementation of CC2 and CC3 in the context of molecules in finite magnetic fields. The methods are applied
to the investigation of atoms and molecules through spectroscopic predictions and geometry optimizations for the study of the atmosphere
of highly magnetized White Dwarf stars. We show that ground-state finite-field (ff) CC2 is a reasonable alternative to CCSD for energies
and, in particular, for geometrical properties. For excited states, ff-CC2 is shown to perform well for states with predominant single-excitation
character. Yet, for cases in which the excited state wavefunction has double-excitation character with respect to the reference, ff-CC2 can easily
lead to completely unphysical results. Ff-CC3, however, is shown to reproduce the CCSDT behavior very well and enables the treatment of
larger systems at a high accuracy.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0189350

I. INTRODUCTION

In recent decades, the chemistry in extreme environments has
increased significantly as an active area of research.1–9 Studies of
atoms and molecules in strong magnetic fields began already in the
1980s and 1990s 10–15 and the interest was revitalized in the 2000s
for the study of molecular magnetic properties as well as molecules
in magnetic fields with an arbitrary strength and orientation.16–29

Theoretical investigation of molecules in magnetic fields that are
unattainable experimentally attracts special interest as it enables, for
example, the study of the atmospheres of magnetic White Dwarf
(WD) stars. The magnetic field on these celestial objects can be
strong enough to compete with Coulomb interactions.30–34 The
study of WDs aims to achieve a deeper understanding of the life
cycle of stars and evolution of the universe in general.10,15,30–44

The additional fact that in the atmospheres of WD stars molecules
are observed44 offers a unique opportunity to study the exotic
chemistry that arises when the magnetic interaction is at the
same order of magnitude as the Coulomb interaction.7 Concerning

quantum-chemical studies for such systems, both the magnetic
and Coulomb interaction need to be treated with non-perturbative
quantum-chemical methods. These so-called finite-field (ff) meth-
ods require the use of complex algebra and deal with the gauge-
origin dependence in the Hamiltonian. The use of complex algebra
increases the computational cost, due to the need to handle com-
plex rather than real values, and matrix multiplication is 3–4 times
slower as compared to the real case.45 Nowadays, gauge includ-
ing atomic orbitals (GIAOs) also known as London orbitals46 are
typically employed to ensure gauge-origin independent results.17

Implementations of different ff-methods in quantum-chemical pro-
grams that can handle arbitrarily oriented magnetic fields have been
carried out in various program packages.25,47–54

Strong magnetic fields alter chemistry in such a way that com-
mon chemical intuition is no longer applicable. The combination
of competing paramagnetic and diamagnetic influences may alter
the ground state of atoms and molecules.21 Unusual phenomena,
like perpendicular paramagnetic bonding,7 may also take place.
Ff-coupled-cluster (CC) methods55 are a valuable tool to study this
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complex behavior, since they give highly accurate results with a
clear way for systematic improvement.21 In addition, excited states
may be studied by the ff-variants of equation of motion (EOM)-CC
theory.21,22,56–58

The most common CC variant used is probably “CC singles
and doubles” (CCSD) theory. This method can be used for states
described well by a single determinant and is applicable for small-
to medium-sized molecules.59 Regarding larger molecules, its use
is limited due to the unfavorable N6 scaling, with N being the sys-
tem size. In ff-calculations, the formal scaling is identical albeit
with a larger prefactor. Molecular symmetry may be exploited using
group theory to moderate the computational demands even in ff-
calculations,60–62 though the symmetry is typically reduced by the
magnetic field.63–65 Additionally, approaches that aim to lower the
computational cost by approximating the four-center two-electron
integrals like the Cholesky Decomposition (CD)28,66–68 or the Res-
olution of the Identity (RI)26,69 have merit in combination with
ff-CC methods, though they do not lower the overall scaling in
CC calculations. Another way to moderate the cost of standard CC
truncations is by approximating the amplitude equations. Such an
approximation is offered by the CCn series of methods that lower
the scaling of the parent method and are based on perturbation
theory.70–73

CC2 is an approximation to CCSD and provides a lower scal-
ing while often retaining a similar accuracy for energy differences.70

The method is used exceedingly either to study larger molecules or
to benchmark results from more approximate methods when CCSD
is too expensive.74–84 The approximate CC2 method scales similarly
to MP2, i.e., with N5, but, due to the inclusion of single excitations
acting like an approximate orbital response, gives results of higher
quality, especially for properties.70,85,86 Accordingly, spin contami-
nation at the CC2 level is significantly reduced compared to MP2.87

An essential feature of CC2 is that, unlike MP2, it can be rigorously
extended to target excited states (EOM-CC2), thus enabling their
treatment in larger systems at the CC level.

In certain applications, an accuracy beyond CCSD may be
needed. This is for example the case in studies of systems with
moderate static-correlation character or excited states with a signifi-
cant double-excitation character with respect to the reference. Since
the next-higher-order truncation, “CC singles doubles and triples”
CCSDT, scales as N8, its applicability is limited significantly. For
ground states, the approximate triples scheme CCSD(T) is consid-
ered the “gold standard”.88 Only one non-iterative N7 step is needed
here, but the extension to excited states is not straightforward. More-
over, the method is known to be sensitive to spin contamination.89

The approximate inclusion of triple corrections via the CC3 model
scales as N7 as well, though iteratively, and is easily generalized to
the EOM approach for treatment of excited states.71–73 Recently,
numerous applications of the CC3 approach have been reported:
Highly accurate results at the CC3 level of theory are used for
comparison with more approximate methods90 and interpretation
of experimental data (e.g., UV spectroscopy, x-ray spectroscopy,
organic photochemistry).91–97 CC3 has also contributed to the cre-
ation of databases and benchmarks for the electronic-structure
community.98–100 Recent work toward more efficient implementa-
tions of CC3 for closed-shell systems by Paul, Myhre, and Koch
has allowed applications to larger systems with more than 500
basis functions.73 In the context of ff-methods, highly accurate

results beyond CCSD are needed, for example, for the prediction
and assignment of absorption spectra from magnetic WD stars.58

Additionally, when increasing the magnetic-field strength, double-
excitation character can be transferred back and forth between
various states.58 The resulting problem of a deteriorating quality in
the accuracy of predictions can be dealt with by inclusion of triple
excitations, as shown in a study at the ff-CCSDT level.58 Hence, the
ff-CC3 model, as is often the case for calculations in the absence of a
magnetic field, may prove very useful to treat systems where the full
ff-CCSDT method is not feasible.

In this paper, the implementation of ff-CC2 and ff-CC3 meth-
ods is reported. It is based on a spin-unrestricted formulation that
is able to target open-shell systems. Open-shell electronic con-
figurations are typically stabilized in a magnetic field because of
the spin-Zeeman influence and become ground states in stronger
fields. In Sec. II, the theoretical aspects of CCn approximations are
briefly presented as well as their extensions to EOM-CC theory.70–73

Details on the implementation are discussed in Sec. III. We note
that ff-CC2 has been reported recently in the literature in terms
of benchmark data,27 but no dedicated implementation or investi-
gation of its performance has been presented. Finally, applications
of ff-CC2 and ff-CC3 are presented in Sec. IV. These include an
investigation of the excitation spectrum of the Mg atom in the
presence of a strong magnetic field, calculations on the diatomic
cation CH+ and the CH radical, and geometry optimization in
the presence of a magnetic field for methane CH4 and ethylene
CH2CH2.

II. THEORY
A. Molecular Hamiltonian in the presence
of a magnetic field

The electronic Hamiltonian for a molecule in the presence of a
uniform magnetic field B is given in atomic units by

Ĥ = Ĥ0 +∑
i
(

1
2

B ⋅ l̂O
i + B ⋅ ŝi) +∑

i

1
8
(B2r2

Oi − ∣B ⋅ rOi∣
2
). (1)

In the equation above, Ĥ0 is the field-free electronic molecular
Hamiltonian. The additional terms involve the angular momentum
operator l̂O

i around a gauge origin O, the electron-spin operator ŝi,
and the position operator rOi with respect to the gauge origin.12

A change of the gauge origin O→ O′ results in a phase oscil-
lation for exact wavefunctions ΨO′

= e−if ΨO. Expectation values
thus remain gauge-origin invariant ⟨ΨO′

∣Â∣ΨO′
⟩ = ⟨ΨO

∣Â∣ΨO
⟩. To

obtain gauge-origin independent results in the case of approximate
wavefunctions, gauge including atomic orbitals, also called London
orbitals, may be employed

ωμ(B, rA, rO) = e
i
2 B×(rO−rA)⋅rχμ (2)

with rA being the position of the nuclear center of the atomic orbital
and χμ the standard atomic orbital.46

The presence of the angular-momentum operator and the
employment of London orbitals necessitate the use of complex
algebra, which increases the computational demands.45
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B. Coupled cluster theory
In the CC ansatz,55 the wavefunction is written as the expo-

nential of the cluster operator T̂ = ∑I T̂I = ∑I tI μ̂I acting on a ref-
erence wavefunction ∣0⟩, which is usually the Hartree–Fock (HF)
solution59

∣CC⟩ = eT̂
∣0⟩. (3)

The index I denotes the level of excitation, tI are the cluster ampli-
tudes, and μ̂I a string of quasiparticle creation operators that give
the excited determinant ∣μI⟩ starting from the reference ∣0⟩. Using
the similarity-transformed Hamiltonian

H̃ = e−T̂ ĤeT̂ , (4)

the CC energy is given as

ECC = ⟨0∣H̃∣0⟩. (5)

The equations that determine the cluster amplitudes tI are the CC
equations that require the projections on excited determinants ⟨μI ∣

to vanish,

0 = ⟨μI ∣H̃∣0⟩. (6)

Standard CC approximations truncate the cluster operator to
a specific excitation level, e.g., for CCSD: T̂ = T̂1 + T̂2, for CCSDT:
T̂ = T̂1 + T̂2 + T̂3, and so on, and the CC equations needed to deter-
mine the cluster amplitudes tI only make use of excited determinants
up to the same excitation level.

C. The equation of motion approach
In the EOM-CC approach, excited states are described by act-

ing with a linear excitation operator R̂ = ∑I R̂I = ∑I rI μ̂I on the CC
wavefunction such that56,59

∣EOM⟩ = R̂∣CC⟩. (7)

The determination of EOM amplitudes rk
I is achieved by solving

the energy eigenvalue problem and results in the expression

⟨νJ ∣[H̃, R̂ k
]∣0⟩ = ωk

exc⟨νJ ∣R̂ k
∣0⟩, (8)

∑
I
⟨νJ ∣[H̃, μ̂I]∣0⟩rk

I = ωk
excrk

J . (9)

The EOM thus defines a CI-like eigenvalue problem, with rk
I being

the k-th right-eigenvector solution, and ωk
exc = Ek

exc − ECC its eigen-
value. Usually, the R̂ operator is truncated at the same level as the CC
truncation it is based on. The matrix elements ⟨νK ∣[H̃, μ̂I]∣0⟩ form
the connected contributions to the CC Jacobian matrix, which can be
viewed as the gradient of the CC Lagrangian with respect to tI ampli-
tudes.56 This “connectedness” is the result of using the commutator
[H̃, μ̂I] for the derivation of working equations. It ensures that only
contributions that involve contractions between the Hamiltonian
and the excitation operator in a diagrammatic sense contribute,
which results in size-intensive energies.59

The non-Hermiticity of the similarity-transformed Hamilto-
nian H̃ may result in nonphysical complex energy eigenvalues for

both the ground and excited states at the truncated CC level of the-
ory. While this issue is usually not prominent in the field-free case
except in the vicinity of conical intersections,101 complex eigenvalues
often occur in ff-CC calculations. This behavior has been investi-
gated in Ref. 102. Usually, the imaginary part is well below the chem-
ical accuracy (<10−3 Eh) and is reduced when including higher-
order correlation treatment. Formally, unitary CC approaches, like
UCCn, or algebraic diagrammatic construction (ADCn) remedy
this nonphysical behavior.103,104 Work along these lines is currently
being pursued.105

D. The CCn approximation
The CCn series introduced in the work of Christiansen

et al.70–73 aims to approximate the standard CC truncations with a
more favorable scaling. This series of approximations is based on
the perturbation expansion of the CC energy and the Møller–Plesset
(MP)106 partitioning of the Hamiltonian

Ĥ = F̂ + V̂. (10)

Here, the zeroth-order Hamiltonian corresponds to the sum of Fock
operators F̂ = ∑α f̂ (α) and the fluctuation potential V̂ = Ĥ − F̂ is the
perturbation. Unlike many-body perturbation theory (MBPT),59 the
CCn series has two requirements:70,72

1. The singles amplitudes t1 are treated in zeroth order, as they
function as effective orbital relaxation.

2. The amplitude equations of excitation level n, where n is the
cardinal number of the method, are simplified till the first
nonvanishing order.

With the help of partially transformed operators

O = e−T̂1 ÔeT̂1, (11)

it is ensured that contributions of T̂1 will be included up to infinite
order of perturbation.

In the singles approximate doubles model, CC2,70 the double
amplitude equations are truncated up to first order as dictated by
the second requirement

0 = ⟨μ2∣V + [F, T̂2]∣0⟩. (12)

Assuming the occupied–occupied and virtual–virtual blocks of the
Fock matrix to be diagonal results in

0 = ⟨μ2∣V ∣0⟩ + Δε2t2, (13)

t2 = −
⟨μ2∣V ∣0⟩

Δε2
, (14)

where Δε2 signifies the orbital-energy differences εa + εb − εi − εj. In
the notation used a, b, c, . . . signify virtual orbitals and i, j, k, . . .
occupied orbitals. For the singles doubles approximate triples model,
CC3,72 one simplifies the triples amplitude equations till second
order such that
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0 = ⟨μ3∣[V , T̂2] + [F, T̂3]∣0⟩, (15)

t3 = −
⟨μ3∣[V , T̂2]∣0⟩

Δε3
. (16)

Again, canonical or semi-canonical orbitals are assumed. Δε3 is the
orbital-energy difference εa + εb + εc − εi − εj − εk.

Building the CCn Jacobian to form the EOM eigenvalue
problem results in

⎛
⎜
⎝

⟨ν1∣[H, μ̂1] + [[H, μ̂1], T̂2]∣0⟩ ⟨ν1∣[H, μ̂2]∣0⟩

⟨ν2∣[V , μ̂1]∣0⟩ ⟨ν2∣[F̂, μ̂2]∣0⟩

⎞
⎟
⎠

⎛
⎜
⎝

r1

r2

⎞
⎟
⎠
= ωexc

⎛
⎜
⎝

r1

r2

⎞
⎟
⎠

(17)
for EOM-CC270 and

⎛
⎜
⎜
⎜
⎜
⎝

⟨ν1∣[H, μ̂1] + [[H, μ̂1], T̂2]∣0⟩ ⟨ν1∣[H, μ̂2]∣0⟩ ⟨ν1∣[Ĥ, μ̂3]∣0⟩

⟨ν2∣[H, μ̂1] + [[H, μ̂1], T̂2 + T̂3]∣0⟩ ⟨ν2∣[H, μ̂2] + [[H, T̂2], μ̂2]∣0⟩ ⟨ν2∣[H, μ̂3]∣0⟩

⟨ν3∣[[V , μ̂1], T̂2]∣0⟩ ⟨ν3∣[V , μ̂2]∣0⟩ ⟨ν3∣[F̂, μ̂3]∣0⟩

⎞
⎟
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎜
⎝

r1

r2

r3

⎞
⎟
⎟
⎟
⎟
⎠

= ωexc

⎛
⎜
⎜
⎜
⎜
⎝

r1

r2

r3

⎞
⎟
⎟
⎟
⎟
⎠

(18)

for EOM-CC3.71,73

Noting that within EOM-CC2, double-excitation amplitudes r2
are fully determined by the singles amplitudes r1 (see also Sec. III A),
one could rewrite the EOM-CC2 eigenvalue problem as a nonlin-
ear set of equations involving only r1 amplitudes. For those cases
in which the doubles amplitudes are the leading contributions for
the excited state, the approximation breaks down, meaning that
states with a predominant double-excitation character cannot be
targeted by the EOM-CC2 approach.70 The same is in principle
true for CC3 and excited states with predominant triple-excitation
character, but such states are of no particular concern in practical
applications.

III. IMPLEMENTATION
The implementation of ff-CC2 and ff-CC3 as well as the EOM

approach of these methods has been carried out in the QCUMBRE
program package.22,47

A. General considerations
The scaling of the (EOM-)CC2 and (EOM-)CC3 methods is

N5 and N7, respectively, which is one order of magnitude less than
their parent methods CCSD and CCSDT. Beyond this reduction in
computational cost, an efficient implementation can be achieved,
when using canonical or semi-canonical orbitals. The diagonal form
of the Fock matrix results in a diagonal form of the n-th ampli-
tudes equations. Hence, doubles amplitudes can be expressed as a
function of the singles amplitudes alone with no doubles to dou-
bles contributions for CC2 [see Eq. (14)]. Similarly for CC3, the
triples amplitudes equations can be brought into a form that depends
only on the singles and doubles with no triples to triples contri-
butions [see Eq. (16)]. This commonly used approach allows for
an on-the-fly calculation of the amplitudes with reduced memory
requirements.107

Turning to Jacobian matrices, similar equations have been
derived for the approximated rn amplitudes for excited states, where
n is the cardinal number of the method. Starting from the last row of
Eq. (17), the expression

⟨ν2∣[V , μ̂1]∣0⟩r1 + Δε2r2 = ωexcr2, (19)

⟨ν2∣[V , μ̂1]∣0⟩r1

ωexc − Δε2
= r2 (20)

is obtained for CC2. Similarly, continuing from the last row of
Eq. (18) leads to the diagonal r3 elements of EOM-CC3,

⟨ν3∣[[V , μ̂1], T̂2]∣0⟩r1 + ⟨ν3∣[V , μ̂2]∣0⟩r2 + Δε3r3 = ωexcr3, (21)

⟨ν3∣[[V , μ̂1], T̂2]∣0⟩r1 + ⟨ν3∣[V , μ̂2]∣0⟩r2

ωexc − Δε3
= r3. (22)

Equations (20) and (22) show, similar to the ground state
treatment, that the rn amplitudes of EOM-CCn can be fully deter-
mined by the lower excitation levels and can thus be considered
redundant information not to be saved in memory. Unlike the tn
amplitudes, however, they require the calculation of the exact excita-
tion energy, which is available only at convergence. It is well known
and exploited in many field-free EOM-CCn implementations that to
deal with this issue, the Davidson method in EOM-CCn calculations
needs to be modified. Details on these modifications can be found
in Ref. 65.

B. Validation
To verify the implementation, the code has been tested for

the field-free case against calculations using the closed-shell imple-
mentation of the CFOUR program.48,108 For calculations in a finite
magnetic field and for the case of an unrestricted reference, the
CCSD and CCSDT methods already implemented in QCUMBRE
were modified to produce results at the (EOM-)CC2 and CC3
levels, respectively, to verify the more efficient CC2 and CC3
implementations.

IV. RESULTS AND DISCUSSION
All post-HF calculations were performed using the QCUMBRE

program package.47 QCUMBRE works together with an interface
to the CFOUR program48,108 that provides integrals over London
orbitals via the MINT integral code109 and a ff-UHF reference
wavefunction.
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First, the investigation of the Mg atom will be presented,
followed by calculations on the CH+ and CH molecules. An unre-
stricted approach is used for the open-shell systems. Lastly, the
results for geometry optimizations for methane and ethylene in
different magnetic fields will be presented. The discussion in the
following paragraphs is centered on the performance of the CC2
and CC3 methods, while an investigation of the physical and chem-
ical behavior of the systems in the presence of a magnetic field is
presented in Ref. 65.

A. Atomic Mg
In the atmosphere of WDs, metals are often detected due to

incoming material from planetary or asteroidal debris.43,110,111 In
the current study, highly accurate results for the Mg atom have
been generated at the CC3 level of theory in order to investi-
gate such contaminants in magnetic WDs. Specifically, transitions
from the lowest triplet state 3Pu described by electronic configura-
tion 1s22s22p63s13p1 to triplet states 3Sg (1s22s22p63s14s1

) and 3Dg

(1s22s22p63s13d1
) were investigated as they are expected to give

strong signals.112 The electronic states involved were studied at the
CCSD and CC3 levels of theory using a series of uncontracted (unc)
basis sets, namely the unc-aug-cc-pCVXZ sets,113–116 with X being
the cardinal number of the basis set. Using the unc-aug-cc-pCVTZ
basis, additional calculations at the CCSDT level of theory were per-
formed to benchmark the CC3 results. The magnitude of the triples
corrections was calculated as the difference between the CCSDT and
CCSD energy. Calculations were performed in the range of field
strengths between 0.0B0 and 0.2B0. A dense spacing of 0.004B0 was
used up to 0.1B0, continuing with a spacing of 0.02B0 for the last
increment.

The results for total energies at various levels of theory are
shown in Fig. 1. Following a similar strategy as in Ref. 58, an extrap-
olation scheme has been employed to generate accurate B-λ curves.
In these curves, the magnetic-field strength is plotted as a function of
the transition wavelength in Fig. 2. The extrapolation scheme used
for the generation of accurate B-λ curves follows

ΔEcorrected
exc = ΔEexc + ΔEbasis + ΔEtriples. (23)

For the extrapolation, the CCSD/unc-aug-cc-pV5Z results were
used for the excitation energies ΔEexc and the unc-aug-cc-pCVQZ
and unc-aug-cc-pCV5Z basis sets for the basis set extrapolation
contribution ΔEbasis.58 Higher-order correlation was accounted for
via triples corrections ΔEtriples = Etriples − ECCSD at the CC3/unc-aug-
cc-pCVQZ levels of theory. Lastly, an offset correction relative
to spin-averaged values from the NIST database112 is added. The
selection rule ΔML = 0,±1 (0 blue, +1 red, −1 green) was used to
construct visible transitions. In the figure, the results of a simple per-
turbative Zeeman correction EZeeman =

1
2 MLB were plotted as well

(dotted curves). Deviation from this simple correction shows the
importance of ff-quantum-chemical predictions for the assignment
of spectra at high-field strengths.

As seen in Fig. 1, the CCSD energies (long dashed curves)
are energetically slightly higher as compared to the CCSDT refer-
ence. In contrast, the CC3 results are practically identical to CCSDT
and cannot be distinguished in the plot. The calculated deviation
of approximate triples relative to the inclusion of full triples is at
the order of only 10−5Eh. The lower computational cost of CC3

FIG. 1. Low-lying triplet states of Mg calculated at the EOM-CCSD, EOM-CC3,
and EOM-CCSDT levels of theory using an unc-aug-cc-pCVTZ basis set.

compared to CCSDT and good agreement between these two
methods enable an accurate treatment of triple excitations using
larger basis sets that is not feasible with a full treatment of
triples.

It is important to note that the use of the CC3 method for
the generation of extrapolated B-λ curves has allowed the use of
triple corrections calculated with larger basis sets. The compari-
son with CCSDT results reveals the potential of CC3 to practically
replicate the full inclusion of triples corrections for the electronic
transitions studied. The states studied at the EOM-CC level of
theory for this increment of magnetic-field strengths have pre-
dominantly single-excitation character. Only the 3Π+g (3Dg) state
acquires a significant double-excitation character at the EOM-
CC3 and EOM-CCSDT levels of theory for B = 0.20B0.117 This
results in an increase in triple corrections as seen in Fig. 1 for
the orange curve. Note that we provide the symmetry of the sys-
tem within the magnetic field and in parentheses its symmetry in
the field-free case. The double-excitation character arises from a
mixing of the 3Π±g (3Dg) components with an energetically higher-
lying 3Π±g (3Pg) state with predominant 1s22s22p63p2 configura-
tions. Moreover, the developments presented here contributed to
the assignment of Mg in the spectrum of a magnetized WD,118

which would have not been possible without ff-quantum-chemical
predictions.

B. CH+ and CH in varying magnetic fields
Calculations on the closed-shell methylidinium cation CH+

and the open-shell CH radical have been carried out using a con-
tracted and an unc-cc-pVDZ basis set, respectively. The CH radical
has been detected in weakly magnetized WDs along with C2.31,44
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FIG. 2. Extrapolated B-λ curves for the 3Pu →
3Sg and 3Pu →

3Dg transitions of
Mg. The ΔML = 0 components are shown in blue, ΔML = +1 in red, and ΔML
= −1 in green.

This is an indication that the radical or its cation may be present
in strongly magnetic WDs as well.

1. The methylidinium cation CH+

In Ref. 58, the CH+ cation has been studied at the CCSD and
CCSDT levels of theory for an increasing magnetic-field strength
and various orientations. In that study, the CCSDT results were
practically indistinguishable from the exact full configuration inter-
action (FCI) predictions. Here, the approximate ff-CC2 and ff-CC3
methods are tested for the same system. The accuracy of CC3 pre-
dictions is examined in comparison to the CCSDT level of theory,
while the performance of the CC2 approximation is tested against
CCSD.

Calculations were carried out at the ground state field-free
CCSD/cc-pVDZ equilibrium distance of 2.1275 a0 and are plot-
ted in Fig. 3 against the magnetic-field strength. The 1Σ+ ground
state (purple) with 1σ22σ23σ2 electronic configuration was cho-
sen as reference for subsequent EOM-CC calculations. The excited
states that were targeted are the 1Π state (red and blue) and
the 1Δ state (yellow). Both are doubly degenerate states described
by a 1σ22σ23σ11π1 and a 1σ22σ21π2 configuration, respectively.
The energetically higher-lying 1Δ state has a predominant double-
excitation character with respect to the reference. As such, it is not
well described at the CCSD level, as already noted in Ref. 58. For an
in-depth discussion on the behavior of the methylidinium cation in
the presence of magnetic field, see Refs. 58 and 65.

In general, CC2 is not able to describe states with predomi-
nant double-excitation character. For this reason, CC2 results for
the 1Δ state (yellow) are absent in the calculations. Regarding states
with predominant single-excitation character, CC2 energies exhibit

a positive shift that reaches up to 3.6 ⋅ 10−2Eh relative to CCSDT
throughout the calculations. If the excitation does not acquire
a double-excitation character, a rather reasonable description is
obtained. The shift is more or less constant and does not influence
the excitation energies nor the overall behavior much.

In the upper left panel of Fig. 3, the results for the parallel
magnetic-field orientation are presented. Here, the reference and
the predominantly singly excited states are well behaved. For these
states, the deviation of CC2 results from CCSDT (∼10−2 Eh) is about
one order of magnitude larger than the CCSD results (∼10−3 Eh).
Energies at the CC3 level, however, have a mean deviation at the
order of ∼10−4 Eh. For the 1Δ state, which is a state with a pre-
dominant double-excitation character, the mean error at the CC3
level drops from 3.6 ⋅ 10−2Eh for CCSD by more than half to 1.2 ⋅
10−2Eh.

As noted in Ref. 58, the avoided crossings that arise between the
original 1Δ state and the other states in all nonparallel magnetic-field
orientations result in a transfer of the double-excitation charac-
ter. This is problematic because a single state is not described with
the same accuracy for every magnetic-field strength. In addition,
the field strength at which the avoided crossing is encountered is
strongly method dependent. Such a transfer is most clearly seen at
an orientation of 30○, where between 0.1 and 0.6B0, two avoided
crossings occur between the 41A(1Δ) state (yellow) and the 31A(1Π)
state (blue). Notably, CC2 proves to be particularly inappropriate for
these cases as the curve for the state arising from 1Π (blue) is quali-
tatively very different compared to the predictions at more accurate
levels of theory. The reason for the poor description of this state
at the CC2 level stems from the fact that the predominant double-
excitation character cannot be described within CC2 and the avoided
crossing is simply not found. Instead, the curve follows the higher-
lying 41A state for field strengths greater than 0.1B0. Hence, for CC2,
the resulting artificial state (blue dotted curve) is a nonphysical com-
bination of two different (physical) states. For CC2, this is a general
problem for any avoided crossing involving states with single- and
double-excitation character.

CC3 results on the other hand give a consistent description
of states in the non-parallel magnetic-field orientations and offer a
significant improvement relative to the CCSD results. The results
obtained around the avoided crossing at CC3 are much closer to
CCSDT predictions as compared to CCSD. Additionally, the devi-
ation of CC3 results relative to CCSDT is about half of the deviation
of CCSD relative to CCSDT when a predominant double-excitation
character is present. Specifically for the more complicated 31A and
41A cases (blue and yellow, respectively), the mean deviation drops
by one order of magnitude to 10−3Eh at CC3 compared to CCSD.
This observation is consistent with the results for the 1Δ state
in the parallel orientation. In the case of a predominant single-
excitation character, the mean deviation at the CC3 level relative
to the CCSDT results is 5.7 ⋅ 10−4Eh with a maximum error of
1.6 ⋅ 10−3Eh. Compared to CCSD, the mean deviation is one order
of magnitude smaller and the maximum error is less than half. In
fact, the CC3 results are practically indistinguishable from CCSDT
when a single-excitation character is dominant.

The study of the CH+ cation shows a problematic behavior of
the CC2 method for systems where avoided crossings with states of
relevant double-excitation character appear. In such cases, CC2 can
yield nonphysical results. Using CC3 as an approximate triples cor-
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FIG. 3. The low-lying singlet states of CH+ as a function of the magnetic-field strengths for different orientations of the molecule at the (EOM-)CC2, CCSD, CC3, and CCSDT
levels of theory with the cc-pVDZ basis set.

rection works rather well, even in cases where the state acquires a
significant double-excitation character.

2. The CH radical
The CH radical was studied at the (EOM-)CC2, CCSD, CC3,

and CCSDT levels of theory using an unc-cc-pVDZ basis set at a
field-free optimized bond length at the CCSD level of 2.1431 bohrs.

In Figs. 4 and 5, a comparison of the CC2 and CC3 results with
CCSDT for the skewed (ϕ = 60○) and perpendicular (ϕ = 90○)
orientations, respectively, is presented. In these plots, the energy
of low-lying singlet states of the molecule is plotted as a func-
tion of the magnetic-field strength. Respective calculations for the
parallel and ϕ = 30○ orientations of the magnetic field relative to
the molecular bond and results at the CCSD level can be found
in Ref. 65.
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FIG. 4. Comparison of CC2 (left panel) and CC3 (right panel) with CCSDT results obtained using the unc-cc-pVDZ basis set for four low-lying doublet states of the CH radical.
The magnetic field is oriented at a 60○ angle with respect to the molecular bond.

Since the CH radical is an open-shell system with a doubly
degenerate 2Π ground state with a predominant 1σ22σ23σ21π1 elec-
tronic configuration, it constitutes a challenging test-case for the
ff-EOM-CC treatment: Choosing one of the components of the 2Π
state as the reference state introduces an artificial break in their
degeneracy, as only one of the two Π components is treated as an
excited EOM-CC state. The severity of this effect is quantified by
the energy difference. It amounts to about ∼10−4 Eh at the CC2
and CCSD levels of theory, about ∼10−5 Eh for CC3, and about
∼10−6 Eh for CCSDT, showing that, as expected, the problem dimin-
ishes when improving the correlation treatment towards FCI. The
degenerate excited 2Δ state described by a 1σ22σ23σ11π2 configu-
ration was studied as well. For this state, one of the components
(yellow) is characterized predominantly by a single excitation rela-
tive to the reference, while the other component is doubly excited
and not targeted here. Furthermore, two excited 2Σ− states were
studied. The energetically lower-lying one, 12Σ−, has a predomi-
nant 3σ↑1π−↓1π+↓ configuration (purple), while the second state
22Σ− (pink) has a multideterminantal character with predominant
(3σ↓1π−↓1π+↑ + 3σ↓1π−↑1π+↓) configuration. Similar to the case

of the 2Δ state, one of the determinants is doubly excited with
respect to the reference. Description of the 22Σ− state is particu-
larly challenging. In principle, EOM approaches are applicable to
excited states with a multiconfigurational character. However, for
such a description to work well, the strongly contributing deter-
minants need to be singly excited with respect to the reference,86

which is not the case here. Additionally, due to symmetry breaking
in the CC reference state, the configurations no longer have the same
weight.

Overall, it is noted that the performance of ff-CC2 is able to
provide a qualitative description for states with single-excitation
character. It has large errors for excited states with mixed excita-
tion character and completely fails to target the doubly excited 2Δ
component. Ff-CC3 on the other hand yields energies very close
to CCSDT. Further discussion in the following paragraphs on the
performance of CC2 and CC3 is focused on the skewed 60○ and per-
pendicular 90○ magnetic-field orientations relative to the molecular
bond.

In Fig. 4 (skewed 60○ orientation), the CC2 and CC3 energies
can be compared to the CCSDT reference. Results at the CC3 level
exhibit deviations from CCSDT at the order of about 10−4 Eh in
the case of a predominant single-excitation character. These devi-
ations are smaller by one order of magnitude as compared to CCSD.
In the case of significant double-excitation character, the deviation
from CCSDT is at the order of 10−2 Eh. Compared to CCSD, the
error is reduced by a factor of two. The CC2 method on the other
hand still offers a crude qualitative description of the three lowest-
energy states but proves particularly problematic if not unphysical
for the states arising from the 2Σ− states (purple and pink). The pro-
gression of the 42A (purple) and 52A (pink) states at the CC2 level
with increasing magnetic-field strength is in many cases qualitatively
very different compared to the CCSDT reference and the more accu-
rate methods and apparently wrong. For example, the response of
the 52A state (pink) to an increasing magnetic field at the CCSDT
level is described as follows: The energy is relatively constant for
field strengths between B = 0–0.2B0. It rises for stronger fields until
∼0.35 B0, reaching a local maximum due to an avoided crossing
with a higher-lying state. The state is then slightly stabilized up to B
= 0.6B0 after which the diamagnetic response becomes dominant. In
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FIG. 5. Comparison of CC2 (upper panel) and CC3 (lower panel) with CCSDT results obtained using the unc-cc-pVDZ basis set for the low-lying states of the CH radical with
different reference states: 12A′ (blue) left column, 12A′′ (red) right column. The magnetic-field orientation is perpendicular to the molecular bond.

addition, the state is energetically close to the 42A state (purple). At
the CC2 level, however, the 52A state (pink) starts off energetically
higher in the field-free case with a very large error of 0.16Eh relative
to CCSDT. As seen in the left panel of Fig. 4, the development of the
state is qualitatively different up to B = 0.2B0: The state is gradually
stabilized and approaches the CCSDT reference. For B ≥ 0.2B0, the

CC2 deviation relative to CCSDT is lower by one order of magnitude
(∼10−2 Eh) compared to the field-free case. Nonetheless, the energy
development of this state exhibits features that are absent from the
results from more accurate methods, like two avoided crossings with
the 42A (purple) state at B = 0.2B0 and B = 0.6B0. All these qualita-
tive differences constitute a strong indication that the character of
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FIG. 6. Methane with the magnetic field oriented parallel to one of the C–H bonds.
C3 symmetry. FIG. 7. Methane with the magnetic field oriented parallel to the bisector of a H–C–H

angle. S4 symmetry.

FIG. 8. Energies in Eh (left), as well as bond lengths in a0 (middle) and angles in degrees (right) for the energetically lowest singlet state of the methane molecule at the
optimized geometry at the CCSD (full line) and CC2 (dashed line) levels of theory as a function of the magnetic-field strength for two different orientations of the magnetic
field with respect to the molecule: upper panel B parallel to a C–H bond (C3 symmetry), lower panel B parallel to the bisector of the H–C–H angle (S4 symmetry).
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the state at the CC2 level is at least over a range of field strengths
qualitatively different compared to CCSDT and that the CC2 results
are hence unphysical. The CC3 curve for this state on the other
hand clearly follows the CCSDT reference over the complete range
of field strengths. It can be noted that the deviations are small in
the range between 0.2 and 0.6B0, where a single-excitation character
dominates.

The results for the magnetic-field orientation perpendicular to
the bond are shown in Fig. 5. Here, we compare two independent
series of CC2 and CC3 calculations using different CC reference
states, i.e., the two components of the field-free ground state 2Π
→

2A′, 2A′′ (blue and red, respectively) in order to judge the quality
of prediction. Again, the results are compared to CCSDT refer-
ence calculations. It is expected that the choice of reference should
become less important for the EOM-CC states when approaching
the FCI limit. This is indeed what is observed for the CCSDT results.
They differ only slightly for the different choice of reference. In con-
trast, the CC2 method performs poorly for this test. First, it fails
to consistently target all the states studied. For example, it was not
possible to target the 32A′′ (pink) state using the A′ (blue) refer-
ence. Second, the results are in many cases qualitatively different
when using different reference states. Moreover, the magnetic-field
strength at which the two components of the field-free ground state,
i.e., the 12A′ (blue) and 12A′′ (red) states, cross is not predicted con-
sistently at the CC2 level. The states cross at about 0.75B0 ≈ 180 kT
when using 12A′ (blue) as reference and at about 0.9B0 ≈ 210 kT
when the 12A′′ (red) is used. This amounts to a huge difference
of about 30 kT. The CC3 approach on the other hand produces
results very close to those at the CCSDT level. The two states arising
from the 2Π state are practically indistinguishable at the CC3 and
CCSDT levels of theory. The difference at their crossing point when
using the two references is about 0.05B0 = 1 kT at CC3 and smaller
then <0.01 B0 ≈ 0.2 kT at CCSDT. The three higher-energy states
are qualitatively in agreement between the two methods with larger
deviations when a double-excitation character is present. On closer
inspection, the 32A′′ state (pink) is described slightly better with the
12A′ (blue) reference, while the 22A′ state (yellow) is described better
with the 12A′′ (red) reference. This behavior is due to contributions
from doubly excited determinants, which differ depending on the
reference CC state.

An analogous comparison for the parallel and ϕ = 30○ orien-
tation of the magnetic field is presented in Ref. 65. For the 30○

orientation, the observations are very similar to those at 60○. For
the parallel case, the performance of CCn approximations is more
consistent among the different orientations as, due to symmetry, the
mixing between states is much more limited.

The calculations presented here consistently show that CC3
offers a satisfactory approximation to CCSDT even when a complex
multiconfigurational character that arises from both single and dou-
ble excitations is present. CC2 offers a crude qualitative description
for the first few excited states that have a strong single-excitation
character. Even for those cases, however, quantitative results, like the
crossing point between states, are inconsistent and depend on which
state has been chosen as the CC reference. For the states with a more
complex multiconfigurational character, CC2 results are found to be
unreliable.

FIG. 9. Ethylene in a magnetic field oriented parallel to the C=C bond. C2h sym-
metry. The mirror plane σh perpendicular to the magnetic field is depicted by the
gray grid.

C. Geometry optimizations in a strong magnetic field
Geometry optimizations were performed on methane (CH4)

and ethylene (C2H4) in the presence of a magnetic field for dif-
ferent magnetic-field orientations and strengths. The unc-cc-pVTZ
basis set was used to perform calculations at the ff-CCSD and ff-
CC2 levels of theory. A geometry optimization based on numerical
gradients was carried out for magnetic-field strengths up to 0.5B0
using a 0.05B0 step. The optimizer module of CFOUR48,108 was

FIG. 10. Ethylene in a magnetic field parallel to the molecular plane and oriented
perpendicular to the C=C bond. C2h symmetry. The mirror plane σh perpendicular
to the magnetic field is depicted by the gray grid.
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used, while the post-HF results were obtained using the QCUM-
BRE program47 in conjunction with an interface to CFOUR for the
underlying ff-HF-SCF solution.

1. Methane CH4

In the field-free case, the symmetry of methane is described by
the tetrahedral Td point group. Two orientations of the molecule
relative to the magnetic field were studied. In the first one, one
of the C–H bonds coincides with the magnetic field, reducing
the symmetry to C3 as depicted in Fig. 6. In the second orienta-
tion, depicted in Fig. 7, the bisector of one of the H–C–H angles
defines the magnetic-field orientation, which reduces the symmetry
to S4. In both cases, geometry optimizations were performed for the
energetically lowest-lying singlet state 1A(1A1).

The results for geometry optimization, i.e., the energy at the
constrained optimized geometry as well as the geometric parameters
as a function of the magnetic-field strength, are plotted in Fig. 8.
Regarding the C3 case, the CC2 results for geometry parameters

reproduce the CCSD behavior extremely well. At the CC2 level,
bond lengths are about 0.004 a0 shorter compared to CCSD pre-
dictions. The angles deviate by only 0.1○. In the S4 case, similar
trends are observed. The CC2 bond lengths are shorter by only
∼0.004 a0 at CC2 compared to CCSD and angles deviate at most
by 0.06○. The predictions for geometrical parameters at the CC2
level are thus nearly identical to those at CCSD. The energetic
difference between CCSD and CC2 results of around 22 mEh is
also rather constant for different magnetic-field strengths for the
two orientations.

The response of molecular geometry to the increasing mag-
netic field together with a study of the excited states can be found in
Ref. 65. Beyond these findings, methane has also been previously
studied in Ref. 119 concerning its stability and the formation of
exotic structures in the presence of a magnetic field at the ff-TDDFT
level. In magnetic fields stronger than 0.5B0, a peculiar “fan-like”
geometry of CH4 was predicted, resulting from a paramagnetic-
bond formation in magnetic fields stronger than 0.5B0.119

FIG. 11. Energies in Eh (left), as well as bond lengths in a0 (middle) and angles in degrees (right) for the energetically lowest singlet state of the ethylene molecule at the
optimized geometry at the CCSD (full line) and CC2 (dashed line) levels of theory as a function of the magnetic-field strength for two different orientations of the magnetic
field with respect to the molecule: upper panel B parallel to the C=C bond, lower panel B in-plane perpendicular to the C=C bond.
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2. Ethylene CH2=CH2

Two magnetic-field orientations were studied in the case of
ethylene, which are depicted in Figs. 9 and 10. In both cases, the
symmetry is reduced from D2h in the absence of a magnetic field
to two distinct C2h subgroups. In the first case, the magnetic field
is oriented parallel to the C=C bond and in the second case it
is perpendicular to the C=C bond and lies within the molecular
plane. The gray grid in the figures depicts the different mirror
planes. In spite of symmetry reduction, the hydrogen and carbon
nuclear centers remain symmetry equivalent. In regard to con-
strained geometry optimization for the energetically lowest-lying
singlet state 1Ag(

1Ag), the degrees of freedom are the C=C and C–H
bond lengths, RC and RH, respectively, together with the C–C–H
angle ω.

The energy at the optimized geometry and the geometric para-
meters of the molecule are plotted for the two different orientations
as a function of magnetic field in Fig. 11. The CC2 and CCSD pre-
dictions are in qualitative agreement with each other. As expected,
the CC2 total energies are higher than the CCSD energies for differ-
ent magnetic-field strengths and orientations by a nearly constant
shift of 0.025Eh. Similar to the methane study, the geometric para-
meters only show minimal deviation between the two approaches,
with a mean deviation of 0.006 bohrs for the bond lengths and 0.1○

for the angle. It is worth noting that the molecule dissociates for field
strengths greater than 0.30 B0 in the perpendicular orientation of
the magnetic field. This prediction is consistent at both the CC2 and
CCSD levels of theory.

A detailed discussion of the response of geometry to the
magnetic field together with an investigation of the spectrum in
the presence of a magnetic field for ethylene can be found in
Ref. 65.

The calculations for methane and ethylene show that the CC2
method performs very well against CCSD for geometry optimiza-
tions. The geometrical parameters obtained at the CC2 level are
practically indistinguishable from the CCSD results.

V. CONCLUSION
In this paper, the CC2 and CC3 methods, as well as the

respective EOM-CC approach have been implemented for calcula-
tions of ground and excited states of molecules in finite magnetic
fields. These methods approximate the standard CC truncations, i.e.,
CCSD and CCSDT, respectively, and lower the scaling by one order
of magnitude relative to their parent methods.

Various systems were studied in the presence of a magnetic
field using these approximate CCn methods and were compared
to calculations using the standard CC truncations to test their per-
formance. The triplet states of the Mg atom were studied at the
CCSD, CC3, and CCSDT levels of theory. B-λ curves were gen-
erated using an adaptation of a previously reported extrapolation
scheme.58 These calculations have been essential for the assignment
of a spectrum from a strongly magnetic white dwarf star.118 The
CC3 approach enabled calculations with larger basis sets that give
an accuracy similar to that of CCSDT. Additionally, the diatomic
cation CH+ and radical CH, which are candidate molecules to occur
in the atmosphere of strongly magnetic white dwarfs, were studied at
the (EOM-)CC2, (EOM-)CCSD, (EOM-)CC3, and (EOM-)CCSDT

levels of theory at various magnetic-field strengths and orienta-
tions. The CC2 approach was found to yield nonphysical results
when avoided crossings between excited states with a predomi-
nant double-excitation character are involved. CC3 on the other
hand is shown to replicate the CCSDT behavior for ground and
excited states with a predominant single-excitation character. It even
manages to capture a large extent of the double-excitation charac-
ter. Geometry optimizations were performed for the energetically
lowest-lying singlet state of the small organic molecules CH4 and
C2H4 in different highly symmetric magnetic-field orientations and
different field strengths at the CC2 and CCSD levels of theory. The
study of these systems contributes to a better understanding of the
geometric response of small molecules to the magnetic field. Opti-
mized geometry parameters at the CC2 level of theory practically
replicate the CCSD results.

The results in this paper show that CC2 may be a good alterna-
tive to CCSD for larger systems, particularly for geometry optimiza-
tions. On the other hand, EOM-CC2 suffers from the inability to
account for excited states with a double-excitation character. This
can lead to unphysical results, when avoided crossings with such
states are involved. The latter, however, is more the rule than excep-
tion for species in strong magnetic fields, particularly, but not only,
in skewed orientations of the field. For this reason, the EOM-CC2
approach should be applied only if avoided crossings of this kind
can be excluded.

The CC3 method has been demonstrated to have merits in
finite magnetic-field calculations. For both ground and excited states
with predominant single-excitation character, results obtained at the
(EOM-)CC3 level of theory are essentially indistinguishable from
the (EOM-)CCSDT results. In addition, EOM-CC3 offers a signif-
icant improvement relative to EOM-CCSD for excited states with
predominant double-excitation character with results closer quali-
tatively to those of full EOM-CCSDT. The more favorable scaling
of N7 as compared to N8 of CCSDT allows an approximate treat-
ment of triple corrections and high-accuracy predictions for larger
systems with larger basis sets.

SUPPLEMENTARY MATERIAL

The raw arithmetic data used for the generation of the plots
is collected in the supplementary material. These include the ener-
gies of triplet states of Mg as a function of the magnetic-field
strength and the generated B-λ curves, the total energies of the states
of CH+ and CH as a function of the magnetic-field strength for
different magnetic-field orientations, and the results of geometry
optimizations for methane and ethylene in different magnetic-field
strengths.
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