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1. Introduction

Recent years have seen tremendous progress in the development of reinforcement learning (RL) for systems in continuous time and
space, which are formulated in the language of stochastic differential equations (SDEs). The articles [34,35] constitute an important
starting point for the modeling of exploration of the state space in such a framework. Roughly speaking, the exploration mechanism
consists of first choosing a relaxed control (which is a policy with values in the set of probability distributions) and then executing
the policy by drawing a sample from the chosen distribution. Based on a heuristic argument using law of large numbers, Wang et al.
[34] identify the drift and diffusion coefficient, when averaging over many independent executions of the relaxed control, leading to
the exploratory SDE in a diffusion setting. Regularizing the cost function by adding a running reward for exploration (e.g., in terms
of Shannon entropy as in [34,35]), they come up with a formulation of exploratory control problems.

The exploratory control approach of [34] has been generalized in many directions, including a mean-field setting [8,12], regime-
switching models [36], and models with jumps [1,10]. A significant part of the literature focuses on exploratory versions of linear-
quadratic problems (which are no longer linear-quadratic due to the presence of the regularization term) and on applications to
mean-variance portfolio selection, see, e.g., [1,6,12,34-36]. Moreover, alternatives to the Shannon entropy regularization term have
been suggested, see [7,12,13,27]. More information about the recent progress in continuous-time RL can be found in the survey
article by Zhou [40].
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$\bfh $


$\xi ^\Pi $


$\bfh $


$h$


$\Pi $


\begin {equation*}{\bfh }(t_{i-1},X^{\Pi ,\bfh }_{t_{i-1}},\xi ^\Pi _{t_i} ) =\lim _{s\searrow t_{i-1}} {\bfh }(s,X^{\Pi ,\bfh }_{s-},\xi ^\Pi _{t_i} )\end {equation*}


${\bfh }(s,X^{\Pi ,\bfh }_{s-},\xi ^\Pi _{t_i} )$


$s\in (t_{i-1},t_i]$


$X^{\Pi ,\bfh }_{t_{i-1}}=X^{\Pi ,\bfh }_{(t_{i-1})-}$


$X^{\Pi ,\bfh }_{t_{i-1}}$


$\cF ^\Pi _{(t_{i-1})-}$


$\xi ^\Pi _{t_i}$


${\bfh }(t_{i-1},X^{\Pi ,\bfh }_{t_{i-1}},\xi ^\Pi _{t_i} )$


$h(t_{i-1},X^{\Pi ,\bfh }_{t_{i-1}} )$


$\xi ^\Pi _{t_i}$


$b, a, \gamma $


$\bfh \colon [0, T] \times \bR ^m \times [0, 1]^d \to \bR ^d$


$b_\bfh \colon [0,T]\times \bR ^m\times [0,1]^d \rightarrow \bR ^m$


$a_\bfh \colon [0,T]\times \bR ^m\times [0,1]^d \rightarrow \bR ^{m\times p}$


$\gamma _\bfh \colon [0,T]\times \bR ^m \times \bR ^q_0 \times [0,1]^d \rightarrow \bR ^{m}$


\begin {align*}& b_\bfh (s, x, u): = b(s, x, \bfh (s, x, u)), \quad a_\bfh (s, x, u): = a(s, x, \bfh (s, x, u)),\quad \gamma _\bfh (s, x, z, u): = \gamma (s, x, z, \bfh (s, x, u)).\end {align*}


$b_\bfh $


$a_\bfh $


$\gamma _\bfh $


\begin {align*}G_0(s) := \int _{[0, 1]^d} \bigg [ |b_\bfh (s, 0, u)|^2 + \|a_\bfh (s, 0, u)\|_{\rmF }^2 + \int _{0 < |z| \le \frr } |\gamma _\bfh (s, 0, z, u)|^2 \nu _s(\od z)\bigg ] \od u\end {align*}


$s \in [0, T]$


$G_0 \in \bfL ^1([0, T], \Leb _{[0, T]})$


$b_\bfh $


$a_\bfh $


$\gamma _\bfh $


$x$


$K_{\trm {Lip}} \ge 0$


$s$


$u$


$\frr $


$s \in [0, T]$


$u\in [0,1]^d$


$x_1, x_2 \in \bR ^m$


\begin {align}\label {eq:Lipschitz-condition} & |b_\bfh (s, x_1, u) - b_\bfh (s, x_2, u)|^2+ \|a_\bfh (s, x_1, u) - a_\bfh (s, x_2,u)\|_{\rmF }^2 +\int _{0 < |z| \le \frr } |\gamma _\bfh (s, x_1, z, u) - \gamma _\bfh (s, x_2, z, u)|^2\nu _s(\od z) \leq K^2_{\trm {Lip}}|x_1 - x_2|^2.\end {align}


$\bfh $


$x_0 \in \bR ^m$


$X^{\Pi ,\bfh }$


$\Pi $


$X^{\Pi ,\bfh }$


\begin {align}\label {eq:SDE-randomccmeasureccPi} X^{\Pi ,\bfh }_t = x_0 &+ \int _{(0,t]\times [0,1]^d} b_\bfh (s, X^{\Pi ,\bfh }_{s-}, u) M^\Pi _D (\od s, \od u)+ \sum _{l=1}^p \int _{(0,t]\times [0,1]^d} a_\bfh ^{(\cdot ,l)}(s, X^{\Pi ,\bfh }_{s-}, u) M^\Pi _{B^{(l)}}(\od s,\od u) \notag \\ &+ \int _{(0,t]\times \{0 < |z| \le \frr \} \times [0,1]^d} \gamI _{\bfh }(s, X^{\Pi ,\bfh }_{s-}, z, u)\tilde M^\Pi _{J}(\od s,\od z,\od u) \notag \\ &+ \int _{(0,t]\times \{|z| > \frr \} \times [0,1]^d} \gamI _{\bfh }(s, X^{\Pi ,\bfh }_{s-}, z, u) M^\Pi _{J}(\od s,\od z,\od u), \quad t \in [0, T],\end {align}


\begin {align*}&M_D^\Pi (\omega ,\od t,\od u) := \sum _{i=1}^n \1_{(t_{i-1}, t_i]}(t) \delta _{\xi ^\Pi _{t_i}(\omega )}(\od u)\od t,\\ &M_{B^{(l)}}^\Pi (\omega ,t,A) := \bigg (\int _0^{t} \sum _{i=1}^n \1_{(t_{i-1},{t_i}]}(s) \1_A(\xi ^\Pi _{t_i})\; \od B^{(l)}_s \bigg )(\omega ),\quad A\in \cB ([0,1]^d),\;t\in [0,T],\; l=1,\ldots , p,\\ &M_J^\Pi (\omega ,\od t,\od z, \od u) := \sum _{i=1}^n \sum _{t\in (t_{i-1},t_i]} \1_{\{\Delta L_t(\omega )\neq 0\}} \delta _{(t,\, \Delta L_t(\omega ),\, \xi ^\Pi _{t_i}(\omega ))}(\od t,\od z, \od u),\end {align*}


$L_t:=\int _0^t \int _{0 < |z| \le \frr } z \tilde N(\od s,\od z) + \int _0^t \int _{|z| > \frr } z N(\od s, \od z)$


$\delta _y$


$y$


$M^\Pi _{B^{(l)}}$


$M_D^\Pi $


$M^\Pi _J$


$\bF ^\Pi $


\begin {equation*}\mu _J^\Pi (\omega ,\od t,\od z, \od u) := \sum _{i=1}^n \1_{(t_{i-1}, t_i]}(t) \delta _{\xi ^\Pi _{t_i}(\omega )}(\od u) \nu _t(\od z) \od t\end {equation*}


$\tilde M^\Pi _J := M_J^\Pi -\mu _J^\Pi $


$X^{\Pi ,\bfh }$


$\bF ^\Pi $


$m=d=1$


$x_0=0$


$a_\bfh \equiv \gamma _\bfh \equiv 0$


$b_\bfh (s,x,u)=u$


$t\in [0,t_1]$


$X^{\Pi ,\bfh }_t=t \xi _1$


$\xi _1=\xi ^\Pi _t$


$t\in (0,t_1]$


$\bF ^\Pi $


$\xi _1$


$\mathcal {F}^\Pi _0$


$\bEn [X^{\Pi ,\bfh }_{t_1}|\mathcal {F}^\Pi _0]=\xi _1$


$\bEn [X^{\Pi ,\bfh }_{t_1}|X^{\Pi ,\bfh }_{0}]=\bEn [\xi _1]=1/2$


$X^{\Pi ,\bfh }_{0}$


$(X^{\Pi ,\bfh }_t, \xi ^\Pi _{t+})_{t\in [0,T]}$


$\bF ^\Pi $


$\xi ^\Pi _0=0$


$\xi ^\Pi _{0+}=\xi _1$


$\xi ^\Pi _{t+}$


$\xi ^\Pi _{t}$


$(\Pi _n)_{n\in \mathbb {N}}$


$k\in \mathbb {N}$


$s_1, \ldots ,s_k$


$n\geq N_0$


$k$


$\Pi _n$


$(\xi ^{\Pi _n}_{s_1},\ldots , \xi ^{\Pi _n}_{s_k})$


$(\xi ^{\Pi _n}_t)_{t\in [0,T]}$


$(\xi ^*_t)_{t\in [0,T]}$


$(\xi ^{\Pi _n}_t)_{t\in [0,T]}$


$(M_D^\Pi , M_{B^{(1)}}^\Pi , \ldots , M_{B^{(p)}}^\Pi , M_J^\Pi )$


$\Pi $


$(M_D,M_{B^{(1)}}, \ldots , M_{B^{(p)}}, M_J)$


\begin {equation*}M_D(A) := \Leb _{[0,T]}\otimes \Leb _{[0,1]}^{\otimes d} (A),\quad A\in \cB ([0,T])\otimes \cB ([0,1]^d),\end {equation*}


$\Leb _U$


$1$


$U \in \cB (\bR )$


$(M_{B^{(1)}},\ldots , M_{B^{(p)}})$


$p$


$M_D$


$M_J$


$[0,T] \times \bR ^q_0\times [0,1]^d$


\begin {equation*}\mu _J(\od t, \od z,\od u) := \nu _t(\od z)\od u \od t.\end {equation*}


$M_J$


$\tilde M_J :=M_J-\mu _J$


$(\Omega , \cF , \bar {\mathbb {F}}, \bP )$


$(M_{B^{(1)}},\ldots , M_{B^{(p)}})$


$M_J$


$(M_{B^{(1)}},\ldots , M_{B^{(p)}})$


$M_J$


$\bF $


$(M_{B^{(1)}},\ldots , M_{B^{(p)}}, M_J)$


$(\Pi _n)_{n\in \bN }$


$[0,T]$


$\lim _{n\rightarrow \infty } |\Pi _n|=0$


$m\in \bN $


$R\in (0,\infty )\cup \{\mathfrak {r}\}$


$f_{l}^{(k)}\colon [0,T] \times [0,1]^d\to \bR $


$l=0,\ldots ,p$


$k=1,\ldots ,m$


$f_{l}^{(k)} \colon [0,T] \times \bR ^q_0 \times [0,1]^d\to \bR $


$l=p+1,p+2$


$k=1,\ldots ,m$


$\bR ^m$


$\cX ^n=(\cX ^{n, (1)},\ldots , \cX ^{n,(m)})$


\begin {align*}\cX ^{n,(k)}_t &= \int _{(0,t]\times [0,1]^d} f_{0}^{(k)}(s,u) M_D^{\Pi _n}(\od s,\od u)+ \sum _{l=1}^p \int _{(0,t]\times [0,1]^d} f_{l}^{(k)}(s,u) M_{B^{(l)}}^{\Pi _n}(\od s,\od u) \\ & \quad + \int _{(0,t]\times \{ 0<|z|\leq R\} \times [0,1]^d} f_{p+1}^{(k)}(s,z,u)|z| \tilde M_{J}^{\Pi _n}(\od s,\od z,\od u) \\ & \quad + \int _{(0,t]\times \{ |z|> R\} \times [0,1]^d} f_{p+2}^{(k)}(s,z,u) M_{J}^{\Pi _n}(\od s,\od z,\od u), \quad t\in [0,T] ,\; k=1,\ldots , m.\end {align*}


$(\cX ^n)_{n\in \bN }$


$\bD _T(\bR ^m)$


$\bR ^m$


$\cX =(\cX ^{(1)},\ldots , \cX ^{(m)} )$


\begin {align*}\cX ^{(k)}_t &= \int _{(0,t]\times [0,1]^d} f_{0}^{(k)}(s,u) M_D(\od s,\od u)+ \sum _{l=1}^p \int _{(0,t]\times [0,1]^d}f_{l}^{(k)}(s,u) M_{B^{(l)}}(\od s,\od u) \\ & \quad + \int _{(0,t]\times \{ 0<|z|\leq R\} \times [0,1]^d} f_{p+1}^{(k)}(s,z,u)|z| \tilde M_{J}(\od s,\od z,\od u) \\ & \quad + \int _{(0,t]\times \{ |z|> R\} \times [0,1]^d} f_{p+2}^{(k)}(s,z,u) M_{J}(\od s,\od z,\od u), \quad t\in [0,T] ,\; k=1,\ldots , m.\end {align*}


$(M_D^{\Pi _n},M_{B^{(1)}}^{\Pi _n},\ldots , M_{B^{(p)}}^{\Pi _n}, M_J^{\Pi _n})$


$(M_D,M_{B^{(1)}},\ldots , M_{B^{(p)}}, M_J)$


$m\in \bN $


$f_{l}^{(k)} \colon [0,T] \times [0,1]^d\to \bR $


$l=0,\ldots ,p$


$k=1,\ldots ,m$


$f_{p+2}^{(k)} \colon [0,T] \times \bR ^q_0 \times [0,1]^d\to \bR $


$k=1,\ldots ,m$


$\bR ^m$


$\cX ^n=(\cX ^{n,(1)},\ldots , \cX ^{n,(m)} )$


\begin {align*}\cX ^{n,(k)}_t &= \int _{(0,t]\times [0,1]^d} f_{0}^{(k)}(s,u) M_D^{\Pi _n}(\od s,\od u)+ \sum _{l=1}^p \int _{(0,t]\times [0,1]^d} f_{l}^{(k)}(s,u) M_{B^{(l)}}^{\Pi _n}(\od s,\od u) \\ & \quad + \int _{(0,t]\times \bR ^q_0 \times [0,1]^d} f_{p+2}^{(k)}(s,z,u) M_{J}^{\Pi _n}(\od s,\od z,\od u), \quad t\in [0,T] ,\; k=1,\ldots , m,\end {align*}


$\bD _T(\bR ^m)$


$\cX =(\cX ^{(1)},\ldots , \cX ^{(m)})$


\begin {align*}\cX ^{(k)}_t &= \int _{(0,t]\times [0,1]^d} f_{0}^{(k)}(s,u) M_D(\od s,\od u)+ \sum _{l=1}^p \int _{(0,t]\times [0,1]^d}f_{l}^{(k)}(s,u) M_{B^{(l)}}(\od s,\od u) \\ & \quad + \int _{(0,t]\times \bR ^q_0 \times [0,1]^d} f_{p+2}^{(k)}(s,z,u) M_{J}(\od s,\od z,\od u), \quad t\in [0,T] ,\; k=1,\ldots , m.\end {align*}


$f_{l}^{(k)}$


$(l=p+1,p+2;\;k=1,\ldots ,m)$


$\varepsilon >0$


$k,l,t,u$


$f_{l}^{(k)}=0$


$0<|z|\leq \varepsilon $


$R=\varepsilon $


$M_D$


$\bfh \colon [0,T] \times \bR ^m \times [0,1]^d \rightarrow \bR ^{d}$


\begin {align}\label {eq:SDE-randomccmeasurecclimit} X^{\bfh }_t = x_0 &+ \int _{0}^t \nq \int _{[0,1]^d} b(s, X^{\bfh }_{s-}, {\bfh }(s,X^{\bfh }_{s-},u )) \od u \od s+ \sum _{l=1}^p \int _{(0,t]\times [0,1]^d} a^{(\cdot ,l)}(s, X^{\bfh }_{s-}, {\bfh }(s,X^{\bfh }_{s-},u )) M_{B^{(l)}}(\od s,\od u) \notag \\ &+ \int _{(0,t]\times \{ 0<|z|\le \mathfrak {r}\} \times [0,1]^d} \gamI (s, X^{\bfh }_{s-}, z, {\bfh }(s,X^{\bfh }_{s-},u ))\tilde M_{J}(\od s,\od z,\od u) + \int _{(0,t]\times \{ |z|> \mathfrak {r}\} \times [0,1]^d} \gamII (s, X^{\bfh }_{s-}, z, {\bfh }(s,X^{\bfh }_{s-},u )) M_{J}(\od s,\od z,\od u).\end {align}


$\bfh $


$(M_D,M_{B^{(1)}},\ldots , M_{B^{(p)}} , M_J)$


$(M_D^{\Pi },M_{B^{(1)}}^{\Pi },\ldots , M_{B^{(p)}}^{\Pi } , M_J^{\Pi })$


$\xi ^\Pi $


$X^{\bfh }$


$(\xi _t)_{t\in [0,T]}$


$\xi $


$\xi ^\Pi $


$\frr \in [0, \infty ]$


$\bfh $


$x_0\in \bR ^m$


$X^{\bfh }$


$X^\bfh $


$\cL _\bfh $


$f \in C^2_c(\bR ^m)$


\begin {align*}(\cL _{\bfh } f)(s, x) & := \int _{[0, 1]^d} \bigg [\sum _{i=1}^m b^{(i)}_{\bfh }(s, x, u) \frac {\pd f}{\pd x_i}(x) + \frac {1}{2}\sum _{i, j = 1}^m A_\bfh ^{(i, j)}(s, x, u) \frac {\pd ^2 f}{\pd x_i \pd x_j}(x) \\ & \quad + \int _{\bR ^q_0} \bigg (f(x + \gamma _\bfh (s, x, z, u)) - f(x) - \sum _{i=1}^m \1_{\{0 < |z| \le \frr \}}\gamma _\bfh ^{(i)}(s, x, z, u) \frac {\pd f}{\pd x_i}(x) \bigg ) \nu _s(\od z) \bigg ] \od u,\end {align*}


$\delta _{x_0}$


$A_\bfh : = a_\bfh a_\bfh ^\tran $


$(X^{\bfh }_t)_{\in [0,T]}$


$\bF $


$\gamI \equiv 0$


$\bfh _1,\ldots ,\bfh _K \colon [0,T]\times \bR ^m\times [0,1]^d\rightarrow \bR ^d$


\begin {equation*}(X^{\Pi _n,\bfh _1},\ldots , X^{\Pi _n,\bfh _K}, M_D^{\Pi _n},M_{B^{(1)}}^{\Pi _n},\ldots , M_{B^{(p)}}^{\Pi _n}) \to (X^{\bfh _1},\ldots , X^{\bfh _K}, M_D,M_{B^{(1)}},\ldots , M_{B^{(p)}}).\end {equation*}


$K \ge 0$


$s$


$\frr $


$s \in [0, T]$


$x_1, x_2 \in \bR ^m$


\begin {align*}&{\bigg (\int _{[0, 1]^d} |b_\bfh (s, x_1, u) - b_\bfh (s, x_2, u)| \od u \bigg )}^2 + \int _{{[0, 1]}^d} \|a_\bfh (s, x_1, u) - a_\bfh (s, x_2,u)\|_{\rmF }^2 \, \od u \\ & + \int _{\{0 < |z| \le \frr \} \times [0, 1]^d} {|\gamma _\bfh (s, x_1, z, u) - \gamma _\bfh (s, x_2, z, u)|}^2 \, \nu _s(\od z) \od u \le K^2{|x_1 - x_2|}^2.\end {align*}


$\frr = \infty $


$\tilde K\ge 0$


$x_0$


$X^\bfh $


\begin {align*}\bE \bigg [\sup _{0 \le t \le T} |X^\bfh _t|^2\bigg ] \le \tilde K^2 (1 + |x_0|^2).\end {align*}


$\eta \colon \Omega \times [0,T]\times [0,1]^d\rightarrow \bR ^m$


$\bF $


\begin {equation*}\int _{[0,1]^d} (\eta _t\eta _t^\tran )(u)\od u=I_m\quad \bP \otimes \Leb _{[0,T]}\trm {-a.e. } (\omega , t) \in \Omega \times [0, T].\end {equation*}


\begin {equation*}B^{\eta ,(k,l)}_t=\int _0^t \nq \int _{[0,1]^d} \eta ^{(k)}_s(u)\, M_{B^{(l)}}(\od s,\od u),\quad t\in [0,T],\; l=1,\ldots ,p,\,k=1,\ldots , m.\end {equation*}


$B^\eta =(B^{\eta ,(k,l)} : l=1,\ldots ,p,\,k=1,\ldots , m)$


$mp$


$\bfh $


$\bfh $


$u$


$\eta $


$\bR $


\begin {equation*}B^{\bf 1} ={\bigg ( \int _0^{\cdot } \nq \int _{[0,1]^d} \, M_{B^{(1)}}(\od s,\od u),\ldots , \int _0^{\cdot } \nq \int _{[0,1]^d} \, M_{B^{(p)}}(\od s,\od u) \bigg )}^{\tran }\end {equation*}


$p$


\begin {equation*}N^{\bf 1}(\od t,\od z)= \int _{[0,1]^d} M_J(\od t,\od z, \od u)\end {equation*}


$B^\eta $


$\nu _t(\od z) \od t$


\begin {align*}X^{\bfh }_t = x_0 &+ \int _{0}^t b(s, X^{\bfh }_{s-}, {\bfh }(s,X^{\bfh }_{s-} )) \od s\notag + \int _0^t a(s, X^{\bfh }_{s-}, {\bfh }(s,X^{\bfh }_{s-})) \od B^{\bf 1}_s \\ &+ \int _{(0,t]\times \{ 0<|z|\le \mathfrak {r}\}} \gamI (s, X^{\bfh }_{s-}, z, {\bfh }(s,X^{\bfh }_{s-}))\tilde N^{\bf 1}(\od s,\od z) + \int _{(0,t]\times \{ |z|> \mathfrak {r}\}} \gamII (s, X^{\bfh }_{s-}, z, {\bfh }(s,X^{\bfh }_{s-})) N^{\bf 1}(\od s,\od z),\end {align*}


$b$


$a$


\begin {equation*}a(t,x,y)=a_0(t,x)+\sum _{j=1}^d y^{(j)}a_j(t,x),\quad b(t,x,y)=b_0(t,x)+\sum _{j=1}^d y^{(j)}b_j(t,x)\end {equation*}


$a_j \colon [0,T] \times \bR ^m \rightarrow \bR ^{m\times p}$


$b_j \colon [0,T] \times \bR ^m \rightarrow \bR ^{m}$


$\bfh \colon [0,T] \times \bR ^m \times [0,1]^d \rightarrow \bR ^{d}$


$X^{\bfh }$


$\bfh $


$u$


\begin {equation*}\mu _{\bfh }(t,x)=\int _{[0,1]^d} \bfh (t,x,u)\od u,\quad \Theta _{\bfh }(t,x)= \int _{[0,1]^d} (\bfh (t,x,u)-\mu _{\bfh }(t,x))(\bfh (t,x,u)-\mu _{\bfh }(t,x))^\tran \od u\end {equation*}


$(t,x)$


$\Theta _{\bfh }(t,x)$


$(t,x)\in [0,T] \times \bR ^m$


$\vartheta _{\bfh }(t,x)$


$\Theta _{\bfh }(t,x)$


\begin {equation*}\eta _{\bfh } \colon [0,T]\times \bR ^m\times [0,1]^d\rightarrow \bR ^d, (t,x,u)\mapsto \vartheta _{\bfh }(t,x)^{-1}(\bfh (t,x,u)-\mu _{\bfh }(t,x)).\end {equation*}


$(t,x)\in [0,T]\times \bR ^m,$


\begin {equation*}\int _{[0,1]^d} \eta _{\bfh }(t,x,u) \od u=0,\quad \int _{[0,1]^d} (\eta _{\bfh } \eta _{\bfh }^\tran )(t,x,u) \od u=I_d.\end {equation*}


$\bR ^{d+1}$


\begin {equation*}\eta _t(u)=(\eta ^{(1)}_{\bfh }(t,X^{\bfh }_{t-},u),\ldots , \eta ^{(d)}_{\bfh }(t,X^{\bfh }_{t-},u),1)^\tran \end {equation*}


$B^\eta =(B^{\eta ,(i,l)})_{i=1,\ldots ,d+1,\;l=1,\ldots ,p}$


$(d+1)p$


$B^\eta $


\begin {align*}X^{\bfh }_t = x_0 &+ \int _{0}^t\bigg ( b_0(s, X^{\bfh }_{s-})+\sum _{j=1}^d b_j(s, X^{\bfh }_{s-})\mu _{\bfh }^{(j)}(s,X^{\bfh }_{s-}) \bigg )\od s\\ &+\sum _{l=1}^p \int _{0}^t\bigg ( a^{(\cdot ,l)}_0(s, X^{\bfh }_{s-})+\sum _{j=1}^d a^{(\cdot ,l)}_j(s, X^{\bfh }_{s-})\mu _{\bfh }^{(j)}(s,X^{\bfh }_{s-}) \bigg )\od B^{\eta ,(d+1,l)}_s +\sum _{l=1}^p\sum _{i=1}^d \int _0^t \bigg (\sum _{j=1}^d a^{(\cdot ,l)}_j(s, X^{\bfh }_{s-}) \vartheta _{\bfh }^{(j,i)}(s,X^{\bfh }_{s-})\bigg )\od B^{\eta ,(i,l)}_s \notag \\ &+ \int _{(0,t]\times \{ 0<|z|\le \mathfrak {r}\} \times [0,1]^d} \gamI (s, X^{\bfh }_{s-}, z, {\bfh }(s,X^{\bfh }_{s-},u ))\tilde M_{J}(\od s,\od z,\od u) + \int _{(0,t]\times \{ |z|> \mathfrak {r}\} \times [0,1]^d} \gamII (s, X^{\bfh }_{s-}, z, {\bfh }(s,X^{\bfh }_{s-},u )) M_{J}(\od s,\od z,\od u).\end {align*}


$\bfh $


$m=p=d=1$


$\gamI =0$


$h \colon [0,T]\times \bR \to \mathcal {P}r(\cB (\bR ))$


$\dot {h}(t,x,\cdot )$


\begin {equation*}\tilde X^{h}_t= x_0+\int _0^t \nq \int _{\bR } b(s,\tilde X^{h}_s,y)\dot {h}(s,\tilde X^{h}_s,y) \od y\od s+ \int _0^t \sqrt {\int _{\bR } a(s,\tilde X^{h}_s,y)^2\dot {h}(s,\tilde X^{h}_s,y) \od y}\,\od W_s\end {equation*}


$W$


$b$


$a$


$\dot h$


$\tilde X^h$


\begin {equation}\label {eq:generatorccsimplified} (\cL _{h} f)(t,x):=\int _{\bR } \bigg (\frac {1}{2} a(t,x,y)^2 f''(x)+ b(t,x,y) f'(x)\bigg ) \dot {h}(t,x,y)\od y.\end {equation}


$\bfh $


$h$


$\cL _{h}$


$\cL _{\bfh }$


$X^{\bfh }$


$\cL _{h}(=\cL _{\bfh })$


$\cL _{\bfh }$


$\tilde X^h$


$\tilde X^h$


$X^{\bfh }$


$h$


$\bfh $


$X^{\bfh }$


$\tilde X^h$


$(\tilde X^{h_1}, \tilde X^{h_2})$


$(X^{\bfh _1}, X^{\bfh _2})$


$T=1$


$b=0$


$a(t,x,u)=u$


${\bfh }_j(t,x,u)=\mu _j+\sigma _j \Phi ^{-1}(u)$


$\mu _j\in \bR $


$\sigma _j>0$


$j=1,2$


$h_j(t,x)$


$\mu _j$


$\sigma _j^2$


$\Pi $


$\xi ^\Pi $


\begin {equation*}\langle X^{\Pi ,\bfh _1}, X^{\Pi ,\bfh _2} \rangle _1=\sum _{i=1}^n (t_i-t_{i-1}) (\mu _1+\sigma _1 \Phi ^{-1}(\xi ^\Pi _{t_i}))(\mu _2+\sigma _2 \Phi ^{-1}(\xi ^\Pi _{t_i})).\end {equation*}


$\Pi _n$


$n$


$\eta $


$[0,1]$


\begin {equation*}\langle X^{\Pi _n,\bfh _1}, X^{\Pi _n,\bfh _2} \rangle _1 \rightarrow \bE \B [(\mu _1+\sigma _1 \Phi ^{-1}({\eta }))(\mu _2+\sigma _2 \Phi ^{-1}({\eta }))\B ]=\mu _1\mu _2+\sigma _1\sigma _2.\end {equation*}


\begin {equation*}X^{\bfh _j}_t=X^{\bfh _j}_0+\mu _j B^{\bf 1}_t+ \sigma _j B^{\Phi ^{-1}}_t, \; j=1,2,\end {equation*}


$B^{\bf 1}_t= M_B([0,t]\times [0,1])$


$B^{\Phi ^{-1}}_t= \int _0^t \int _0^1 \Phi ^{-1}(u) M_B(\od s,\od u)$


\begin {align*}\langle X^{\bfh _1}, X^{\bfh _2} \rangle _1 =\mu _1\mu _2+\sigma _1\sigma _2.\end {align*}


\begin {align}\label {eq:pcvccexploratory} & \langle \tilde X^{h_1}, \tilde X^{h_2} \rangle _1\nonumber \\ &=\Bigg \langle \int _0^\cdot \sqrt {\int _{\bR } y^2 \frac {1}{\sqrt {2\pi \sigma _1^2}} \e ^{-(y-\mu _1)^2/(2\sigma _1^2)}\od y}\,\od W_s, \int _0^\cdot \sqrt {\int _{\bR } y^2 \frac {1}{\sqrt {2\pi \sigma _2^2}} \e ^{-(y-\mu _2)^2/(2\sigma _2^2)}\od y}\,\od W_s\Bigg \rangle _1\nonumber \\ &= \sqrt {(\mu _1^2+\sigma _1^2)(\mu _2^2+\sigma _2^2)}.\end {align}


$h_1$


$h_2$


$t_i$


$\Pi $


$(\mu _j+\sigma _j \Phi ^{-1}(\xi ^\Pi _{t_i}))$


$j=1,2$


${\bf u}_1$


${\bf u}_2:[0,1]\rightarrow [0,1]$


$\eta $


$[0,1]$


${\bf u}_1(\eta )$


${\bf u}_2(\eta )$


$[0,1]$


$\rho \in [-1,1]$


$h_j$


$j=1,2$


$\overline {{\bfh }}_1(t,x,u)=\mu _1+\sigma _1 (\Phi ^{-1}\circ {\bf u}_1)(u)$


$\overline {{\bfh }}_2(t,x,u)=\mu _2+\sigma _2 (\rho \Phi ^{-1}\circ {\bf u}_1+\sqrt {1-\rho ^2} \Phi ^{-1}\circ {\bf u}_2)(u)$


$\Pi _n$


$n$


\begin {align*}\langle X^{\Pi _n,\overline {{\bfh }}_1}, X^{\Pi _n,\overline {{\bfh }}_2} \rangle _1 \rightarrow & \bE \B [(\mu _1+\sigma _1 (\Phi ^{-1}\circ {\bf u}_1)(\eta ))(\mu _2+\sigma _2 (\rho \Phi ^{-1}\circ {\bf u}_1+\sqrt {1-\rho ^2} \Phi ^{-1}\circ {\bf u}_2)(\eta ))\B ]= \mu _1\mu _2+\rho \sigma _1\sigma _2,\quad \textnormal {a.s.}\end {align*}


$h_1$


$h_2$


$X^{\overline {{\bfh }}_1}$


$X^{\overline {{\bfh }}_2}$


$t=1$


\begin {equation*}X^{\overline {{\bfh }}_1}_t=X^{\overline {{\bfh }}_1}_0+\mu _1 B^{\bf 1}_t+ \sigma _1 B^{{\bf 2}}_t, \quad X^{\overline {{\bfh }}_2}_t=X^{\overline {{\bfh }}_2}_0+\mu _2 B^{\bf 1}_t+ \sigma _2 (\rho B^{{\bf 2}}_t+\sqrt {1-\rho ^2} B^{{\bf 3}}_t)\end {equation*}


$B^{\bf 1}_t= M_B([0,t]\times [0,1])$


\begin {equation*}\quad B^{\bf 2}_t= \int _0^t \int _0^1 \Phi ^{-1}( {\bf u}_1(u)) M_B(\od s,\od u),\quad B^{\bf 3}_t= \int _0^t \int _0^1 \Phi ^{-1}( {\bf u}_2(u)) M_B(\od s,\od u).\end {equation*}


$h$


$\tilde X^h$


$X^{\bfh }$


$\bfh $


$h$


$\xi $


$\xi ^\Pi $


$X^{\Pi _n,\bfh }$


$\tilde X^h$


$h$


$\bfh $


$q$


$Q$


$q$


$\bfh $


$m=d=p=1$


\begin {equation*}X^{\bfh }_t =x_0+ \int _{0}^t \! \int _0^1 b(s, X^{\bfh }_{s}, {\bfh }(s,X^{\bfh }_{s},u )) \od u \od s +\int _{(0,t]\times [0,1]} a(s, X^{\bfh }_{s}, {\bfh }(s,X^{\bfh }_{s},u )) M_{B}(\od s,\od u).\end {equation*}


$\bfh (t,x,\eta )$


$\eta $


$[0,1]$


$\dot h(t,x,\cdot )$


$(t,x)\in [0,T]\times \bR $


\begin {equation*}-\int _{\bR } \dot h(t,x,y) \log \dot h(t,x,y)\od y\end {equation*}


$\bR $


$(t,x)$


$g$


$r$


\begin {equation*}\cJ ^{\bfh }_t=\bE \bigg [g(X^{\bfh }_T) + {\int _t^T \nq \int _0^1 r(s, X^{\bfh }_s, {\bfh }(s,X^{\bfh }_{s},u) ) \od u \od s}+ \lambda \int _t^T \nq \int _{\bR } \dot h(s,X^{\bfh }_s,y)\log \dot h(s,X^{\bfh }_s,y)\od y \od s \,\bigg |\, \cF _t \bigg ]\end {equation*}


$\lambda >0$


$g$


$r$


$\cJ ^{\bfh }$


$J^\bfh \colon [0,T] \times \bR \rightarrow \bR $


$\bfh $


\begin {equation*}J^\bfh (t,X^{\bfh }_t)=\cJ ^{\bfh }_t\quad \bP \textnormal {-a.s.,} \quad t \in [0, T].\end {equation*}


$J^\bfh $


$X^{\xi ,\bfh }$


$\xi $


$\bfh (t,x,\xi _t)$


$\xi $


$b,a$


\begin {equation}\label {eq:randomizedccnojumps} \od X^{\xi ,\bfh }_t = b(t, X^{\xi ,\bfh }_{t}, {\bfh }(t, X^{\xi ,\bfh }_{t},\xi _t )) \od t + a(t, X^{\xi ,\bfh }_{t}, {\bfh }(t, X^{\xi ,\bfh }_{t},\xi _t )) \od B_t,\quad X^{\xi ,\bfh }_0=x_0.\end {equation}


$({\bfh }(t, X^{\xi ,\bfh }_{t},\xi _t ))_{t\in [0,T]}$


$\bfh $


$\xi $


$(X^{\xi ,\bfh }_t)_{t\in [0,T]}$


$J^\bfh $


$J\in C^{1,2}([0,T]\times \bR )$


\begin {equation*}\frac {\partial J}{\partial t}(t,x)+(\cL _{h} J(t,\cdot ))(t,x)+ {\int _0^1 r(t, x, {\bfh }(t,x,u) ) \od u}+\lambda \int _{\bR } \dot h(t,x,y) \log \dot h(t,x,y)\od y=0,\end {equation*}


$(t,x)\in [0,T)\times \bR $


$J(T,\cdot )=g$


$\cL _{h}$


$J$


$\bfh $


$\tilde J \colon [0,T]\times \bR \rightarrow \bR $


$\tilde J(T,\cdot )=g$


$\tilde J$


$\bfh $


\begin {equation*}\tilde J(t, X^{\bfh }_t)+ {\int _0^t \nq \int _0^1 r(s, X^{\bfh }_s, {\bfh }(s,X^{\bfh }_{s},u) ) \od u \od s}+ \lambda \int _0^t \nq \int _{\bR } \dot h(s,X^{\bfh }_s,y)\log \dot h(s,X^{\bfh }_s,y) \od y \od s,\end {equation*}


$0\leq t \leq T$


$\bF $


$\{J_\vartheta :\vartheta \in \Theta \}$


$\Theta \subseteq \bR ^L$


\begin {equation*}{\bf J}_{\Theta } \colon [0,T]\times \bR \times \Theta \rightarrow \bR ,\quad (t,x,\vartheta )\mapsto J_\vartheta (t,x)\end {equation*}


$J_\vartheta (T,\cdot )=g$


$\vartheta \in \Theta $


$\vartheta ^*\in \Theta $


$J_{\vartheta ^*}$


$J^{\bfh }$


$\bfh $


$\vartheta ^*$


\begin {align*}&\bE \bigg [\int _0^T \nabla _\vartheta {\bf J}_{\Theta }(s, X^{\bfh }_s,\vartheta ^*)\bigg (\od J_{\vartheta ^*}({s, X^{\bfh }_s})+{\int _0^1 r(s, X^{\bfh }_s, {\bfh }(s,X^{\bfh }_{s},u) ) \od u \od s}+\lambda \int _{\bR } \dot h(s,X^{\bfh }_s,y) \log \dot h(s,X^{\bfh }_s,y) \od y\od s\bigg ) \bigg ] =0,\end {align*}


$\nabla _\vartheta $


$\vartheta $


\begin {align}\label {eq:TDccupdate} \vartheta \leftarrow \vartheta +\alpha \int _0^T \nabla _\vartheta {\bf J}_{\Theta }(s, X^{\bfh }_s,\vartheta )&\bigg (\od J_{\vartheta }(s, X^{\bfh }_s)+{\int _0^1 r(s, X^{\bfh }_s, {\bfh }(s,X^{\bfh }_{s},u) ) \od u \od s}+\lambda \int _{\bR } \dot h(s,X^{\bfh }_s,y) \log \dot h(s,X^{\bfh }_s,y) \od y\od s\bigg )\end {align}


$\alpha >0$


$b$


$a$


$X^{\bfh }$


$\cL _h$


$X^{\bfh }$


\begin {align}\label {eq:TDccderivation} & \int _0^T \nabla _\vartheta {\bf J}_{\Theta }(s, X^{\bfh }_s,\vartheta )\bigg (\od J_{\vartheta }(s, X^{\bfh }_s)+{\int _0^1 r(s, X^{\bfh }_s, {\bfh }(s,X^{\bfh }_{s},u) ) \od u \od s}+\lambda \int _{\bR } \dot h(s,X^{\bfh }_s,y) \log \dot h(s,X^{\bfh }_s,y) \od y \od s \bigg )\notag \\ &=\int _0^T \nabla _\vartheta {\bf J}_{\Theta }(s, X^{\bfh }_s,\vartheta ) \frac {\partial J_{\vartheta }}{\partial t}(s, X^{\bfh }_s)\od s\notag \\ & \quad + \int _0^T\nabla _\vartheta {\bf J}_{\Theta }(s, X^{\bfh }_s,\vartheta )\bigg ((\cL _h J_{\vartheta }(s,\cdot ))(s, X^{\bfh }_s)+{\int _0^1 r(s, X^{\bfh }_s, {\bfh }(s,X^{\bfh }_{s},u) ) \od u} +\lambda \int _{\bR } \dot h(s,X^{\bfh }_s,y) \log \dot h(s,X^{\bfh }_s,y) \od y\bigg )\od s\notag \\ & \quad + \int _{(0, T]\times [0,1]} \nabla _\vartheta {\bf J}_{\Theta }(s, X^{\bfh }_s,\vartheta ) a(s, X^{\bfh }_{s}, {\bfh }(s,X^{\bfh }_{s},u )) \frac {\partial J_{\vartheta }}{\partial x}(s, X^{\bfh }_s) M_{B}(\od s,\od u).\end {align}


\begin {align*}\int _0^T \nq \int _0^1 \nabla _\vartheta {\bf J}_{\Theta }(s, X^{\bfh }_s,\vartheta ) &\bigg (\frac {1}{2} a_{\bfh }(s, X^{\bfh }_s,u)^2 \frac {\partial ^2 J_{\vartheta }}{\partial x^2}(s, X^{\bfh }_s)+ b_{\bfh }(s, X^{\bfh }_s,u) \frac {\partial J_{\vartheta }}{\partial x}(s, X^{\bfh }_s)+ {r(s, X^{\bfh }_s, {\bfh }(s,X^{\bfh }_{s},u) )}+\lambda \log \dot h(s,X^{\bfh }_s,{\bfh }(s, X^{\bfh }_s,u)) \bigg ) \od u \od s,\end {align*}


$M_D$


$(X^\bfh ,M_D,M_B)$


$(X^{{\Pi , \bfh }},M_D^\Pi ,M_B^\Pi )$


$X^{\Pi , \bfh } : = X^{\xi ^\Pi , \bfh }$


$X^{\Pi , \bfh }$


\begin {align*}\int _0^T \nabla _\vartheta {\bf J}_{\Theta }(s, X^{\bfh }_s,\vartheta )&\bigg (\od J_{\vartheta }(s, X^{\bfh }_s)+{\int _0^1 r(s, X^{\bfh }_s, {\bfh }(s,X^{\bfh }_{s},u) ) \od u \od s}+\lambda \int _{\bR }\dot h(s,X^{\bfh }_s,y) \log \dot h(s,X^{\bfh }_s,y) \od y\od s \bigg )\end {align*}


\begin {align*}&\int _{(0,T]\times [0,1]} \nabla _\vartheta {\bf J}_{\Theta }(s, X^{\Pi ,\bfh }_s,\vartheta )\bigg (\frac {\partial J_{\vartheta }}{\partial t}(s, X^{\Pi ,\bfh }_s)+{ (r+\lambda \log \dot h)}(s,X^{\Pi ,\bfh }_s,{\bfh }(s, X^{\Pi ,\bfh }_s,u)) \notag \\ &\hspace {2cm}+\frac {1}{2}a_{\bfh }(s, X^{\Pi ,\bfh }_s,u)^2 \frac {\partial ^2 J_{\vartheta }}{\partial x^2}(s, X^{\Pi ,\bfh }_s)+ b_{\bfh }(s, X^{\Pi ,\bfh }_s,u) \frac {\partial J_{\vartheta }}{\partial x}(s, X^{\Pi ,\bfh }_s) \bigg ) M_D^\Pi (\od s,\od u) \notag \\ & + \int _{(0,T]\times [0,1]} \nabla _\vartheta {\bf J}_{\Theta }(s, X^{\Pi ,\bfh }_s,\vartheta ) a_{\bfh }(s, X^{\Pi ,\bfh }_{s}, u) \frac {\partial J_{\vartheta }}{\partial x}(s, X^{\Pi ,\bfh }_s) M^\Pi _{B}(\od s,\od u)\end {align*}


$\Pi $


\begin {equation*}\sum _{i=1}^n \int _{t_{i-1}}^{t_i} \nabla _\vartheta {\bf J}_{\Theta }(s, X^{\Pi ,\bfh }_s,\vartheta )\B (\od J_{\vartheta }(s, X^{\Pi ,\bfh }_s)+{(r+\lambda \log \dot h)}(s,X^{\Pi ,\bfh }_s,{\bfh }(s, X^{\Pi ,\bfh }_s,\xi ^{\Pi }_{t_i})) \od s \B ),\end {equation*}


\begin {equation}\label {eq:TDccupdateccPi} \vartheta \leftarrow \vartheta + \alpha \sum _{i=1}^n \int _{t_{i-1}}^{t_i} \nabla _\vartheta {\bf J}_{\Theta }(s, X^{\Pi ,\bfh }_s,\vartheta )\B (\od J_{\vartheta }(s, X^{\Pi ,\bfh }_s)+{(r+\lambda \log \dot h)}(s,X^{\Pi ,\bfh }_s,{\bfh }(s, X^{\Pi ,\bfh }_s,\xi ^{\Pi }_{t_i})) \od s \B ).\end {equation}


$t_i$


$\Pi $


$b$


$a$


$\mathfrak {a}^{\Pi ,\bfh }_t:= {\bfh }(t, X^{\Pi ,\bfh }_t,\xi ^{\Pi }_{t})$


$t\in [0,T]$


$(X^{\Pi ,\bfh }_t)_{t\in [0,T]}$


$\Pi $


\begin {align}\label {eq:TDccupdateccimplementable} \vartheta \leftarrow \vartheta +\alpha \sum _{i=1}^n \nabla _\vartheta {\bf J}_{\Theta }(t_{i-1}, x^{\Pi ,\bfh }_{t_{i-1}},\vartheta )&\B [J_{\vartheta }(t_{i}, x^{\Pi ,\bfh }_{t_{i}}) -J_{\vartheta }(t_{i-1}, x^{\Pi ,\bfh }_{t_{i-1}}) + ({t_{i}}-{t_{i-1}}) (r+\lambda \log \dot h)({t_{i-1}},x^{\Pi ,\bfh }_{t_{i-1}},{\bfh }(t_{i-1}, x^{\Pi ,\bfh }_{t_{i-1}},\xi ^{\Pi }_{t_i})) \B ].\end {align}


$x^{\Pi ,\bfh }_{t_i}$


${\bfh }(t_{i-1}, x^{\Pi ,\bfh }_{t_{i-1}},\xi ^{\Pi }_{t_i})$


$(t_{i-1},t_i]$


$[0,1]$


$\xi ^{\Pi }_{t_i}$


$t_{i-1}$


$(t_{i-1})-$


$\nabla _\vartheta {\bf J}_{\Theta }(t_{i-1}, x^{\Pi ,\bfh }_{t_{i-1}},\vartheta )$


$X^{\bfh }$


$\bfh $


$(X^\bfh ,\bfh )$


$X^\bfh $


$X^{\Pi , \bfh }$


$\Pi $


${\mathfrak a}^{{\Pi , \bfh }}_t:=\bfh (t,X^{{\Pi , \bfh }}_{t-},\xi ^\Pi _t)$


$t\in [0,T]$


$\bfh $


$\Pi $


${\mathfrak a}^{{\Pi , \bfh }}$


$\Pi _n$


$[0,T]$


$n$


$0 = t^n_0 <\cdots < t^n_n =T$


$\Pi _n$


$\Pi _n$


$[0,T]$


$k(n)\in \bN $


$n$


\begin {align*}\bfU : = [0, T] \times [0, 1]^d, \quad \bfV : = [0, T] \times \bR ^q_0 \times [0, 1]^d.\end {align*}


$f_l \in B_b(\bfU ; \bR ^m)$


$l = 0, \ldots , p$


$f_l \in B_b(\bfV ; \bR ^m)$


$l= p+1, p+2$


\begin {align}\label {assumption:Levy-measure} \int _0^T \nq \int _{\bR ^q_0} ( |z|^2 \1_{\{0 < |z| \le R\}} + \1_{\{|z| > R\}}) \nu _s(\od z) \od s < \infty , \quad \forall R \in (0, \infty ) \cup \{\frr \}.\end {align}


\begin {align}\label {eq:decomposition:discrete-time-integral} \cX ^n_t & = \sum _{i=1}^n \bigg [ \int _0^t f_0 (s, \xi ^n_i) \1_{(t^n_{i-1}, t^n_i]}(s) \od s + \sum _{l=1}^p \int _0^t f_l (s, \xi ^n_i) \1_{(t^n_{i-1}, t^n_i]}(s) \od B^{(l)}_s \notag \\ & \qquad + \int _0^t \nq \int _{0 < |z| \le R} f_{p+1}(s, z, \xi ^n_i) \1_{(t^n_{i-1}, t^n_i]}(s) |z| \tilde N(\od s, \od z) + \int _0^t \nq \int _{|z| > R} f_{p+2}(s, z, \xi ^n_i) \1_{(t^n_{i-1}, t^n_i]}(s) N(\od s, \od z)\bigg ].\end {align}


$\cX ^n$


$\Pi _n$


\begin {align*}\rho _n(t) : = \sup \{t^n_i : t^n_i \le t\}, \quad t \in [0, T],\end {align*}


$\cX ^n_{\rho _n(t)}$


$t\in [0,T]$


$n \to \infty $


\begin {align}\label {converge-prob-error} \tilde d^m_T(\cX ^n, \cX ^n_{\rho _n}) \xrightarrow {\bPn } 0,\end {align}


\begin {align}\label {eq:weak-convergence-rho} \cX ^n_{\rho _n} \xrightarrow {\scrD _T} \cX ,\end {align}


$\tilde d^m_T$


\begin {align*}\tilde d^m_T(x, y) : = \inf _{\lambda \in \Lambda _T} \max \bigg \{\sup _{0 \le t \le T} |\lambda (t) - t|,\; \sup _{0 \le t\le T}|x(t) - y(\lambda (t))| \bigg \},\end {align*}


$\bD _T(\bR ^m)$


$F\colon [0,T]\rightarrow \bR ^m$


$\xrightarrow {\mathscr D_T}$


$(\bD _T(\bR ^m), \tilde d^m_T)$


$\Lambda _T$


$\lambda \colon [0, T] \to [0, T]$


$\lambda (0) = 0$


$\lambda (T) = T$


$\kappa \in (0, \infty ) \cap (0, R]$


$\kappa = 0$


$R = 0$


$\cX ^{n, \kappa }$


\begin {align*}\cX ^{n, \kappa } : = \cX ^n - \sum _{i=1}^n \int _0^{\cdot } \nq \int _{0 < |z| \le \kappa } f_{p+1}(s, z, \xi ^n_i) \1_{(t^n_{i-1}, t^n_i]}(s) |z| \tilde N(\od s, \od z).\end {align*}


$\tilde N = N - \nu $


$[0, T] \times \{\kappa < |z| \le R\}$


$\int _{0}^T \int _{\kappa < |z| \le R} |z| \nu _s(\od z) \od s < \infty $


$f_{p+1}$


\begin {align*}\cX ^{n, \kappa } & = \sum _{i=1}^n \int _0^{\cdot } f_0(s, \xi ^n_i) \1_{(t^n_{i-1}, t^n_i]}(s) \od s - \sum _{i=1}^n \int _0^{\cdot } \nq \int _{\kappa < |z| \le R} f_{p+1}(s, z, \xi ^n_i) \1_{(t^n_{i-1}, t^n_i]}(s) |z| \nu _s(\od z) \od s\\ & \quad + \sum _{i=1}^n \sum _{l=1}^p \int _0^{\cdot } f_l(s, \xi ^n_i) \1_{(t^n_{i-1}, t^n_i]}(s) \od B^{(l)}_s \\ & \quad + \sum _{i=1}^n \int _0^{\cdot }\nq \int _{|z| > \kappa } [f_{p+1}(s, z, \xi ^n_i) |z| \1_{\{0 < |z| \le R\}} + f_{p+2}(s, z, \xi ^n_i) \1_{\{|z| >R\}}] \1_{(t^n_{i-1}, t^n_i]}(s) N(\od s, \od z)\\ & = : (\cX ^{n, \kappa }_D - \cX ^{n, \kappa }_\nu + \cX ^{n, \kappa }_B ) + \cX ^{n, \kappa }_J\\ & =: \cX ^{n, \kappa }_C + \cX ^{n, \kappa }_J.\end {align*}


\begin {align}\label {eq:estimate-Skorokhod-Y-1} \tilde d^m_T(\cX ^n, \cX ^n_{\rho _n}) & \le \tilde d^m_T(\cX ^n, \cX ^{n,\kappa }) + \tilde d^m_T( \cX ^{n,\kappa }, \cX ^{n,\kappa }_{\rho _n}) + \tilde d^m_T( \cX ^{n,\kappa }_{\rho _n}, \cX ^{n}_{\rho _n}) \notag \\ & \le \sup _{t \in [0, T]} |\cX ^n_t - \cX ^{n, \kappa }_t| + \tilde d^m_T( \cX ^{n,\kappa }, \cX ^{n,\kappa }_{\rho _n}) + \sup _{t \in [0, T]} |\cX ^{n,\kappa }_{\rho _n(t)} - \cX ^{n}_{\rho _n(t)}| \notag \\ & \le 2 \sup _{t \in [0, T]} |\cX ^n_t - \cX ^{n, \kappa }_t| + \tilde d^m_T( \cX ^{n,\kappa }, \cX ^{n,\kappa }_{\rho _n}).\end {align}


$\ep >0$


$\cX ^n - \cX ^{n, \kappa }$


$\bF ^{\Pi _n}$


\begin {align}\label {eq:estimate-Skorokhod-Y-2} \bPn \bigg (\bigg \{\sup _{t \in [0, T]} |\cX ^n_t - \cX ^{n, \kappa }_t| > \ep \bigg \}\bigg ) & \le 4 \ep ^{-2} \bEn \bigg [\int _0^T \nq \int _{0 < |z| \le \kappa } \sum _{i=1}^n |f_{p+1}(s, z, \xi ^n_i)|^2 \1_{(t^n_{i-1}, t^n_i]}(s) |z|^2 \nu _s(\od z) \od s \bigg ] \notag \\ & \le 4 \ep ^{-2} \|f_{p+1}\|_{B_b(\bfV ; \bR ^m)}^2 \int _0^T \nq \int _{0 < |z| \le \kappa } |z|^2 \nu _s(\od z) \od s.\end {align}


$\tilde d^m_T( \cX ^{n,\kappa }, \cX ^{n,\kappa }_{\rho _n})$


$\tau ^n_0 : = 0$


\begin {align*}\tau ^n_i : = \inf \{t \in (t^n_{i-1}, t^n_i] : |\Delta L_t| > \kappa \} \wedge t^n_i, \quad i = 1, \ldots , n,\end {align*}


$\inf \emptyset : = \infty $


$A^{n, \kappa }_i$


\begin {align*}A^{n, \kappa }_i & : = \bigg \{\int _{(t^n_{i-1}, t^n_i] \times \{|z| > \kappa \}} N(\od s, \od z) \le 1\bigg \}, \quad i = 1, \ldots , n-1,\\ A^{n, \kappa }_n & : = \bigg \{\int _{(t^n_{n-1}, T] \times \{|z| > \kappa \}} N(\od s, \od z) = 0\bigg \}.\end {align*}


$t^n_{i-1} < \tau ^n_i \le t^n_i$


$A^{n, \kappa }_i$


$\tau ^n_n = T$


$A^{n, \kappa }_n$


$\omega \in \cap _{i=1}^n A^{n, \kappa }_i$


$\lambda = \lambda _{\omega , n, \kappa } \colon [0, T] \to [0, T]$


$(0,0), (\tau ^n_1, t^n_1), \ldots $


$(\tau ^n_{n-1}, t^n_{n-1})$


$(\tau ^n_n, T)$


\begin {align*}\lambda (t) = t^n_{i-1} + (t^n_i - t^n_{i-1})\frac {t - \tau ^n_{i-1}}{\tau ^n_i - \tau ^n_{i-1}}, \quad t \in (\tau ^n_{i-1}, \tau ^n_i], \quad i = 1, \ldots , n.\end {align*}


$\lambda $


$\lambda (0) = 0$


$\lambda (T) = T$


$t \in (\tau ^n_{i-1}, \tau ^n_i]$


$i = 1, \ldots , n$


\begin {align*}|\lambda (t) - t| \le \max \{t^n_{i-1} - \tau ^n_{i-1}, \tau ^n_i - t^n_{i-1}\} + (t^n_i - t^n_{i-1})\frac {t - \tau ^n_{i-1}}{\tau ^n_i - \tau ^n_{i-1}} \le 2 |\Pi _n|.\end {align*}


$\cap _{i = 1}^n A^{n, \kappa }_i$


$\lambda $


$\tilde d^m_T$


\begin {align*}\tilde d^m_T(\cX ^{n,\kappa }, \cX ^{n,\kappa }_{\rho _n}) & \le \sup _{t \in [0, T]} |\lambda (t) - t| + \sup _{t \in [0, T]} |\cX ^{n,\kappa }_t - \cX ^{n,\kappa }_{\rho _n(\lambda (t))}|\\ & \le 2 |\Pi _n| + \sup _{t \in [0, T]} |\cX ^{n,\kappa }_{C, t} - \cX ^{n,\kappa }_{C, \rho _n(\lambda (t))}| + \sup _{t \in [0, T]} |\cX ^{n,\kappa }_{J, t} - \cX ^{n,\kappa }_{J, \rho _n(\lambda (t))}| \\ & = 2 |\Pi _n| + \max _{1 \le i \le n} \; \sup _{t \in (t^n_{i-1}, t^n_i]} |\cX ^{n,\kappa }_{C,t} - \cX ^{n,\kappa }_{C, \rho _n(\lambda (t))}| + \max _{1 \le i \le n} \; \sup _{t \in [\tau ^n_{i-1}, \tau ^n_i)} |\cX ^{n,\kappa }_{J,t} - \cX ^{n,\kappa }_{J, \rho _n(\lambda (t))}|.\end {align*}


$t^n_{i-1} \in [\tau ^n_{i-1}, \tau ^n_i)$


$\lambda (t) \in [t^n_{i-1}, t^n_i)$


$t \in [\tau ^n_{i-1}, \tau ^n_i)$


$\cap _{i = 1}^n A^{n, \kappa }_i$


$\cX ^{n,\kappa }_{J}$


$[\tau ^n_{i-1}, \tau ^n_i)$


$(\tau ^n_{i-1}, \tau ^n_i)$


\begin {align*}\cX ^{n, \kappa }_{J, t} = \cX ^{n, \kappa }_{J, t^n_{i-1}} = \cX ^{n, \kappa }_{J, \rho _n(\lambda (t))}, \quad t \in [\tau ^n_{i-1}, \tau ^n_i).\end {align*}


$i = 1, \ldots , n$


$t \in (t^n_{i-1}, t^n_i]$


\begin {equation*}\begin {aligned} & \trm {for } t \in (t^n_{i-1}, \tau ^n_i): \quad t^n_{i-1} < \lambda (t) < t^n_i,\\ & \trm {for } t \in [\tau ^n_i, t^n_i]: \quad t^n_i \le \lambda (t) \le \lambda (t^n_i) \begin {cases} < \lambda (\tau ^n_{i + 1}) = t^n_{i+1} & \trm {if } i \le n-1 \\ = t^n_i & \trm {if } i = n, \end {cases} \end {aligned}\end {equation*}


$\rho _n(\lambda (t)) \in \{t^n_{i-1}, t^n_i\}$


$t \in (t^n_{i-1}, t^n_i]$


$\cap _{i = 1}^n A^{n, \kappa }_i$


\begin {align}\label {eq:Skorokhod-distance-estimate-kappa} \tilde d^m_T(\cX ^{n,\kappa }, \cX ^{n,\kappa }_{\rho _n}) & \le 2 |\Pi _n| + 2 \max _{1 \le i \le n} \, \sup _{t \in (t^n_{i-1}, t^n_i]} |\cX ^{n,\kappa }_{C,t} - \cX ^{n,\kappa }_{C, t^n_{i-1}}| \notag \\ & \le 2\bigg [|\Pi _n| + \max _{1 \le i \le n} \, \sup _{t \in (t^n_{i-1}, t^n_i]} |\cX ^{n,\kappa }_{D,t} - \cX ^{n,\kappa }_{D, t^n_{i-1}}| + \max _{1 \le i \le n} \, \sup _{t \in (t^n_{i-1}, t^n_i]} |\cX ^{n,\kappa }_{\nu ,t} - \cX ^{n,\kappa }_{\nu , t^n_{i-1}}| + \max _{1 \le i \le n} \, \sup _{t \in (t^n_{i-1}, t^n_i]} |\cX ^{n,\kappa }_{B,t} - \cX ^{n,\kappa }_{B, t^n_{i-1}}|\bigg ] \notag \\ & \le 2 \bigg [|\Pi _n| + \|f_0\|_{B_b(\bfU ; \bR ^m)}|\Pi _n| + \|f_{p+1}\|_{B_b(\bfV ; \bR ^m)} \max _{1 \le i \le n} \int _{t^n_{i-1}}^{t^n_i} \int _{\kappa < |z| \le R} |z| \nu _s(\od z) \od s + \sum _{l=1}^p \max _{1 \le i \le n} \, \sup _{t \in (t^n_{i-1}, t^n_i]} \bigg |\int _{t^n_{i-1}}^t f_l(s, \xi ^n_i) \od B^{(l)}_s \bigg | \bigg ].\end {align}


$\ep >0$


\begin {align}\label {eq:estimate-probability-kappa} \bPn (\{\tilde d^m_T(\cX ^{n,\kappa }, \cX ^{n,\kappa }_{\rho _n}) > \ep \}) \le \bPn \bigg (\bigcup _{i=1}^n (A_i^{n, \kappa })^c\bigg ) + \bPn \bigg (\{\tilde d^m_T(\cX ^{n,\kappa }, \cX ^{n,\kappa }_{\rho _n}) > \ep \} \cap \bigcap _{i=1}^n A^{n, \kappa }_i\bigg ).\end {align}


$x_i: = \int _{t^n_{i-1}}^{t^n_i} \int _{|z| > \kappa } \nu _s(\od z) \od s$


$\e ^x - 1 - x \le \frac {1}{2} \e ^{K} x^2$


$x\in [0, K]$


\begin {align*}\bPn \bigg (\bigcup _{i=1}^n (A_i^{n, \kappa })^c\bigg ) & \le \sum _{i=1}^n (1 - \bPn (A^{n, \kappa }_i)) = \sum _{i = 1}^{n-1} (1 - \e ^{-x_i} - x_i \e ^{-x_i}) + 1 - \e ^{-x_n} \\ & \le \frac {1}{2} \e ^{\max _{1 \le i \le n-1} x_i} \sum _{i=1}^{n-1} \e ^{-x_i} x_i^2 + x_n \le \frac {1}{2} \e ^{\max _{1 \le i \le n-1} x_i} \,\B (\max _{1 \le i \le n-1} x_i\B )\, \sum _{i=1}^{n -1} x_i + x_n.\end {align*}


$\int _0^T \int _{|z| > \kappa } \nu _s(\od z) \od s < \infty $


$[0, T] \ni t \mapsto \int _0^t \int _{|z| > \kappa } \nu _s(\od z) \od s$


$\max _{1 \le i \le n} x_i \to 0$


$n \to \infty $


\begin {align}\label {eq:estimate-probability-kappa-1} \bPn \bigg (\bigcup _{i=1}^n (A_i^{n, \kappa })^c\bigg ) \to 0 \quad \trm {as } n \to \infty .\end {align}


$\max _{1 \le i \le n} \int _{t^n_{i-1}}^{t^n_i} \int _{\kappa < |z| \le R} |z| \nu _s(\od z) \od s \to 0$


$n \to \infty $


$n$


\begin {align*}\bPn \bigg (\{\tilde d^m_T(\cX ^{n,\kappa }, \cX ^{n,\kappa }_{\rho _n}) > \ep \} \cap \bigcap _{i=1}^n A^{n, \kappa }_i\bigg ) & \le \bPn \bigg (\bigg \{\sum _{l=1}^p \max _{1 \le i \le n} \, \sup _{t \in (t^n_{i-1}, t^n_i]} \bigg |\int _{t^n_{i-1}}^t f_l(s, \xi ^n_i) \od B^{(l)}_s \bigg | > \frac {\ep }{4} \bigg \}\bigg ).\end {align*}


$4$


\begin {align}&\bPn \bigg (\{\tilde d^m_T(\cX ^{n,\kappa }, \cX ^{n,\kappa }_{\rho _n}) > \ep \} \cap \bigcap _{i=1}^n A^{n, \kappa }_i \bigg ) \notag \\ & \le \sum _{l=1}^p \sum _{i=1}^n \bPn \bigg (\bigg \{\sup _{t \in (t^n_{i-1}, t^n_i]} \bigg |\int _{t^n_{i-1}}^t f_l(s, \xi ^n_i) \od B^{(l)}_s \bigg | > \frac {\ep }{4 p} \bigg \}\bigg ) \notag \\ & \le c\frac {256 p^4}{\ep ^4} \sum _{l=1}^p \sum _{i=1}^n \bEn \bigg [\bigg | \int _{t^n_{i-1}}^{t^n_i}|f_l(s, \xi ^n_i)|^2 \od s \bigg |^2\bigg ] \notag \\ & \le c \frac {256 p^5}{\ep ^4} \max _{1 \le l \le p} \|f_l\|_{B_b(\bfU ;\bR ^m)}^4 \sum _{i=1}^n (t^n_i - t^n_{i-1})^2 \notag \\ & \le c \frac {256 p^5 T}{\ep ^4} \max _{1 \le l \le p} \|f_l\|_{B_b(\bfU ;\bR ^m)}^4 |\Pi _n| \xrightarrow {n \to \infty } 0, \label {eq:estimate-probability-kappa-2}\end {align}


$c>0$


$\ep , n, p, T$


\begin {align*}\limsup _{n \to \infty } \bPn (\{\tilde d^m_T(\cX ^n, \cX ^n_{\rho _n}) > 3 \ep \}) \le 4 \ep ^{-2} \|f_{p+1}\|_{B_b(\bfV ; \bR ^m)}^2 \int _0^T \nq \int _{0 < |z| \le \kappa } |z|^2 \nu _s(\od z) \od s.\end {align*}


$\kappa \downarrow 0$


\begin {align*}\limsup _{n \to \infty } \bPn (\{\tilde d^m_T(\cX ^n, \cX ^n_{\rho _n}) > 3 \ep \}) = 0,\end {align*}


$\hfill \Box $


$\cX ^n_{\rho _n}$


$\cX $


$\frh \colon \bR ^m \to \bR ^m$


$\frh $


$\frh (z) = z$


$0$


$\frh ^{(k)} \in C^2_b(\bR ^m)$


$k = 1, \ldots , m$


$\cX $


$\frh $


$\cX $


$m$


$(\frb ^{\cX }, C^{\cX }, \nu ^{\cX })$


$\frh $


\begin {align*}&\frb ^{\cX }_t = \int _0^t \bigg [\int _{[0, 1]^d} f_0(s, u) \od u + \int _{\{|z| > R\} \times [0, 1]^d} \frh (f_{p+2}(s, z, u)) \nu _s(\od z) \od u + \int _{\{0 < |z| \le R\} \times [0, 1]^d} [\frh (f_{p+1}(s, z, u)|z|) - f_{p+1}(s, z, u)|z|] \nu _s(\od z) \od u \bigg ] \od s,\\ &C^{\cX }_t = {\bigg (\sum _{l=1}^p \int _0^t \nq \int _{[0, 1]^d} (f^{(k)}_l f^{(k')}_l)(s, u) \od u \od s\bigg )}_{k, k'} \in \bR ^{m \times m}, \quad 0 \le t \le T,\\ &\nu ^{\cX }((s, t] \times A) = \int _s^t \nq \int _{\{0 < |z| \le R\} \times [0, 1]^d} \1_{A}(f_{p+1}(r, z, u)|z|) \nu _r(\od z) \od u \od r + \int _s^t \nq \int _{\{|z| > R\} \times [0, 1]^d} \1_{A}(f_{p+2}(r, z, u)) \nu _r(\od z) \od u \od r\end {align*}


$0 \le s < t \le T$


$A \in \cB (\bR ^m_0)$


$\nu ^{\cX }$


\begin {align*}&\int _0^T \nq \int _{\bR ^m_0} g(y) \nu ^{\cX }(\od s, \od y)= \int _0^T\nq \int _{\bR ^q_0 \times [0, 1]^d} [g(f_{p+1}(s, z, u)|z|)\1_{\{0 < |z| \le R\}} + g(f_{p+2}(s, z, u))\1_{\{|z| > R\}}] \nu _s(\od z) \od u \od s\end {align*}


$g\colon \bR ^m_0 \to \bR $


$g \1_{[0, T]}$


$\nu ^{\cX }$


$g(y) = \1_{\{|y| \ge \kappa \}}$


$\kappa >0$


\begin {align}\label {rema:levy-measure-characteristic} &\int _0^T \nq \int _{|y| \ge \kappa } \nu ^{\cX }(\od s, \od y) \notag \\ & = \int _0^T\nq \int _{\bR ^q_0 \times [0, 1]^d} [\1_{\{|f_{p+1}(s, z, u)| |z| \ge \kappa \}} \1_{\{0 < |z| \le R\}} + \1_{\{|f_{p+2}(s, z, u)| \ge \kappa \}}\1_{\{|z| >R\}}] \nu _s(\od z) \od u \od s \notag \\ & \le \frac {\|f_{p+1}\|_{B_b(\bfV ; \bR ^m)}^2}{\kappa ^2} \int _0^T\nq \int _{0 < |z| \le R} |z|^2 \nu _s(\od z) \od s + \frac {\|f_{p+2}\|_{B_b(\bfV ; \bR ^m)}}{\kappa } \int _0^T\nq \int _{|z| > R} \nu _s(\od z) \od s \\ & < \infty , \notag \end {align}


\begin {equation*}\1_{\{|f_{p+1}(s, z, u)||z| \ge \kappa \}} \le \kappa ^{-2}\|f_{p+1}\|_{B_b(\bfV ; \bR ^m)}^2|z|^2 \quad \trm {and} \quad \1_{\{|f_{p+2}(s, z, u)| \ge \kappa \}} \le \kappa ^{-1}\|f_{p+2}\|_{B_b(\bfV ; \bR ^m)}.\end {equation*}


$\cX ^n_{\rho _n}$


\begin {align*}\sigma _n(t): = \sup \{i : t^n_i \le t\} \in \{0, 1, \ldots , n\},\quad t \in [0, \infty ).\end {align*}


$\Delta ^n_i \cX ^n : = \cX ^n_{t^n_i} - \cX ^n_{t^n_{i-1}}$


\begin {align*}\cX ^n_{\rho _n(t)} = \sum _{i=1}^{\sigma _n(t)} \Delta ^n_i \cX ^n, \quad t \in [0, T].\end {align*}


$n \ge 1$


$(\cG ^n_i)_{i=0}^n$


\begin {align*}\cG ^n_0 & : = \{\emptyset , \Omega \}, \quad \cG ^n_i := \sigma \{\Delta ^n_j \cX ^n, j \le i\}, \quad i = 1, \ldots , n.\end {align*}


$\{\Delta ^n_i \cX ^n, \cG ^n_i : 1 \le i \le n, n \ge 1\}$


$\Delta ^n_i \cX ^n$


$\cG ^n_{i-1}$


$g$


$t \in [0, \infty )$


\begin {align*}\sum _{i=1}^{\sigma _n(t)} \bEn [g(\Delta ^n_i \cX ^n) |\cG ^n_{i-1}] = \sum _{i=1}^{\sigma _n(t)} \bEn [g(\Delta ^n_i\cX ^n)].\end {align*}


$\cX ^n_{\rho _n}$


$\bG ^{\sigma _n}=(\cG ^n_{\sigma _n(t)})_{t\geq 0}$


\begin {align*}&\sum _{i=1}^{\sigma _n} \bEn [\frh (\Delta ^n_i \cX ^n)], \\ & \bigg (\sum _{i=1}^{\sigma _n} \B ( \bEn [(\frh ^{(k)} \frh ^{(k')})(\Delta ^n_i \cX ^n)]- \bEn [\frh ^{(k)} (\Delta ^n_i \cX ^n)] \bEn [ \frh ^{(k')}(\Delta ^n_i \cX ^n)] \B )\bigg )_{k,k'=1,\ldots ,m}, \\ & \sum _{i=1}^{\sigma _n} \bEn [g(\Delta ^n_i \cX ^n)],\end {align*}


$g$


$\bG ^{\sigma _n}$


$\bF ^{\Pi _n}$


$\xi ^{\Pi _n}_{t_{i}^n}$


$(t^n_{i-1}, t^n_i]$


$t^n_i$


$\bG ^{\sigma _n}$


$t^n_{i-1}$


$\bF ^{\Pi _n}$


$g \in C^2_b(\bR ^{m})$


\begin {align}\label {eq:prop:discrete-time-convergence} \sum _{i=1}^{n} \bigg | \bEn [g(\Delta ^n_i \cX ^n)] - g(0) - \int _{t^n_{i-1}}^{t^n_i} \Psi _{f}(g) (s) \od s \bigg | \xrightarrow {n \to \infty } 0,\end {align}


$\Psi _f(g) \colon [0, T] \to \bR $


\begin {align}\label {eq:defi-Phi} \Psi _f(g) (s) & : = \int _{[0, 1]^d} \bigg (\nabla g(0)^\tran f_0(s, u) + \frac {1}{2} \sum _{k, k' = 1}^m \pd ^2_{k,k'} g(0) \sum _{l=1}^p (f^{(k)}_l f^{(k')}_l)(s, u)\bigg ) \od u \notag \\ & \quad + \int _{\{0 < |z| \le R\} \times [0, 1]^d } \B [g(f_{p+1}(s, z, u) |z|) - g(0) - |z| \nabla g(0)^\tran f_{p+1}(s, z, u) \B ] \nu _s(\od z) \od u \notag \\ & \quad + \int _{\{|z| > R\} \times [0, 1]^d} \B [g(f_{p+2}(s, z, u)) - g(0) \B ] \nu _s(\od z) \od u.\end {align}


$t \in [0, \infty )$


\begin {align*}\sum _{i=1}^{\sigma _n(t)} \bEn [g(\Delta ^n_i \cX ^n)] \xrightarrow {n \to \infty } g(0) + \int _0^{t \wedge T} \Psi _f(g) (s) \od s.\end {align*}


$\Psi _f(g)$


$c_{T, m}>0$


\begin {align*}\int _0^T |\Psi _f(g) (s)| \od s & \le c_{T, m} \bigg (\|f_0\|_{B_b(\bfU ; \bR ^m)} |\nabla g(0)| + \sum _{k, k'=1}^m |\pd ^2_{k,k'} g(0)| \sum _{l=1}^p \|f^{(k)}_l f^{(k')}_l\|_{B_b(\bfU )} \\ & \quad + \|f_{p+1}\|_{B_b(\bfV ;\bR ^m)}^2 \|\nabla ^2\thinspace g\|_{B_b(\bR ^m; \bR ^{m \times m})} \int _0^T \nq \int _{\{0 < |z| \le R\}\times [0, 1]^d } |z|^2 \nu _s(\od z) \od u \od s\\ & \quad + 2\|g\|_{B_b(\bR ^m)} \int _0^T \nq \int _{\{|z| > R\}\times [0, 1]^d } \nu _s(\od z) \od u \od s\bigg )\\ & < \infty .\end {align*}


$n \ge 1, i = 1, \ldots , n$


$\bF ^{\Pi _n}$


$F^{n, i} = (F^{n, i}_t)_{t \in [t^n_{i-1}, t^n_i]}$


$t^n_{i-1}$


$t \in (t^n_{i-1}, t^n_i]$


\begin {align*}F^{n, i}_t & := \int _{t^n_{i-1}}^{t} f_0(s, \xi ^n_{i}) \od s + \sum _{l=1}^p \int _{t^n_{i-1}}^{t} f_l (s, \xi ^n_{i}) \od B^{(l)}_s+ \int _{t^n_{i-1}}^{t} \int _{0 < |z| \le R} f_{p+1}(s, z, \xi ^n_i) |z| \tilde N(\od s, \od z) + \int _{t^n_{i-1}}^{t} \int _{|z| > R} f_{p+2}(s, z, \xi ^n_i) N(\od s, \od z).\end {align*}


$s \in (0, T]$


$n \ge 1$


$1 \le i(s, n) \le n$


\begin {align*}s \in (t^n_{i(s, n)-1}, t^n_{i(s, n)}] \quad \trm {and} \quad \lim _{n \to \infty } t^n_{i(s, n)-1} = \lim _{n \to \infty } t^n_{i(s, n)} = s.\end {align*}


\begin {align*}F^{n, i(s, n)}_s \xrightarrow {\bfL ^1(\bPn )} 0 \quad \trm {as } n \to \infty .\end {align*}


$n \to \infty $


$F^{n, i(s, n)}_s$


$0$


$\bfL ^2(\bPn )$


$f_0$


$0$


$\bfL ^2(\bPn )$


$f_l$


$l = 1, \ldots , p+1$


$\nu _r(\od z) \od r$


$N(\od r, \od z)$


\begin {align*}& \bEn \bigg [\bigg | \int _{t^n_{i(s, n)- 1}}^s \int _{|z| > R} f_{p+2}(r, z, \xi ^n_{i(s, n)}) N(\od r, \od z) \bigg |\bigg ] \le \|f_{p+2}\|_{B_b(\bfV ; \bR ^m)} \bEn \bigg [\int _{t^n_{i(s, n)- 1}}^s \int _{|z| > R} N(\od r, \od z) \bigg ] \\ & = \|f_{p+2}\|_{B_b(\bfV ; \bR ^m)} \int _{t^n_{i(s, n)- 1}}^s \int _{|z| > R} \nu _r(\od z) \od r \xrightarrow {n \to \infty } 0,\end {align*}


$\bEn [N(\{s\} \times \bR ^q_0)] = \nu (\{s\} \times \bR ^q_0) = 0$


$F^{n, i(s, n)}_{s} = F^{n, i(s, n)}_{s-}$


\begin {align}\label {eq:convergence-in-probability-F-2} F^{n, i(s, n)}_{s-} \xrightarrow {\bfL ^1(\bPn )} 0 \quad \trm {as } n \to \infty .\end {align}


$F^{n, i}$


$g \in C^2_b(\bR ^m)$


\begin {align*}& g(\Delta ^n_i \cX ^n) = g(F^{n, i}_{t^n_i})\\ & = g(0) + \int _{t^n_{i-1}}^{t^n_i} \nabla g(F^{n, i}_{s-})^\tran f_0(s, \xi ^n_i) \od s\\ & \quad + \sum _{l = 1}^p \int _{t^n_{i-1}}^{t^n_i} \nabla g(F^{n, i}_{s-})^\tran f_l (s, \xi ^n_i) \od B^{(l)}_s + \frac {1}{2} \sum _{k, k' =1}^m \sum _{l=1}^p \int _{t^n_{i-1}}^{t^n_i} \pd ^2_{k,k'} g(F^{n, i}_{s-}) (f^{(k)}_l f^{(k')}_l) (s, \xi ^n_i) \od s\\ & \quad + \int _{t^n_{i-1}}^{t^n_i} \int _{0 < |z| \le R} \B [ g\B (F^{n, i}_{s-} + f_{p+1}(s, z, \xi ^n_i) |z|\B ) - g(F^{n, i}_{s-}) \B ] \tilde N(\od s, \od z)\\ & \quad + \int _{t^n_{i-1}}^{t^n_i} \int _{0 < |z| \le R} \B [ g\B (F^{n, i}_{s-} + f_{p+1}(s, z, \xi ^n_i) |z|\B ) - g(F^{n, i}_{s-}) - |z| \nabla g(F^{n, i}_{s-})^\tran f_{p+1}(s, z, \xi ^n_i)\B ] \nu _s(\od z) \od s\\ & \quad + \int _{t^n_{i-1}}^{t^n_i} \int _{|z| > R} \B [ g\B (F^{n, i}_{s-} + f_{p+2}(s, z, \xi ^n_i) \B ) - g(F^{n, i}_{s-}) \B ] N(\od s, \od z).\end {align*}


$\nabla g$


$f_l$


$l = 1, \ldots , p+1$


$\bEn $


\begin {align*}&\sum _{i=1}^{n} \bigg | \bEn \bigg [\int _{t^n_{i-1}}^{t^n_i} \nabla g(F^{n, i}_{s-})^\tran f_0(s, \xi ^n_i) \od s \bigg ] - \int _{t^n_{i-1}}^{t^n_i} \int _{[0, 1]^d} \nabla g(0)^\tran f_0(s, u) \od u\od s \bigg |\\ &= \sum _{i=1}^{n} \bigg | \bEn \bigg [\int _{t^n_{i-1}}^{t^n_i} \nabla g(F^{n, i}_{s-})^\tran f_0(s, \xi ^n_i) \od s - \int _{t^n_{i-1}}^{t^n_i} \nabla g(0)^\tran f_0(s, \xi ^n_i) \od s \bigg ] \bigg |\\ & \le \|f_0\|_{B_b(\bfU ; \bR ^m)} \sum _{i=1}^{n} \int _{t^n_{i-1}}^{t^n_i} \bEn [|\nabla g(F^{n, i}_{s-}) - \nabla g(0)|] \od s \\ & = \|f_0\|_{B_b(\bfU ; \bR ^m)} \int _0^{T} \bEn \bigg [\sum _{i=1}^n |\nabla g(F^{n, i}_{s-}) - \nabla g(0)| \1_{(t^n_{i-1}, t^n_i]}(s)\bigg ] \od s \\ & = \|f_0\|_{B_b(\bfU ; \bR ^m)} \int _0^{T} \bEn \B [\B |\nabla g \B (F^{n, i(s, n)}_{s-}\B ) - \nabla g(0)\B |\B ] \od s\\ & \xrightarrow {n \to \infty } 0,\end {align*}


$\nabla g$


$k, k' = 1, \ldots , m$


$l = 1, \ldots , p$


\begin {align*}\sum _{i=1}^{n} \bigg | \bEn \bigg [\int _{t^n_{i-1}}^{t^n_i} \pd ^2_{k,k'} g(F^{n, i}_{s-}) (f^{(k)}_l f^{(k')}_l)(s, \xi ^n_i) \od s\bigg ] - \int _{t^n_{i-1}}^{t^n_i} \int _{[0, 1]^d} \pd ^2_{k,k'} g(0) (f^{(k)}_l f^{(k')}_l)(s, u) \od u\od s \bigg | \xrightarrow {n \to \infty } 0.\end {align*}


$i(n, s)$


\begin {align*}&\sum _{i=1}^{n} \bigg | \bEn \bigg [\int _{t^n_{i-1}}^{t^n_i} \int _{0 < |z| \le R} \B [ g\B (F^{n, i}_{s-} + f_{p+1}(s, z, \xi ^n_i)|z|\B ) - g(F^{n, i}_{s-}) - |z| \nabla g(F^{n, i}_{s-})^\tran f_{p+1}(s, z, \xi ^n_i) \B ] \nu _s(\od z)\od s\bigg ] \\ & \qquad - \int _{t^n_{i-1}}^{t^n_i}\int _{\{0 < |z| \le R\} \times [0, 1]^d} \B [g(f_{p+1}(s, z,u)|z|) - g(0) - |z| \nabla g(0)^\tran f_{p+1}(s, z, u)\B ] \nu _s(\od z) \od u \od s \bigg | \\ & \le \int _0^T \nq \int _{0 < |z| \le R} \bEn \bigg [\sum _{i=1}^n \B | g\B (F^{n, i}_{s-} + f_{p+1}(s, z, \xi ^n_i)|z|\B ) - g(F^{n, i}_{s-}) - |z| \nabla g(F^{n, i}_{s-})^\tran f_{p+1}(s, z,\xi ^n_i) \\ & \qquad - g(f_{p+1}(s, z, \xi ^n_i)|z|) + g(0) + |z| \nabla g(0)^\tran f_{p+1}(s, z,\xi ^n_i) \B | \1_{(t^n_{i-1}, t^n_i]}(s) \bigg ] \nu _s(\od z) \od s\\ & = \int _0^T \nq \int _{0 < |z| \le R} \bEn \B [\B | g\B (F^{n, i(s, n)}_{s-} + f_{p+1}(s, z, \xi ^n_{i(s, n)})|z|\B ) - g\B (F^{n, i(s, n)}_{s-}\B ) - |z| \nabla g\B (F^{n, i(s, n)}_{s-}\B )^{\tran } f_{p+1}(s, z,\xi ^n_{i(s, n)}) \\ & \qquad - g(f_{p+1}(s, z, \xi ^n_{i(s, n)})|z|) + g(0) + |z|\nabla g(0)^\tran f_{p+1}(s, z, \xi ^n_{i(s, n)})\B |\B ] \nu _s(\od z) \od s\\ & =: \int _0^T \nq \int _{0 < |z| \le R} \bEn [G^{\trm {S}}_n(s, z)] \nu _s(\od z) \od s.\end {align*}


$c_m >0$


$m$


\begin {align*}G^{\trm {S}}_n(s, z) \le c_m \|\nabla ^2\thinspace g\|_{B_b(\bR ^m; \bR ^{m \times m})} \|f_{p+1}\|_{B_b(\bfV ; \bR ^m)}^2 |z|^2.\end {align*}


$\bEn [G^{\trm {S}}_n(s, z)] \to 0$


$n \to \infty $


$s, z$


\begin {align*}\int _0^T \nq \int _{0 < |z| \le R} \bEn [G^{\trm {S}}_n(s, z)] \nu _s(\od z) \od s \xrightarrow {n \to \infty } 0.\end {align*}


$\nu _s(\od z) \od s$


$N(\od s, \od z)$


\begin {align*}& \sum _{i=1}^{n} \bigg | \bEn \bigg [\int _{t^n_{i-1}}^{t^n_i} \int _{|z| > R} \B [ g\B (F^{n, i}_{s-} + f_{p+2}(s, z, \xi ^n_i)\B ) - g(F^{n, i}_{s-}) \B ] N(\od s, \od z)\bigg ]- \int _{t^n_{i-1}}^{t^n_i} \int _{\{|z| > R\} \times [0, 1]^d} \B [ g(f_{p+2}(s, z, u)) - g(0) \B ] \nu _s(\od z) \od u \od s\bigg ] \bigg |\\ & = \sum _{i=1}^{n} \bigg | \bEn \bigg [\int _{t^n_{i-1}}^{t^n_i} \int _{|z| > R} \B [ g\B (F^{n, i}_{s-} + f_{p+2}(s, z, \xi ^n_i) \B ) - g(F^{n, i}_{s-}) \B ] \nu _s(\od z) \od s\bigg ]- \bEn \bigg [\int _{t^n_{i-1}}^{t^n_i} \int _{|z| > R} \B [ g(f_{p+2}(s, z, \xi ^n_i) ) - g(0) \B ] \nu _s(\od z) \od s\bigg ] \bigg |\\ & \le \int _0^T \nq \int _{|z| >R} \bEn \B [\B | g\B (F^{n, i(s, n)}_{s-} + f_{p+2}(s, z, \xi ^n_{i(s, n)})\B ) - g\B (F^{n, i(s, n)}_{s-}\B ) - g(f_{p+2}(s, z, \xi ^n_{i(s, n)})) + g(0) \B | \B ] \nu _s(\od z) \od s\\ & =: \int _0^T \nq \int _{|z| >R} \bEn [G^{\trm {L}}_n(s, z)] \nu _s(\od z) \od s.\end {align*}


$G^{\trm {L}}_n$


$4\|g\|_{B_b(\bR ^m)}$


$g$


$f_{p+2}$


\begin {align*}\int _0^T \nq \int _{|z| >R} \bEn [G^{\trm {L}}_n(s, z)] \nu _s(\od z) \od s \xrightarrow {n \to \infty } 0.\end {align*}


$\int _{\rho _n(t)}^t |\Psi _f(g)(s)| \od s \to 0$


$n \to \infty $


$\frb ^{\cX }$


$t \in [0, \infty )$


\begin {align}\label {eq:limit-drift} I_{(7.15)}: = \sup _{0 \le s \le t} \bigg |\sum _{i=1}^{\sigma _n(s)} \bEn [\frh (\Delta ^n_i \cX ^n)] - \frb ^{\cX }_{s \wedge T}\bigg | \xrightarrow {n \to \infty } 0.\end {align}


$k$


$k = 1, \ldots , m$


$t \in [0, T]$


\begin {align*}\frb ^{\cX , (k)}_t = \int _0^t \Psi _{f}(\frh ^{(k)})(s) \od s\end {align*}


$\Psi _f(\frh ^{(k)})$


$\frh ^{(k)}$


\begin {align*}& \sup _{0 \le s \le t} \bigg |\sum _{i=1}^{\sigma _n(s)} \bEn [\frh ^{(k)}(\Delta ^n_i \cX ^n)] - \frb ^{\cX , (k)}_s\bigg | \\ & \le \sup _{0 \le s \le t} \bigg |\sum _{i=1}^{\sigma _n(s)} \bEn [\frh ^{(k)}(\Delta ^n_i \cX ^n)] - \sum _{i=1}^{\sigma _n(s)} \int _{t^n_{i-1}}^{t^n_i} \Psi _f(\frh ^{(k)})(r) \od r\bigg | + \sup _{0 \le s \le t} \bigg | \int _{\rho _n(s)}^s \Psi _f(\frh ^{(k)})(r) \od r \bigg |\\ & \le \sum _{i=1}^{n} \bigg | \bEn [\frh ^{(k)}(\Delta ^n_i \cX ^n)] - \int _{t^n_{i-1}}^{t^n_i} \Psi _f(\frh ^{(k)})(r) \od r\bigg | + \max _{1 \le i \le n} \int _{t^n_{i-1}}^{t^n_i} |\Psi _f(\frh ^{(k)})(r)| \od r.\end {align*}


$0$


$\frh ^{(k)} \in C^2_b(\bR ^m)$


$t \mapsto \int _0^t |\Psi _f(\frh ^{(k)})(r)| \od r$


$[0, T]$


$\max _{1 \le i \le n}|t^n_i - t^n_{i-1}| \to 0$


\begin {align*}\max _{1 \le i \le n} \int _{t^n_{i-1}}^{t^n_i} |\Psi _f(\frh ^{(k)})(r)| \od r \xrightarrow {n \to \infty } 0.\end {align*}


$I_{(7.15)} \to 0$


$n \to \infty $


$C^{\cX }$


$t \in [0, \infty )$


$k, k' = 1, \ldots , m$


\begin {align}I_{(7.16)}&:= \sum _{i=1}^{\sigma _n(t)} \bEn [\frh ^{(k)}(\Delta ^n_i \cX ^n)] \bEn [\frh ^{(k')}(\Delta ^n_i \cX ^n)] \xrightarrow {n \to \infty } 0, \label {eq:limit-diffusion-test-1}\\ I_{(7.17)} &:= \sum _{i=1}^{\sigma _n(t)} \bEn [(\frh ^{(k)} \frh ^{(k')})(\Delta ^n_i \cX ^n)] \xrightarrow {n \to \infty } C^{\cX , (k, k')}_{t \wedge T} + \int _0^{t \wedge T} \nq \int _{\bR ^m_0} (\frh ^{(k)} \frh ^{(k')})(y) \nu ^{\cX } (\od s, \od y). \label {eq:limit-diffusion-test-2}\end {align}


$t \in [0, T]$


$I_{(7.16)}$


\begin {align*}I_{(7.16)} & = \sum _{i=1}^{\sigma _n(t)} \bigg ( \bEn [\frh ^{(k)}(\Delta ^n_i \cX ^n)] - \int _{t^n_{i-1}}^{t^n_i} \Psi _f(\frh ^{(k)})(s) \od s \bigg ) \bEn [\frh ^{(k')}(\Delta ^n_i \cX ^n)] \\ & \quad + \sum _{i=1}^{\sigma _n(t)} \bigg ( \bEn [\frh ^{(k')}(\Delta ^n_i \cX ^n)] - \int _{t^n_{i-1}}^{t^n_i} \Psi _f(\frh ^{(k')})(s) \od s \bigg ) \int _{t^n_{i-1}}^{t^n_i} \Psi _f(\frh ^{(k)})(s) \od s+ \sum _{i=1}^{\sigma _n(t)} \bigg (\int _{t^n_{i-1}}^{t^n_i} \Psi _f(\frh ^{(k)})(s) \od s \bigg ) \bigg ( \int _{t^n_{i-1}}^{t^n_i} \Psi _f(\frh ^{(k')})(s) \od s\bigg ).\end {align*}


\begin {align*}|I_{(7.16)}| & \le \|\frh ^{(k')}\|_{B_b(\bR ^m)} \sum _{i=1}^{n} \bigg | \bEn [\frh ^{(k)}(\Delta ^n_i \cX ^n)] - \int _{t^n_{i-1}}^{t^n_i} \Psi _f(\frh ^{(k)})(s) \od s \bigg | \\ & \quad + \bigg (\int _0^T |\Psi _f(\frh ^{(k)})(s)| \od s\bigg ) \sum _{i=1}^{n} \bigg | \bEn [\frh ^{(k')}(\Delta ^n_i \cX ^n)] - \int _{t^n_{i-1}}^{t^n_i} \Psi _f(\frh ^{(k')})(s) \od s \bigg | + \bigg (\int _0^T |\Psi _f(\frh ^{(k)})(s)| \od s\bigg ) \max _{1 \le i \le n} \int _{t^n_{i-1}}^{t^n_i} |\Psi _f(\frh ^{(k')})(s)| \od s.\end {align*}


$\frh ^{(k)}, \frh ^{(k')} \in C^2_b(\bR ^m)$


$\sum _{i = 1}^{n}$


$0$


$n \to \infty $


$\max _{1 \le i \le n} \int _{t^n_{i-1}}^{t^n_i} |\Psi _f(\frh ^{(k')})(s)| \od s \to 0$


$I_{(7.16)} \to 0$


$I_{(7.17)}$


$\frh ^{(k)} \frh ^{(k')} \in C^2_b(\bR ^m)$


$\frh ^{(k)} \frh ^{(k')}(z) = z^{(k)} z^{(k')}$


$0$


$\Psi _f(\frh ^{(k)} \frh ^{(k')})$


\begin {align*}\Psi _f(\frh ^{(k)} \frh ^{(k')})(s) & = \sum _{l=1}^p \int _{[0, 1]^d} (f^{(k)}_l f^{(k')}_l)(s, u) \od u \\ & \quad + \int _{\{0 < |z| \le R\} \times [0, 1]^d} (\frh ^{(k)} \frh ^{(k')})(f_{p+1}(s, z, u)|z|) \nu _s(\od z) \od u + \int _{\{|z| >R\} \times [0, 1]^d} (\frh ^{(k)} \frh ^{(k')})(f_{p+2}(s, z, u)) \nu _s(\od z) \od u\end {align*}


\begin {align*}\int _0^t \Psi _f(\frh ^{(k)} \frh ^{(k')})(s) \od s = C^{\cX , (k, k')}_t + \int _0^t \nq \int _{\bR ^m_0} (\frh ^{(k)} \frh ^{(k')})(y) \nu ^{\cX }(\od s, \od y)\end {align*}


$\nu ^{\cX }$


$\frh ^{(k)} \frh ^{(k')} \1_{[0, T]}$


$C_2(\bR ^m)$


$g \colon \bR ^m \to \bR $


$g(0) = 0$


$0$


$\nu ^{\cX }$


$g \in C_2(\bR ^m)$


$t \in [0, \infty )$


\begin {align}\label {eq:convergence-jump} I^g_{(7.18)}: = \bigg | \sum _{i=1}^{\sigma _n(t)} \bEn [g(\Delta ^n_i \cX ^n)] - \int _0^{t\wedge T} \nq \int _{\bR ^m_0} g(y) \nu ^{\cX }(\od s, \od y)\bigg | \xrightarrow {n \to \infty } 0.\end {align}


$t \in [0, T]$


$\Delta ^n_i \cX ^n$


$\kappa >0$


\begin {align}\label {eq:jump-part-tail-estimate-2} \sum _{i=1}^n \bPn (\{|\Delta ^n_i \cX ^n| \ge \kappa \}) & \le \frac {9}{\kappa ^2} \bigg (pT \max _{1 \le l \le p} \|f_l\|_{B_b(\bfU ; \bR ^m)}^2 + \|f_{p+1}\|^2_{B_b(\bfV ; \bR ^m)}\int _0^T \nq \int _{0 < |z| \le R} |z|^2 \nu _s(\od z) \od s\bigg ) \notag \\ & \quad + \frac {3 T }{\kappa } \|f_0\|_{B_b(\bfU ; \bR ^m)} + \frac {3}{\kappa } \|f_{p+2}\|_{B_b(\bfV ; \bR ^m)} \int _0^T \nq \int _{|z|>R} \nu _s(\od z) \od s.\end {align}


\begin {align}\label {eq:jump-part-tail-estimate} &\sum _{i=1}^n \bPn (\{|\Delta ^n_i \cX ^n| \ge \kappa \}) \notag \\ & \le \sum _{i=1}^n \bPn \bigg (\bigg \{\bigg |\int _{t^n_{i-1}}^{t^n_i} f_0(s, \xi ^n_i) \od s \bigg | \ge \frac {\kappa }{3} \bigg \}\bigg ) \notag \\ & \quad + \sum _{i=1}^n \bPn \bigg (\bigg \{\bigg |\sum _{l=1}^p \int _{t^n_{i-1}}^{t^n_i} f_l(s, \xi ^n_i) \od B^{(l)}_s + \int _{t^n_{i-1}}^{t^n_i} \int _{0 < |z| \le R} f_{p+1}(s, z, \xi ^n_i) |z| \tilde N(\od s, \od z)\bigg | \ge \frac {\kappa }{3}\bigg \}\bigg ) \notag \\ & \quad + \sum _{i=1}^n \bPn \bigg (\bigg \{\bigg | \int _{t^n_{i-1}}^{t^n_i} \int _{|z| > R} f_{p+2}(s, z, \xi ^n_{i}) N(\od s, \od z)\bigg | \ge \frac {\kappa }{3} \bigg \}\bigg ) \notag \\ & =: I_{(7.20)} + I\!I_{(7.20)} + I\! I \!I_{(7.20)}.\end {align}


\begin {align*}I_{(7.20)} & \le \frac {3}{\kappa } \sum _{i=1}^n \bEn \bigg [\bigg |\int _{t^n_{i-1}}^{t^n_i} f_0(s, \xi ^n_i)\od s \bigg |\bigg ] \le \frac {3 T }{\kappa } \|f_0\|_{B_b(\bfU ; \bR ^m)}.\end {align*}


\begin {align*}I\!I_{(7.20)} & \le \frac {9}{\kappa ^2} \sum _{i=1}^n \bEn \bigg [\bigg | \sum _{l=1}^p \int _{t^n_{i-1}}^{t^n_i} f_l(s, \xi ^n_i) \od B^{(l)}_s + \int _{t^n_{i-1}}^{t^n_i} \int _{0 < |z| \le R} f_{p+1}(s, z, \xi ^n_i) |z| \tilde N(\od s, \od z) \bigg |^2 \bigg ]\\ & = \frac {9}{\kappa ^2} \sum _{i=1}^n \bEn \bigg [ \sum _{l=1}^p \int _{t^n_{i-1}}^{t^n_i} |f_l(s, \xi ^n_i)|^2 \od s + \int _{t^n_{i-1}}^{t^n_i} \int _{0 < |z| \le R} |f_{p+1}(s, z,\xi ^n_i)|^2 |z|^2 \nu _s(\od z) \od s \bigg ]\\ & \le \frac {9}{\kappa ^2} \bigg (pT \max _{1 \le l \le p} \|f_l\|_{B_b(\bfU ; \bR ^m)}^2 + \|f_{p+1}\|^2_{B_b(\bfV ; \bR ^m)}\int _0^T \nq \int _{0 < |z| \le R} |z|^2 \nu _s(\od z) \od s\bigg ).\end {align*}


\begin {align*}I \! I \! I_{(7.20)} & \le \frac {3}{\kappa } \sum _{i=1}^n \bEn \bigg [\bigg | \int _{t^n_{i-1}}^{t^n_i} \int _{|z| > R} f_{p+2}(s, z, \xi ^n_{i}) N(\od s, \od z)\bigg |\bigg ] \\ & \le \frac {3}{\kappa } \|f_{p+2}\|_{B_b(\bfV ; \bR ^m)} \sum _{i=1}^n \bEn \bigg [ \int _{t^n_{i-1}}^{t^n_i} \int _{|z| >R} N(\od s, \od z)\bigg ]\\ & = \frac {3}{\kappa } \|f_{p+2}\|_{B_b(\bfV ; \bR ^m)} \int _0^T \nq \int _{|z|>R} \nu _s(\od z) \od s.\end {align*}


$g \in C_2(\bR ^m)$


$r_g >0$


$g = 0$


$B_m(r_g)$


\begin {align*}&\int _0^T \nq \int _{|y| \ge r_g} |g(y)| \nu ^{\cX }(\od s, \od y) \le \|g\|_{B_b(\bR ^m)} \int _0^T \nq \int _{|y| \ge r_g} \nu ^{\cX }(\od s, \od y) < \infty .\end {align*}


$0\le R < \infty $


$R = \infty $


$\ep >0$


$\theta > r_g \vee R^2$


$g$


$g_{\theta }$


\begin {align*}\|g_{\theta }\|_{B_b(\bR ^m)} \le \|g\|_{B_b(\bR ^m)} \quad \trm {and} \quad g_{\theta } = g \; \trm { on } B_m(\theta ).\end {align*}


$g_{\ep , \theta } \in C_2(\bR ^m) \cap C^2_c(\bR ^m)$


\begin {align*}g_{\ep , \theta } = g_{\theta } = 0 \; \trm { on } B_m(r_g/2), \quad \trm {and}\quad \|g_{\ep , \theta } - g_{\theta }\|_{B_b(\bR ^m)} \le \ep .\end {align*}


\begin {align}\label {eq:jump-part:estimate} I^g_{(7.18)} & \le I^{g - g_{\theta }}_{(7.18)} + I^{g_{\theta } - g_{\ep , \theta }}_{(7.18)} + I^{g_{\ep , \theta }}_{(7.18)}.\end {align}


$g_{\ep , \theta } \in C^2_c(\bR ^m)$


$0$


$0$


\begin {align*}\int _0^t \Psi _f(g_{\ep , \theta }) (s) \od s & = \int _0^t \nq \int _{\bR ^q_0 \times [0, 1]^d} [g(f_{p+1}(s, z, u)|z|)\1_{\{0 < |z| \le R\}} + g(f_{p+2}(s, z, u))\1_{\{0 < |z| \le R\}}] \nu _s(\od z) \od u \od s = \int _0^t \nq \int _{\bR ^m_0} g(y) \nu ^{\cX }(\od s, \od y)\end {align*}


\begin {align*}I^{g_{\ep , \theta }}_{(7.18)} \xrightarrow {n \to \infty } 0.\end {align*}


$I^{g - g_{\theta }}_{(7.18)}$


\begin {align*}I^{g - g_{\theta }}_{(7.18)} & \le \sum _{i=1}^n \bEn [|(g - g_{\theta })(\Delta ^n_i \cX ^n)|] + \int _0^T \nq \int _{\bR ^m_0} |g(y) - g_{\theta }(y)| \nu ^{\cX }(\od s, \od y)\le \|g - g_{\theta }\|_{B_b(\bR ^m)} \bigg ( \sum _{i=1}^n \bPn (\{|\Delta ^n_i \cX ^n| \ge \theta \}) + \int _0^T \nq \int _{|y| \ge \theta } \nu ^{\cX }(\od s, \od y)\bigg ).\end {align*}


$\kappa = \theta $


$\sum _{i=1}^n \bPn (\{|\Delta ^n_i \cX ^n| \ge \theta \}) \to 0$


$n$


$\theta \to \infty $


$\int _0^T \nq \int _{|y| \ge \theta } \nu ^{\cX }(\od s, \od y) \to 0$


$\theta \to \infty $


\begin {align*}I^{g - g_{\theta }}_{(7.18)} \to 0 \quad \trm {uniformly in } n \trm { as } \theta \to \infty .\end {align*}


$I^{g_{\theta } - g_{\ep , \theta }}_{(7.18)}$


\begin {align*}I^{g_{\theta } - g_{\ep , \theta }}_{(7.18)} & \le \sum _{i=1}^n \bEn [|(g_{\theta } - g_{\ep , \theta })(\Delta ^n_i \cX ^n)|] + \int _0^T \nq \int _{\bR ^m_0} |g_{ \theta }(y) - g_{\ep , \theta }(y)| \nu ^{\cX }(\od s, \od y)\\ & \le \|g_{\theta } - g_{\ep , \theta }\|_{B_b(\bR ^m)} \bigg ( \sum _{i=1}^n \bPn (\{|\Delta ^n_i \cX ^n| \ge r_g/2\}) + \int _0^T \nq \int _{|y| \ge r_g/2} \nu ^{\cX }(\od s, \od y)\bigg )\\ & \le \ep \bigg ( \sum _{i=1}^n \bPn (\{|\Delta ^n_i \cX ^n| \ge r_g/2\}) + \int _0^T \nq \int _{|y| \ge r_g/2} \nu ^{\cX }(\od s, \od y)\bigg ).\end {align*}


$\kappa = r_g/2$


\begin {align*}I^{g_{\theta } - g_{\ep , \theta }}_{(7.18)} \to 0 \quad \trm {uniformly over } n \trm { as } \ep \to 0.\end {align*}


$\theta $


$\ep >0$


$(\sum _{i = 1}^{\sigma _n(t)} \Delta ^n_i \cX ^n)_{t \in [0, \infty )} \to (\cX _{t \wedge T})_{t \in [0, \infty )}$


$n \to \infty $


$\bD _\infty (\bR ^m)$


$F \colon [0, \infty ) \to \bR ^m$


$\bD _\infty (\bR ^m)$


$\cX $


$\cX ^n_{\rho _n} = (\sum _{i = 1}^{\sigma _n(t)} \Delta ^n_i \cX ^n)_{t \in [0, T]} \xrightarrow {\scrD _T} (\cX _{t})_{t \in [0, T]}$


$n \to \infty $


$\hfill \Box $


$M^\Pi _{B^{(l)}}$


$M^\Pi _J$


$M^\Pi _{B^{(l)}}$


$A \in \cB ([0, 1]^d)$


$M^\Pi _{B^{(l)}}(0, A) = 0$


$t \in (0, T]$


\begin {align*}M^{\Pi }_{B^{(l)}}(t, A) = \int _0^t \1_A \bigg (\sum _{i=1}^n \1_{(t_{i-1}, t_i]}(s) \xi ^\Pi _{t_i} \bigg ) \od B^{(l)}_s.\end {align*}


$M^\Pi _{B^{(l)}}$


$(\bF ^\Pi , \bP )$


$[0, T] \times \cB ([0, 1]^d)$


$\mu _{B^{(l)}}^\Pi (\od s, \od x) = \delta _{\sum _{i=1}^n \1_{(t_{i-1}, t_i]}(s) \xi ^\Pi _{t_i}} (\od x) \od s$


$\mu ^\Pi _{B^{(l)}} = M^\Pi _D$


$M^\Pi _J$


$\bF ^\Pi $


$Y \ge 0$


$(\bdot {Y}{M^\Pi _J}) = ((\bdot {Y}{M^\Pi _J})_t)_{t \in [0, T]}$


$(\bdot {Y}{M^\Pi _J})_t : = \int _{(0, t] \times \bR ^q_0 \times [0, 1]^d} Y_s(z, u) M^\Pi _J(\od s, \od z, \od u)$


\begin {align*}(\bdot {Y}{M^\Pi _J})_T = \sum _{i = 1}^n \sum _{s \in (t_{i-1}, t_i]} \1_{\{\Delta L_s \neq 0\}} Y_s(\Delta L_s, \xi ^\Pi _{t_i}) = \sum _{i=1}^n \int _{(0, T] \times \bR ^q_0} \1_{(t_{i-1}, t_i]}(s) Y_s(z, \xi ^\Pi _{t_i}) N(\od s, \od z).\end {align*}


$\nu _s(\od z) \od s$


$(\bF ^\Pi , \bP )$


$N(\od s, \od z)$


\begin {align*}\bE [(\bdot {Y}{M^\Pi _J})_T] & = \bE \bigg [\sum _{i=1}^n \int _{(0, T] \times \bR ^q_0} \1_{(t_{i-1}, t_i]}(s) Y_s(z, \xi ^\Pi _{t_i}) \nu _s(\od z) \od s\bigg ] \\ & = \bE \bigg [ \sum _{i=1}^n \int _{(0, T] \times \bR ^q_0 \times [0, 1]^d} Y_s(z, u) \1_{(t_{i-1}, t_i]}(s) \delta _{\xi ^\Pi _{t_i}}(\od u) \nu _s(\od z) \od s\bigg ]\\ & = \bE \bigg [\int _{(0, T] \times \bR ^q_0 \times [0, 1]^d} Y_s(z, u) \mu ^{\Pi }_J (\od s, \od z, \od u)\bigg ] \\ & = \bE [(\bdot {Y}{\mu ^\Pi _J})_T].\end {align*}


$(\bdot {Y}{\mu ^\Pi _J})$


$\bF ^\Pi $


$\bF ^\Pi $


$(\bdot {Y^n}{\mu ^\Pi _J})$


$n \to \infty $


$Y^n: = (Y\wedge n)\1_{\{|z| > 1/n\}}$


$\mu ^\Pi _J$


$\bF ^\Pi $


$\mu ^\Pi _J$


$(\bF ^\Pi , \bP )$


$M^\Pi _J$


$\mathcal {F}\otimes \cB ([0, T]) \otimes \cB ([0,1]^d)/\cB (\bR )$


$Y \colon \Omega \times [0,T]\times [0,1]^d\rightarrow \bR $


$\int _0^T |Y_s(\xi ^\Pi _{s})| \od s<\infty $


\begin {align*}\int _{(0,T]\times [0,1]^d} Y_s(u) M^\Pi _D(\od s,\od u)= \int _0^T Y_s(\xi ^\Pi _{s}) \od s \quad \bP \trm {-a.s.}\end {align*}


$\mathcal {P}_{{\mathbb {F}^\Pi }}\otimes \cB ([0,1]^d)/\cB (\bR )$


$Y \colon \Omega \times [0,T]\times [0,1]^d\rightarrow \bR $


$\int _0^T |Y_s(\xi ^\Pi _{s})|^2 \od s <\infty $


$l = 1, \ldots , p$


\begin {align*}\int _{(0,T]\times [0,1]^d} Y_s(u) M_{B^{(l)}}^\Pi (\od s,\od u) = \int _0^T Y_s(\xi ^\Pi _{s}) \od B^{(l)}_s \quad \bP \trm {-a.s.}\end {align*}


$Y \colon \Omega \times [0,T]\times \bR ^q_0\times [0,1]^d\rightarrow \bR $


$\mathcal {P}_{{\mathbb {F}^\Pi }}\otimes \cB ({\bR ^q_0})\otimes \cB ([0,1]^d)/\cB (\bR )$


$\int _{(0, T]\times {\bR ^q_0} } |Y_s(z,\xi ^\Pi _{s})| N(\od s,\od z)<\infty $


\begin {equation*}\int _{(0,T]\times \bR ^q_0 \times [0,1]^d} Y_s(z,u) M_{J}^\Pi (\od s,\od z,\od u)= \int _{(0, T]\times {\bR ^q_0}} Y_s(z,\xi ^\Pi _{s}) N(\od s,\od z) \quad \bP \trm {-a.s.}\end {equation*}


$\int _0^T \int _{\bR ^q_0} |Y_s(z,\xi ^\Pi _{s})|^2\, \nu _s(\od z)\od s<\infty $


\begin {equation*}\int _{(0,T]\times \bR ^q_0 \times [0,1]^d} Y_s(z,u) \tilde M_{J}^\Pi (\od s,\od z,\od u)= \int _{(0, T]\times {\bR ^q_0}} Y_s(z,\xi ^\Pi _{s}) \tilde N(\od s,\od z) \quad \bP \trm {-a.s.}\end {equation*}


$E = \bR ^q \times [0, 1]^d$


$\ell = p +1$


$t \in [0, T]$


$A \in \cB (\bR ^q \times [0, 1]^d)$


\begin {equation*}\begin {aligned} \cM ^{(j)}(t, A) := \begin {cases} \int _{(0, t] \times \{u \in [0, 1]^d \,:\, (0, u) \in A\}} M_{B^{(j)}}(\od s, \od u) & \trm {if } j = 1, \ldots , p,\\ \int _{(0, t] \times A} \1_{\{0 < |z| \le \frr \}} |z| \tilde M_J(\od s, \od z, \od u) & \trm {if } j = p+1. \end {cases} \end {aligned}\end {equation*}


$\cM ^{(j)}$


$(\bF , \bP )$


$[0, T] \times \cB (\bR ^q \times [0, 1]^d)$


\begin {equation*}\begin {aligned} \mu ^{(j)}(\od s, \od z, \od u) := \mu ^{(j)}_s(\od z, \od u) \od s := \begin {cases} \delta _0(\od z) \od u \od s & \trm {if } j = 1, \ldots , p,\\ \1_{\{0 < |z| \le \frr \}} |z|^2 \nu _s(\od z) \od u \od s & \trm {if } j = p+1. \end {cases} \end {aligned}\end {equation*}


$\bR ^m$


$\hat b_\bfh $


$\bR ^{m \times (p+1)}$


$\hat a_\bfh $


\begin {equation*}\begin {aligned} \hat b_\bfh (s,x) &:= \int _{[0, 1]^d} b_\bfh (s, x, u) \od u,\\ \hat a_\bfh ^{(i, j)}(s, x, z, u) &:= \begin {cases} \1_{\{z = 0\}} a_\bfh ^{(i, j)}(s, x, u) & \trm {if } 1 \le i \le m, 1 \le j \le p,\\ \1_{\{0 < |z| \le \frr \}} |z|^{-1} \gamma _\bfh ^{(i)}(s, x, z, u) & \trm {if } 1 \le i \le m, j = p+1, \end {cases} \end {aligned}\end {equation*}


$\cM = (\cM ^{(1)}, \ldots , \cM ^{(p+1)})^\tran $


$\bfh $


$X^\bfh $


\begin {align}\label {eq:SDE-simplified} X_t = x_0 + \int _0^t \hat b_\bfh (s, X_{s-}) \od s & + \int _{(0, t] \times \bR ^q \times [0, 1]^d} \hat a_\bfh (s, X_{s-}, z, u) \cM (\od s, \od z, \od u) + \int _{(0, t] \times \{|z| > \frr \} \times [0, 1]^d} \gamII _\bfh (s, X_{s-}, z, u) M_J(\od s, \od z, \od u).\end {align}


\begin {align*}\bE \bigg [\int _{(0, T] \times \{|z| > \frr \} \times [0, 1]^d} M_J(\od s, \od z, \od u)\bigg ] = \int _{(0, T] \times \{|z| > \frr \} \times [0, 1]^d} \nu _s(\od z) \od u \od s < \infty ,\end {align*}


$\bF $


$0 < \tau _1 < \cdots $


$[0, T]$


$[0, T] \ni t\mapsto M_J((0, t] \times \{|z| > \frr \} \times [0, 1]^d)$


$\tau _0 := 0$


$\tau _j : = T$


$(\tau _{j-1}, T]$


\begin {align*}\int _{(0, t] \times \{|z| > \frr \} \times [0, 1]^d} \gamII _\bfh (s, X_{s-}, z, u) M_J(\od s, \od z, \od u) = \sum _{\tau _j \le t} \gamma _\bfh (\tau _j, X_{\tau _j-}, \Delta L^\frr _{\tau _j}), \quad t \in [0, T] \quad \bP \trm {-a.s.,}\end {align*}


\begin {align*}L^\frr _t : = \int _{(0, t] \times \{|z| > \frr \} \times [0, 1]^d} (z, u)^\tran M_J(\od s, \od z, \od u), \quad t \in [0, T].\end {align*}


$[0, \tau _1]$


$[0, T]$


\begin {align}\label {eq:SDE-simplified-1} Y_t = c_0 + \int _0^t \hat b_\bfh (s, Y_{s-}) \od s & + \int _{(0, t] \times \bR ^q \times [0, 1]^d} \hat a_\bfh (s, Y_{s-}, z, u) \cM (\od s, \od z, \od u).\end {align}


$\eta = x_0$


$\beta (\omega , s, y) := \hat b_\bfh (s, y)$


$\alpha (\omega , s, y, z, u) : = \hat a_{\bfh }(s, y, z, u)$


$M : = \cM $


$x_0$


$Y^{\tau _0} = (Y^{\tau _0}_t)_{t \in [0, T]}$


\begin {equation*}\begin {aligned} X_t : = \begin {cases} Y^{\tau _0}_t & \trm {if } t \in [0, \tau _1)\\ Y^{\tau _0}_{\tau _1-} + \gamma _\bfh (\tau _1, Y^{\tau _0}_{\tau _1-}, \Delta L^\frr _{\tau _1}) & \trm {if } t = \tau _1. \end {cases} \end {aligned}\end {equation*}


$(X_t)_{t \in [0, \tau _1]}$


$[0, \tau _1]$


$[\tau _{j-1}, \tau _j]$


$j \ge 2$


$[\tau _1, \tau _2]$


$\bF $


$\tau _1$


$\bF ^{\tau _1} = (\cF ^{\tau _1}_t)_{t \in [0, T]}$


$\cF ^{\tau _1}_t : = \cF _{(\tau _1 + t)\wedge T}$


$j = 1, \ldots , p+1$


$(t, A) \in [0, T] \times \cB (\bR ^q \times [0, 1]^d)$


\begin {align*}\cM ^{(j)}_{\tau _1}(t, A) : = \cM ^{(j)} ((\tau _1 + t)\wedge T, A) - \cM ^{(j)}(\tau _1, A).\end {align*}


$\cM ^{(j)}_{\tau _1}$


$(\bF ^{\tau _1}, \bP )$


$\bF ^{\tau _1}$


$\mu _{\cM ^{(j)}_{\tau _1}}$


\begin {align*}\mu _{\cM ^{(j)}_{\tau _1}}(\od s, \od z, \od u) = \1_{(0, \, T - \tau _1]}(s) \mu ^{(j)}_{\tau _1 + s}(\od z, \od u) \od s.\end {align*}


$(\Omega , \cF , \bF ^{\tau _1}, \bP )$


$X_{\tau _1}$


\begin {align}\label {eq:SDE-simplified-2} Y_t = X_{\tau _1} & + \int _0^t \1_{(0, \, T - \tau _1]}(s) \, \hat b_\bfh (\tau _1 +s, Y_{s-}) \od s + \int _{(0, t] \times \bR ^q \times [0, 1]^d} \1_{(0, \, T - \tau _1]}(s) \, \hat a_{\bfh } (\tau _1 + s, Y_{s-}, z, u) \cM _{\tau _1} (\od s, \od z, \od u)\end {align}


$\cM _{\tau _1} = (\cM _{\tau _1}^{(1)}, \ldots , \cM _{\tau _1}^{(p+1)})^\tran $


$\eta = X_{\tau _1}$


$M : = \cM _{\tau _1}$


\begin {align*}\beta (\omega , s, y) & := \1_{(0,\, T - \tau _1(\omega )]}(s) \, \hat b_\bfh (\tau _1(\omega ) +s, y),\\ \alpha (\omega , s, y, z, u) & := \1_{(0,\, T - \tau _1(\omega )]}(s) \, \hat a_\bfh (\tau _1(\omega ) + s, y, z, u).\end {align*}


$\alpha $


$\cP _{\bF ^{\tau _1}}\otimes \cB (\bR ^m) \otimes \cB (\bR ^q \times [0, 1]^d)/\cB (\bR ^{m\times (p+1)})$


$\beta $


$\cP _{\bF ^{\tau _1}}\otimes \cB (\bR ^m)/\cB (\bR ^m)$


$(\omega , s, y_1, y_2)$


\begin {align*}&|\beta (\omega , s, y_1) - \beta (\omega , s, y_2)| = \1_{(0,\, T - \tau _1(\omega )]}(s) \,|\hat b_\bfh (\tau _1(\omega ) +s, y_1) - \hat b_\bfh (\tau _1(\omega ) +s, y_2)| \le K_{\trm {Lip}}|y_1 - y_2|,\\ &\int _{\bR ^q \times [0, 1]^d} |\alpha ^{(i, j)}(\omega , s, y_1, z, u) - \alpha ^{(i, j)}(\omega , s, y_2, z, u)|^2 \1_{(0, T - \tau _1(\omega )]}(s) \mu ^{(j)}_{\tau _1(\omega ) + s}(\od z, \od u)\\ & = \int _{\bR ^q \times [0, 1]^d} |\hat a_{\bfh }^{(i, j)}(\tau _1(\omega ) + s, y_1, z, u) - \hat a_\bfh ^{(i, j)}(\tau _1(\omega ) + s, y_2, z, u)|^2 \1_{(0, T - \tau _1(\omega )]}(s) \mu ^{(j)}_{\tau _1(\omega ) + s}(\od z, \od u)\\ & \le K_{\trm {Lip}}^2 |y_1 - y_2|^2,\end {align*}


\begin {align*}&\int _0^T \1_{(0, T - \tau _1(\omega )]}(s) \, |\hat b_\bfh (\tau _1(\omega ) + s, 0)|^2 \od s = \int _0^{T - \tau _1(\omega )} |\hat b_\bfh (\tau _1(\omega ) + s, 0)|^2 \od s \le \int _0^T |\hat b_\bfh (s, 0)|^2 \od s,\\ & \int _0^T \nq \int _{\bR ^q \times [0, 1]^d} |\hat a_\bfh ^{(i, j)}(\tau _1(\omega ) + s, 0, z, u)|^2 \1_{(0, \, T - \tau _1(\omega )]}(s) \mu ^{(j)}_{\tau _1(\omega ) + s}(\od z, \od u) \od s \le \int _0^T \nq \int _{\bR ^q \times [0, 1]^d} |\hat a_\bfh ^{(i, j)}(s, 0, z, u)|^2 \mu ^{(j)}_{s}(\od z, \od u) \od s.\end {align*}


$Y^{\tau _1} = (Y^{\tau _1}_t)_{t \in [0, T]}$


$(\Omega , \cF , \bF ^{\tau _1}, \bP )$


$X_{\tau _1}$


$\tilde Y^{\tau _1}_t : = \1_{[\tau _1, T]}(t) Y^{\tau _1}_{t - \tau _1}$


$\tau _1$


$\bF $


$\tilde Y^{\tau _1}_t$


$\cF _t$


$t \in [\tau _1, T]$


\begin {align*}\tilde Y^{\tau _1}_t = X_{\tau _1} + \int _{\tau _1}^{t} \hat b_\bfh (s, \tilde Y^{\tau _1}_{s-}) \od s + \int _{(0, t] \times \bR ^q \times [0, 1]^d} \1_{(\tau _1, T]}(s) \, \hat a_{\bfh } (s, \tilde Y^{\tau _1}_{s-}, z, u) \cM (\od s, \od z, \od u).\end {align*}


\begin {equation*}\begin {aligned} X_t : = \begin {cases} \tilde Y^{\tau _1}_t & \trm {if } t \in [\tau _1, \tau _2)\\ \tilde Y^{\tau _1}_{\tau _2-} + \gamma _\bfh (\tau _2, \tilde Y^{\tau _1}_{\tau _2-}, \Delta L^\frr _{\tau _2}) & \trm {if } t = \tau _2. \end {cases} \end {aligned}\end {equation*}


$X$


$[\tau _1, \tau _2]$


$[\tau _{j-1}, \tau _j]$


$j \in \bN $


$[0, T]$


$X$


$[0, T]$


$[\tau _{j-1}, \tau _j]$


$j \in \bN $


$\cL _\bfh f$


$[0, T] \times \bR ^m$


$f$


$X^{\bfh }$


\begin {equation*}\int _0^\cdot \sum _{i, j =1}^m \bigg (\int _{[0, 1]^d} A^{(i, j)}_{\bfh }(s, X^\bfh _{s-}, u) \od u \bigg ) \od s\end {equation*}


$X^\bfh $


$f \in C^2_c(\bR ^m)$


\begin {align*}&f(X^\bfh _t) - f(x_0) \\ & = \int _0^t \sum _{i=1}^m \frac {\pd f}{\pd x_i}(X^\bfh _{s-}) \bigg (\int _{[0, 1]^d} b^{(i)}_\bfh (s, X^{\bfh }_{s-}, u) \od u\bigg ) \od s + \frac {1}{2} \int _0^t \sum _{i, j =1}^m \frac {\pd ^2 f}{\pd x_i \pd x_j}(X^\bfh _{s-}) \bigg (\int _{[0, 1]^d} A^{(i, j)}_{\bfh }(s, X^\bfh _{s-}, u) \od u \bigg ) \od s\\ & \quad + \int _0^t \nq \int _{\{0 <|z| \le \frr \}\times [0, 1]^d} \bigg (f(X^\bfh _{s-} + \gamma _\bfh (s, X^\bfh _{s-}, z, u)) - f(X^\bfh _{s-}) - \sum _{i=1}^m \frac {\pd f}{\pd x_i}(X^\bfh _{s-}) \gamma ^{(i)}_\bfh (s, X^\bfh _{s-}, z, u)\bigg ) \nu _s(\od z) \od u \od s \\ & \quad + \int _0^t \nq \int _{\{|z| > \frr \}\times [0, 1]^d} (f(X^\bfh _{s-} + \gamma _\bfh (s, X^\bfh _{s-}, z, u)) - f(X^\bfh _{s-})) \nu _s(\od z) \od u \od s\\ & \quad + \trm {local martingale terms}\\ & = \int _0^t (\cL _\bfh f)(s, X^\bfh _{s-}) \od s + \trm {local martingale terms}.\end {align*}


$f$


$X^\bfh $


$\hfill \Box $


$[0, T]$


$[0, \infty )$


$(E, d_E)$


$\sigma $


$\cB (E)$


$M \colon \Omega \times [0, T] \times \cB (E) \to \bR $


$(\bF , \bP )$


$[0, T] \times \cB (E)$


$A \in \cB (E)$


$(M(t, A))_{t \in [0, T]}$


$\bfL ^2(\bP )$


$\bF $


$M(0, A) = 0$


$t \in [0, T]$


$A, B \in \cB (E)$


$M(t, A \cup B) = M(t, A) + M(t, B)$


$(E_n)_{n \in \bN } \subseteq \cB (E)$


$\cup _{n \in \bN } E_n = E$


$n \in \bN $


$\sup _{A \in \cB (E_n)} \|M(T, A)\|_{\bfL ^2(\bP )} < \infty $


$n \in \bN $


$\|M(T, A_k)\|_{\bfL ^2(\bP )} \to 0$


$(A_k)_{k \in \bN } \subseteq \cB (E_n)$


$\cap _{k \in \bN } A_k = \emptyset $


$(\bF , \bP )$


$M$


$[0, T]\ni t \mapsto M(t, A)$


$A \in \cB (E)$


$M(\cdot , A)$


$A \in \cB (E)$


$(\bF , \bP )$


$M$


$M(\cdot , A) M(\cdot , B)$


$(\bF , \bP )$


$A, B \in \cB (E)$


$(\bF , \bP )$


$M$


$\mu _M$


$\cB ([0, T] \times E)$


$\bF $


$(\mu _M((0, t] \times A))_{t \in [0, T]}$


$\bF $


$A \in \cB (E)$


\begin {align*}\mu _M((0, t] \times A) = \left <M(\cdot , A)\right >_t \quad \bP \trm {-a.s.,} \quad \forall (t, A) \in [0, T] \times \cB (E).\end {align*}


$\mu _M$


$M$


$t \in [0, T]$


$A, B \in \cB (E)$


\begin {align*}\left < M(\cdot , A), M(\cdot , B)\right >_t = \left < M(\cdot , A \cap B)\right >_t = \mu _M((0, t] \times (A \cap B)) \quad \bP \trm {-a.s.}\end {align*}


$M$


$\bF $


$H$


$H \in \bfL ^2(\bF , \mu _M)$


$\bfL ^2(\bF , \mu _M)$


$\bF $


$H$


$\bE \B [\int _0^T \! \int _E H(t, x)^2 \mu _M(\od t, \od x)\B ] < \infty $


$\mu _M$


$M$


$\mu _M(\{t\} \times E) = 0$


$t \in [0, T]$


$M$


$H \in \bfL ^2_{\loc }(\bF , \mu _M)$


$\bfL ^2_{\loc }(\bF , \mu _M)$


$\bF $


$H$


$\int _0^T \!\int _E H(t, x)^2 \mu _M(\od t, \od x) < \infty $


$M$


$M$


$(\bF , \bP )$


$\mu _M$


$\bF $


$\sigma , \tau \colon \Omega \to [0, T]$


$\sigma \le \tau $


$A \in \cB (E)$


$\cF _{\sigma }$


$h \colon \Omega \to \bR $


\begin {align*}\int _{(0, T] \times E} h \1_{(\sigma , \tau ]}(s) \1_A(e) M(\od s, \od e) = h [ M(\tau , A) - M(\sigma , A)].\end {align*}


$M$


$(\bF , \bP )$


$\mu _M(\od s, \od e) = \mu _s(\od e) \od s$


$\{(\omega , s, A) \mapsto \mu _s(\omega , A), (\omega , s) \in \Omega \times [0, T], A \in \cB (E)\}$


$\bF $


$\tau \colon \Omega \to [0, T]$


$\bF ^\tau = (\cF ^\tau _t)_{t \in [0, T]}$


$\cF ^\tau _t : = \cF _{(\tau + t) \wedge T}$


\begin {align*}M_\tau (t, A) : = M((\tau + t) \wedge T, A) - M(\tau , A), \quad (t, A) \in [0, T] \times \cB (E).\end {align*}


$M_\tau $


$(\bF ^\tau , \bP )$


$\bF ^\tau $


$\mu _{M_\tau }(\od s, \od e) = \1_{(0,\, T - \tau ]}(s)\mu _{\tau + s}(\od e) \od s$


$g \colon \Omega \times [0, T] \times E \to \bR $


$\{(\omega , s, e) \mapsto \1_{(\tau (\omega ),\, T]}(s) g(\omega , s, e)\} \in \bfL ^2_{\loc }(\bF , \mu _M)$


$\{(\omega , s, e) \mapsto \1_{(0,\, T - \tau (\omega )]}(s) g(\omega , \tau (\omega ) + s, e)\} \in \bfL ^2_{\loc }(\bF ^\tau , \mu _{M_\tau })$


\begin {align*}\int _{(0, T] \times E} g(s, e) \1_{(\tau , \, T]}(s) M(\od s, \od e) = \int _{(0, T] \times E} g(\tau +s, e) \1_{(0,\, T- \tau ]}(s) M_\tau (\od s, \od e),\end {align*}


$\bF $


$\bF ^\tau $


$\{M^{(1)}, \ldots , M^{(\ell )}\}$


$(\bF , \bP )$


$[0, T] \times \cB (E)$


$M^{(j)}$


$\mu ^{(j)}$


\begin {equation*}\mu ^{(j)}(\omega , \od s, \od e) = \mu ^{(j)}_s(\omega , \od e) \od s \quad \bP \trm {-a.s. } \omega \in \Omega \end {equation*}


$\{(\omega , s, A) \mapsto \mu ^{(j)}_s(\omega , A), (\omega , s) \in \Omega \times [0, T], A \in \cB (E)\}$


$j = 1, \ldots , \ell $


$\beta \colon \Omega \times [0, T] \times \bR ^m \to \bR ^m$


$\cP _\bF \otimes \cB (\bR ^m)/\cB (\bR ^m)$


$\alpha \colon \Omega \times [0, T] \times \bR ^m \times E \to \bR ^{m \times \ell }$


$\cP _\bF \otimes \cB (\bR ^m)\otimes \cB (E)/\cB (\bR ^{m\times \ell })$


$m$


\begin {align}\label {app:SDE-modified} Y_t = Y_0 + \int _0^t \beta (s, Y_{s-}) \od s + \int _{(0, t] \times E} \alpha (s, Y_{s-}, e) M(\od s, \od e), \quad t \in [0, T],\end {align}


$\cF _0$


$\bR ^m$


$Y_0$


$M := (M^{(1)}, \ldots , M^{(\ell )})^\tran $


$K_\beta , K_\alpha \ge 0$


$(\omega , s, y_1, y_2)$


$\bP $


$\omega \in \Omega $


$s\in [0, T]$


$y_1, y_2 \in \bR ^m$


\begin {equation*}\begin {aligned} &|\beta (\omega , s, y_1) - \beta (\omega , s, y_2)| \le K_\beta |y_1 - y_2|, \\ &4 \ell \sum _{i=1}^m \sum _{j=1}^\ell \int _E |\alpha ^{(i, j)}(\omega , s, y_1, e) - \alpha ^{(i, j)}(\omega , s, y_2, e)|^2 \, \mu ^{(j)}_s(\omega , \od e) \le K_\alpha ^2 |y_1 - y_2|^2, \end {aligned}\end {equation*}


\begin {align*}K_0^2: = \bE \bigg [T \int _0^T |\beta (s, 0)|^2 \od s + 4\ell \sum _{i=1}^m \sum _{j=1}^\ell \int _0^T \nq \int _E |\alpha ^{(i, j)}(s, 0, e)|^2\, \mu ^{(j)}_s(\od e) \od s\bigg ] < \infty .\end {align*}


$\cF _0$


$Y_0$


$Y$


$Y_0 \in \bfL ^2(\bP )$


\begin {align*}\bE \bigg [\sup _{0 \le t \le T} |Y_t|^2 \bigg ] \le K(1 + \bE [|Y_0|^2])\end {align*}


$K\ge 0$


$K_\alpha , K_\beta , K_0, T$


$X^{\bfh }$


$\mathbb {F}$


$r\in [0,T)$


\begin {align}\label {SDE:Markov} X^{\eta ,r}_t = \eta &+ \int _{r}^t \nq \int _{[0,1]^d} b_{\bfh }(s, X^{\eta ,r}_{s-},u ) \od u \od s + \sum _{l=1}^p \int _{(r,t]\times [0,1]^d} a^{(\cdot ,l)}_{\bfh }(s, X^{\eta ,r}_{s-},u ) M_{B^{(l)}}(\od s,\od u) \notag \\ &+ \int _{(r,t]\times \{ 0<|z|\le \mathfrak {r}\} \times [0,1]^d} \gamI _{\bfh }(s, X^{\eta ,r}_{s-}, z,u )\tilde M_{J}(\od s,\od z,\od u) + \int _{(r,t]\times \{ |z|> \mathfrak {r}\} \times [0,1]^d} \gamII _{\bfh }(s, X^{\eta ,r}_{s-}, z,u ) M_{J}(\od s,\od z,\od u),\end {align}


$\cF _r$


$\eta $


$\eta $


$r$


$(X^{\eta ,r}_t)_{t\in [r,T]}$


$t\in [r,T]$


$X^{\eta ,r}_t$


$\sigma (\eta )\vee \cF ^{r}_T$


\begin {align*}\cF ^{r}_T=& \sigma (\{M_{B^{(i)}}((r, u] \times A_i), M_J((r, u] \times A') : r < u \le T, A' \in \cB (\bR ^d_0 \times [0, 1]^d), \; A_i \in \cB ([0,1]^d), i = 1, \ldots , p\})\vee \mathcal {N},\end {align*}


$\mathcal {N}$


$\mathbb {P}$


$(X^{\bfh }_t)_{t\in [r,T]}$


$\eta =X^{\bfh }_r$


$t\in [r,T]$


$X^{\bfh }_t$


$\sigma (X^{\bfh }_r)\vee \cF ^{r}_T$


$X^{\bfh }_r$


$\cF _r$


$\cF ^{r}_T$


$\cF _r$


$\pi $


$\lambda $


$t\in [r,T]$


$A\in \cB (\mathbb {R}^m)$


\begin {equation*}\bE \left [\bE \left [\1_{\{X^\bfh _t \in A\}}| \sigma (X^\bfh _r) \vee \cF ^r_T\right ]| \cF _r\right ] = \bE \left [\1_{\{X^\bfh _t \in A\}}| \sigma (X^\bfh _r) \right ].\end {equation*}


\begin {equation*}\bP (\{X^\bfh _t \in A\} | \cF _r)= \bE \left [\bE \left [\1_{\{X^\bfh _t \in A\}}| \sigma (X^\bfh _r) \vee \cF ^r_T\right ]| \cF _r\right ] = \bE \left [\1_{\{X^\bfh _t \in A\}}| \sigma (X^\bfh _r) \right ]=\bP (\{X^\bfh _t \in A\} | X^{\bfh }_r).\end {equation*}


$(X^{\Pi ,\bfh }_t,\xi ^\Pi _{t+})_{t\in [0,T]}$


$\mathbb {F}^\Pi $


$r\in [0,T)$


$r$


$X^{\Pi ,\bfh }_t$


$\sigma (X^{\Pi ,\bfh }_r)\vee \cF ^{\Pi ,r}_T$


\begin {equation*}\cF ^{\Pi ,r}_T=\sigma (\{B_s-B_r, \xi ^\Pi _s, N((r, s] \times A') : A' \in \cB (\bR ^q_0), s \in (r, T]\}) \vee \cN .\end {equation*}


$t_{i_0}$


$r$


$r<s\leq t_{i_0}$


$\xi ^\Pi _s=\xi ^\Pi _{r+}$


$\cF ^\Pi _r$


$(\xi ^\Pi _s)_{t_{i_0}<s\leq T}$


$\cF ^\Pi _r$


$X^{\Pi ,\bfh }_t$


$\sigma (\{X^{\Pi ,\bfh }_r,\xi ^\Pi _{r+}\})\vee \cF ^{\Pi ,r,\times }_T$


\begin {equation*}\cF ^{\Pi ,r,\times }_T=\sigma (\{B_s-B_r, \xi ^\Pi _{s'}, N((r, s] \times A') : A' \in \cB (\bR ^q_0), s \in (r, T], s'\in (t_{i_0},T] \})\vee \cN ,\end {equation*}


$\cF ^\Pi _r$


$t\in [r,T]$


$A\in \cB (\mathbb {R}^m)$


\begin {equation*}\bE \left [\bE \left [\1_{\{X^{\Pi ,\bfh }_t\in A\}}| \sigma (\{X^{\Pi ,\bfh }_r,\xi ^\Pi _{r+}\}) \vee \cF ^{\Pi ,r,\times }_T\right ]| \cF ^\Pi _r\right ] = \bE \left [\1_{\{X^{\Pi ,\bfh }_t \in A\}}| \sigma (\{X^{\Pi ,\bfh }_r,\xi ^\Pi _{r+}\}) \right ],\end {equation*}


$\bP (\{X^{\Pi ,\bfh }_t \in A\} |\cF ^\Pi _r)= \bP (\{X^{\Pi ,\bfh }_t \in A\} |(X^{\Pi ,\bfh }_r,\xi ^\Pi _{r+}))$
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While the exploratory SDE is tailor-made to adapt the classical dynamic programming approach and to tackle exploratory control
by means of a suitable variant of the Hamilton-Jacobi-Bellman (HJB) equation (see [33] for a detailed study of the exploratory HJB
equation), it cannot be interpreted as the response of the system to a randomized control (i.e, a sample drawn from a given relaxed
control), as highlighted in [18, p.9]. This is due to the averaging effect in its derivation. Hence, trajectories of the exploratory SDE
cannot be regarded as observable and, thus, learning algorithms cannot be formulated in terms of (time-discretized) trajectories of
the exploratory SDE, see, again [18, p.9].

As a way out, Jia and Zhou [18,19] introduce the sample state process as the solution to an SDE, which we call the sample SDE in
this article, to model the dynamics of the system along a randomized control in continuous time. Based on this SDE and a martingale
criterion for optimality in continuous time, they provide continuous-time versions of several learning algorithms (including temporal-
difference learning and Q-learning), see also [31] for an overview on learning algorithms in the classical framework of Markov decision
processes. In their construction of the sample SDE, an uncountable family (Z,),¢(or; of independent uniform random variables on
the unit cube is employed for the randomization procedure. To avoid some measurability issues in the construction (see, e.g., [29,
Proposition 2.1 and Corollary 4.3]), they exploit the theory of rich Fubini extensions [29,30] in the formulation of the sample SDE.
However, we will argue in Section 3 under a simplified setting of drift control with additive noise that the sample state process in the
framework of rich Fubini extensions is indistinguishable from the solution of the exploratory SDE. Hence, it is subjected to the same
limitations for the design of learning algorithms as the exploratory SDE. The key issue here is that the sampling via an uncountable
family of (essentially) pairwise independent random variables leads to an averaging effect by Sun’s exact law of large numbers in
[29].

In order to circumvent the measurability problems and to avoid the averaging effect, we exploit an idea in [32]. Namely, we sample
the independent uniform random variables on a finite time-grid only and extend the randomization scheme piecewise constantly to
a left-continuous process (which, consequently, becomes predictable). This approach leads to a well-defined SDE, which we call grid-
sampling SDE. It has a sound interpretation as response of the system to the grid-randomization of a relaxed control. Technically, this
is an SDE with random coefficients.

We are mainly interested in the limit dynamics of this grid-sampling SDE, as the mesh-size of the grid tends to zero. To this end, we
reformulate it as an SDE with deterministic coefficients driven by appropriate random measures which depend on the grid-sampling
randomization process. In this way, the additional randomness for policy execution is moved from the integrand to the integrator.
Our main result (Theorem 3 below) implies vague convergence of these grid-dependent random measures, as the grid-size converges
to zero. Replacing the grid-dependent random measures by their limit measures, we arrive at the grid-sampling limit SDE, which we
consider as a natural SDE formulation for RL with state space exploration in continuous time.

Note that we work in a framework with controlled diffusion and controlled jumps in which the SDE under a classical control
is driven by a multidimensional Brownian motion and a Poisson random measure. In the “control randomization limit”, i.e. in our
formulation of the grid-sampling limit SDE, the Brownian motion is replaced by a family of independent white noise martingale
measures (in the sense of [23,37]) and the limit Poisson random measures is defined on an extended measurable space to account for
the randomization.

Our weak convergence approach extends the derivation of the exploratory dynamics for mean-variance portfolio selection with
jumps in [1]. Due to the linear dependence of the diffusion coefficient on the control, the white noise martingale measures do not
show up there but are replaced by a high-dimensional Brownian motion (which features additional components to model the control
randomization) in the context of [1], see also Example 6.3. However, the limit Poisson random measure is essentially the same as in
[1] in our more general situation.

We also mention that recently the framework of Zhou and coauthors [18,19,34] has been extended to the jump-diffusion case
by Gao et al. [10]. They derive in [10] the infinitesimal generator of the averaged (over independent policy executions) dynamics
heuristically by extending the law of large numbers argument from [34] in order to define an exploratory SDE with jumps. While
the jump part features the same structure as in our grid-sampling limit SDE and as in [1], the diffusion part of their exploratory SDE
with jumps is driven by a Brownian motion, which can be lower-dimensional than the Brownian motion that drives the original SDE
without control randomization.

We finally remark that the grid-sampling limit SDE resembles the classical formulation of relaxed control, see, e.g., [26] for the
case of diffusion control or Chapter 13 in [25]. We emphasize, however, that relaxed controls have been introduced as a technical
tool for compactification of the control space in the framework of classical control, while the importance of the grid-sampling limit
SDE is in its interpretation as limit to the response of the system to randomized controls.

The article is structured as follows: Section 2 presents a classical setting for controlled SDEs with jumps and randomized policies. In
Section 3, we discuss the approach using the idealized sampling for randomization in a rich Fubini extension framework. In Section 4,
we introduce the grid-sampling SDE and construct in Proposition 4.2 some random measures related to grid sampling and reformulate
the grid-sampling SDE as an SDE driven by these random measures. The main limit theorem is stated in Section 5.1, leading to the
definition of the grid-sampling limit SDE, which is shown in Section 5.2 to be well-posed under standard Lipschitz conditions.

In Section 6.1, we show how to simplify the grid-sampling limit SDE in the case of coefficients that depend linearly on the control,
while, in Section 6.2, we compare the exploratory SDE of [34] and the grid-sampling limit SDE. It turns out that the solutions to both
SDEs share the same probability law, although one is derived by averaging out the policy randomization a-priori, while the other one
is obtained in a limit, when one adds more and more randomization noise. A main difference is that our limit theorem combined with
stability results for SDEs driven by martingale measures (e.g., Chapter 13 in [25]) suggests a joint convergence of SDE and integrator
for the grid-sampling limit SDE, while such a result cannot hold for the exploratory SDE.
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This difference plays a key role in Section 6.3, where we re-derive the temporal difference TD(0)-algorithm of [17,18] for policy
evaluation in continuous time based on the grid-sampling limit SDE. In doing so, we avoid reference to any kind of idealized sampling
that requires independent, identically distributed families of random variables indexed by continuous time for control randomization.

The proof of the main result, Theorem 3, will be given in Section 7 and relies on a limit theorem for triangular arrays by Jacod
and Shiryaev [15]. The key step of the proof is contained in Proposition 7.4, which implies convergence of the (modified) semi-
martingale characteristics of the grid-sampling random measures (integrated against a sufficiently large class of test integrands) to
the semimartingale characteristics of the limit random measures.

Proofs of the well-posedness of grid-sampling SDEs and of grid-sampling limit SDEs are given in Section 8. Section 9 concludes.

2. Preliminaries
2.1. Notations

Let N :={1,2,...} and R} := R"\{0}. For a,b € R, denote a Vv b := max{a,b} and a A b := min{a, b} as usual. We let fab = f(a’b]
and fg = Y ey := 0 by convention. Notation log stands for the natural logarithm.

In this article, all vectors are interpreted as column matrices. For a vector x we use x”) to denote its i-th component. For a matrix
A, the entry in the i-th row and j-th column is A%/, Notation AT stands for the transpose of A. The collection of real matrices of size
m X p is denoted by R™? which is equipped with the Euclidean/Frobenius norm ||A||z := v/trace[AT A]. For m € N, we denote by I,
the identity matrix of the size m x m.

Let | - | be the Euclidean norm in R™. The open ball in R™ centered at 0 with radius r > 0 is B,,(r) := {x € R" : |x| <r}. In R"
we always use the Borel o-field B(R™) induced by the Euclidean norm. For A € B(R), A4 means the 1-dimensional Lebesgue measure
restricted on A.

Let U € B(RY). Denote by B,(U;R"™) the family of all Borel measurable functions f: U — R™ satisfying ||f|| ByURm) ‘=
sup,ey | f ()| < oo. For m = 1, we simply write B,(U) := B,(U;R).

Notations 9, f, ai, f stand for usual partial derivatives of f with respect to scalar components. Let Vf and V2f denote the
gradient and the Hessian of f respectively. The family Cbz([R'”) consists of all twice continuously differentiable and bounded functions
f: R™ - R with bounded gradient and Hessian. C>(R™) contains all f € CZ(R™) with compact support. We let f € C'*([0,T] x R™)
if f is (resp. twice) continuously differentiable with respect to ¢ € [0,T] (resp. to y € R™) and its partial derivatives are jointly
continuous.

Stochastic basis

Let T € (0, o). Assume that (Q, A, A, P) satisfies the usual conditions, which means that (Q, A, P) is a complete probability space,
the filtration A = (A,)g[o.7 is right-continuous and A, contains all P-null sets. This allows us to assume that every A-adapted lo-
cal martingale has cadlag (right-continuous with finite left limits) paths. For a random variable ¢, the expectation and conditional
expectation given a sub-c-algebra G C A, if it exists under P, is respectively denoted by E[¢£] and E[£|G]. We also use the notation
L?(P) := LP(Q, A, P).

We write P, for the predictable o-field on Q x [0, T] with respect to the filtration A and say that an R?-valued stochastic process
X = (X,)cpo.ry is A-predictable, if the map X : Q% [0,T] » R? is P, /B(R?)-measurable.

For a cadlag process X = (X,),co 1), S€t AX, := X, — X,_ for t € [0,T], where X,,_ := X, and X,_ :=lim, 4, X for t € (0, T]. For
processes X = (X,)co1> ¥ = (Y )epor], We write X =Y to indicate that X, =Y, for all € [0, 7] a.s., and the same meaning applied
when the relation “=" is replaced by some other relations such as “<”, “>”, etc. Similarly, for a process (X,),[or; With finite right-limit
paths, we write X,, :=lim,,, X, for t € [0,T) and set X7, := X7.

We refer to [15] for unexplained notions such as semimartingales, (optional) quadratic covariation [ X, Y] and predictable quadratic
covariation (X,Y) of semimartingales X, Y.

2.2. Controlled SDEs with jumps

We think of the model dynamics as a system with input coefficients (a, b, y below) that depend on a control (policy) 4 in feedback
form. The output of the system is influenced by the random noise generated by a multivariate Brownian motion B and an independent
Poisson random measure N. Here, we assume that (B, N) is defined on a filtered probability space (Q, 7, F, P), which satisfies the
usual conditions, and note that the filtration F may be larger than the one generated by (B, N). Thus, for a classical (non-randomized)
policy h, we end up with the dynamics, for ¢ € [0, T,

dX! = b0, X!, n@t, X1 ))dt + a(t, X!, h(t, X )dB,

z|>r

+ / y6, X", z, h(t, X )N (d1, dz) + / y, X"z, h(t, X1 )N (d1, dz), 2.1)

0<|z|<x |
with initial condition Xg = x;, € R™. The coefficients b: [0,T]xR" xR - R™, a: [0,T] x R" x RY - R™P and y: [0,T]xR" X
Rg x RY - R™ and the feedback policy A : [0,T]x R” — R¢ are measurable and assumed to be sufficiently regular to guarantee
existence of a unique strong solution. Moreover, B = (B,),¢[or; is a standard p-dimensional Brownian motion, N(dt,dz) is a (possibly

inhomogeneous) Poisson random measure independent of B with intensity v(dt, dz) = v,(dz)d where (v,(dz)),o 1) is a transition kernel
consisting of Lévy measures on Rg (i.e., v; is a Borel measure with qu(lzl2 A1y, (dz) < oo for all 7 € [0, T]).
0

3
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The following Assumption 1 is imposed throughout this article:

Assumption 1. One has for some fixed r € [0, co] that
T
/0 /Rtl(lzlzl(klﬂsﬂ + 1y z50)vi(d2)dE < o0. (2.2)
0

The parameter r is regarded as the threshold to distinguish between small jumps and large jumps — and, as usual, the small jumps
are integrated with respect to the compensated random measure N(dt,dz) := N(dt,dz) — v,(dz)dt.

Remark 2.1.

(1) One typically takes r = 1 which corresponds to the canonical truncation function z1 (o, <;,- However, since the random measures
introduced below are handled differently between the “compensated jump part” and the “finite activity jump part”, we include
here the case r = 0, which means that the jump part f; /s zN(dz,dz) of the driving (inhomogeneous) Lévy process is of finite

0

activity, and the case r = co which means that the jump part /; /s zN(dt,dz) is a square integrable martingale.
0
(2) Note that (2.2) holds for some r € (0, ) if and only if (2.2) holds for all r € (0, ).

2.3. Randomized policies

A relaxed (or, measure-valued) control in feedback form is a mapping 4 : [0,T] x R" — Pr(B(R%)), where Pr(B(R?)) denotes the
space of probability measures on the Borel field B(R¢). For the execution of a relaxed control, we consider an F-predictable stochastic
process & = (&),¢(0,r) independent of (B, N), whose marginal distribution ¢, is a uniform distribution on [0, 119 for every ¢ € [0, T]. Such
a ¢ is called a randomization process. We think of a Borel measurable function h: [0,T]x R™ x [0,1]¢ — R? as a randomized control in
feedback form. The actual randomization is performed by plugging a randomization process in the last variable of h. Adapting the
terminology in [32] to our setting, we say that a randomized control h executes a relaxed control 4, if the random variable h(z, x, &) has
the distribution A(t, x) for every 7 € [0, T] and x € R™ (for some, and then for any, randomization process &). For a given randomization
process &, the random field (h(z, x, &,)),e[0.7, xern 1S called a &-randomized policy in feedback form.

The crucial property of the randomization process ¢ is its predictability which necessarily implies the predictability of the random
field (h(7, x, &))sej0.1), xerm - Hence, for a randomized control h and a randomization process &, it makes sense to consider the random
coefficient SDE

dX7" = b, X2 @, XM ))dr + a(t, X" ha, X", £))dB, + / y@, X2z he, X7, £) N (dr, dz)

0<|z|<r

+ / y(, X", 2@, XM, &)N(dr, dz). (2.3)
|z|>t
Motivated by the terminology in [18,19], we call the process (h(z, X f;h, &))ieqo.1) the action process of the randomized control h under &-
randomization, provided that the SDE (2.3) admits a unique strong solution. The action process is, then, the control which is actually
applied by the actor and the solution X" of (2.3) can be considered as the response of the system to the &-randomized policy
(h(t, X, ))cio1). xern i the sense that X&1 is the observable state variable of the corresponding action process (h(z, X, f;h, ENreto)-

Remark 2.2.

1. We have only fixed the marginal distribution of the randomization process &, but not the joint distribution. In particular, & and
¢, are, for the moment, not supposed to be independent for s # r. Two approaches for ¢ will be discussed in Section 3 (idealized
sampling) and Section 4 (grid-sampling) below.

2. It is well known that for every distribution P on B(R?), there is a measurable function H such that H(z) is P-distributed for any
uniform random variable ; on [0, 11¢, see, e.g., the construction in [3, pp. 491-492]. This is one motivation to assume that the
marginals of ¢ are uniformly distributed. Note, however, that for any vector (4, ... ,#,) of independent standard Gaussian random
variables, the vector (®(r,), ..., ®(1,)) is uniformly distributed on [0, 1]?. Here, ® denotes the cumulative distribution function of
a standard Gaussian. Hence, changing the marginal distribution of (&),c(0.r}, €-8-, to @ multivariate Gaussian as in [1] does not
make any essential difference in the constructions to come.

3. Idealized sampling and rich Fubini extensions

Ideally, the randomization procedure would be performed at each time point 7 independently of the other time points, leading to
the requirement that the family &* = (£),jo 1) consists of independent random variables. Although there is no problem to construct
the triplet (B, N, &*) on an appropriate product space, it is known that a family of non-constant independent identically distributed
random variables (£"),co s cannot be realized in a jointly measurable way with respect to the standard product o-field. Namely, the
map £ : Qx[0,T] = [0, 1]¢ cannot be F ® B([0,T1)/B([0, 1]¢)-measurable, see, e.g., [29, Proposition 2.1] and the detailed discussion
on the relevance of the results in [29] for policy execution in [32]. In particular, with this type of idealized sampling, we can never
obtain the crucial predictability property of &*, and, hence, it is not clear how to make any good sense of the SDE (2.3) (in the classical
way) for a sufficiently large class of &*-randomized policies.
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To overcome this measurability issue, several authors, e.g., [9,19], have pointed to the framework of rich Fubini extensions
introduced in [29] for defining the sample state process as the solution of a suitable reformulation of (2.3). However, we will discuss
in this section that, even with the rich Fubini extension framework, the use of the sample state process may lead to interpretability
issues caused by an averaging effect.

Our discussion below elaborates the one in [9]. For simplicity, we consider the one-dimensional case and let 7" = 1 but still write
[0,T] and fOT instead of [0, 1] and /01, respectively, to distinguish the time- and space-variables. As stochastic integration under the
rich Fubini extension setting is beyond the scope of the classical Itd calculus, we only consider the case of drift control with additive
noise given in terms of a one-dimensional Brownian motion B. We now discuss how to make sense of an SDE of the form

t
Y. =y +/ b(s, Yy, h(s, Y, E)ds + 0B, t€[0,T], (3.1)
0

where, ideally, &* = (&),e0.r) is @ family of independent random variables, which are uniformly distributed on [0, 1]. Moreover, &*
is assumed to be independent of the Brownian motion B. In (3.1), the functions : [0,T]XRXR - Rand h: [0,T]xR x[0,1] - R
are measurable with respect to the standard Borel o-fields, and ¢ > 0, y, € R are constants.

According to [30, Theorem 1], there exist an extension ([0, T], A, p) of the Lebesgue probability space ([0, 7], B([0,T1), Ajor)) and
some probability space (Q,, F,, P,) such that the product space ([0,7] X Q;, A ® F;, p ® P,) has a rich Fubini extension ([0, T] x Q;, A X
Fy.p X P,), i.e., the following properties hold:

(1) There exists a A [X] F; /B(R)-measurable process &* : [0,T] x Q; — R such that, for p-a.e. t € [0,T], & is uniformly distributed on
[0, 1] and independent of & for p-a.e. s € [0,T].
(2) For any p [X] P,-integrable function F, iterated integration is meaningful and

T T
/ F(t,a)l)(pﬁﬂ]’l)(dt,dwl)=/ </ F(t,a)l)p(dt)>[P’l(da)1)=/ (/ F(t,a)l)ﬂ:"l(da)l)>p(dt),
[0,T]xQ, Q 0 0 Q

see [30, Definition 3] or [29, Definition 2.2] for the complete statement of (2).

Moreover, we let (Q,,F,,P,) be a probability space, which carries a one-dimensional Brownian motion B with respect to its
own filtration. We consider the usual product space (Q,F,P) := (Q; X,,F; ® F,,P; ® P,) and extend £* and B to mappings on
[0.T]1x Q) x Q, by setting &' (w;,w,) = £ (w;) and B,(w;,w,) = B,(w,), respectively. Then, there exists a p-null set N, » EA such that
for every t € [0, TI\N,, & is a random variable (i.e., 7/ B(R)-measurable) and, by the product construction, the families (& erorn N,
and (B,),co.r) are independent. We note that £* “almost” satisfies the properties required for the ideal sampling procedure mentioned
above. However, &* is not B([0,T]) ® F/B(R)-measurable and, hence, not predictable in the usual sense. Instead, &* only satisfies the
weaker measurability property with respect to the larger o-field (A X F;) ® F,. While this &* does not qualify as a randomization
process in the sense of our definition, SDE (3.1) can be given a rigorous meaning in the framework of rich Fubini extensions, replacing
the Lebesgue measure by its extension p:

'
Y, =y +/ b(s, Yy, h(s, Y, EN)p(ds) + 6B, t€[0,T]. (3.2)
0

We first motivate the notion of a solution to this equation, which we call a sample SDE (or sample state process in the terminology of
[19D). Since p({s}) = Ao r1({s}) = 0 for every s € [0, T], integrals with respect to p are continuous as functions in the upper integration
limit. Hence, a solution Y to (3.2) should have continuous paths and, then, ¢ — Y,(®) is B([0, T])/B(R)-measurable for every o € Q.
Moreover, the function ¢t — &(w) is A/B(R)-measurable for P-almost every w € Q by the definition of the Fubini extension and, thus,
s = b(s, Yy(@), h(s, Yy(@), & (@))) is A/B(R)-measurable for P-almost every o € Q. Consequently, the integral in (3.2) “makes sense”
pathwise.

Definition 3.1. We say, amap Y : [0,7] X Q — R is a solution to (3.2), if

(i) Y has continuous paths;
(ii) There is a P-null set NV, such that for every w € Q\WN,,, the map

[0,T12 s+ b(s, Yg(w), h(s, Y (@), & ()))
is p-integrable and Eq. (3.2) is satisfied for every (¢, w) € [0, T] X (Q\N)).
Recalling that the function 7 - &(w) is A/B(R)-measurable for P-almost every o € Q, we can introduce the measures
Ales dr, du) = Sex ) (du)p(dr)

on A ® B(R) for P-almost every w € Q. If Y is a solution to (3.2), then, by the (classical) Fubini theorem, Y satisfies
Y, =y, +/ b(s, Y, h(s, Y, u))p(ds,du) + oB,, t€[0,T] 3.3)
(0.41x[0.1]

outside a P-null set.
The next theorem shows that the restriction of the measures j(w, -) to B([0,T]) ® B(R) is nothing but the Lebesgue measure on
[0, T] % [0, 1].
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Theorem 1. There is a P-null set N such that for every o € Q\N and A € B([0,T]) ® BR),
pw; A) = (A[()’T] ® A[Q,]])(A),
where in slight abuse of notation we write Ay ;(B) = Ag(B N[0, 1]) for B € B(R).

Proof. Let A= BXC € B([0,T]) ® B[R). If Ay 71(B) > 0, then, by Sun’s exact law of large numbers [29, Theorem 2.6], for P-almost
every o € Q,

pw; A) = / ﬂ(gj(w)ec}ﬂ(df) = / [E[ﬂ(g;‘eC)]P(d’) = >\[0,1](C)P(B) = (>‘[0,T] ® )\[0,1])(/4)'
B B

If Ao 7(B) = 0, then obviously both sides of the previous equation are zero. Thus, we find a P-null set N such that for every w € Q\W,
the measures j(w; -) and Ay ® Ay ;; coincide on all Cartesian products of subintervals with rational endpoints. Now, Dynkin’s z-4
theorem completes the proof. O

Since (s, u) + b(s, Y (@), h(s, Y (w),u)) is B([0, T]) ® B(R)-measurable for any @ € Q, Theorem 1 and (3.3) imply that every solution
Y to (3.2) solves

t ol
Y, =y +/ / b(s, Y, h(s, Y, u))duds + 6B,, te€[0,T], (3.4)
0 Jo

P-almost surely. Note that (3.4) coincides with the exploratory SDE introduced in [34]. Indeed, if h executes the relaxed control 4 and
h(t, x) has a density A(t, x, -) with respect to the Lebesgue measure for every pair (, x) € [0, T] X R, then (3.4) becomes

t
Y,=y0+/ /b(s,YS,a)h(s,YS,a)dads+0'B,, te[0,T];
0 JR

cp. Egs. (6)-(8) in [34]. Summarizing, we have shown the following result.
Theorem 2. Any solution (Y,),c0.1) to the sample SDE (3.2) also solves the exploratory SDE (3.4) P-almost surely.

There are (at least) two ways to interpret this result:

(1) If one interprets the abstract constructions underlying the rich Fubini extension as a genuine sampling mechanism in continuous
time, then Theorem 2 can be seen as a justification for working with the exploratory SDE.

(2) If one interprets these abstract constructions, in view of Theorem 1, just as a technically and notationally involved way to re-write
integration with respect to the Lebesgue measure, then the sample SDE formulation in the framework of rich Fubini extensions
does not provide any additional benefit beyond the exploratory SDE formulation. With this interpretation, the disadvantage of
the solution to the exploratory SDE that it “is the average of the sample trajectories [...] and is in itself not a sample trajectory nor
observable” [18, p. 9] extends to the sample SDE in the rich Fubini framework.

In any case, under standard Lipschitz assumptions on b and h, the exploratory SDE (3.4) will have a unique solution (up to indis-
tinguishability) and this solution will be adapted to the augmented filtration generated by the Brownian motion B (or, even be
deterministic, if & = 0). Therefore, the solution Y to the sample SDE (3.2) will be stochastically independent of the information gener-
ated by (&),c0.1)> i-€., the realization of the state process of a randomized control does not depend on the realization of the sampling
mechanism in the rich Fubini framework.

We close this section with an illustrative example.

Example 3.2. Consider the special case b(t, x,u) = u and h(t, x,u) = ®~'(u) (where ® is the cumulative distribution function of a

standard Gaussian), i.e., the measure-valued control A(t, x) is (independent of time and state) a standard Gaussian distribution. Since
exp _

/0' ®~!(u)du = 0 (the integral is just the expectation of a standard Gaussian), the solution of the exploratory SDE (3.4) is Y,
¥o + o B,. We first show that it is not possible to recover (the distribution of) Y**P as the response of the system to the &-randomized
policy h(, x, &), for any predictable randomization process ¢. Precisely, we consider the SDE (2.3) starting in y, with the corresponding
coefficient functions a(z, x,u) = o, y(t, x, z,u) = 0 and b and h as specified above, i.e.,

t 1
XM=y, +/ o7(£)ds + 0B, =Y +/ 7' (g)ds.
0 0

We show that X" and Y cannot even be equal in one-dimensional marginal distributions. Otherwise, computing
ELNY™1P) = y5+ 0% <co, 1€[0.T],

and (using that ¥,”" and fO’ ®~!(¢,)ds are independent and that E[ /0’ O!(&,)ds] = 0)

P 2
/ @' (&)ds ]
0

2
] =0, te€[0,T]

EOXE"P] = BNV 1P+ E [

we conclude that

E [ / o7l (g)ds
0
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Therefore, we find a null set Ny, € F such that fot @~ 1(¢&,)(w)ds = 0 for every w € Ny, and ¢ € [0,T] n Q. By continuity, this identity
extends to every o ¢ Ny and ¢ € [0, T). Hence, by Lebesgue’s differentiation theorem, we obtain for every w & Ng: ®~1(£,(w)) =0
for (o 7-almost every s € [0, T]. Applying the classical Fubini theorem, we conclude that, for A, rj-almost every s € [0, T], one has
®~!(&,) = 0 P-a.s. This clearly contradicts the property that ®~!(&,) is a standard Gaussian random variable for every s € [0, T]. Note
that this argument does not necessarily require £ to be predictable, but remains valid under the weaker assumption that ®~'o¢ is
B([0,T]) ® F/B(R)-measurable.

If we write, however, X¢"! for the solution of the sample SDE (3.2), then, in the context of this example, by Theorem 2,

. '
XSt =y, +/ o)) + 0B, =Y, 1e0,T],
0

P-almost surely.

We note that the approach in [18,19] crucially relies on the property that the exploratory SDE and the sample state process have
the same one-dimensional marginal distributions. This is required to conclude that both SDEs lead to the same expected cost and,
thus, to justify that theoretical questions can be studied through the exploratory SDE, see [19, p. 8]. As illustrated by the example,
this approach can only work, if one abandons the established predictability assumption on the controls and replaces the Lebesgue
measure by its abstract extension p, which is part of the rich Fubini construction. This makes an extension beyond the drift control
case impossible in the classical framework of stochastic calculus, which relies on joint measurability assumptions of the integrands
such as predictability or progressive measurability.

4. The grid-sampling SDE

The problems discussed in Section 3 suggest that the randomization procedure based on (essentially pairwise) independent families
& = (& )0y of uniformly distributed random variables may not be suitable in continuous time. Motivated by [32], who have also
pointed to the measurability problem arising from the use of idealized sampling, we replace £* by a piecewise constant interpolation
of finitely many independent uniform random variables on a finite grid of [0, T].

Let IT be a partition of [0, T'] with grid points 0 = #, < t; < --- <1, =T, n € N. We denote the mesh-size of I by |II| := max, ., |t; —
t;_| and suppose that the underlying probability space carries an independent family (51, ...,&,) of uniforms on [0, 1]¢ independent
of (B, N). For the randomization on the grid I, we define the grid-sampling process & = (£ ),Elo 71 by

n
= Z &1y, ). 1€0.T].
j=1
We emphasize that the authors in [32] and [11] have already applied this type of grid-sampling as a substitution for the infeasible
idealized sampling when executing Gaussian relaxed policies in the context of linear-quadratic control.
Denote by FI' = (F/"),¢(or) the right-continuous, augmented version of the filtration generated by (B, N,&M). Precisely, F is
constructed via
Fll .= ﬂ FIU ift<T, and F} :=F],
t<s<T

where, for s € [0,T],
Pl :=0(B,.&", N(0,r1X A) : A€ B[®R]),r 0,51} VN,

s
and N is the collection of all P-null sets. Then, & is left-continuous and adapted and, thus, is F'-predictable. Note that 5,'? =¢ is
P{[l -measurable, but independent of T’(r['i?l)_. Moreover, B and N(dt,dz) are still a Brownian motion and a Poisson random measure
with intensity v,(dz)ds with respect to FI.

By the Fl-predictability of the grid-sampling process &', we may consider the SDE (2.3) with & = £, which is given for ¢ € (t;_,, ],
i=1,...,nby

t t
XM=t / b(s, X\, h(s, XM, &)ds + / a(s, X' h(s, X elly)dB

ti-1

/ / . y(s, X0 2, h(s,X&h,gg))N(ds, dz) + /I ‘ (s, X0 2, h(s,xfl;h,gtfil))N(ds, dz). 4.1)
(ti—1,1] J0<|z|<e z|>r

(USP|
We call (4.1) the grid-sampling SDE for policy h along the randomization process '

Remark 4.1. Suppose that the randomized control h is continuous and executes a relaxed control # and that the sampling grid IT is
“sufficiently fine”. Then, we may consider

h(t,_. X g )= hm h(s, X”"§ )
as a “good” approximation to h(s, XA_ ,5 ) for s € (t;,_;,1;]. Note that X “’ = x (T - s Thus X “‘h is FH - -measurable and, con-
sequently, independent of é” Therefore, we can interpret the approxnnatlon h(;_. X 5“) in the followmg way: The actor first
chooses the distribution A(;_,, t--l) and, then, the independent uniform random varlable 5{1 is generated to sample from this distri-
bution.
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For the coefficients b,a,y in Section 2.2 and a randomized control h: [0,7] x R™ x [0,1]¢ — R?, we define the Borel functions
byt [0,TIXR™ X [0,1]9 = R™, ay, : [0,T]xR™ x[0,1]¢ = R™, and py, : [0,T]1x R™ x Rf x [0, 1] — R™ via

bp(s, x,u) 1= b(s,x,h(s, x,u)), ap(s,x,u) :=a(s,x,h(s,x,u)), yy(s,x,2z,u) :=y(s,x, z,h(s, x, u)).

Assumption 2. The coefficients by, ay, ¥, satisfy the following integrability condition: The function
Gy(s) = / [|b,,<s,o, W% + llay(s, 0, w12 + / [71(s. 0, 2, u)|2vs<dz>] du
[0,114 0<|z|<r

takes finite values for all s € [0,T] and G, € L!([0,T7], A[o.7))- Moreover, by, ap, v, are Lipschitz continuous with respect to the space
variable x in the following sense: There exists a constant K;;, > 0 independent of s and « (but may depend on r) such that the following
condition holds for any s € [0,T], u € [0, 1]¢, and X1, xy € R™:

|bh(s,x|,u)—bh(s,xz,u)|2+ ||ah(s,x1,u)—ah(s,xz,u)||12;+/ |Yn(s, xq, 2, u)—yh(s,xz,z,u)|2vx(dz) < Kfip|x] —x2|2. (4.2)
0<|z|<t

Proposition 4.2. Under Assumption 2, the grid-sampling SDE (4.1) for policy h with initial condition x, € R" has a unique (up to an

indistinguishability) strong solution X", for any choice of the partition I1. Moreover, the strong solution X™ also solves the SDE

P

Z / (s, xIh, WM, (ds, du)
(0,1]x[0,1]¢

XM = xo+ / by (s, X )M (ds, du) +
O.1%[0,1)¢ =

+ / Tn(s, XMz, ) M3 (ds, dz, du)
0,11x{0<|z|<r}x[0,1]4
+ / (s, XM 2 )M ds, dz, du), 1 €[0,T], (4.3)
©11x{|z]>t}x[0,11¢
driven by the following random measures:

Mo, dt,du) :=

n
]l(ti,l,ti](f)fséy(w) (dw)dt,
i=1 i

t n
My (@.1,4) 1= ( /0 2 M a @A) dBi”)(w), A€B(0.11), t€[0.T) I =1,....p,
i=1

n
Il . —
M @,dt,dz,du) 1= D" ' Diar, w0100, aL ). 1wy (df, 4z, du),
i=1 te(t;_.t;] !

where L, := fot Jo Jel<e zN(ds,dz) + fot /\z|>t zN(ds, dz) and 6, is the Dirac distribution on the point y; here, M gm are orthogonal martingale

measures with intensity measure Mg, and M }T is an integer-valued random measure with F'!-predictable compensator measure

1w, dt, dz, du) :=

n
A IL(,H‘,’_](t)é‘:lri[(w)(du)v,(dz)dt

i=1
; Y LIRS R i
and corresponding compensated measure M, 1= M — ;.

For integration with respect to compensated integer-valued random measures and to orthogonal martingale measures, we refer to
[15] and [23], respectively. The proof of Proposition 4.2 is presented in Section 8.1.

Remark 4.3. We note that the solution X! to the grid-sampling SDE fails to be Markovian with respect to F!!, in general. For a
concrete counterexample, take m=d =1, xy =0, a, =y, =0, and by (s, x,u) = u. Then, for ¢ € [0,1,], X,“’h =1t&,. Since &, = .ftn for
every t € (0,1;] and the filtration F is right-continuous, we conclude that &, is T‘Un-measurable. Hence, E[X trl[*h|f’g[] = ¢, while
[E[X,T’th(?’h] = E[&,] = 1/2, because X(?'h is constant.

One can show, however, that the pair of processes (X ,H’h’fg)te[o,r] is Markovian with respect to F!' under the assumptions of
Proposition 4.2, as sketched in Appendix A.3. Since :fgl =0and 'f(l)-[+ = ¢,, the same counterexample as above shows that 55_ cannot be
replaced by &I

Remark 4.4. Suppose (IL,),cy is a sequence of sampling partitions with mesh-size converging to zero. Fix any k € N time points
S1s ..., S, Then, for sufficiently large n > N, these k points will be in different sub-intervals of the partition II, and, therefore,
the random vector &, - ,53") consists of independent uniform random variables. Consequently, (5}1”),6[0;] converges in finite-
dimensional distributions to an independent, identically distributed family (£;),c[or) of uniform random variables, i.e., to idealized
sampling. Due to the issues of idealized sampling discussed in Section 3, it is not promising to pass to the limit on the level of the
integrands in the formulation (4.1) of the grid-sampling SDE. Therefore, we switch to the formulation (4.3) of the grid-sampling SDE,
where the influence of the randomization process (étn ")rero.r7 has been moved to the integrator, before passing to the limit.

8
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5. The grid-sampling limit SDE
5.1. Limit theorem and grid-sampling limit SDE

In this subsection, we establish a limit theorem for the grid-sampling random measures (M1, M H(”, . Mg( ),M?) defined in

Proposition 4.2, which drive the grid-sampling SDE (4.3), as the mesh-size of I goes to zero. This limit theorem suggests a formulation
for the grid-sampling limit SDE in which the grid-sampling random measures in (4.3) are replaced by the limit random measures

(Mp, Mgy, ..., Mgy, My).
We define
Mp(A) 1= Ao ® MDY, (A), A € B0, T ® B(0, 11,
where Ay is the restriction of the 1-dimensional Lebesgue measure to a Borel set U € B(R). Moreover, we let (Mp), ..., Mpp)

denote p independent martingale measures with continuous paths and intensity measure M. Continuous martingale measures with
deterministic intensities are also called white noise martingale measures, and we refer to [23] for a construction of such martingale
measures and more background information. Also, Lemma 6.1 below provides some information on their relation to Brownian motion.
Finally, M, denotes a Poisson random measure on [0, T] X Rg x [0, 1]¢ with intensity measure
uy(dt,dz,du) := v,(dz)dudt.

An explicit construction of M can be found in [2]. As usual M; := M, — u; stands for the compensated Poisson random measure.

We assume that the original filtered probability space (Q, F, F, P) has been chosen sufficiently large to carry (M B Mpp) and
M. Then, (M), ..., Mpp) and M are automatically independent (see the argument in [2]). Denote by F the right-continuous,
augmented version of the filtration generated by (Mg), ..., Mgy, My).

Theorem 3. Let (II,),cn be a sequence of finite partitions of [0, T] with lim,_,  |IL,| = 0. For any m € N, R € (0,0) U {t}, and for any
bounded measurable functions fl(k): [0,T1%[0,119 >R (I =0,....p; k=1,...,m), f(k) [0,T] leq x[0,1¥ >R (=p+1,p+2 k=
1,...,m), consider the sequence of R™-valued processes X" = (X1, ... xm(m) deﬁned via

p
2 :/ 18, WMy (ds, du) + Z/ 1, u)MB(,)(dS du)
©.11x[0,114 ©.41x[0.11¢
+/ f(’j_)l (s, z, u)|z|]\~4?"(ds,dz, du)
©.11%{0<|z|<R}x[0,1¢ ~ ?

+/ f(+2(szu)M "(ds,dz,du), te€][0,T], k=1,...,m
©0,11%{ | zI> R}yx[0,1]4

Then, (X™),cn converges weakly in the Skorokhod topology on the space D-(R™) of R™-valued, cadldg functions to X = @XM, ..., XM where

p
xH = / S8 (s )M p(ds, du) + / 11 (s, 0)M gy (ds, du)
(0,¢1x[0,1]4 (0,¢1x[0,1]4

+/ f+l(s z, u)|z|MJ(ds dz, du)
0.11x{0<|z|<R}x[0,1]¢ P

+/ f+2(szu)MJ(ds dz,du), t€[0,T], k=1,....m
0.1x{|z|>R}x[0,1¢ P

The proof of Theorem 3 is provided in Section 7.

Remark 5.1. As a consequence of Theorem 3, (M MB(I), . M;’L), M?") vaguely converges to (Mp, M), .. MB(,,), M) in the
following sense: For any m € N, and for any continuous functions with compact support f (), [0, T1x[0,119 >R (U =0,...,p; k=

.,m), f;i)z 1 [0,T] % [Rg x[0,119 - R (k = 1,...,m), the sequence of R"”-valued processes X" = (X"(1, ..., x"(") defined via
a0 = / 1M, o (ds, du) + Z / B wMm (1)(ds du)
(0,11x[0,1]9 (0,11x[0,114

+/ f(+2(s zu)M, M (ds,dz,du), t€[0,T], k=1,....m
0,11xRIx[0,1]¢
weakly converges in the Skorokhod topology on Dy (R™) to X = (X1, ..., X)), where

P
Xt(k) = / fék)(s,u)MD(ds, du) + Z/ f,(k)(s, u)M g (ds, du)
0,41x[0,17¢ =1 J©.1x[0,1¢

+/ F (s, 2 wM (s, dz,dw), tE€[0,T], k=1,....,m
0.11xRIx[0,11¢ ¥

Indeed, if the f, KOs =p+1,p+2; k=1,...,m) in Theorem 3 have compact support, then there is an £ > 0 (independent of k, /, 7, u)

such that £ ® — 0, if 0 < |z| < e. Hence, we can apply Theorem 3 with R = e. We also refer to [22] for background information on
the general theory of vague convergence of random measures and to [38,39] for the case of martingale measures.

9
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In view of Theorem 3, the random measure formulation (4.3) of the grid-sampling SDE (4.1), and the definition of M, a natural
limit formulation of the grid-sampling SDE for a given randomized policy h: [0,T] x R” x [0,1]¢ — R? is

P

t
XM= x, + /0 /[O o X h(s, X2, w)duds + )

/ a“D(s, X® h(s, XP, u) M g (ds, du)
1=1 4 (0.11x[0,114 ’

+ / (s, X", z,h(s, X" ,u) M, (ds,dz,du) + / 7(s, X",z h(s, X" )M, (ds, dz, du).
(0,t]><(0<|z|£r)><[0,l]d (O,t]x{\z|>t}><[0,1]”

(5.1)
We call this SDE the grid-sampling limit SDE for policy h.
Remark 5.2. We emphasize that the random measures (M, M), ..., Mgy, M) appearing in the limit are independent, whereas
the pre-limit random measures (M1, M g“), oM g(p), M';) are jointly constructed in terms of the randomization process &' and are,

thus, dependent. Hence, it is intuitively clear that a solution X" of the grid-sampling limit SDE (5.1) cannot be interpreted as the model
dynamics evaluated along a (&,),¢o 7 -tandomized policy, i.e., it cannot be reformulated in the form (2.3) for some randomization
process & in general. More formally, Example 3.2 serves as a simple counterexample. Nonetheless, we think that the limit SDE (5.1)
is practically relevant as the limit dynamics of the observable state variables of action processes under £"-randomization and can be
applied for justifying learning algorithms derived by the first-optimize-then-discretize approach. This aspect will be briefly sketched
in Section 6.3 below.

5.2. Well-posedness of grid-sampling limit SDE

We illustrate in Proposition 5.3 below the existence and uniqueness of strong solutions to the SDE (5.1). Its proof is given in
Section 8.2.

Proposition 5.3. Let t € [0, oo]. Under Assumption 2, the grid-sampling limit SDE (5.1) for policy h with initial data x, € R™ has a unique
(up to an indistinguishability) strong solution X™. Moreover, the law of X" solves the martingale problem for the operator L, defined for
f € CX®R™) by
m m
; af 1 " *f
Ly f)s,%) = b5 x, )=+ 5 O AL (s, x,
(Lypf)(s,x) /[04,114 [Z{ b (s, x u)axi(x)+ 3 Z n (s, x u)axiaxj(x)

ij=1

m

. of
+ /q <f(x + 7h(s, x, z,u)) — f(x) — Z IL{O<|Z|S”7/}(">(S, X, Z, u)x(x)) vs(dz)] du,
R = i
0 i=1
with initial distribution 5, , where Ay, := apaj.
Remark 5.4. Under the assumptions of Proposition 5.3, the solution (X,h)e[o.r] of the grid-sampling limit SDE is Markovian with
respect ot [, see Appendix A.3 below. This important property in the context of reinforcement learning and stochastic control explains,

why we focus on randomized policies in feedback form.
Remark 5.5. Suppose that we are in the no-jump case, i.e, y = 0.

(1) Well-posedness of SDEs driven by white noise martingale measures is studied, e.g., in [23, Proposition IV-1], and in that case
Proposition 5.3 can be seen as a variant of their result.
(2) By combining Theorem 3 with the stability results for SDEs driven by continuous orthogonal martingale measures in [25, p.354],

we observe that under at most technical assumptions the following limit theorem is valid: If hy,... ,hg : [0,T]xR"” x [0,1]¢ — R?
are randomized policies, then one obtains the joint weak convergence
Hn HH Hn
(XMt XTI M M M) = (XML XK M, My, M)

This result serves as another justification for using the grid-sampling limit SDE (5.1). We leave a detailed study of this aspect in
the general case with jumps to future research.

Remark 5.6.

(1) The proof of Proposition 5.3 reveals that the conclusion in Proposition 5.3 still holds true when the Lipschitz condition (4.2) in
Assumption 2 is weakened to: There is a constant K > 0 independent of s (but may depend on t) such that for any s € [0, 7],
x1,Xx, € R™,

2
</ ., Ibh(s,xl,u)—bh(s,xz,u)ldu> +/ , llay (s, x1, 1) = ap(s, x5, w)|% du
0.1] 0.1]

+ / |Yn(s, X1, z,u) — yh(s, Xy, 2, u)|2 vy(dz)du < K2|x] - x2|2.
{0<|z|<x)x[0,11¢
(2) If t = co, then there exists a constant K > 0 not depending on x( such that the strong solution X h to (5.1) satisfies (see Remark A.4)
E [ sup |X}'|2] < R2(1+ [xp]%).
0<1<T

10
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6. Examples and discussion
6.1. Examples

We first discuss two examples in which the grid-sampling limit SDE (5.1) is simplified. They rely on the following elementary
lemma, whose proof is given in [2].

Lemma 6.1. Suppose that n: Qx [0,T]x [0,1]¢ — R™ is an F-predictable random field satisfying
/ d(n,r];r)(u)du =1, P®Xgrrae (1) €Qx[0,T]
[0.1]
Define
t
BrD = // 10w Moy (s, dw), 1€[0,T], I=1,...,p, k=1,...,m.
0 Jod -~

Then, B" = (B™*D : 1 =1,...,p, k=1,...,m) is an mp-dimensional Brownian motion.

Example 6.2. Suppose that h is a classical, non-randomized control in feedback form, i.e., h does not depend on u. By Lemma 6.1
(with n being the R-valued function which is constant 1),

. . T
Bl = < / M poy(ds, du), ..., / MB<,>(ds,du)>
0 J[o,114 0 J{0,114

is a p-dimensional Brownian motion. Moreover,
Nldr,dz) = / M ;(dt, dz, du)
[0.1}¢
is a Poisson random measure independent of B" with intensity v,(dz)ds. Then, SDE (5.1) can be re-written as

t t
XM =x,+ / b(s, X h(s, X" ))ds + / a(s, XM . h(s, XM ))dB!
0 0

+ / (s, XMz, h(s, X™ )N (ds, dz) + / y(s, X"z, h(s, X ))N'(ds, dz),
0.11x{0<|z|<r} 0.11x{]z|>r}

i.e., we recover the dynamics (2.1), as it should be.

Example 6.3. We now assume the drift coefficient » and the diffusion coefficient a are affine-linear in the control, i.e.,

d d

a(t,x,y) = ag(t,x) + ). ya;t,x), bt x,) = by(t,x) + Y, yVb;(t,x)
j=1 j=1
for measurable functions a ;0 [0, TIXR™ — R™P and b ;1 [0, T] X R™ — R™. The randomized control is given in terms of the measur-
able function h: [0,7]x R™ x [0, 1]¢ — R?. We assume that the coefficients are sufficiently regular to guarantee that a solution X"
to (5.1) exists. Supposing that h is square integrable with respect to the uniform distribution in the u-variable, we then consider the
mean vector and covariance matrix

(. x) = / h@, x,u)du, Oy(t,x) = / (h(t, x,u) — pp (¢, x))(h(t, x, u) — py(t, x))Tdu
[0,14 [0,114

as a function of (¢, x). Assuming that ©y,(z, x) is positive definite for every (7, x) € [0, T] X R™, we write 9, (¢, x) for the positive definite
matrix root of ®,(t, x) and define

M [0, TIXR™ % [0,1]1% = RY, (¢, x,u) = (1, x) "' (h(t, x, 1) — py (1, X)).

Note that for every (7, x) € [0,T] X R™,
/ (2, x, wydu = 0, / (), X, wydu = 1.
[0,1) (0,1}
Thus, the R4*!-valued random field

nw = @@ X w, e X ), )T

satisfies the assumptions of Lemma 6.1 and we denote the corresponding Brownian motion by B” = (B™D),_,  ;., ,_; . Then, the
white noise measures can be replaced by the (d + 1)p-dimensional Brownian motion B” and (5.1) becomes

' d )
XM= x, +/O <b0(s,x§1) + b5 X" ), Xz‘f))ds
=

=1

E

p d

P t d t
-l - j -l i
+Y /0 (ag XD+ X d )(s,Xi‘,)ﬂ,(,’)(s,X?,))dB;’*(d“”)+Z}A ] /O (Za} (s, XM )oY ‘>(s,x§',)>d3;7’<"')

I=1 j=1 j=1

11



C. Bender and N.T. Thuan Stochastic Processes and their Applications 194 (2026) 104848

+ / (s, X", z,h(s, X" ,u) M, (ds, dz,du) + / (s, X",z h(s, X" ,u)) M, (ds, dz, du).
0,11x{0<|z|<r}x[0,1]4 : ’ 0,11x{|z|>}x[0,1]¢ ’ ’

This example extends the analogous SDE formulation for entropy-regularized mean-variance portfolio optimization with jumps de-
rived in [1]. Note, however, that the white noise measure approach clarifies that (and how exactly) the driving Brownian motion
depends on the choice of the randomized control h.

6.2. Comparison to the exploratory SDE of [34]

In this subsection, we briefly compare the grid-sampling limit SDE (5.1) to the exploratory SDE introduced in [34]. In order to
keep the notation simple, we confine ourselves to the one-dimensional case (m = p = d = 1) without jumps y = 0, compare [34]. We
note, however, that the multivariate case of the exploratory SDE is covered in [18] and, recently, a setting with jumps has been
developed in [10]. In any of these cases, the derivation of the exploratory SDE relies on a heuristic law of large numbers argument
to extract the semimartingale characteristics when averaging over independent executions of a relaxed control.

Given a relaxed control #: [0,T] x R — Pr(B(R)) with Lebesgue density A(t, x, -), the exploratory SDE takes the form

t t
X" =xo+/0/[Rb(s,)?f’,y)h(s,)?f,y)dde+/0 \//R a(s, X, y)2h(s, X1, y)dy dW,

for some 1-dimensional Brownian motion W . Lemma 2 in [18] states sufficient conditions on b, a, and h for existence and uniqueness
of a strong solution. Note that the law of X" then solves the martingale problem for the operator

(Lp )1, x) 1=/R(%a(t,x,y)zf"(X)+b(t,x,y)f'(X)>h(l,x,y)dy~ (6.1)

We suppose for the rest of this subsection that h is a randomized control, which executes 4, and that the assumptions of Proposition 5.3
are satisfied. Note that, by a change of variables, the operators £, and £,, coincide. Hence, by Proposition 5.3, the law of the unique
solution X! to the grid-sampling limit SDE solves the martingale problem for the same operator L,(= L,). Moreover, uniqueness of
the martingale problem for the operator £, is established under the Lipschitz assumptions in Proposition IV.1 in [23]. Hence, by
Corollaries 5.4.8-5.4.9 in [21], the exploratory SDE has a weak solution X", and, moreover, X" and X" have the same probability
law. Hence, in a stochastic control framework (e.g., to compute the expected cost of a given relaxed/randomized control pair 4, h
or for the derivation of an HJB equation), the grid-sampling limit SDE X" and the exploratory SDE X" will lead to the same result
- and it is a matter of taste which one to use. In the former SDE the white noise martingale measure comes up, while, in the latter
SDE, one has to deal with the square-root in the diffusion coefficient, compare the Remarks in [25, pp. 350-351].

However, if one considers several controls at the same time, then their joint distributions, for example the distributions of
(X, X"2) and (XM, X™), may differ as illustrated by the following example.

Example 6.4. (1) Suppose T =1, b = 0 and a(#, x, u) = u. We apply the randomized controls h;(t,x,u) = p; + ajCD‘] ), (4; €R, 0, >0,
j = 1,2), which execute a Gaussian law h (%) with mean u ; and variance oj? independent of the time and state of the system. For a
fixed sampling partition I1, the predictable covariation of the model dynamics along the &''-randomized controls satisfies

(XTI Xy = (1 = 1)y + 01 D7 Gy + 0,07 ().
i=1

If, e.g., 11, is the equidistant partition of the unit interval into n subintervals and # denotes any uniform random variable on [0, 1],
then a straightforward application of the strong law of large numbers implies, a.s.,

(XM, XT02), [y + 0,07 )ty + 207 )| = sy + 10

This limit coincides with the predictable covariation of the grid-sampling limit SDEs. Indeed, we first note that by Example 6.3, due
to the linear dependence on the control,

h, h, 1 ol .
X" =X, +u;B +0,;B”", j=1.2,

for the independent Brownian motions B! = Mp([0,1] X [0, 1]), BfVl = /0' /01 @1 (4) M 5(ds, du); and therefore
(Xhl,Xhz)l = Uiy +0,0,.

However, the predictable covariation of the corresponding exploratory SDEs differs from this expression and can be computed as

(XM, Xh2y,
' s 1 —o-mP/eed ' s L —ommP/eed
= y e VdydWw,, yr——e 2dy dW;
0 R 271'0'12 0 R \/27[0‘% 1

=\ i} + 0D +03). (6.2)

12
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(2) In part (1) of the example, the execution of the two Gaussian control laws h; and A, is performed at the grid point ¢; of the grid
11 via the perfectly correlated random variables (u i+ 0 @! (5{[)), j = 1,2. Our setting allows for more general correlation structures.
Choose two Borel-measurable functions u;, u, : [0,1] — [0, 1] such that, for every uniform random variable » on [0, 1], the random
variables u, (r) and u,(5) are independent uniform random variables on [0, 1], see the proof of Theorem 20.4 in [3] for a construction
of such functions. Then, for every p € [—1, 1], we may also model the execution of the Gaussian control laws h j»J = 1,2, in part (1) via
the randomized controls h, (¢, x,u) = u; + 6, (@ ou)(w) and hy(t, x,u) = py + 65(p@ ' ou, + /1 — P20~ ou,)(). Leaving the setting of
part (1) unchanged except for the different choices of the randomized controls, we now compute the limiting predictable covariation
of the grid-sampling SDEs based on the equidistant partitions II,. By the same law-of-large-number argument as above, we obtain, as
n tends to infinity,

(XM xThhoy —>[E[(/41 + 0@ ou )()(y + 05 (p® 0wy + V1 - ﬂz‘b—IOuz)(’?))] = HiHp tpooy, QS

Again, this limit of the predictable covariation is not in line with predictable covariation of the exploratory SDEs for 4, and A, in
(6.2), but it coincides with the predictable covariation of the grid-sampling limit SDEs X" and X" at time ¢ = 1. This is, because the
latter SDEs can, in view of Example 6.3, be re-written in the form

h h h h
X" =X'+u B +0,B}, X;> =X+ B! +0y(pB} +V1-p2B})

for the three independent Brownian motions Bt1 = Mp([0,1] X [0, 1]),

t 1 t 1
B2 = /0 /0 @', (w)Mp(ds,du), B} = /0 /0 &~ (u, ()M g(ds, du).

Thus, this part of the example illustrates that our framework allows a flexible dependency structure for the joint execution of several
relaxed controls, leading to different joint distributions of the resulting grid-sampling limit SDEs.

We emphasize, that the exploratory SDE has been introduced in [34] as a tool for studying the expected cost for a fixed relaxed
control 4 and, for this purpose, the joint dynamics of the controlled states of several relaxed controls is irrelevant. In contrast, our
grid-sampling limit SDE comes up as the limit dynamics of sample trajectories, when executing randomly drawn realizations of a
relaxed control. And from this modeling perspective, the joint distribution, when executing several controls, matters.

Let us summarize: By the considerations at the beginning of this subsection X" and X" have the same probability law, if h executes
h. The SDEs governing these two processes cannot be interpreted as dynamics of the system along a &-randomized control. One way
to justify these SDEs is to view them as the limit dynamics of the grid-sampling SDE, which has a sound interpretation in terms of
&M.randomized controls. By Remark 5.5(2), we observe that the law of X™»" converges to the law of X” under at most technical
conditions for one fixed control pair A, h. However, as illustrated by Example 6.4, one cannot hope that the joint convergence result to
the grid-sampling limit SDEs indicated in Remark 5.5(2) carries over to the exploratory SDE. We will illustrate in the next subsection
that this difference can be essential for the justification of learning algorithms.

6.3. Outlook: Towards learning

In this part, we give a glimpse of how our random measure approach can be applied for supporting the use of some learning
algorithms which have been recently suggested in the continuous time RL literature [17-19], but a more thorough study of this
aspect is beyond the scope of this paper.

We note that there are two possible ways to come up with learning algorithms in continuous time. The first one is to discretize
time first and then to apply one of the established learning algorithms for Markov decision processes [31] to the time-discretized
problem. The second way is to identify optimality conditions for the learning task directly in continuous time and to discretize time
in a second step. This “first-optimize-then-discretize” approach is pursued by Jia and Zhou [17-19] for the design of policy gradient
algorithms and g-learning algorithms in continuous time. The numerical test cases in [19] suggest that the new algorithms based
on the continuous-time optimality conditions are very promising, outperforming, e.g., the application of the classical Q-learning to
the time-discretized problem. In view of the discussion in Section 4.2 in [19] one reason could be that a stochastic gradient descent
implementation of the (discretized versions of the) continuous-time optimality conditions benefits from a variance reduction and,
hence, converges in a less noisy way.

The derivation of the learning algorithms of Jia and Zhou via the “first-optimize-then-discretize” approach relies, however, on the
idealized randomization mechanism via the sample state process. In view of the issues concerning idealized sampling discussed in
Section 3 above, we now explain how to re-derive such algorithms based on the grid-sampling limit SDE in place of the sample state
process. For sake of exposition, we here only discuss the policy evaluation stage, which is a building block for the actor-critic policy
gradient algorithms [18], in a simplified setting. We expect, however, that the policy optimization step of these algorithms as well as
the g-learning algorithms in [19] can be theoretically supported in a similar way; see the general discussion of our approach at the
end of this subsection.

We fix a randomized control h and restrict ourselves to the no-jump case in dimension one (m = d = p = 1). Assuming that the
conditions in Proposition 5.3 are satisfied, the unique solution of the grid-sampling limit SDE takes the form

t rl
XM=+ / / b(s, XM, h(s, X, u))duds + / a(s, X" h(s, X®, u) M g(ds, du).
0 Jo ’ ’ ©.11x10,1] ) )

13
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We suppose that the law of h(z, x, ) (where 5 is a uniform random variable on [0, 1]) is absolutely continuous with respect to the
Lebesgue measure with density A(t, x, -) for every (t, x) € [0,T] X R and that its Shannon entropy

- / h(, x, y)log h(t, x, y)dy
R

exists in R and is measurable and bounded as a function in (¢, x). We consider the problem of evaluating the expected terminal cost g
and running cost r with a running entropy-regularization term, which rewards exploration, as suggested in [34]. The corresponding
cost process is given by

?,]

for some fixed temperature parameter A > 0. We additionally assume, for the sake of simplicity, that the terminal cost g and the running
cost r are bounded, and, consequently, the process J" is bounded as well. We say that a measurable function J": [0,T] xR — R is
a version of the value function of h, if

T 1 T
Jh= [E[g(X¥)+ / / r(s, X" h(s, X®, u))duds + 4 / / h(s, X", y)log h(s, X", y)dyds
t 0 t R

JhexM =g Pas, e[0T

The aim of policy evaluation is to learn the value function J® from observations of the system X%", when feeding in the £-randomized
policy h(t, x, &) for some randomization process ¢ (see Section 2.3), without knowing the true model parameters b, a. Recall that in
the simplified setting of this subsection

dXP" = b XEN 0, XPN g))dr + a(t, XM b, XEM, 6))dB,, X5 = x. (6.3)

Here, (h(1, X f‘h, &))iejo.r) is the action process of h under é-randomization, i.e., it is the actual control fed into the system by the actor,

leading to the observed state variable (Xf'h)ze[(),rj-
The algorithms for policy evaluation derived in [17,18] rely on the martingale characterization of the value function J", which
can be formulated for the grid-sampling limit SDE in the following way (see [2] for the routine proof).

Proposition 6.5.

(1) Suppose that the following partial differential equation has a bounded solution J € C'2([0,T] x R):

1
%—{(l, x) + (L J (@ N, x) + / r(t, x,h(t, x,u))du + A / h(t, x, y)log h(t,x, y)dy = 0,
0 R

for (t,x) € [0,T) X R, with the terminal condition J(T, -) = g (where the differential operator L, is defined in (6.1)). Then, J is a version
of the value function of h.
(2) Assume that J : [0,T] x R — R is measurable with J(T,-) = g. Then, J is a version of the value function of h, if and only if

t 1 t
J, XM+ / / r(s, X2, h(s, X®, u))duds + 4 / / h(s, X", y)log h(s, X", y)dyds,
0J0 0 JR
0 <t < T, is an F-martingale.

We now provide an alternative derivation of the offline variant of the continuous-time TD(0)-algorithm in [17,18] for policy
evaluation: To this end, fix a parametric class of functions {J, : § € ®} for some open parameter set ® C RX. We will implicitly
assume that the function

Jo: [0.TIXRXO >R, (1,x,9) — Jy(t, x)

satisfies sufficient smoothness and boundedness assumptions to justify the manipulations below. Moreover, we postulate that Jy(T', -) =
g for every 9 € ®. We aim at finding a parameter 9* € ® such that J,. is a good approximation to the value function J" of the
randomized control h. Since integrals of sufficiently good integrands with respect to a martingale have zero expectation, the martingale
characterization of the value function in Proposition 6.5 motivates to search for a parameter * such that

T 1
E[ / VSJ@(S,X?,S*)<dJ‘*(s,X?)+ / r(s, X" h(s, X, u))duds + / h(s, X", y)log h(s, X", y)dyds)] =0,
0 0 R

compare [17]. Here, V4 stands for the gradient in the 9-variable. Then, the stochastic approximation algorithm of Robbins and Monro
[28] suggests to consider the update step

T 1
I—9+a / VgJe(s,X!‘,19)<dJ3(s,X§')+ / r(s, X2 h(s, X®, w))duds + 4 / h(s, X", y)log h(s, X, y)dyds) (6.4)
0 0 R

for some step-size a > 0. Up to here, the derivation follows the one in [17,18] with the grid-sampling limit SDE in place of the sample
SDE of [18]. Note that, although the unknown coefficients b and a do not show up in (6.4), its implementation is infeasible, because
XM is not observable (it is not the state variable of an action process in general; cp. Remark 5.2). We view (6.4) as an idealized
continuous-limit update step, which will be discretized next. By Itd’s formula, recalling that £, in (6.1) is the infinitesimal generator
of X", we obtain

T 1
/ v,9J®(s,X§‘,19)<dJ,9(s,X§')+ / r(s, X" h(s, X", u))duds + 4 / h(s, X", y)log h(s, X, y)dyds)
0 0 R

14
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r W 0dy o
= o V.‘JJ@(SaXS,&)W(S,XS )ds
T ) ‘ |
’ / Volo(s: X.) (mh]m Vo X+ / 75 X R X0+ 4 / (s, X®, ) log h(s, X, y)dy> ds
0 0 R

h n o970 h
+ VoJo(s, X ,Pa(s, X ,h(s, XS Lu)—(s, XS )M p(ds, du). (6.5)
OTIX[0,1] 0x

By change of variables and applying the notation introduced in Proposition 5.3, the second integral on the right-hand side of (6.5)
becomes

T rl
aJ, ;
/0/0 V.9J®(S,X§‘n9)<%ah(s, u>2 (s X"+ by(s, X u)a—;(s,Xg‘)+r(s,X§_',h(s,X§_',u))+uogh(s,X?,h(s,xg',u»)duds,

which, in fact, is an integral with respect to the limit drift measure M ,. Thus, approximating (X", M, Mp) by (X™™, M7, M), where
XTh .= xéh g given in (6.3) (i.e., XM solves the grid-sampling SDE), the joint convergence in Remark 5.5(2) suggests that

T 1
/ VSJQ(S,X?,S)<dJ3(s,X§‘)+ / r(s, X", h(s, X, u))duds + 2 / h(s, X", y)log h(s, X", y)dyds>
0 0 R
can be approximated in law by

/ VoJo(s, X“‘t&)( (s, X™) 4 (r + Alog h)(s, XM h(s, X0, u))
0,T1%[0,1]
9%J, aJ,
—ah(s xh )2 ( XY by (s, X ) 9(s,X§1")> M(ds, du)
X

aJ,
+ / VoJo(s, X 9)ay (s, X{“‘, == (s, X" M1 (ds, du)
O.TIx[0,1] ox
for a sufficiently fine sampling grid I1. In view of Proposition 4.2, and applying It6’s formula once more, this expression equals
n 1; )
Y / VyJols, XM, .9)(dJ3(s, XY 4 (7 + Alog h)(s, X (s, X0, gf))ds),
i=1 i—1
leading to the modified update step
n 1
9—9+ay / Volols, X0, 19)<d.L9(s, X 4 (r + log i)(s, XM h(s, XA, 5;‘))ds). (6.6)
i=1 7 1i1

Here, the 7,’s are, of course, the grid points of the sampling grid I1. We emphasize that the update step (6.6) is independent of the
unknown parameters b and a and only depends on observables, namely the action process a =h(, X, ILh L&), 1 € [0, T] under grid
sampling and its state variable (X™ P ),e[o,T]. We note that the update-step (6.6) is still formulated in continuous time. For the actual
implementation, it is, in view of Remark 4.1, natural to consider the time-discretization relative to the grid I1 given by

19<—19+aZV'9J@(t, g 3)[130” X By Tyt x i )+(z — 1)+ Alog ity %, h(t‘ Lt 5“)) 6.7)

Here, l}h e 5,“), which is applied on
the time interval (¢;,_;, ;] based on a realization of the uniformly (on [0, 1]) distributed random variable 51 , which is drawn at time
t;_, independently of the past up to time (z;_ 1)— This expression coincides with the policy evaluation updz'ite step in Algorithm 1 of
[18] for the TD(0) test function VyJg(t;_;, x 19) in the case of a zero interest rate for discounting. Hence, we have provided a new
justification of the continuous-time TD(0)- algorlthm for policy evaluation, which avoids making use of idealized sampling.
The derivation of the TD(0) policy evaluation algorithm above is based on the following generic scheme for designing learning

algorithms (which we now formulate in a general framework including jumps):

is recursively observed as the state variable of the time-discretized action process h(z,_;, x"

Step I: Derivation of a martingale criterion (for characterizing the value function of a policy, or for optimality) in continuous time in

terms of the grid-sampling limit SDE XM of a randomized control h in feedback form. [Cp. Proposition 6.5 for policy evaluation]

Step II: Iterative updating (in continuous time) for enforcing the martingale condition via the Robbins-Monro algorithm/stochastic

gradient descent based on the pair (X", h). [Cp. (6.4)]

Step III: Approximation of the iterative update rule in Step II via grid sampling: replace the grid-sampling limit SDE X" and the limit

random measures of Theorem 3 by the grid sampling SDE X''! and the pre-limit random measures of Proposition 4.2 for a
sufficiently fine grid IT. Write a[n‘h =h(t, X ”_"‘, .f,“), t € [0,T], for the action process of h under grid sampling. [Cp. (6.6)]

Step IV: Time-discretization (piecewise constant in time on IT) of a'* via Remark 4.1 and of all integrals by Riemann sums to come up

with an implementable update rule based on observables only. [Cp. (6.7)]

We emphasize that the random measure approach and our main convergence theorem (Theorem 3) are utilized (heuristically) in
the crucial Step III: it turns the idealized, non-implementable update rule (Step II) based on the continuous-time martingale criterion

15
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for the unobservable grid-sampling limit SDE (Step I) into an approximate update rule which is formulated in terms of observables
only (the action process under grid sampling and its state variable). Once, this step is achieved, a standard quadrature of the integrals
(Step 1IV) is performed to come up with the fully implementable update rule.

Note that the derivations of the learning algorithms by Jia and Zhou [18,19] apply the sample state process (based on idealized
sampling) in Steps I and II. As the latter one is considered as an observable, Step III is not required in their approach. However, due
to the measurability issues of idealized sampling, Steps I and II with the sample state process cannot be performed mathematically
rigorously. In contrast, in our alternative approach, only well-defined objects are applied in each step. In order to better justify the
algorithms of [18,19] by re-deriving them via our approach, one basically has to turn the heuristic martingale conditions of [18,19]
for the sample state process into rigorously provable martingale conditions for the grid-sampling limit SDE (Step I). Once this as been
achieved, it is expected that Steps II-IV can be performed in a routine way.

7. Proof of Theorem 3
7.1. Preliminaries

To avoid double-indexing, we assume that I1, partitions [0, T] into n subintervals and write 0 = #j < --- <, = T for the grid points
of IT,,. We emphasize that the same proof also works, even if I1,, decomposes [0, T] into k(n) € N, which is not necessarily equal to n,
subintervals. Denote

U :=[0,T]1x[0,11, V:=[0,TIxRI x[0,1}.
The assumptions imply that f, € B,(U;R™) for I =0,...,p and f; € B,(V;R™) for I = p+ 1, p + 2. Moreover, by Remark 2.1,

T
/O /Rﬂﬂzlqu\sm + 1 sr))Vs(d2)ds < 00, VR € (0,00) U {z}. (7.1)
0

In view of Proposition 4.2, we have the representation

n t P t
=3y [ /0 fo(s,éi")ﬂ(,(il‘,?](s)ds+Z /0 f,(s,’g’,v")ll(,lnil,,:r](s)dBy)
i=1 =1

t t
+ / / Fo1(8. 2. ENLn  n(9)|z| N (ds, dz) + / / Fpra(8, 2, ENTn  m(s)N(ds, dz)]. (7.2)
0 JO<|z|<R =1 0 J)zI>R i1

We will also consider the piecewise constant interpolation of X" between the grid points of IT,. Introducing the notation
p(®) t=sup{t! 11} <t}, t€[0,T],

it can be written as X;’ o 1€ [0,T].

By Theorem 3.1 in [4], it suffices to show that, as n — oo,

~ P
X", X0 )— 0, (7.3)
and
n Ir
X, & (7.4)

where the metric J’T", which is defined by

dy(x,y) = inf max{ sup |A(r)—1], sup |x(z)—y(/1(r>>|},
AEAT 0<t<T

0<1<T
2
induces the Skorokhod topology on the space Dy (R™) of cadlag functions F : [0,T] - R™, and— stands for convergence in distri-
bution in the Skorokhod space (Dy(R™), dN;" ). Here, A, consists of all strictly increasing and continuous functions 4: [0,T] — [0,7]
with A(0) =0, A(T) = T. For further details, we refer to [4], or to [2] for a short recap on the Skorokhod space.
The proof of assertions (7.3) and (7.4) will be provided in Section 7.2 and Section 7.3, respectively.
7.2. Proof of assertion (7.3)

Let k € (0, 0) N (0, R] and let « = 0 if R = 0. We define the process X"* by setting

n .
XK = 2/0/0 » Spi1 5 EN | (]2l N (ds, da).
i=1 <|z|<k

By separating N = N —v on [0,T] X {« < |z| < R}, which is possible as /OT fK<|Z|SR |z]v,(dz)ds < co and f,,, is bounded, and then
rearranging terms we get

n . n .
K = z /0 Jols &N | m(s)ds z /0 / Fp1 (. 280 | (9)]z]v(dz)ds
i=1 i=1 k<|z|<R

16
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n p .
+ Z Z/O JiGs, f?)ﬂ(tfil,tfl(s)ng)

i=1 I=1
n .

+Z-//II [fp+1(S=nyf)|z|1(0<\z|gm+f,;+2(57Z,ff)ﬂ(|z\>R)]]l(;ﬂ l’,n](s)N(ds,dz)
= z|>k =

—_ n,K , n,K n,K
=: (X, —X:”“+XB )+ &
. n,K n,K
=1 X+ X
Using the triangle inequality we obtain
dp(X", X)) < d(X", X + dp (X, X06) + d7 (X0, X))

< sup X7 — X+ dim (X, X ’() + sup |&™*
1€[0,T] 1€[0,T]
<2 sup X7 — XM+ dp (X, X0,
1€[0,T] "

n
Pu(0) Xpn @ |

For € > 0, since X" — X* is an F'»-martingale, applying Doob’s maximal inequality yields

T
[F"({ sup | X — & >g}> 545‘2[E[/ / Z|fp+1(s z,EM? L (s)lzlzvx(dz)ds
0 Jo<

t€[0,T] |zl<k j=1

<4e7fpir II%;b(V;Rm) / / |z|?v,(dz)ds.
0 Jo<|z|<k
We now deal with the term J’T”(X"*’“, X,%). Set 7y =0and

7 1=inf{t € (] AL > kY ALl i=1,. .,

1’1

with the convention inf § := oo, and denote the events A}"* by
A;"’(::{/ N(ds,dz)sl}, i=1,...,n—1,
@ 1iIx{lzl>x}

ARK :={/ N(ds,dz):O}.
@ Tix{lzI>K)

Thent! | <z <t/ on A" and 7} = T on A;*. Now, for ® € N A", we define the function A = 4
hnearly 1nterpolates the points (O 0), (¢, 1)), ooy (T0_ 10 ), (r n,T) Namely,

w,nK *
ot
n
A(t):t:?_l+(t —t" ) s te(rl ¥ 7', i=1,...,n
1 1 1

Then, 4 is a strictly increasing and continuous function with A(0) = 0, A(T) = T It is clear that, for all 7 € (G

n

T
[A() =t <max{tl | — 7,7 =1} + (] l) <2|IL,|.

[
1 l

[0, T] -

(7.5)

(7.6)

[0, T] which piecewise

n H—
,T] l,i=1,...,n,

Hence, on n]_, A?" and for such a choice of 1 as above, it follows from the definition of J’T" and the triangle inequality that

d'”(X'“‘ X”’“) < sup |A@®) -1+ sup |XF X"’Kﬂ(t))l
1€[0,T] 1€[0,T] Pul
<2|I,| + sup |XE¥ — x5~ | + sup | — xK |
n (€[0.7] Cit C.pp(AD) 1€[0.T] Jt J.pu(A(D)
—_ K UNS n,K
=2|I1,| + max  sup I(YCt XCpn(ﬂ(t))I + max  sup |(\7’J’ XJ p,.(/1(1>)|

1<i<n Ie(t” t"] 1<i<n TE[’ lTl")
Notice that ! | € [z ,7/), A(t) € [ |, 1) for t € [z |,7["), and on the event N A" ® X"K is constant on [z" |
jumps on (ri"_l "), it thus implies that
n,K n,K n,K n n
X A)J " XJ,,;”(A(:»’ relrl 7).

Moreover, for i = 1, ...,nandt € (t:’_l, 1], we observe that
forre@ |, t): 1, <A®)<t],
)= l” ifi<n-1
ifi=n,

forre[z],1]]: ] <M< /1(1,'.’){ T
="
1

which implies p,(A(?)) € {t, '} fort e (r" \»11]. Summarizing those arguments, on nf’:] A;"” we have

1’

d"’(r\’"K X"K)<2|H|+2max sup IX"K—X”K |

crl,
<i<n rE(t" t’(y]

17
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K K LK LK K K
<2||II,] + max  sup |XD,—XDt,, |+ max  sup |XVJ —th,, [+ max sup X —XBt,, |
1Sisn rgn ) ’ fir ISISH g ) fiet dsisnggen gy fin1
i- i- i-

|

" p
< 2[|Hn| + /ol Byosrmy T + 1Lf ot 1l By ovimem) lrgfg‘n/n / Ler |z]v,(dz)ds + Z max _sup
==rJel Je<lz < 1=1

<i<n n n
te(’:—l €7 ]

t
/ fi(s,EHdBY
P
i-1

(7.7)
For any € > 0,
n n
P({dy X", X)%) > e}) < [P’< U(A:’”‘)C> + P({J’T"(X"vk,ng) >eln ﬂ Aj.“). (7.8)
i=1 i=1
For the first term on the right-hand side, letting x; := ft L’ fl - v,(dz)ds and using the inequality e* — 1 — x < %eK x2 for x € [0, K],
i—1
we obtain
n n n—1
[P’( U(Aj'“)f) < 2(1 —P(A™) = 2(1 —e N —xe M) 41—
i=1 i=1 i=1
1 n—1 1 n—1
< Eemaxlggn—] Xj Z e*X,‘xl? +x, < EemaxlsiSn—] X ( max xi> Zl x; + %,
=

i=1

2>« Vs(d2)ds, we deduce that max, ¢, x; — 0 as

Since fOT Jiz>x v5(d2)ds < co which ensures the uniform continuity of [0,7] > 7 - N )
n — oo. Hence,

P( U(AI’."’“)C> -0 asn— . (7.9)
i=1

. ! . L.
For the second term, since max, <, /t K fK <zl<R |z|vs(dz)ds — 0 as n — oo due to the uniform continuity, we deduce from (7.7) that,
- i -

when # is sufficiently large,

n )4 t
TmpnK  pHK nK ) < n () £ )
P<{dT(X %, )>£}nnA' ) _P<{1=1 i1 IG(?'?]];’J'.’]’/I"'lf[(s,f‘)st &

i=1

Applying the Burkholder-Davis—-Gundy inequality with the exponent 4 yields

n
P({J’T"(X"*’“, X05) > €} n ﬂ Af”“)

< ﬁ:ZP({ sup

t
/ Ji(s.&HdBY
=1 i=1 SURE AL/
256p* w1 g
<L Y Y| [ 1sanras
L | o,
n

2]
256p° 4 n_n 2
< e max Il ;% -1

256])5T 4 n—00
S e X 1/ill, qugom Tal —— 0, (7.10)

>}

where ¢ > 0 is a constant independent of ¢, n, p, T. Combining (7.9) and (7.10) with (7.8), and then plugging them together with (7.6)
into (7.5) we arrive at

T
lim sup P({d}/(X", X7 ) > 3¢}) <47 f,,+1||’;;b(v;m / / |z|%v,(dz)ds.
0 Jo<|z|gk

Letting « | 0 and exploiting (7.1) we eventually obtain
lim sup P({d}'(X", &) ) > 3¢}) = 0,
which then verifies (7.3). O

7.3. Proof of assertion (7.4)

For the proof of (7.4), we apply a limit theorem of Jacod and Shiryaev, which is briefly reviewed in [2]. It relies on verifying the
convergence of the modified semimartingale characteristics of X7 to the modified semimartingale characteristics of the limit process
X. Here, “modified” is understood in the sense of [15, Definition I1.2.16].

18
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Let us fix a truncation function §: R™ — R™, see [15, Definition I1.2.3], i.e. § is bounded and §(z) = z in a neighborhood of 0. It
is convenient for us to assume furthermore that §* e CZ([R{’”) forany k=1,...,m.

The following lemma states the semimartingale characteristics of X with respect to the truncation function ¥, compare [15,
Definition I1.2.6]. Its proof follows routine arguments and can be found in [2].

Lemma 7.1. X is an m-dimensional semimartingale whose characteristics (6%, C¥, v¥) with respect to the truncation function ¥ is given by

'
b;‘) :/ [ fo(s,u)du+/ h(fp+2(s,z,u))vs(dz)du+/ [B(f p1 (s, z.)z]) = [y (s, z,w) | z|lv(dz)du|ds,
0 [0,11¢ {IzI>R)x[0,1]¢ {0<|z|<R)x[0,1]¢

)4 t
cX = <Z / / (r© £ Es, u)duds) ER™™  0<t<T,
=170 J[0,1]4

kK

13 t
VX((S, t|XA) = / / ILA(fp_H (r, z,u)|z|)v,(dz)dudr + / / ILA(fp+2(r, z,u))v,(dz)dudr
s J{0<|z|<R}x[0,1]4 s J{|zI>R}x[0,1)4
for0<s<t<T, AGB(RO'”).

Remark 7.2. By a standard approximation argument, the measure v¥ in Lemma 7.1 satisfies
T T
/ / gv¥(ds.dy) = / / [8(fps1(s: z,w|ZDL o z1<ry + 8(F paa (s, 2, W)L 75 gy 1V (d2)duds
0 JRY 0 JREx[0,11¢

for any measurable g : Ry — R which is non-negative or gl r; is v*-integrable. In particular, for g(y) = 1 {lyj2x} With some x > 0 we

get
T
/ / v¥(ds,dy)
0 Jlylzx

T
=/O /Rgxwy”d[ﬂ{\fp+1<s,z,u>||z|zm]1<0<|z|sm * L1,z ize) Ljzi> Ry Vs (d2)duds

Nfpril vy /T I fpiallB,virmy [T
< #(W‘U/ / |z|2vx(dz)ds+w// v,(dz)ds (7.11)
K 0 Jo<|z|<R K 0 Jiz|>R

< 00,
where the finiteness can be derived from (7.1) and the inequalities

-2 2 2 -1
Ly zalizize) S K i, v 1217 and Ty o6z iz < 67 1 pellp,vimm-

We now turn to &) , whose modified semimartingale characteristics will be computed in relation to a new filtration, which we
construct next. To this end, we set
o,(t) i=sup{i : 1] <t} €{0,1,...,n}, t€[0,c0).

Denote A7X" := X;L — X; . Then
i i-1
0,(1)

n - nyn
X = z; A'X", 1 e[0,T].
P

For n > 1, we define the discrete-time filtration (G} 7:0 by

gg = 1{0,Q}, g;“ = a{A;’X",j <i}, i=1,...,n
Then {A]X", G : 1 <i<n,n>1}isan adapted triangular array. Since A7X" is independent of G |, we get for any bounded measur-
able g and ¢ € [0, o) that, a.s.,

0, (1) 0, (1)

Y Elg(A7X™MIG! 1= Elg(ArX™M)].

i=1 i=1

Remark 7.3.

(1) By [15, Ch.II, §3b], the modified semimartingale characteristics of X;’ with respect to the filtration G = (¢ (,))rzo is the triplet
(drift part, modified diffusion part, jump part) which is respectively described by

D ElhArxm],
i=1

< > (Bl 8¢y ar) - [Em“”(AfX")JIE[I)“")(A,W)J)) ,
i=1

19
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Gn

D Elg(A7xm)l,

i=1

where g runs through a sufficiently large class of test functions vanishing around zero.
(2) Akey difference between G° and F'l is that information about the random variable 5113", which is sampled for the randomization

on the interval (t;l 1,t,’.’], is only revealed at time ¢/ in the filtration G°, whereas it is already known at time 15’71 in the filtration
Fl,
The following proposition plays the key role for deriving the convergence of the semimartingale characteristics.

Proposition 7.4. Forany g € C[f([R”'), one has

n

ZVI
Z [E[g(A?X”)]—g(O)—/ e (g)(s)ds
o

i=1 i-1

where the function ¥ /(@ [0,T]>Ris defined by

0. (7.12)

m p
W (g)(s) 1= /[0 y <Vg<0>Tfo(s,u)+§ > 750 YO s >>(s,u>)du
, =1

k=1

- / [g(fp+1<s, z.w)|z]) = (0) = 2] VEO) fpy (5. 2, u)] v,(dz)du
{0<|z|<R}x[0,1]9

+ / |8 paats, 200 = (0| vy (@) (7.13)
{1z]>R}x[0,1]4

Consequently, for any t € [0, o),

0,(1)

n—oo ,AT
Y Elg(A7x")]— g(0) + / ¥ (8)(s)ds.
0

i=1

Proof. Step 1. It is obvious that ¥ /(g) is measurable by Fubini’s theorem, and moreover, there exists a constant ¢y, > 0 such that

T mn L4 ’
/ |\Pf<g><s>|dsscT,m<||fo||Bb(U;RM)|Vg<0>|+ Y 102 0O Y 1AL £ N g0
0 ’ =1

kk'=1

T
1y 13, cyigem 1V2 €1l gy gmgemc |z|?v,(dz)duds
brY 0 J{o<|z|<R}x[0,11

T
+ 2Nl gy / / vs(dz)duds>
0 J{|z|>R}x[0,1]4

< 00.

Next, for n > 1,i = 1,...,n, we define the cadlag and F"»-adapted process F" = (F,"’i el L] null at tf_ | by setting, for 7 € (tlf‘_ 1,1:’],

t p ' ‘ .
o ;=/ fo(s,f,-")ds+2/ fz(s,éf)dB§1J+/ / fp+1(s,z,§l-")|z|N(ds,dz)+/ Fpia(s.2,ENN(ds, dz).
0 =170 m  Jo<izi<r ,

;’_1 |z|>R
Let s € (0, T] be now fixed. Then, for any n > 1, there exists uniquely 1 < i(s, n) < n such that

n — 1 n —
i1 = M Gy =

se !

n
ism—1° Ficsm)] S-

and lim ¢
n—0oo
We claim that

F"’i(s’”)m» 0 asn—> o
K .

It is straightforward to check when n — oo that, in the representation of E:"i(s’"), the Lebesgue integral part tends to 0 in L(P) as f,
is bounded, the martingale part converges to 0 in L2(P) by applying It®’s isometry and using the boundedness of f;, I = 1,....p+ 1.
For the “large jump part”, since v,(dz)dr is the predictable compensator of N(dr,dz), together with (7.1), we get

s
[E[ :| < ||fp+2||Bb(V;Rm)IE|:/ N(dr, dz)]
;l(s,n)—] i Is>R

Titsn-1
S n—oo
= ||fp+2||Bb(V;|Rm)/ / v,(dz)dr—— 0,
[ |z|>R

i(s,n)—1

/ Fpr2(r:z. & DN (dr.dz)

t |z|>R

which verifies the claim. Since E[N({s} X Rg)] =v({s} X [Rg) = 0, it holds that F™" = F™©" 45 "and hence,
i(s.) L)
FMSW—— 0 asn— oo. (7.14)
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Step 2. Using Itd’s formula for F™ and g € Cf(R'") (see, e.g., [24, Theorem 2.5]) we get, a.s.,
g(A}X") = g(F'“
ri .
= o)+ [ VT s s
p
i—1

+Z / Ve(F) fi(s. & >dB<”+ / 2 o8O 1) s, s
kk’ 11=1

/ / Fnl +fp+l(s z, f")|z|) _g(FS”;i):I N(ds,dZ)
0<|z|<R

+ / " / [s(F2 4 Fpen(s 2,801 ) = 9CF) = |ZIVE(FEDT fpr (5,2, 1) vi(d2)ds
0<|z|<R

+ / ,1 /| B sz ) = szt | Ne@s. 0o,

Since Vg and f; are bounded for any / = 1, ..., p + 1, the integrals with respect to the Brownian motions and the compensated random
measure are square integrable martingales which vanish after taking the expectation E. Let us now investigate the remaining parts.

e The “drift part”: Using Fubini’s theorem and the Cauchy-Schwarz inequality yields

[E[/ Vg(F"l)Tfo(S f")ds] —/ / Vg(O)TfO(s w)duds
o

n

)

i=1

I
[/ Vg(E:lf)Tfo(Saf;‘)dS—/ Vg(O)Tfo(Sgﬁf,-")dS]
o

< foll B,w:rm) Z / [E[|Vg(F"t) — Vg(0)|1ds
= ||f0||3b(U;Rrr') /0 [Z |V8(anii) - Vg(0)|1(17_] ,r:’](s)] ds
i=1

= [1.£oll g,vmm /OT [EHVg(FS”j(m) - Vg(O)Hds

n—oo

> U,

where we apply the dominated convergence theorem using (7.14) together with the continuity and boundedness of Vg. Analo-
gously, for k,k' =1,....mand I =1,...,p,

n

2

i=1

n—oo
— 0.

. | : " ,
tE[ [ #usrast ))(s,cf,-")dS] [ O s s
o o, Jons

o The “small jump part”: For i(n, s) introduced in Step 1 one has

n M
y ’[E[ / / [e(F2 4 fyn 5.2, 80120 ) = 82 — 121V f (5.2, vs<dz>ds]
i=1 n 0<|z|<R

- / ‘ /O s (815 2.012D) = 8O) = 21980 f 01 (5,20 v, (dZ)duds
<|z|<R}X[0,

T n
n,i n _ niy _ n,inT n
s/o /O(lZ‘SRtE[mg(FS_ + o (5.2.8011) = 8OEL) — |2VECFE fpp1(5.2.8))

i=1

= 8(fp41(5,2,EN1ZD) + £(0) + |2 VE(O) (5, 2, 5{’)|IL(,;._I,,7](S)] vs(dz)ds

T T
— Li(s,1) ,i(s,n) ,i(s,n)
‘/0 /0<|Z‘<R[E[(g<5v"—’ o +fp+1<s,z,€,~"<s,n>>lzl) —g(ﬂ"_‘ o ) - |z|Vg(E5J ) Fpri(s: 2.8 )

— & (5. 2,80 12 + 8(0) + 21 VEO) fpp 5,280

=: / / E[GS(s, 2)v,(dz)ds.
0 JO<|z|<R

Using Taylor’s expansion we obtain a constant c,, > 0 depending only on m such that

] v (dz)ds

S 2 2 2
Gn(S, z) < cmllv g”Bh(Rm;R”‘X”‘)”fp+l”Bb(V;Rm)lzl .
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Hence, it is easy to check using (7.14) and dominated convergence that [E[Gi(s, z)] - 0 as n —» oo for any s,z. Due to (7.1),
dominated convergence also yields

T S h— 00
/ / E[G, (s, 2)]v,(dz)ds—— 0.
o Jo<|z|<R

e The “large jump part”: Since v,(dz)ds is the predictable compensator of N(ds, dz), using Fubini’s theorem, again, for interchanging
integrals we get

n " "
Y |[E[ / / [g(F;j + fria(s,2, 5;“)) — & F;j)] N(ds,dz)] - / / [g( Frias, z,u) = g(O)] vs(dz)duds]
= o, Jiz>R o Jz>Rixio.d

" " . . "
= ; [E[ [ ) /| . [e(Fi + fpaas.z8D)) - g(F2)] vs(dZ)dS] - [E[ / ) / y (6 peats.2.60) - 500)] vs<dz>ds]

< /OT / y [EHg ( FMOD 4 f (s, 7, gf(m)) - g( F;j(s.n)) — 8(fpa(s. 2. EL )+ g(O)Hvs(dz)ds

T
=: / / E[GE(s, 2)]v,(dz)ds.
0 Jlz|>R

It is clear that Gk is uniformly bounded by 4||g|| B,(Rm)- Moreover, using the Lipschitzian of g, the boundedness of f,,, and (7.14)
and (7.1), we may apply the dominated convergence theorem to obtain

T
/ / E[GY(s, 2)]v,(dz)ds —— 0.
0 J|z|>R

Combining the arguments above yields (7.12). The consequence follows from fp ! o ¥ (@)(9)]ds - 0 as n — co. O

We apply Proposition 7.4 in the next three lemmas, to prove convergence of the drift part, the modified diffusion part, and the
jump part of the semimartingale characteristics as aforementioned in Remark 7.3(1).
Lemma 7.5. For b¥ in Lemma 7.1 and any t € [0, ),

0,(5)

3 ElhArx")] - b [— 0. (7.15)
i=1

Iq.15) := sup

0<s<t
Proof. It is sufficient to verify the convergence for any k-th coordinate, k = 1,...,m and ¢ € [0, T]. Observe that
t
b ® = /O ¥ (5")(s)ds

for ¥, (§®)) associated with h®) introduced in Proposition 7.4. Then we get

6,(5)
sup | Y E[HP(Arxm] - 5o
0<s<r | ;37
o, (s) o, (s) ,:r s
< sup | ) EHPATE] - Y / ¥ (§®)(r)dr| + sup / ¥ (5®)(r)dr
0<s<t | ;27 i=1 ’7,1 0<s<t 1 J p,(s)

n
<

i=1

"
E[H®(A7x™)] - / ¥R (rdr
g

i-1

"
+ max / [ (§®)(r)|dr.
I<i<n n

The first term on the right-hand side above converges to 0 by applying Proposition 7.4 for j® e C,f(R’"). For the second term, since
t /Ot [¥ ;(§®)(r)]dr is uniformly continuous on [0, 7] and max, ;. |1 — | = 0, it implies that

I<i<n

t:l k n—00
max / ¥ - (5®)(r)|dr— 0.

TVI

i—1

Therefore, 75y > 0asn— co. O

Lemma 7.6. For C¥ given in Lemma 7.1, for any t € [0, ) and k,k' = 1,...,m, one has
0,(1)
’ n—oo0
L6 i= D, EIHPATXMIEH S (A7 X")]— 0, (7.16)
i=1
0,(1)

n—oo ’ r/\T !
T = 2 EIGORA1N5 O [T ] st as.an, 7.17)
0

i=1
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Proof. It suffices to show the convergences for ¢ € [0, T]. For I(7 ;¢), we first express

0,(1) "

ISPEDY (fE[h(")(A,-”X")] - [ ' ‘P,(h<’<))(s)ds>rE[f,<’<’>(A;w")]

i=1 i—1

0, (1)

" o o,(1) " "
+ ) ([E[f;“")(A?X")]— / ' \w“"))(s)ds) / W (5% (s)ds + Z ( / ' \wa”‘))(s)ds)( / lI'f(f)<"’>>(s)ds>.
I r" I I

i=1 i-1 i- =1 i-1 i-1

Hence, the triangle inequality yields

n I
E[H*(A7x")] - / W50 (s)ds
=1 I

i-1

T n m
+ < / |‘Pf(h<">)<s)|ds> Z‘E[h“’)mg’x")l— / ¥, (5%))(s)ds
0 i=1 A

rl—l

T s
+ ( / |wf(h<">>(s>|ds> max / ¥ (5%)(5)|ds.
0 1<i<n " :

Applying Proposition 7.4 for §®, j*) CZ(R™), we obtain that the sums )\, in the first two terms on the right-hand side converge

to 0 as n — oo. Since max, ., ft,t; ¥ (§%")(s)|ds — 0, we derive /7,6 — 0 as desired.
A 2

For I(7 7, since k) e CZ(R'") and HOH*)(z) = 20 z*") around 0, the function ‘Pf(f)(’”h“‘/)) given in (7.13) can be explicitly
written as

W, (GOHE(s) = 2/ 9 7905, updu

+ / ORI f 1 (5. 2 0)] 2 v (d2)du + / RN f45(s. 2. ) v, (d2)du
0<|z|<R}x[0,114 |z|>R}x[0,114
so that

t , t ,
/ ¥, (50 p*)(s)ds = CFERD 4 / / OOHE )V ds. dy)
0 0 RS

where we apply Remark 7.2 for the v*-integrable function I)(">I)("')IL[O,T]. Hence, (7.17) follows directly from the consequence in
Proposition 7.4. O

To investigate the jump part of the limiting process, we recall from [15, p.395] the family C,(R™) of bounded and continuous
functions g : R — R with g(0) = 0 around 0.
Lemma 7.7. For v¥ in Lemma 7.1 and for any g € C,(R™), t € [0, ), one has

ou(1)

AT
=| X sreeian - / / s s, dy)| =0, (7.18)

i=

g
1(7 18) -

Proof. We only need to prove for 7 € [0,T].
Step 1. Recall Alxr from (7.2). We show that for any « > 0,

n T

9
Y P({1A7X"] 2 k) < —(pT max ||f,||Bb(URm)+||fp+1||§b(V;Rm>/ /0<‘z|<R|z|2vs(dz)ds>
i=1 | <

+ -_— ”f()”Bb(U R™M) + — ||fp+2||3b(v [RM) / / V. (dZ)dS (7.19)

|z|>R
Indeed, by the triangle inequality we get

n

3 P IAIX"] > k)

i=1

o)
bl

14 " I
Z/ fz(s»ff')ng) +/ /0 e Fpr1(s, Z,f,-n)|Z|N(dS,dz)
=1/,  JO<|zI<R

_ )

=: 1(7'20) + 11(7‘20) + 1117 5)- (7.20)

:5)

M~ ”M

. Spi2(5, 2, ENN(ds, dz2)| >
z|>R
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For the first term, Markov’s inequality yields

L &Nds

3 3T
I700) < p E ] < T”fO”Bb(U;R”’r
P

For the second term, applying the Markov’s inequality and Itd’s isometry we get

! L " 5
9 i i B
II(7A20) < - 2 [E[ z/ f,(S,fln)dBi]) +/ / fp+1(S,Z, f[n)lle(dS, dZ) ]
K==l =170, 1 Jo<lzI<R
9w [w [1 f
_ZZIE[Z/ |f1(S,§;7)|2ds+/ / |fp+1(S»Z,é,-")|2|z|2vx(dz)ds]
K=o Lz, o Jo<|zI<R

T
< <pT max ||f,||B LR + I fps1 ”%?b(V;[R”‘)/ / |z|2vs(dz)ds>.
0 Jo<|z<R

For the third term, using Markov’s inequality we obtain
3 n
I (750) < ;Z[E[ ]
i=1
N(ds, dz)]

n "
3 i
=1 prallgyovimm D E [/
K P o, Jlz>R

3 T
= —”fp+2||Bb(V;Rm)/ / v (dz)ds.
K 0 J|zI>R

Hence, combining those four estimates yields (7.19).

/\
\o

"
/ fpi2(s,2,E )N (ds, dz)
t |z|>R

IN

Step 2. Since g € C,(R™), there is an r, > 0 such that g = 0 on the open ball B,,(r,). Then, we use Remark 7.2 to obtain that

T
[ 1o s < sl e / / W (ds, dy) < co.
0 Jiylzrg |yI2rg

Hence, the integral on the right-hand side of (7.18) finitely exists.
We now only prove (7.18) in the case 0 < R < o as the case R = o is analogous. Let £ > 0 and ¢ > r, v R2. Since g is continuous
and bounded, there exists a continuous function g, with compact support such that

||g9||3b(Rm) S ”g”Bb(R’”) and g, =g on B,(6).
Moreover, by convolution approximation, we can find a g, , € C,(R™) n Cf(R'") such that

8.0 =8 =0 on Bm(rg/Z), and |lg. o — g9||3b(Rm) <e.
It follows from the linearity and the triangle inequality that

£—8p 80— 8e.0 8,0
I(7 18) < I(7 18) + I(7 18) + I(7A18)' (721)

Since g, ; € C2(R™) takes value 0 in a neighborhood of 0, Remark 7.2 implies

t t t
/ Tf(gg,e)(s)ds = //q [g(fp“(& z, U)|Z|)1(0<|Z|5R) +g(fp+2(s, z, M))1(0<|Z|SR)]VS(dZ)d“dS = // g(y)vx(ds,dy)
0 0 ROX[O,I]d 0 [Rg‘

so that the consequence in Proposition 7.4 verifies

g n—oo
e —— 0.

(7.18)

lg 80

(718 On€ has

For

e <ZIE (g — go)(ATXM] + / / 180) — 2oV (ds,dy) < llg - ge||Bb(Rm)<ZP({|A"X"| >0+ / /y - <ds,dy>).

We let k =6 in (7.19) to find that 2 P((|A""] > 0}) — 0 uniformly in n as 0 — co. Moreover, it follows from (7.11) that
/0 ./|y|29 v¥(ds,dy) - 0 as 6§ — oo which thus yields

I(‘7 lgg") — 0 uniformly in n as  — co.
For 157(’1_;"“, one has

f;’lg“’<ZfE[|<g9 g59)<A"X")|]+// 180(») = 8oV (ds,dy)
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<llgo - g50||3b(Rm)<ZP({|A"X"|>r/2)+//ll *(ds,dw)
yI2rg/

<s<ZP( |Arx"| zrg/z})+/
[ylzrg /2

Choosing « = rg/2 in (7.19) and using (7.11) we obtain

v (ds, dy)> .

80~ 8e,0
1 (7.18)

Since 6 can be chosen arbitrarily large and ¢ > 0 arbitrarily small, we derive from (7.21) the desired conclusion. [

— 0 uniformly over n as e — 0.

We can now finalize the proof of assertion (7.4). Combining Lemmas 7.5, 7.6, 7.7 with Lemma 7.1, together with applying [15,
Theorem VII.2.29] (see also [2] for a recap of this result), we get that (ij” ATX")e10,00) = (XiaT)req0,00) 8 1 = oo weakly in the
Skorokhod topology on the space D, (R™) of cadlag functions F : [0, c0) - R™ (see [4,15] for D, (R™)). Since X has no fixed time of

Dy
discontinuity, we use [4, Theorem 16.7] to infer that ) = (ZG”(’) A"X")re[o,r]—l’ (X)eqo,r) @S n — co. O

8. Proofs of Proposition 4.2 and Proposition 5.3
8.1. Proof of Proposition 4.2

As the grid-sampling SDE (4.1) is an SDE driven by a Brownian motion and a Poisson random measure, the existence and uniqueness
of strong solution to (4.1) can be achieved by a routine argument combined with the interlacing technique to handle the large jump
part. We refer, for example, to [14, Theorem IV.9.1] for SDEs driven by a finite dimensional Brownian motion and homogeneous
Poisson random measure, and to [5, Section 4.2] for the infinite dimensional case.

We now deal with the random measures M , and M 1. By the definition of M!
and for ¢ € (0,T], we can write

t n
MU, @A) = /O 1A<Zn(,‘,_l,,fj(s)gtl?)d];g).

i=1

for any A € B([0, 1]%) one has M (0, A) =0,

B’ B

Then, due to [23, Proposition II-1], M BU) is an orthogonal (F'!, P)-martingale measure on [0, T'] x /3([0, 1]¢) with intensity p'! 50 (ds,dx) =
11
62’ o ](A)En(dx)ds It is clear that u! B0 =M.

By the definition of M, for any F-predictable ¥ >0 and for (¥ - M) =((Y - M),y defined by (v - M), :=
f(o,r]xR"x[o,l]d Y, (z, u)M(ds, dz, du) one has, a.s.,

- MH)T—Z Y liarzoY(AL.g )_Z/m ﬂ(, Lin($)Y(z EHN (ds, d2).

i=1 se(t;_1.t;]

As v (dz)ds is the (FII, P)-predictable compensator of N(ds, dz) (see [15, Proposition II.1.21]), we get
r n

ElY - M= /(0 _ RIIC) E2 .fn)v (dz)ds]

r n
=E / Y. (z,u)l, (5)6,m(du)v, (dz)ds]
Z OTIXRIXO11 (ot ’

=FE / Y (z, u),u?(ds, dz, du)]
L JO.11xR{ (0,114

=E[Y - uDrl.
We note that (Y - ;45[) is Fll-predictable as the pointwise limit of the continuous and F""-adapted processes (Y - ;45[) as n — oo where
Y" 1= An)l(;/m- Hence, ;451 is an F-predictable random measure in the sense of [15, Definition II.1.6(a)]. By [15, Theorem
I1.1.8(i)1, we conclude that u? is the (F", P)-predictable compensator of M?.
To show that the strong solution to the grid-sampling SDE (4.1) also solves the SDE (4.3), we need the following lemma whose
standard proof via approximation is provided in [2].

Lemma 8.1.

(1) Forany F ® B([0,T]) ® B([0, 11¢)/ B(R)-measurable random field Y : Q x [0,T] x [0, 1]¢ — R satisfying fOT 1Y,(¢I]ds < oo a.s, one has
T
/ Y, ()M} (ds, du) = / Y,EMds  P-as.
©.T1x[0,114 0

(2) If a Pen @ B([0, 119)/ B(R)-measurable random field Y : Q x [0,T]1x [0,1]¢ — R satisfies fOT [Y,(EM)|2ds < o0 a.s., then for any I =
1,...,p one has

T
/ Y, ()M (,)(ds,du)= / Y,(eMHdBY  P-as.
(0,71x[0,114 0
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(3) Suppose that Y : @ x [0,T]x R{ X [0,1]? — R is Pen @ B(RG) ® B((0, 11*)/B(R)-measurable. If [, 11, q0 1Y,(z.EDIN(ds,dz) < o0 as.,
TIXRY :
then

/ Y,(z,u)M " (ds, dz, du) = / Y,(z.¢YN(ds,dz) P-as.
O.TIXRGx[0,114 O.TIXR] ’

Moreover, iffOT Jra 1Yz, EM2 v (dz)ds < oo a.s., then
g s

/ Y,(z, )M} (ds, dz, du) = / Y,(z.éMN(ds,dz) P-as.
(O,T]ngx[o,l]d 0.TxR?

0

8.2. Proof of Proposition 5.3

For the well-posedness, we aim to combine Proposition A.3 with the interlacing technique used in the proof of [14, Theorem
IV.9.1]. To do that, following the notation of Proposition A.3, we take E = R4 x [0, 1]¢, which is equipped with the Euclidean norm,
andlet # = p+ 1. Fort € [0,7] and A € B(R? x [0, 1]¢), we define

MO, A) = Joaxtuerons :0wea) Mpo (ds, dw) ff J =Lop
Lyocizj<ry 121M y(ds, dz,du)  if j=p+ 1.

(0,1]xA
It is easy to check that M) is an orthogonal (F, P)-martingale measures on [0, T'] x B(R4 x [0, 1]¢) with the (deterministic) intensity
8p(dz)duds ifj=1,....p,

() )] .
uY’(ds,dz,du) := uY’(dz,du)ds := .
s Lio<)z<ry 1217 Vs (dz)duds  if j=p+1.

For the R”-valued function b, and R"*?+_yalued function &, defined by
Bh(s, Xx) := / by (s, x, u)du,
(0,13

(i) : . .
P 1,,_0a S, X, U if1<i<ml1<j<p,
ﬁ:’j)(s’x’z’”) =g T (71 (i)) . ; ) IEp
Lioqzieny 121717 (o X z,w) if 1 <i<mj=p+1,

and for M = (M, ..., MP*D)T the SDE (5.1) can be re-written (we omit the superscript h of X") as

t
X, =X +/ l;h(s,XS_)ds +/ an(s, X, z, u)M(ds, dz, du) +/ Yn(s, X,_, z,u)M ;(ds,dz, du). (8.1)
0 (0,1]xR9Ix[0,1]4 0,11 { | z|>r}x[0,1]4

It follows from the condition (2.2) that

[E[/ M ,;(ds,dz, du)] = / v,(dz)duds < oo,
(0,T1x{|z|>r}x[0,1]4 0,T1x{|z|>r}x[0,1]4

there exists a sequence of F-stopping times 0 < 7; < --- with values on [0, T] capturing the jump times of the Poisson point process
[0,T]2t = M;((0,1]1 X {|z]| > t} X [0, 1]), where we set 7, := 0 and ;=T if there is no jumps on (7j-1,T1. Then, the large jump part
in (8.1) is re-written as

/ Ta(s, X,z )My (s, dz,du) = )" yy(z;, X, ,ALY), t€[0,T] P-as.,
0,41%{]z1>%}x[0,114 ! /

T <t

where
LY := / (zu)" M (ds,dz,du), 1€ [0,T].
(0.1%{|z|>x}x[0,1]¢
Step 1. We first construct a solution to (8.1) on [0, 7;]. Consider the following SDE on [0, T],

t
Y, =cy+ / by(s, Y,_)ds + / an(s, Y,_, z,u)M(ds, dz, du). (8.2)
0 (0,11xXRIX[0,1]4

In Proposition A.3, we let n = xj, f(®,s,y) := Bh(s, ), a(w, s, y, z,u) := ay(s,y, z,u) and M := M, and note that all assumptions there
are fulfilled so that the SDE (8.2) with initial condition x, has a strong unique solution which is denoted by Y0 = (YfO )rejo.r)- Define

Y ifr€[0,7)
X, = 7y 7y . .
Yol +m(mn Yo L ALY ift=r,.
Then, (X,);e(0,7,) IS @ unique strong solution to (8.1) on [0, 7, ].

Step 2. Construction of a solution to (8.1) on any [z;_y,7;], j > 2. Consider the interval [r,,7,]. We now need to shift the entire
dynamic of (8.2) by the F-stopping time 7. Define the filtration F*t = (F,!),¢jq.py with 7! := Fiey +0ar> Which satisfies the usual
conditions. For j = 1,...,p+ 1 and (¢, A) € [0, T] x B(R4 x [0, 1]9), we set

MP(t,A) 1= MO + D AT, A) = MYz, A).
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According to Lemma A.2, M(le) is an orthogonal (F™, P)-martingale measure with (F™ -predictable) intensity u MO given by
71

# o (ds, dz, du) = 1o _ ()p, (dz, du)ds.
7|

Consider the following SDE on (Q, F, F’1, P) with initial condition X o0
t
Y, =X, +/ Lo, 721 bu(zy +5,Y,_)ds +/ Lo, 721 (8) ap(7y + 5, Y, z,u) M, (ds,dz, du) (8.3)
0 (0,1xRIx[0,1]4

where M, = WM, .... MP*")T. In Proposition A.3, we let y = X, , M := M, , and

Bw,s,y) 1= Lo 1z @) (5 by (7 (@) + 5, ),
a(w,s,y,z,u) 1= ﬂ(O,T—rl(w)](S) ap(t1(w) + 5, y, z,u).
Then, a is P @ B(R™) ® B(RY x [0, 1]19)/B(R"™P+D)-measurable and f is Pgr; ® B(R™)/B(R™)-measurable. Moreover, for any
(@, 5,91, 2),

[B(w, s,y1) = B(@, 5, y2)| = Lo, 7—r, @) () 1by(7 (@) + 5, 7)) = by(7 (@) + 5, 3| < Kyiplyr = yal,

/W o la“ (@, s,y z,u) = (@, 5, y2, 2. WP L0 -1, () (S)MT (w)ﬂ(dz,du)
X

= / ey @ @)+ 5, 31,20 = 87 @ @)+ 5,32 20 Py @1 (4,42, d0)
R4x[0,1]

2 2
< Kigplyi =1l
and

T—1,()

T T
/0 1072, (9) [bu (71 (@) + 5,0)*ds = /0 |by (71 (@) + 5,0)|2ds < /0 b (s, 0)|2ds,

T T
N)) 2 ()] ~(0.)) 2,.()
a () + 5,0, z,u)|“ 1o 7_ s dz, du)ds < a 5,0,z,u J)(dz, du)ds.
/ /qu 04,1]d| n (@) WL 0.7 @) Mz (s ) / /qu 0.1 1o W )

It thus follows from Proposition A.3 that (8.3) admits a unique strong solution Y™ = (YrT1 )reo.r) o0 (Q, F, F71, P) with initial condition
X, .Set ¥ =1, 1 (t)Y,T_‘T] . Then, by approximating 7, from the right by discrete F-stopping times, we infer that ¥,"! is F,-measurable
and we derive from (8.3) and Lemma A.2 that, for ¢ € [}, T1,

t
)7:1 =X, +/ by (s, )?f_l)ds+/ L, () s, Y., z,u)M(ds, dz, du).
7 (0.11xRIX[0,1]¢

We define

X = Y,Tl ift €[7),7)
SR B AP CNS Al ALY) ifr=1,

T—

Then, X solves (8.1) on [z}, 7,].

Iterating this procedure we obtain a strong solution to (8.1) on all intervals [z;_;,7;], j €N, and thus, on the entire [0,T]. The
uniqueness of X on [0, T'] follows from its uniqueness on all [tj_1,7;1, j €N

Step 3. For the martingale problem, we first notice that £, f is finitely defined on [0, 7] x R" due to the conditions imposed on the
coefficients and the boundedness of the partial derivatives of f. Note that the continuous martingale part of X" has the predictable
quadratic variation

/ < / A (s, XM u)du>ds

by Proposition 1-6(2) in [23], cp. the proof of Lemma 6.1 in [2] for more details. We may, thus, apply It6’s formula for X" and
f € C2(R™) to get, a.s.,

FXM = £xp)
= / tiﬂ(xh) / b (s, XM uydu )ds + = / — M) / ACD (s, XM uydu ) ds
0 i1 0x,~ 5= [O,I]d h TS 0x 0x 1] h TS

/ / et on < FOXM 4y XMz — f(X) - 2 of (X" s, X"z, u)> v,(dz)duds
<|z|<r}X

i,j=1

+ / / X+ G XM z,0) = F(X™))v(dz)duds
|z|>x}x[0,1]4
+ local martingale terms
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t
= / Lp s, X ?_)ds + local martingale terms.
0

Since f has compact support, the local martingale terms become a proper bounded martingale. Hence, the law of X" solves the said
martingale problem above. O

9. Conclusion

The seminal development of reinforcement learning in continuous time in [18,19,34,35] has been based on a pair of stochastic
processes: the exploratory SDE and the sample state process. Whereas the exploratory SDE is considered to be unobservable and is
applied to study theoretical aspects, the sample state process is supposed to model the execution of randomized policies in continuous
time. Due to the measurability issues with the sample state process, which have been noticed in [32] and which are further detailed in
Section 3 above, a mathematical theory of modeling exploration via the sample state process cannot be developed rigorously. Building
on an idea of [32], we study grid sampling as an alternative to the idealized sampling mechanism which underlies the definition of the
sample state process. Compared to [32], who prove convergence of the expected cost when executing Gaussian controls on a grid for
linear-quadratic problems in a diffusion setting, our main limit theorem (Theorem 3) is, to the best of our knowledge, the first result
connecting policy execution via grid sampling to the exploratory dynamics in a general framework of nonlinear state dynamics and,
moreover, includes controlled jumps. After the preprint version of our paper has been posted, several authors took up the approach of
replacing the sample state process by grid sampling for modeling exploration in continuous-time reinforcement learning: The speed of
convergence of the one-dimensional marginal distributions of (a variant of) the grid-sampling SDE to the exploratory SDE is derived
in [16] in a diffusion setting. Moreover, in the erratum [20] to [19] and in the recent arXiv version' of [10], the sample state process
has been replaced by grid sampling. These developments in the very recent literature indicate that grid sampling, which has been
initiated in [32] and which is further advanced in the present paper, could become the accepted approach for modeling the execution
of randomized policies in continuous-time reinforcement learning.
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Appendix A. SDEs driven by orthogonal martingale measures
A.1. Martingale measures and integration

We briefly recall the notion of martingale measure initiated by Walsh [37]. We consider here the finite time interval [0, T] but
note that the discussion below can be readily extended for [0, o). Let (E, d) be a complete and separable metric space equipped with
its Borel o-field B(E). A mapping M : Q x [0,T] X B(E) — R is called an (F, P)-martingale measure on [0, T] X B(E) if:

(1) For A € B(E), (M(t, A));eo.r] is an L?(P)-martingale adapted with F and M (0, A) = 0;
(2) Fort €[0,T] and disjoint A, B € B(E), one has M(t, AU B) = M(t,A) + M(t, B) a.s.;
(3) There exists a non-decreasing sequence (E,),cy € B(E) with U,enE, = E such that
(a) Forany n €N, supenk,) IMT, Dllze) <
(b) For any n € N, one has || M (T, Ay)llp2p) — O for all decreasing sequence (Ay ) en € B(E,) With Ny Ay = 8.

An (F, P)-martingale measure M is said to be continuous if [0,T] > t —» Mz, A) is continuous for all A € B(E). Note that, due to the
usual conditions, we always choose the cadlag version of the martingale M (-, A) for any A € B(E).

An (F, P)-martingale measure M is orthogonal if M (-, A)M (-, B) is an (F, P)-martingale for any disjoint A, B € B(E). It is indicated
by Walsh [37] (see also [23, Theorem I-4]) that if an (F, P)-martingale measure M is orthogonal, then there is a random positive
finite measure p,, on B([0,T] x E), which is F-predictable (i.e. (1,;((0,] X A)),g[o. is F-predictable for all A € B(E)), such that

U (0,11 A) = (M(-, A)), P-as., Y(,A) € [0,T]x B(E).
The measure yu,, is then called the intensity measure of M. Moreover, for t € [0,T], A, B € B(E),
(M(:, A), M(-, B)), = (M (-, AN B)), = up((0,1] X (AN B)) P-as.

The stochastic integrals driven by an orthogonal martingale measure M can be constructed via the It6’s approach (see [23,37]) as
follows: We first define the integrals for F-predictable simple integrands H, and then, extend the integrals for H € L*(F, u,,) by the

denseness, where L2(F, y1,,) is the collection of all F-predictable H with [E[ fOT Jg H @t x)? up(dt, dx)] < 00.

1 version 4, August 2025.
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Assume that the intensity u,, of M satisfies u,({t} x E)=0 for all r €[0,T] a.s. Then, by a localization argument, one
can extend the stochastic integrals driven by M for H € leoc([F,yM), where leoc(|F’MM) consists of all F-predictable H with

fOT fE H(, x)*u m(dt,dx) < oo a.s. (see, e.g., [25, Chapter 13] for continuous M). We refer to [2] for further details.
The following two lemmas are standard and their proofs can be found in [2].

Lemma A.1. Let M be an orthogonal (F,P)-martingale measure with intensity u,,. Then, for any F-stopping times ¢,7: Q — [0,T] with
o6 <1, A € B(E), and any bounded F,-measurable h: Q — R, one has, a.s.,

/ h1(; ()1 4(e)M (ds,de) = h[M (7, A) — M (o, A)].
(0.TIXE
Lemma A.2. Let M be an orthogonal (F, P)-martingale measure with intensity u,(ds, de) = u,(de)ds for some transition kernel {(w, s, A) —
Us(w, A), (@,5) € QX [0,T], A € B(E)}. For an F-stopping time 7 : Q — [0, T], we define F* = (F),gio.) With F{ := Fypar and
M (t,A) :=M({(z+t)AT,A)— M(r,A), (t,A)€][0,T]xB(E).

Then, M, is an orthogonal (F°,P)-martingale measure with (F®-predictable) intensity u m,(ds,de) = 1o p_; (), 5(de)ds. More-
over, for g: QX [0,T1X E —» R with {(@,s,e) = 1, 1r)(5)g(@,s,e)} € leoc([F, Har), one has {(@,5,e) = 1 17—y (8)g(@, 7(@) + 5, 0)} €
L2 (F7, Har) and, a.s.,

loc
/ g(s,e)L(; ry(s)M(ds,de) = / gt +s.e)Lo r_(s)M_(ds, de),
O.TIXE (O,TIXE

where the stochastic integrals on the left-hand side and on the right-hand side are constructed in relation to F and F?, respectively.

A.2. SDE;s driven by orthogonal martingale measures

Let (MO, ..., M©®} be a collection of (cadlag) (F, P)-martingale measures on [0, T] x /3(E). Assume that each M) is an orthogonal
martingale measure with (random) intensity measure u") satisfying

w9 (w, ds, de) = yij)(co, de)ds P-a.s. w € Q

for some transition kernel {(@, s, A) ~ u (@, A), (@,5) € QX [0,T], A€ BE)}, j=1,....¢.
Let f: Q% [0,T] X R™ - R™ be Py ® B(R™)/B(R™)-measurable, a : QX [0,T] X R" x E - R™ be Pp @ BR™) @ B(E)/BR™<’)-
measurable and consider the following m-dimensional SDE

1
Y, =Yy + / p(s, Y, )ds + / a(s,Y;_,e)M(ds,de), te€[0,T], (A.1)
0 OIXE
for some given F,-measurable R”-valued random variable Y,, and for M := (M1, ..., M©)T,

Proposition A.3. Assume that there exist constants K;, K, > 0 not depending on (@,s, y,,y,) such that, for P-a.s. o € Q and for all
s €[0,T], yp,y, €R™,

|B(@, s, y1) — B, 5, y2)| < Kgly = yal,
m ¢
4¢ 2 Z /E [a(w, s, yy, ) — a™D(w, s, y,, )| Hgl)(w’de) < K02,|y1 LS

i=1 j=1
and that
T m. .7
K2 := [E[T/ |ﬂ(s,0)|2ds+4f22/ / la(5,0,¢)|? u¥)(de)ds| < oo.
0 i=1 j=170 JE
Then, for any F,-measurable initial condition Y;, the SDE (A.1) has a unique (up to an indistinguishability) strong solution Y.
Proof. See [2]. O

Remark A.4. The proof of Proposition A.3 reveals that, if in addition Y, € L?(P) then the strong solution of (A.1) satisfies

[E[ sup |Y,|2] < K(1+EY D

0<1<T
for some constant K > 0 depending only on K,,, Ky, Ko, T.
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A.3. On the Markovianity of the grid-sampling (limit) SDE

We first argue that, under the assumptions of Proposition 5.3, the solution X" to the grid-sampling limit SDE is Markovian with
respect to [F; cp. Remark 5.4. To this end, fix r € [0, T) and consider the SDE

P

t
X =g+ / / by(s, X", uyduds + )
r J[0,14

i
/< o XM o (4. )
=1 ry 3

+ / (s, XZ'_’, z, u)MJ (ds,dz, du) + / (s, X;"_', z,u)M ;(ds, dz, du), (A.2)
(r,t1x{0<|z|<r}x[0,1]4 (rt1x{ | z|>x}x[0,114

for some F,-measurable random variable #. This is the grid-sampling limit SDE restarted in # at time r. The proof of Proposition 5.3
applies in this situation as well and shows that a unique strong solution (X;""),c(, 7| to SDE (A.2) exists. Moreover, the technique of
proof via Picard iteration, iterated truncation of the initial condition, and the interlacing technique shows that, for every ¢ € [r, T],
X" is o(n) v Fj.-measurable, where

Fr =0({ Mo ((r.u] X A), My ((rul x A') : r <u < T, A" € BRE x[0,1]9), A4, € B(0,1])),i=1,....pH VN,

and, as before, N’ denotes the collection of all P-null sets. We now observe that the solution (X ,h),e[,’T] to the grid-sampling limit
SDE (5.1) solves (A.2) with n = X}‘ and, thus, for every t € [r,T], X, ,‘"‘ is o‘(X:‘) Vv F;—measurable. Since X}‘ is F,-measurable and Fr is
independent of F,, a standard argument based Dynkin’s z-4 theorem implies that, for every 7 € [r,T] and A € B(R™),

h h
IE[IE[]I(X}‘GA)lo(Xr)V F?] |Pr] = [E[H{X}'eA)“’(Xr )]~
Therefore,
P((X" € A)|F,) = [E[[E[I(XxheAHa(X:‘)VP;]U:',] - [E[n{xg,ema(x:')] = P((X" € A}|xM).
We now turn to the grid-sampling SDE (4.1) and sketch the analogous argument, which shows that the pair (Xt“’h,.fg),e[oj] is

Markovian with respect to F!! under the assumptions of Proposition 4.2; cp. Remark 4.3. Fixing r € [0, T) and restarting (4.1) at time
r, we observe, following an analogous argument as above that Xln’h is o(X™) v F'Tj”—measurable, where

Fi = o({B, — B,.&", N((r.s] x A") : A" € BRY). 5 € (. TI) VN
Now, let ti, denote the smallest grid point which is strictly larger than r. Then, for every r < s < fips afsn = 511
(55“),’,0 <s<r is independent of ' Therefore, X ,“’h is o({ XTh, v FT””’X—measurable, where

is FIl-measurable, but

Fp"™ = o({B, = B,. &5, N((r,s1x A") : A" € BR{),s € (r,T1,5" € (1, , TID VN,

s

is independent of FrH. As above, we may conclude that for every 7 € [r,T] and A € B(R"),
E[E[L e [ DV PRI = E[1 il 8 D)
leading to P({X;"" € A}|F) = P((X["™" € A}|(X™", &)
Supplementary material
Supplementary material associated with this article can be found, in the online version, at 10.1016/j.spa.2025.104848
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