
Received: 27 February 2025 Revised: 10 April 2025 Accepted: 17 May 2025

DOI: 10.1112/blms.70120

Bulletin of the London
Mathematical SocietyRESEARCH ARTICLE

A finite-dimensional counterexample for
Arveson’s hyperrigidity conjecture

Marcel Scherer

Fachrichtung Mathematik, Universität
des Saarlandes, Saarbrücken, Germany

Correspondence
Marcel Scherer, Fachrichtung
Mathematik, Universität des Saarlandes,
66123 Saarbrücken, Germany.
Email: scherer@math.uni-sb.de

Funding information
German Research Foundation,
Grant/Award Number: 466012782

Abstract
We construct an operator system generated by four
operators that is not hyperrigid, although all restric-
tions of irreducible representations have the unique
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1 INTRODUCTION

Let 𝑆 be a separable operator system and 𝐶∗(𝑆) a 𝐶∗-algebra generated by 𝑆. Arveson conjectured
in [4] that every representation of 𝐶∗(𝑆), restricted to 𝑆, has a unique extension to a unital com-
pletely positive map if and only if every irreducible representation of 𝐶∗(𝑆), restricted to 𝑆, has
a unique unital completely positive extension — a conjecture known as Arveson’s hyperrigidity
conjecture. For a detailed background, we recommend [5].
It has been shown by Bilich and Dor-On in [5] that the conjecture fails for an infinite-

dimensional operator system generated by an operator algebra in a non-commutative 𝐶∗-algebra.
However, a critical part of that proof relies on the infinite dimensionality of the operator sys-
tem. In this paper, we construct a finite-dimensional counterexample for Arveson’s hyperrigidity
conjecture in Theorem 2.5.
Weuse themain ideas of [5], with the only significant difference being in the proof of the unique

extension property for the irreducible representations of 𝐶∗(𝑆). For this, we employ a technique
found in [2], which can be used to show that a certain projection is below a family of positive
multiplication operators, and that pure states have a maximal irreducible dilation [6].
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2 A FINITE-DIMENSIONAL COUNTEREXAMPLE

Let𝔹4 be the Euclidean open unit ball inℝ4, and let 𝑆3 be its boundary, the sphere inℝ4. Let𝐴(𝔹4)

denote the continuous affine functions on the closed unit ball, and let 𝑡𝑖 ∈ 𝐴(𝔹4), 𝑖 = 1, 2, 3, 4, be
the projection onto the 𝑖th component. Note that 𝐴(𝔹4) is spanned by 1, 𝑡1, 𝑡2, 𝑡3, 𝑡4.
Define 𝑃 ∶ 𝐿2(𝑆3) → ℂ, g ↦ ⟨g , 1⟩. For 𝑖 = 1, 2, 3, 4 and 𝑐 > 0, we define the operators

𝑇𝑖 = 𝑀𝑡𝑖
⊕ 0, 𝑇1,𝑐 =

(
𝑀𝑡1

𝑐𝑃∗

𝑐𝑃 0

)
, 𝑇̃1,𝑐 =

(
𝑀𝑡1

𝑐𝑃∗

0 0

)
on 𝐿2(𝑆3) ⊕ ℂ. Here, 𝐿2(𝑆3) is equipped with the unique rotation-invariant probability measure
𝑚 on 𝑆3. Define

𝑆𝑐 = span{𝐼, 𝑇̃1,𝑐, 𝑇2, 𝑇3, 𝑇4}.

In Theorem 2.5, we show that 𝑆𝑐 is not hyperrigid, but the restrictions of all irreducible
representations of 𝐶∗(𝑆𝑐) are boundary representations.
A crucial part of the proof is to show that the joint numerical range of the operator tuple

(𝑇1,𝑐, 𝑇2, 𝑇3, 𝑇4), defined as

((𝑇1,𝑐, 𝑇2, 𝑇3, 𝑇4)) = {(⟨𝑇1,𝑐𝑥, 𝑥⟩, ⟨𝑇2𝑥, 𝑥⟩, ⟨𝑇3𝑥, 𝑥⟩, ⟨𝑇4𝑥, 𝑥⟩); ‖𝑥‖ = 1},

is contained in 𝔹4. To prove this, we first need to show that((𝑇1, 𝑇2, 𝑇3, 𝑇4)) is contained in 𝔹4.

Lemma 2.1. It holds that:

((𝑇1, 𝑇2, 𝑇3, 𝑇4)) ⊂ 𝔹4.

Proof. Let 𝑥 ∈ 𝐿2(𝑆3) ⊕ ℂ with ‖𝑥‖ = 1. Using the fact that
∑4

𝑖=1 𝑡
2
𝑖
= 1 on 𝑆3, 𝑇𝑖 = 𝑇∗

𝑖
, and

applying the Cauchy–Schwarz inequality, we get:

‖(⟨𝑇1𝑥, 𝑥⟩, ⟨𝑇2𝑥, 𝑥⟩, ⟨𝑇3𝑥, 𝑥⟩, ⟨𝑇4𝑥, 𝑥⟩)‖2 = 4∑
𝑖=1

|⟨𝑇𝑖𝑥, 𝑥⟩|2 ⩽

4∑
𝑖=1

‖𝑇𝑖𝑥‖2‖𝑥‖2
=

4∑
𝑖=1

⟨𝑇𝑖𝑥, 𝑇𝑖𝑥⟩ = 4∑
𝑖=1

⟨𝑇2
𝑖
𝑥, 𝑥⟩

⩽ ‖𝑥‖2 = 1.

Furthermore, the Cauchy–Schwarz inequality implies that if equality holds, there must exist
some 𝑖 ∈ {1, 2, 3, 4} and a 0 ≠ 𝜆 ∈ ℂ such that 𝑇𝑖𝑥 = 𝜆𝑥. However,𝑀𝑡𝑖

has no eigenvalues, so we
conclude that:

4∑
𝑖=1

(⟨𝑇𝑖𝑥, 𝑥⟩)2 < 1,

which completes the proof. □
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Lemma 2.2. Let 0 < 𝑐 < 1∕2. Then, the following holds:

((𝑇1,𝑐, 𝑇2, 𝑇3, 𝑇4)) ⊂ 𝔹4.

Proof. Let 0 < 𝑐 ⩽ 1∕2, let 𝑆𝑐 be the operator system generated by 𝑇1,𝑐, 𝑇2, 𝑇3, 𝑇4, and let 𝑓 =

𝛼 + 𝛽𝑡1 + 𝛾𝑡2 + 𝛿𝑡𝑒 + 𝜖𝑡4 ∈ 𝐴(𝔹4). Define a map Φ ∶ 𝐴(𝔹4) → 𝑆𝑐 by

Φ(𝑓) = 𝛼𝐼 + 𝛽𝑇1 + 𝛾𝑇2 + 𝛿𝑇3 + 𝜖𝑇4 =

(
𝑀𝑓 𝑐𝛽𝑃∗

𝑐𝛽𝑃 𝛼

)
.

It is clear that this map is well defined, bijective, and that its inverse is positive. The next step is
to show that Φ is positive. Suppose 𝑓 ⩾ 0 and notice that this implies 𝛼 ⩾ 0 and 𝛽, 𝛾, 𝛿, 𝜖 ∈ ℝ. If
𝛼 = 0, then 𝑓 = 0, and there is nothing to show. Thus assume 𝛼 > 0. Then:

Φ(𝑓) ⩾ 0

if and only if the Schur complement

𝑀𝑓 − 𝑐2𝛽2𝛼−1𝑃∗𝑃

is positive (see, e.g., [1, Lemma 7.2.7]). Therefore, the positivity of Φ(𝑓) is equivalent to

𝑐2𝛽2𝑃∗𝑃 ⩽ 𝛼𝑀𝑓.

Evaluating 𝑓 in (1,0,0,0) and (−1, 0, 0, 0) shows |𝛽| ⩽ 𝛼, and since there is nothing to show for
𝛽 = 0, it suffices to check that

𝑐2𝑃∗𝑃 ⩽ |𝛽|−1𝑀𝑓.

Recall that𝑚 is the unique rotation-invariant probabilitymeasure on 𝑆3. Let g ∈ 𝐿2(𝑆3), andwrite
𝑓 = 𝑓∕|𝛽|. Following the idea of [2], we get

⟨𝑃∗𝑃g , g⟩ = |||||∫𝑆3 g𝑑𝑚
|||||
2

⩽

(
∫𝑆3 𝑓

1∕2|g|𝑓−1∕2𝑑𝑚

)2

⩽

(
∫𝑆3 𝑓|g|2𝑑𝑚

)(
∫𝑆3 𝑓

−1𝑑𝑚

)

= ⟨𝑀𝑓g , g⟩(∫𝑆3 𝑓
−1𝑑𝑚

)
.
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2734 SCHERER

Note that 𝑓(𝑧) = |𝛽|−1(𝛼 + ⟨𝑧, 𝜔⟩ℝ4), where 𝜔 = (𝛽, 𝛾, 𝛿, 𝜖), and 𝛼 ⩾ ‖𝜔‖ since 𝑓 ⩾ 0. Let 𝑈 ∈

(ℝ4) be an orthogonal matrix such that 𝑈∗𝜔 = (‖𝜔‖, 0, 0, 0). Then
∫𝑆3 𝑓

−1𝑑𝑚 = ∫𝑆3
|𝛽|

𝛼 + ⟨𝑧, 𝜔⟩𝑑𝑚(𝑧) = ∫𝑆3
|𝛽|

𝛼 + ⟨𝑈(𝑧), 𝜔⟩𝑑𝑚(𝑧)

= ∫𝑆3
|𝛽|

𝛼 + ‖𝜔‖𝑡1 𝑑𝑚 ⩽ ∫𝑆3
|𝛽|‖𝜔‖ 1

1 + 𝑡1
𝑑𝑚 ⩽ ∫𝑆3

1

1 + 𝑡1
𝑑𝑚

and

∫𝑆3
1

1 + 𝑡1
𝑑𝑚 = (2𝜋2)−1 ∫

𝜋

0 ∫
𝜋

0 ∫
2𝜋

0

sin2(𝑥) sin(𝑦)

1 + cos(𝑥)
𝑑𝑧𝑑𝑦𝑑𝑥 = 2.

Therefore, Φ(𝑓) ⩾ 0 if 𝑐 ⩽ 1∕2. Thus, we have shown that if 𝜙 is a positive state on 𝑆𝑐, then 𝜙◦Φ
is a positive state on 𝐴(𝔹4), and therefore

(𝜙(𝑇1), 𝜙(𝑇2), 𝜙(𝑇3), 𝜙(𝑇4)) ∈ 𝔹4.

In particular, for 0 < 𝑐 ⩽ 1∕2, we obtain

((𝑇1,𝑐, 𝑇2, 𝑇3, 𝑇4)) ⊂ 𝔹4. (1)

Let 𝑥 ∈ 𝐿2(𝑆3) ⊕ ℂ with ‖𝑥‖ = 1 and define

𝑧1 = (⟨𝑇1𝑥, 𝑥⟩, ⟨𝑇2𝑥, 𝑥⟩, ⟨𝑇3𝑥, 𝑥⟩, ⟨𝑇4𝑥, 𝑥⟩),
𝑧2 = (⟨𝑇1,1∕2𝑥, 𝑥⟩, ⟨𝑇2𝑥, 𝑥⟩, ⟨𝑇3𝑥, 𝑥⟩, ⟨𝑇4𝑥, 𝑥⟩).

Then, 𝑧1 ∈ 𝔹4 by Lemma 2.1 and 𝑧2 ∈ 𝔹4 by Equation 1. Thus, for 0 < 𝑐 < 1∕2, we have

(⟨𝑇1,𝑐𝑥, 𝑥⟩, ⟨𝑇2𝑥, 𝑥⟩, ⟨𝑇3𝑥, 𝑥⟩, ⟨𝑇4𝑥, 𝑥⟩) = (1 − 2𝑐)𝑧1 + 2𝑐𝑧2 ∈ 𝔹4. □

Lemma 2.3. Let 0 < 𝑐 < 1 and 𝑥 ∈ 𝐿2(𝑆3) ⊕ ℂ with ‖𝑥‖ = 1. Then the following holds:

‖(⟨𝑇̃1,𝑐𝑥, 𝑥⟩, ⟨𝑇2𝑥, 𝑥⟩, ⟨𝑇3𝑥, 𝑥⟩, ⟨𝑇4𝑥, 𝑥⟩)‖ < 1.

Proof. Let 𝑥 = (𝑦, 𝑎) ∈ 𝐿2(𝑆3) ⊕ ℂ with ‖𝑥‖ = 1 and define

𝑧 = (⟨𝑇̃1,𝑐𝑥, 𝑥⟩, ⟨𝑇2𝑥, 𝑥⟩, ⟨𝑇3𝑥, 𝑥⟩, ⟨𝑇4𝑥, 𝑥⟩).
Assume, for contradiction, that ‖𝑧‖ ⩾ 1. The equation

|⟨𝑇̃1,𝑐𝑥, 𝑥⟩| = |⟨𝑀𝑡1
𝑦, 𝑦⟩ + 𝑐𝑎⟨1, 𝑦⟩| ⩽ |⟨𝑀𝑡1

𝑦, 𝑦⟩| + |𝑐𝑎⟨1, 𝑦⟩|
shows, on one hand, that ⟨1, 𝑦⟩ ≠ 0, and on the other, that for

𝑥̃ =

⎧⎪⎨⎪⎩
(
𝑦, |𝑎| ⟨𝑦,1⟩|⟨𝑦,1⟩|

)
if ⟨𝑀𝑡1

𝑦, 𝑦⟩ ⩾ 0(
𝑦, −|𝑎| ⟨𝑦,1⟩|⟨𝑦,1⟩|

)
else
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and

𝑧̃ = (⟨𝑇̃1,𝑐𝑥̃, 𝑥̃⟩, ⟨𝑇2𝑥̃, 𝑥̃⟩, ⟨𝑇3𝑥̃, 𝑥̃⟩, ⟨𝑇4𝑥̃, 𝑥̃⟩),
we have ‖𝑥̃‖ = ‖𝑥‖ = 1, ⟨𝑇̃1,𝑐𝑥̃, 𝑥̃⟩ ∈ ℝ and 1 ⩽ ‖𝑧‖ ⩽ ‖𝑧̃‖. Thus, applying the identity Re(𝑇̃1,𝑐) =

𝑇1,𝑐∕2, we conclude that

𝑧̃ = (⟨𝑇1,𝑐∕2𝑥̃, 𝑥̃⟩, ⟨𝑇2𝑥̃, 𝑥̃⟩, ⟨𝑇3𝑥̃, 𝑥̃⟩, ⟨𝑇4𝑥̃, 𝑥̃⟩),
which lies within the unit ball 𝔹4 by Lemma 2.2, thus leading to a contradiction. Hence, ‖𝑧‖ <

1. □

Lemma 2.4. Let 0 < 𝑐 < 1. Then the compact operators(𝐿2(𝑆3) ⊕ ℂ) are contained in 𝐶∗(𝑆𝑐).

Proof. The proof is essentially the same as in [5, Lemma 3.2]. We start by noting that

𝑇̃1,𝑐𝑇̃
∗
1,𝑐 +

4∑
𝑖=2

𝑇∗
𝑖
𝑇𝑖 − 𝐼 =

(
𝑐2𝑃∗𝑃 0

0 −𝑃𝑃∗

)
∈ 𝐶∗(𝑆𝑐).

This implies

0 ⊕ 𝑃𝑃∗ =
1

𝑐−2 + 1

(
𝑐−2

(
𝑐2𝑃∗𝑃 0

0 −𝑃𝑃∗

)2

−

(
𝑐2𝑃∗𝑃 0

0 −𝑃𝑃∗

))
∈ 𝐶∗(𝑆𝑐),

and

𝑖𝑑 ⊕ 0 = 𝐼 − 0 ⊕ 𝑃𝑃∗ ∈ 𝐶∗(𝑆𝑐).

Therefore,

𝑃∗𝑃 ⊕ 0 =
1

𝑐2
(𝑖𝑑 ⊕ 0)(𝑇̃1,𝑐𝑇̃

∗
1,𝑐 +

4∑
𝑖=2

𝑇∗
𝑖
𝑇𝑖 − 𝐼) ∈ 𝐶∗(𝑆𝑐).

Additionally,𝑀𝑡1
⊕ 0 = 𝑇̃1,𝑐(𝑖𝑑 ⊕ 0) ∈ 𝐶∗(𝑆𝑐) and(

0 0

𝑃 0

)
= 𝑇̃∗

1,𝑐 − 𝑀𝑡1
⊕ 0 ∈ 𝐶∗(𝑆𝑐).

Further multiplying by 𝑀𝑡𝑖
⊕ 0, 𝑖 = 1, 2, 3, 4, from the left and right to 𝑃∗𝑃 ⊕ 0 and

(
0 0

𝑃 0

)
shows (

𝑝⟨⋅, 𝑞⟩ 0

0 0

)
,

(
0 0⟨⋅, 𝑞⟩ 0

)
∈ 𝐶∗(𝑆𝑐)
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2736 SCHERER

for every 𝑝, 𝑞 ∈ ℂ[𝑡1, 𝑡2, 𝑡3, 𝑡4]. Finally, since the polynomials are dense in 𝐿2(𝑆3), any compact
operator can be approximated by elements of 𝐶∗(𝑆𝑐), completing the proof. □

The previous lemma places us in a setting similar to the discussion following [5, Lemma 3.2].
Since (𝑇1,𝑐, 𝑇2, 𝑇3, 𝑇4) is a compact perturbation of (𝑀𝑡1

⊕ 1,𝑀𝑡2
⊕ 1,𝑀𝑡3

⊕ 1,𝑀𝑡4
⊕ 1), by the

previous lemma, we have the following split short exact sequence:

0 → (𝐿2(𝑆3 ⊕ ℂ)) → 𝐶∗(𝑆𝑐) → 𝐶(𝑆3) → 0.

Consequently, 𝐶∗(𝑆𝑐) is a type 𝐼 𝐶∗-algebra by [7, Theorem 1], and the only irreducible rep-
resentations of 𝐶∗(𝑆𝑐) are given by the identity representation and the evaluations 𝑒𝑧, defined
by

𝐶∗(𝑆𝑐) → ℂ, (𝑇1,𝑐, 𝑇2, 𝑇3, 𝑇4) ↦ 𝑧

for 𝑧 ∈ 𝑆3, see [3, Theorem 1.3.4] and [3, p. 20, Corollary 2].
Additionally, the proof of the following theorem uses the facts that a state on 𝑆𝑐 is pure if

and only if it is an extreme point of the state space 𝑆(𝑆𝑐), and that the restriction of a unital
∗-homomorphism is maximal if and only if it has the unique extension property.

Theorem 2.5. Let 0 < 𝑐 < 1. The operator system 𝑆𝑐 is not hyperrigid. However, the restrictions of
all irreducible representations of 𝐶∗(𝑆𝑐) to 𝑆𝑐 have the unique extension property.

Proof. To show that 𝑆𝑐 is not hyperrigid, we begin by considering the ∗-homomorphisms

𝜋 ∶ 𝐶∗(𝑆𝑐) → (𝐿2(𝑆3)), (𝑇̃1,𝑐, 𝑇2, 𝑇3, 𝑇4) ↦ (𝑀𝑡1
,𝑀𝑡2

,𝑀𝑡3
,𝑀𝑡4

)

and

Φ ∶ 𝐶∗(𝑆𝑐) → (𝐿2(𝑆3)), 𝐴 ↦ 𝑃𝐿2(𝑆3)𝐴|𝐿2(𝑆3).
Clearly, 𝜋|𝑆𝑐 = 𝜙|𝑆𝑐 , but 𝜋 ≠ 𝜙 because the range of 𝜋 is commutative, whereas the range of Φ
contains all compact operators by Lemma 2.4. Hence, 𝜋|𝑆𝑐 does not have the unique extension
property, and thus 𝑆𝑐 is not hyperirigid.
It remains to show that the irreducible representations of 𝐶∗(𝑆𝑐) are boundary representations.

By Arveson’s boundary theorem (see [3]), we observe that since

1 = ‖ 4∑
𝑖=1

𝑇∗
𝑖
𝑇𝑖‖ < ‖𝑇̃∗

1,𝑐𝑇̃1,𝑐 +

4∑
𝑖=2

𝑇∗
𝑖
𝑇𝑖‖,

the identity representation of 𝐶∗(𝑆𝑐) is a boundary representation. Thus, it remains to verify that
the point evaluations 𝑒𝑧, restricted to 𝑆𝑐, are maximal for all 𝑧 ∈ 𝑆3.
We begin by showing that

‖(𝜙(𝑇̃1,𝑐), 𝜙(𝑇2), 𝜙(𝑇3), 𝜙(𝑇4))‖ ⩽ 1 (2)
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for every 𝜙 ∈ 𝑆(𝑆𝑐) and that

‖(𝜙(𝑇̃1,𝑐), 𝜙(𝑇2), 𝜙(𝑇3), 𝜙(𝑇4))‖ < 1 (3)

for every pure state 𝜙 that is not maximal.
Let 𝜙 ∈ 𝑆(𝑆𝑐). If 𝜙 is pure and maximal, we have

‖(𝜙(𝑇̃1,𝑐), 𝜙(𝑇2), 𝜙(𝑇3), 𝜙(𝑇4))‖ = 1,

since the only representations of 𝐶∗(𝑆𝑐)with image in ℂ are given by the point evaluations. If 𝜙 is
pure and not maximal, then by [6, Theorem 2.4], 𝜙 dilates non-trivially to a maximal irreducible
unital completely positive map, which must be the identity representation, since this is the only
irreducible representation besides the point evaluations. Thus, there exists 𝑥 ∈ 𝐿2(𝑆3) ⊕ ℂ with‖𝑥‖ = 1 such that 𝜙(⋅) = ⟨⋅𝑥, 𝑥⟩. Since 𝑐 < 1, we can apply Lemma 2.3 to obtain Equation 3, and
since the convex hull of the extreme points of 𝑆(𝑆𝑐) is 𝑆(𝑆𝑐), by Carathédory’s theorem, we also
obtain Equation 2.
It follows from Equation 2 that the restrictions of the maps 𝑒𝑧 to 𝑆𝑐 are extreme points of 𝑆(𝑆𝑐).

By Equation 3, these maps must also be maximal, completing the proof. □

ACKNOWLEDGMENTS
The author thanks Michael Hartz for pointing out that a counterexample could be constructed
using the method in [2]. The author was partially supported by the Emmy Noether Program of
the German Research Foundation (DFG Grant 466012782).
Open access funding enabled and organized by Projekt DEAL.

JOURNAL INFORMATION
The Bulletin of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and
mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

REFERENCES
1. J. Agler and J. E. McCarthy, Pick interpolation and Hilbert function spaces, vol. 44, Graduate Studies in

Mathematics, American Mathematical Society, Providence, RI, 2002.
2. C. Akemann and N. Weaver,Minimal upper bounds of commuting operators, Proc. Amer. Math. Soc. 124 (1996),

no. 11, 3469–3476.
3. W. Arveson, An invitation to 𝐶∗-algebras, Graduate Texts in Mathematics, vol. 39, Springer-Verlag, New York-

Heidelberg, 1976.
4. W. Arveson, The noncommutative Choquet boundary II: hyperrigidity, Israel J. Math. 184 (2011), 349–385.
5. B. Bilich and A. Dor-On, Arveson’s hyperrigidity conjecture is false, 2024. https://arxiv.org/abs/2404.05018.
6. K. R. Davidson and M. Kennedy, The Choquet boundary of an operator system, Duke Math. J. 164 (2015), no. 15,

2989–3004.
7. J. Glimm, Type I 𝐶∗-algebras, Ann. of Math. (2) 73 (1961), 572–612.

 14692120, 2025, 9, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.70120 by U

niversitätsbibliothek D
er, W

iley O
nline L

ibrary on [26/11/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://arxiv.org/abs/2404.05018

	A finite-dimensional counterexample for Arveson’s hyperrigidity conjecture
	Abstract
	1 | INTRODUCTION
	2 | A FINITE-DIMENSIONAL COUNTEREXAMPLE
	ACKNOWLEDGMENTS
	JOURNAL INFORMATION
	REFERENCES


