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1 | INTRODUCTION

Let S be a separable operator system and C*(S) a C*-algebra generated by S. Arveson conjectured
in [4] that every representation of C*(S), restricted to S, has a unique extension to a unital com-
pletely positive map if and only if every irreducible representation of C*(S), restricted to S, has
a unique unital completely positive extension — a conjecture known as Arveson’s hyperrigidity
conjecture. For a detailed background, we recommend [5].

It has been shown by Bilich and Dor-On in [5] that the conjecture fails for an infinite-
dimensional operator system generated by an operator algebra in a non-commutative C*-algebra.
However, a critical part of that proof relies on the infinite dimensionality of the operator sys-
tem. In this paper, we construct a finite-dimensional counterexample for Arveson’s hyperrigidity
conjecture in Theorem 2.5.

We use the main ideas of [5], with the only significant difference being in the proof of the unique
extension property for the irreducible representations of C*(S). For this, we employ a technique
found in [2], which can be used to show that a certain projection is below a family of positive
multiplication operators, and that pure states have a maximal irreducible dilation [6].
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2 | A FINITE-DIMENSIONAL COUNTEREXAMPLE

Let B, be the Euclidean open unit ball in R*, and let S, be its boundary, the sphere in R*. Let A([ET4)
denote the continuous affine functions on the closed unit ball, and let t; € A(B,), i = 1,2, 3,4, be
the projection onto the ith component. Note that A(B,) is spanned by 1,t,,t,, 3, ,.

Define P : L?*(S;) = C, g — (g,1). Fori = 1,2,3,4 and ¢ > 0, we define the operators

M, cP*\ . M, cP*
T; =M, @0, T, = (le; 0 >’T1,c=< Otl 0 >

on L*(S;) @ C. Here, L?(S,) is equipped with the unique rotation-invariant probability measure
m on Ss. Define

SC = Span{[, Tl,C’ T2, T3, T4}.
In Theorem 2.5, we show that S, is not hyperrigid, but the restrictions of all irreducible
representations of C*(S,) are boundary representations.
A crucial part of the proof is to show that the joint numerical range of the operator tuple
(Ty,T,,T;,T,), defined as
W((T 0 T, T3, Ty)) = {({T 0, x), (T5x, x), (T3x, x), (Tyx, x)); ||x]| = 1},

is contained in B,. To prove this, we first need to show that W((T, T,, T3, T,)) is contained in B,.

Lemma 2.1. It holds that:
W((TI,TZ,T3,T4)) C By.

Proof. Let x € L*(S;) @ C with ||x|| = 1. Using the fact that Z?zl tl.z =1lonS;, T; =T/, and
applying the Cauchy-Schwarz inequality, we get:

4 4

(T, X), (T, XY, (T3, %), (Tax, XM = D (Tix, )2 < Y NTxlP )1
i=1 i=1

4 4

= Z(Tl-x,Tix) = Z(Tizx,x)
i=1 i=1

<llxl? =1

Furthermore, the Cauchy-Schwarz inequality implies that if equality holds, there must exist
somei € {1,2,3,4} and a 0 # 1 € C such that T;x = 1x. However, M 3 has no eigenvalues, so we
conclude that:

4
D (Tix,x)? < 1,
i=1

which completes the proof. O
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A FINITE DIMENSIONAL COUNTEREXAMPLE FOR ARVESON’S HYPERRIGIDITY CONJECTURE 2733

Lemma 2.2. Let 0 < ¢ < 1/2. Then, the following holds:
W((Ty ., T, T3, T,)) C By.

Proof. Let 0 <c<1/2, let S, be the operator system generated by T, ., T,,T3,T,, and let f =
o + Bt +yt, + St, + et, € A(B,). Define amap @ : A(B,) — S, by

O(f) = ol + BTy +yT, + 06T + €Ty = (Mf cﬁp‘).

cfP «a
It is clear that this map is well defined, bijective, and that its inverse is positive. The next step is
to show that @ is positive. Suppose f > 0 and notice that this implies « > 0 and §,y,5,¢ € R. If
a = 0, then f = 0, and there is nothing to show. Thus assume « > 0. Then:
®(f) =0
if and only if the Schur complement
M; —c*g*a”'P*P
is positive (see, e.g., [1, Lemma 7.2.7]). Therefore, the positivity of ®(f) is equivalent to
¢*B*P*P < aMj.

Evaluating f in (1,0,0,0) and (-1, 0,0, 0) shows || < «, and since there is nothing to show for
B =0, it suffices to check that

c*P*P < |87 M.

Recall that m is the unique rotation-invariant probability measure on S;. Let g € L*(S;), and write
f = f/1B]. Following the idea of [2], we get

/gdm
S3
2
< ( / f1/2|g|f-1/2dm>
S3

<( fwdm)( f‘ldm>
S5 S;
=(Mfg,g)</s f_ldm>.

2
(P*Pg,g) =
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Note that f(z) = |B]~ (& + {2z, @)ps), Where @ = (8,7, 6,¢€), and a > ||| since f > 0. Let U €
B(R*) be an orthogonal matrix such that U*w = (||w]|,0, 0, 0). Then

ftdm = |";ldm(z) =/ Ldm(z)
s

s s, @+ (z,w) L a+(U(2),w)

:/Ldms/ﬂldms/ldm
s, o+ llellty s, llwll 1+ 1, s, 1+

27 2
_ 5 sin“(x) sin(y) _
= (2n°)” / / / T+ o0s00) Y dzdydx = 2.

Therefore, @(f) > 0 if ¢ < 1/2. Thus, we have shown that if ¢ is a positive state on S, then po®
is a positive state on A(B4), and therefore

and

($(T1), $(T2)., $(T3), $(I,)) € By
In particular, for 0 < ¢ < 1/2, we obtain
W((Ty 0, T5, T3, Ty)) C By. 1)
Let x € L*(S;) ® C with ||x|| = 1 and define
Zy = (T2, %), {Tyx, x), (T3, x), {T4X, X)),
2y = ((Ty12%, X), (T5X, X), (T3%, x), (T4, X)).
Then, z, € B, by Lemma 2.1 and z, € B, by Equation 1. Thus, for 0 < ¢ < 1/2, we have
(T X, x),(Tyx, x),(T3x, X),(Tyx, X)) = (1 — 2¢)z; + 2cz, € By. O
Lemma 2.3. Let0 < ¢ < 1 and x € L*(S;) @ C with ||x|| = 1. Then the following holds:
I((T'1 e, %), (Tx, X), (T3, x), (Tyx, X)) < 1.
Proof. Let x = (y,a) € L*(S;) @ C with ||x|| = 1 and define
z= (<T1,cx’ x),(T,x, x),(T3x, X), (T4x, X)).
Assume, for contradiction, that ||z|| > 1. The equation
KT ex, )| = KMy, ¥) + ca(L,y)| < M, p, 0| + lea(1, y)]
shows, on one hand, that (1, y) # 0, and on the other, that for
(v.lalk) M py) >0

( 'a||<y1>|> else

X =
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and
Z = (T %, %), (T,%, %), (T3%, X), (T4, X)),

we have [|%|| = ||x|| = 1, (T, X, %) € Rand 1 < ||z|| < ||Z]|. Thus, applying the identity Re(T, .) =
T, ./, we conclude that

Z= (<T1,c/2x’ %), (T,%, X),(T3%, %), (T4 %, X)),

which lies within the unit ball B, by Lemma 2.2, thus leading to a contradiction. Hence, ||z|| <

1. U
Lemma 2.4. Let0 < ¢ < 1. Then the compact operators K(L*(S;) @ C) are contained in C*(S,).

Proof. The proof is essentially the same as in [5, Lemma 3.2]. We start by noting that

4 2
o " c“P*P 0 "
Ty Tie+ ) TiT =1 = ( 0 _PP*) € C*(S,).
i=2

This implies

2
1 _, [c*P*P 0 cp*p 0 .
0@ PP* = 2 - C*(S.),
® c2+1 <c < 0 —PP*) ( 0 —PP*>> € C(Se)

and
id®0=1-0@PP" € C*(S,).
Therefore,
4
P'P@O= Clz(id @ 0)(T, T} + g; TIT, —I) € C*(S,).

Additionally, M, ©0 = T, .(id ® 0) € C*(S,) and

0 0 -
<P 0) =17, — M, ®0€C*S,).

Further multiplying by M,i @0,i=1,2,3,4, from the left and right to P*P @ 0 and <2 8)

p(.q) 0\ (0 0y _ ..
(5" o) (o o)

shows
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2736 | SCHERER

for every p,q € Clt,,t,, t3,t,]. Finally, since the polynomials are dense in L*(S;), any compact
operator can be approximated by elements of C*(S,), completing the proof. O

The previous lemma places us in a setting similar to the discussion following [5, Lemma 3.2].
Since (T, T5, T3, T4) is a compact perturbation of (M, & 1,M,, ®1,M, &1,M, & 1), by the
previous lemma, we have the following split short exact sequence:

0 — K(L*(S; ® C)) = C*(S,) = C(S;) — 0.

Consequently, C*(S,) is a type I C*-algebra by [7, Theorem 1], and the only irreducible rep-
resentations of C*(S,) are given by the identity representation and the evaluations e,, defined
by

C*(SC) b C, (Tl,C’ Tz, T3, T4) = Z

for z € S;, see [3, Theorem 1.3.4] and [3, p. 20, Corollary 2].

Additionally, the proof of the following theorem uses the facts that a state on S, is pure if
and only if it is an extreme point of the state space S(S,), and that the restriction of a unital
x-homomorphism is maximal if and only if it has the unique extension property.

Theorem 2.5. Let 0 < ¢ < 1. The operator system S, is not hyperrigid. However, the restrictions of
all irreducible representations of C*(S,) to S, have the unique extension property.

Proof. To show that S, is not hyperrigid, we begin by considering the *-homomorphisms
T CH(S) = BILA(S3), (Ty o, Ty, T3, Ty) = (M, , M, , M, , M, )
and
@ : C*(S.) = B(L*(S3)), A = Pras,)Alpas,)-

Clearly, 7|g = ¢ls,, but 7 # ¢ because the range of 7 is commutative, whereas the range of @
contains all compact operators by Lemma 2.4. Hence, 7| S, does not have the unique extension
property, and thus S, is not hyperirigid.

It remains to show that the irreducible representations of C*(S,) are boundary representations.
By Arveson’s boundary theorem (see [3]), we observe that since

4

4
1= || Y TiT < W5 T + Y, TETL
i=1 i=2

the identity representation of C*(S,) is a boundary representation. Thus, it remains to verify that
the point evaluations e,, restricted to S, are maximal for all z € S;.
‘We begin by showing that

1(@(T.0), $(T2), $(T3), T < 1 2)
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A FINITE DIMENSIONAL COUNTEREXAMPLE FOR ARVESON’S HYPERRIGIDITY CONJECTURE 2737

for every ¢ € S(S,) and that

”(¢(T1,c)7 $(T2), $(T3), p(TH) < 1 (3)

for every pure state ¢ that is not maximal.
Let ¢ € S(S,). If ¢ is pure and maximal, we have

(@(T1,0), $(T), §(T3), p(T Il =1,

since the only representations of C*(S,) with image in C are given by the point evaluations. If ¢ is
pure and not maximal, then by [6, Theorem 2.4], ¢ dilates non-trivially to a maximal irreducible
unital completely positive map, which must be the identity representation, since this is the only
irreducible representation besides the point evaluations. Thus, there exists x € L*(S;) @ C with
[Ix]] = 1 such that ¢(-) = (-x, x). Since ¢ < 1, we can apply Lemma 2.3 to obtain Equation 3, and
since the convex hull of the extreme points of S(S,) is S(S.), by Carathédory’s theorem, we also
obtain Equation 2.

It follows from Equation 2 that the restrictions of the maps e, to S, are extreme points of S(S,).
By Equation 3, these maps must also be maximal, completing the proof. O
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